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Abstract
A major problem in the quantization of fields in curved spawes is the ambiguity in the choice of a
Fock representation for the canonical commutation reiatioThere exists an infinite number of choices
leading to diterent physical predictions. In stationary scenarios, ansomstrategy is to select a vacuum
(or a family of unitarily equivalent vacua) by requiring anance under the spacetime symmetries. When
stationarity is lost, a natural generalization consistepiacing time invariance by unitarity in the evolution.
We prove that, when the spatial sections are compact, ttegior of a unitary dynamics, together with the
invariance under the spatial isometriestfisgs to select a unique family of Fock quantizations for aascal

field with time dependent mass.
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In contrast with the situation found in Quantum Mechanickdre one can appeal to the Stone-
von Neumann uniqueness theorern [1]), linear canonicaktoamations (even if time indepen-
dent) are not generally implemented as unitary transfaomatin Quantum Field Theory (QFT).
This fact introduces an ambiguity in the choice of a Fockespntation for the cannonical com-
mutation relations (CCRs). Berent choices of creation and annihilationlike variablesralated
by linear canonical transformations which cannot be altargiunder quantization. As a conse-
guence, descriptions which are classically equivalenbivecinequivalent in the quantum realm.
The number of linear canonical transformations that cabedamplemented unitarily is infinite,
actually. Therefore, there exist infinitely many (intriceslly) distinct possibilities for the choice of
creation and annihilation operators, and hence of inetgnvaacual[2]. This is a severe problem,
since each of these Fock representations provides a QFTdiulignent physical predictions.

In order to remove this ambiguity, inherent to QFT in curvpdaetimes, the usual strategy is
to employ the spacetime symmetries of the field theory. Ngntleése classical symmetries must
be inherited in the quantum theory, where they must havewalatnitary implementation. This
is more stringent than just unitarity: one demands thattituetuires used in the Fock quantization,
and hence the vacuum, are invariant under these symmeltiesimmediately ensures unitarity,
while the opposite is not generally true (unitarity doesnegjuire vacuum invariance).

The relevant information on the choice of creation and afatibnlike variables (up to re-
dundancies like the mixing of only creation variables) isaded in a basic structure called the
complex structureLet us consider the symplectic form of our field system, \Wwreacapsules all
the information about the Poisson brackets. Then, a congttexture is a linear map in phase
space whose square is minus the identity, leaves invahargytmplectic form and, combined with
it, provides an inner product in that phase space. Given glmastructure, there is a standard
procedure (see[2]) to obtain a Fock representation of thR’€(@r, more precisely, of the corre-
sponding Weyl relations). Now, we say that a certain grougyaimetries admits a natural unitary
implementation in a Fock quantization if and only if the cllwomplex structure is invariant
under that group.

The best known example where a unique vacuum is selecteddmsing symmetries is QFT in
Minkowski spacetime: uniqueness follows from the invacemnder the Poincaré group [2]. But
in general cases, and in particular in nonstationary ggtithere is simply not sticient symmetry
to pick up a unique Fock representation.

In the absence of stationarity, it seems quite natural tamahy relax the requirement of
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invariance under time evolution, replacing it with the cibioth that the dynamics be unitary. This
is precisely the criterion, additional to symmetry invacda, that we will put forward in this letter
to reach uniqueness in the Fock quantization. In fact, thisron has been successfully tested
in the context of inhomogeneous cosmologies [3, 4] as weibascalar fields with generic time
dependent mass aispheres, withld = 1,2, 3 [5] (see also [6] for dferent criteria concerning
free fields in %1 dimensional de Sitter space).

Specifically, we are going to consider the Fock quantizabiom scalar field with generic time
varying mass (i.e., subject to a time dependent quadratengial) on a general Riemannian com-
pact space in three or less (spatial) dimensions. We wiNeihat a unique, preferred Fock
representation is selected by imposing the criterion ofaupidynamics and a natural unitary im-
plementation of the spatial symmetries.

It is worth commenting that scalar fields propagating inaiarhonstationary spacetimes can
be reformulated, via a time dependent canonical transfiooman which the field is scaled by a
time function, as scalar fields with a time varying mass bu static background. For instance,
this occurs in Friedmann-Robertson-Walker spacetimesiceéleour analysis has immediate ap-
plications in cosmology, e.g. in the study of cosmologicattprbations in models with compact
spatial topology. This includes the physically importaamse of flat models with compact sections
of three-torus topology.

The description of the scalar field as a Klein-Gordon fielchwiine dependent mass is known
to have particularly nice propert&i?], and recent results indicate that it can have a priviege
behavior in terms of its quantum dynamics [8]. Moreovergsiiprecisely the field description
adopted in Mukhanov's formalism for cosmological pertuidaas [9]. In this context, what we are
going to show is that, rather than renouncing to a unitaryadyios in cosmology, one can select a
unique Fock representation precisely by invoking it, tbgewith the spatial symmetries.

In more detail, we will analyze a real scalar figlgppropagating in a globally hyperbolic back-
groudI x X, wherel is a time interval an® is a Riemannian compact manifold with metric
ha,. We will study only the case of orthogonal foliations. To p&s the canonical formulation,
we choose an (arbitrarily) fixed timig, and consider the pairs of data, P) = (¢r,, Vhep,),

wherey denotes the time derivative aihds the determinant dfi,,. The phase space is thus the

1 Unitary dynamics has in fact been achieved in some particalses, though the uniqueness of the representation
respecting this unitarity has not been proved before to &t bf our knowledge. A detailed discussion of the
relation between the approach presented here and earliRion®@FT in Friedmann-Robertson-Walker spacetimes

will be the subject of a future publication.
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set of pairs{(¢, P)}, equipped with the symplectic forif2 determined by the Poisson brackets
{e(to, X), P(to, y)} = 6(x — y) (independent of the choice &f). Note that the configuration variable
¢ is a scalar and the momentupris a scalar density.

We introduce now the Laplace-Beltrami (LB) operatoassociated with the metrlg as well

as the complex structure:

—(- -1/2
o)l I
P) ((ha)”2 o P

Clearly, the Fock representation definedJgys the analogue of the free massless field represen-
tation for Minkowski spacetime. In that case, one can seeJhia invariant under the evolution,
and therefore a natural unitary implementation of the dyinams achieved then.

Let us consider the general case of a field with time dependass, whose canonical equations

of motion are
) 1

b= P P = Vh[Ap - f(t)g]. 2
Here f(t) is a rather arbitrary function (apart from some mild coiwctis specified in [5]). This set
of equations is equivalent to a Klein-Gordon field equatiatihwquare mass equal fdt).

We next discuss the necessary anélisient conditions for a unitary implementation of the
dynamics dictated by [2), with respect to the Fock reprediemt determined by the complex
structureJo. Crucial in this analysis are the properties of the LB opmrat compact spaces [10],
which allow us to perform a mode decomposition of the fieldt jike with the standard Fourier
series. In this general setting, the inner product on theesp&functions ork is determined by
the integration with respect to the metric volume element.

Let then{¥,, } denote a complete set of real orthonormal eigenfunctionth@fperatoi,
corresponding to the discrete set of eigenvalizes?}, which satisfyw? — oo asn — . In
general, there may be some degeneracy, i.e., the eigensjith@genvalue (minus)?2 may have
dimensiorg, greater than the unity (although necessarily finite). Tleigaheracy is accounted for
by the label, = 1,...,g,. In what follows, every sum is performed over the whole spewotof
eigenvalues, including degeneracy.

We then decompose the figldn terms of eigenmodes:
@Y= Z qnln\PnIn- (3)
n
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The degrees of freedom of the system are thus encoded inratéiset of real modes, , which

obey decoupled equations of motion

i, + [ + T(O]0, = O. (4)

Notice that all the modes with the same valuendfiave the same dynamics, regardless of the
degeneracy labél.
The unitary implementation of the dynamics depends on thawer of the canonical evolution

matrices whem — co. It is convenient to introduce the annihilationlike vated

adnl, = (wnqmn + ipnlr.) > (5)

1
V2w,
together with their complex conjugates: the creationlikeiablesa’, (clearly, this definition is
meaningless fow, = 0; however, our analysis is noffacted by any finite number of modes,
so we will consider exclusively nonzero modes from now ongresipn, = (i, iS the canonical
momentum conjugate tqy,. In these variables, the complex structuge which has already
been diagonalized in 2 blocks by means of the mode decomposition, is further diatied
within each block, taking the standard fodg(an,) = ian, andJo(ay, ) = —ia;, (this means that
an, anday, are precisely the variables quantized as the annihilatoincaeation operators in the
corresponding Fock representation).

The time evolution of the canonical variableg,; a;‘ﬂn), from the fixed reference timg to an
arbitrary timet, is a linear transformation which is block diagonal, owingthe decoupling of

modes, and which has the form

ani, (1) = an(t, to)an, (to) + Bn(t, to)ay,, (to), (6)

given its independence on the degeneracy label. For eaemlahe functionse,(t, to) ands,(t, to),

which completely characterize the classical evolutiotisga
() = Balt )P =1, V. to. (7)

As explained in[11], the canonical transformatidh (6) istamly implementable in the Fock

representation defined by the complex structigrié and only if
Z OnlBn(t, t0)|2 < 00. (8)
n
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Often, this condition is presented as the requirement biea¢volved vacuum contain only a finite

number of particles.

We can now make use of the asymptotic analysis performed]ifsge Sec Ill.B), for the
harmonic oscillator equation of typiel (4), in the limit ofdgaw? (i.e.,n — ). It was shown that,
for any functionf (t), the leading term i, (t, to) is proportional to 1w?2. Therefore, conditiori{8)

is equivalent to
> h <o ©)

Actually, this last condition is satisfied for all Riemanmiaompact manifolds in three or less
dimensions. One can see this from well known asymptotic gntags of the spectrum of the LB
operator, which ensure that the number of eigenstates vgénealue equal or smaller in norm
thanw? - known as theounting function does not grow faster thaof [10].

Proceeding with our analysis, suppose that the maniflt,{) possesses an isometry group
G. Then the LB operator is invariant und@r and it follows immediately that this group of trans-
formations translates into symmetries of the field equati@j, or into canonical transformations
which commute with the dynamics in the canonical formulati@onsequently, we require those
symmetries to have a natural unitary implementation in thenéum theory. This is automatically
granted in the Fock representation defined by the complaxtsie Jy, since it depends only on
the metric, and is therefore invariant under the grGup

Hence, we have a complex structuid - which is invariant under any existing symmetry group
and provides a representation in which the dynamics dittayg4) is unitary. We are now going
to show that there is no other inequivalent Fock representatith the same properties. Namely,
we will see that any other complex structure which is invatriander a symmetry groug and
allows for a unitary implementation of the dynamical evalot defines a quantum representation
which is unitarily equivalent to the one fixed By.

Let us start with the description @-invariant complex structures, based on a simple applica-
tion of Schur’s lemma_|3+5]. First, we consider the actiothaf groupG on the set of fieldg), i.e.
on the configuration space, hereafter caliedSinceG preserves the metric, this action is natu-
rally unitary (with respect to the inner product on the spafdeinctionsQ). Each eigenspace of
(corresponding to a given eigenvalue) is itself a repregiemt of G, becaus€& commutes with.
Since the action is unitary, a given eigenspace is eithedurcible undeG or can be decomposed

into a set of mutually orthogonal irreducible subspace®nTin the natural decomposition@fas
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a direct sum of (finite dimensional) eigenspa@¥s of A, each eigenspace can be decomposed in
turn as a direct sum of irreducible representati@Qftsof G. Obviously, the sum of the dimensions
Om, Of all such representatiold®™ must equal the degeneragy and since the representations are
at least one-dimensional, we hav& b, < 0n.

We next consider the analogous decompositions of the spadenomentum field$ (here,
the integration is performed with the inverse volume eletheRutting then configuration and

momentum fields together, we obtain the corresponding dpositions of the phase spate
r:@rwn:@r“, ™ =QmepPm. (10)
n n,my

Taking into account that the gro@pacts in the same way on fielgsand on momentum fields,
we easily realize that its action coincides on the irredecsipace®™ andP™.

As afirst application of Schur’s lemma [12], we conclude thagryG-invariant complex struc-
ture is block diagonal with respect to the decompositior),(&ihce invariant transformations do

not mix different irreducible representations. Thus, an invarianfatexstructure) must have the

3= I, (11)

where eacld,, is an invariant complex structure on the correspondingespéc For each of these

form

spaces, it is always possible to find a basis formed by comfigur variablesy,, and correspond-
ing momentgpy,,, associated with a subset of orthonormal eigenmodes as ihiweduced above
(recall that the dferent spaceQ™ are orthogonal to each other). For a givenhe complete set
{Qni,» Pri,} IS formed by the union of all such subsets, when all the sudegi&" of I'*" are taken
into account. To eacll, , then, there corresponds a matrix characterized by fouarsgolocks:
o, Jab, IR and JRP. The invariance conditions on those blocks become invegi@onditions
for matrices in the given irreducible representatioloHence, again by Schur’s lemma, each of

the above matrices must be proportional to the idemtitye.,
I =aml, IN=byl, JP=cyl and I =dyl, (12)

whereap,, by, ¢m,, anddy, are real numbers. It follows that invariant complex stroesufurther
decompose within each secidt into a block-diagonal form such that each block is given gy th
same matrix, namely, a 2-dimensional complex structurelwbnly mixesq,,, with py, for each

value ofl,,.



To proceed further, itis convenient to switch again fromrérad basigqy,, pni, } to the complex
variablesa,,, and a and relate a general invariant complex structure wgth One can easily
show that this relation is always of the fordn= KJ,K =1, whereK is a symplectic transformation.
Given our above description of invariant complex structutke symplectic transformatidtican
also be decomposed inxX22 blocks that are all identical in each spdc&. So, the information
necessary to determine a given invariant complex structueacoded in a discrete set ofx22
matricesKn,,, one per each irreducible representatioGofThey are then totally determined by a
set{km,, Am,} Of complex numbers that satisfy the conditiegq,|*> — [ |* = 1, Ym, (see e.g. [5]).

On the other hand, it is known that any symplectic transféionaR admits a unitary imple-
mentation with respect to the complex structdre- KJ,K=1 if and only if the transformation
K-1RK is unitarily implementable with respect filg [3]. Therefore, the condition for unitary im-
plementation of the dynamics with respect to a complex sired = KJyK! can be replaced by
a condition with respect tdy. The dfect of the transformatioK is to replace the functions,
andg, by new ones, and to possibly lift part of the degeneracy baxan addition to the value
of n, these new functions can depend on the irreducible repesamof G as well. In particular,
one can compute the relation between the new betficieats, hereafter denoted By, , and the

functionsa, andg;:

B (. t0) = (K57, )Bn(t, to) — A7, Bit, to) + 2ikgy, Am, T[an(t, to)], (13)

where the symball denotes the imaginary part.

Let us then suppose that, besidigsthere exists another invariant complex structlinghich
also allows for a unitary implementation of the dynamicsistnitarity implies that the sequences
given by Wﬁh(t, to) (where we have taken into account the remaining degeneaaeysquare
summable imm, at all possible values df We are then in a situation which is completely similar
to that studied in [5], and our result is readily obtained bgeaating the arguments presented in
that work. First, using the fact that conditidd (8) is sagidfiit follows from the square summa-
bility of Wﬁh(t, to) that the sequences with elemenRf8ny, J[an(t, to)] Am, /x5, are also square
summableyt € I. Moreover, the asymptotic behavior of the sequen8¢s,(t, to)]} was analyzed
in [5] (see Secs. IlIB and IVC), and it was shown there thaasgusummability follows as well

for the sequence

{ mﬂ—”‘“ sin[wn(t—to) + f dt_f(t_)]}. (14)
Kmn to

2wn
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Finally, we can apply the line of reasoning used in Sec. IV{5pfemploying Luzin’s theo-
rem and integrating over a suitable measurable set in theititervall— to show that the square
summability of [14) implies thak ., Omldml|? < co. But it can be easily seen! [3, 5] that this
is precisely the necessary andistient condition for the unitary equivalence between thekFoc
representation defined kyand the corresponding one definedJgy This concludes our proof.

Summarizing, we have shown that the Fock representatiarrdated byJ,, analog of the
free massless field representation for Minkowski spacetigspects the invariance under the spa-
tial isometries and provides a unitary dynamics for any cachgpatial manifold in three or less
dimensions. Furthermore, among the class of represemsadiefined by invariant complex struc-
tures, this choice is indeed the unique one (up to unitaryatgnce) with a unitary evolution.

This uniqueness result finds applications in a wide clasgsiess, including test scalar fields
with time dependent potentials or, in much more realistensgios, (conveniently scaled) cos-
mological perturbations evolving in a nonstationary, hgereous spacetime, e.g. in Friedmann-
Robertson-Walker cosmologies. Our results are valid fdiggéfluids with isotropic perturbations
of the energy-momentum tensor in this class of universegth&mmore, they can be straightfor-
wardly extended to tensor perturbations. Besides, prelnyicalculations indicate that the pro-
posed uniqueness criterion is valid even for spinorial §igighich can be treated similarly without
introducing radically new conceptualfficulties.

It is worth noting that, in intricate situations where noatlesymmetries can be identified in the
spatial manifold, one can still resort to unitary groups in the space of squiegrable functions
onZ, constructed from operators that leave invariant the aigaces of the LB operator. This more
general notion of symmetry, however, may force the unitarglementation of transformations
that arise just from an accidental degeneracy in the spaatfihe LB operator.

We have addressed the uniqueness problem taking for gramedain choice of field descrip-
tion. A complete analysis of the freedom permitted by lineanonical transformations should
also account for changes of field description obtained bynsmeatime dependent scalings, which
seem natural to contemplate for fields propagating in ntinsi@y backgrounds or in cases where
no fundamental field is fixed from scratch. Concerning tregeflom, fortunately, the results of [8]
strongly support that this ambiguity is also removed by thiteigon of symmetry invariance and
unitary dynamics.

The proof that the Fock representation determineddiymplements the field dynamics in a

unitary way depends critically on the dimension of the Rianmian manifold. In general, condi-
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tion (9) is not fulfilled in four or more spatial dimension&dtinverse of the LB operator in the

orthogonal complement of the zero modes is not Hilbert-Sdt)min such cases, an open issue

is whether one can still find a Fock representation whichdead unitary evolution and analyze

whether its equivalence class is picked up uniquely by oeraon. Finally, the assumption of

spatial compactness is essential to avoid infrared prabl@in However, in cosmology, where

scales beyond those provided by the Hubble radius are eegé&atplay no significant physical

role, the infrared behavior can be ignored, and there is nddmental dierence between the

treatment of compact and noncompact scenarios. In thigkgrherefore, our uniqueness result

has complete generality it3 dimensions.
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