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PRESCRIBING NEARLY CONSTANT CURVATURES ON BALLS

LUCA BATTAGLIA, SERGIO CRUZ-BLAZQUEZ, AND ANGELA PISTOIA

ABSTRACT. In this paper we address two boundary cases of the classical Kazdan-
Warner problem. More precisely, we consider the problem of prescribing the Gaussian
and boundary geodesic curvature on a disk of R?, and the scalar and mean curvature
on a ball in higher dimensions, via a conformal change of the metric. We deal with the
case of negative interior curvature and positive boundary curvature. Using a Ljapunov-
Schmidt procedure, we obtain new existence results when the prescribed functions are
close to constants.

1. INTRODUCTION

A classical problem arising in Geometric Analysis consists in prescribing certain geo-
metric quantities on Riemannian manifolds via a conformal change of metric. It dates
back to [9,37], where the authors proposed the following problem: given a smooth func-
tion K defined on compact surface (M?,g), can K be achieved as the Gaussian curvature
of M with respect to some conformal metric g = e%g?

Analytically, this reduces to solve the following equation in wu:

—Agu+ 2k, =2Ke" in M,

where A, is the Laplace-Beltrami operator and k, denotes the Gaussian curvature of M
relative to g. Over the last few decades, this equation has received significant attention
and it is not possible to give here a comprehensive list of references; a collection of results
can be found in [4].

If M has a boundary, then boundary conditions are in order. Here we consider a
nonlinear boundary condition corresponding to conformally prescribing the boundary
geodesic curvature H, for some given function H defined on dM. In this case we are led
to the boundary value problem:

{ —Agu+2ky =2Ke" in M,

dyu+2hy =2He>  on OM, (1.1)
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where v is the exterior normal vector to dM and hy its initial geodesic curvature. Equa-
tion (1.1) has been considered in particular situations; the case of constant K and H
has been studied by Brendle in [10] by means of a parabolic flow. In this situation, some
classification results are available when M is an annulus or the half-space, see [36,40,48].
The case of nonconstant curvatures was first addressed by Cherrier in [17], but his results
are obstructed by the presence of Lagrange multipliers. Recently, the general case with
K < 0 in surfaces topologically different from the disk has been studied in [42], and a
blow-up analysis has been performed.

Generally speaking, the case of a disk is challenging due to the noncompact nature of
the conformal map group acting on it, similarly to the Nirenberg problem on S%. The
problem becomes

Ay — u T2
{ Au = 2Ke in B, (12)

du+2=2He? on St,
Integrating (1.2) and applying the Gauss-Bonnet Theorem, we obtain

Ke* + He? = 2r,

B2 st
from which we see that K or H needs to be somewhere positive. Some partial results
are available for the case in which one of the curvatures is zero, see [13,14,23,31,39,41].
However, up to our knowledge, there are few results available for the case of nonconstant
functions K and H. In [20], the problem is posed in a new variational setting and
existence of solutions in the form of global minimizers are obtained for nonnegative
and symmetric curvatures. Existence results for not necessarily symmetric, nonnegative
curvatures are found in [46] via a Leray-Schauder degree argument. In [6] the authors
construct blowing-up solutions for (1.2) under certain nondegeneracy assumptions on K
and H using a Ljapunov-Schmidt reduction.
Concerning the blow-up behaviour of sequences of solutions, a rather exhaustive study
is given in [35] (see also [23,31]). In particular, it is shown that if K < 0, then problem
(1.2) only admits blow-ups at boundary points where the scaling-invariant function D :
S' — R defined as

H
Dy = ﬁ (1.3)

is greater or equal than one (see [35, Theorem 1.1] and [42, Theorem 1.4]).

The natural analogue of this question in higher dimensions is the prescription of the
scalar curvature of a manifold and the mean curvature of the boundary, and has received
more attention.

More precisely, if (M™, g) is a Riemannian manifold of dimension n > 3 with boundary,
and K : M — R, H : 9M — R are given smooth functions, it consists of finding positive
solution for the boundary problem

n—2

—4(71_1)Agu+k‘gu:Kuz_tg in M, (1.4)
%&,u + hgu = Hun—2 on OM. .
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Here ky and hy denote the scalar and boundary mean curvatures of M with respect to

g. If u > 0 solves (1.4), then the metric § = uﬁg satisfies k3 = K and hy = H.

In the literature we can find many partial results for this equation. The case of pre-
scribing a scalar flat metric with constant boundary mean curvature is known as the
Escobar problem, in strong analogy with the Yamabe problem. Its study was initiated
by Escobar in [25,26, 28], with later contributions in [2,43-45]. Different settings with
constant curvatures are considered in [11,16,27,32,33]. Some results are available for
the case of nonconstant functions when one of them is equal to zero. Existence results
for the scalar flat problem are given in [1,12,24,47], while the works [7, 8, 38] concern
the case with minimal boundaries.

On the other hand, the problem with nonconstant functions K and H has received
comparatively little study. In this regard, we highlight [3], which contains perturbative
results about nearly constant positive curvature functions on the unit ball of R"™.

The case of nonconstant K > 0 and H of arbitrary sign was also considered in [22] in
the half sphere of R, and a blow-up analysis was carried out. As for negative K, in [15]
the authors study the equation (1.4) with K < 0 and H < 0 by means of a geometric
flow, in the spirit of [10], but solutions are obtained up to Lagrange multipliers. Finally,
in the recent work [19] the case with nonconstant functions K < 0 and H of arbitrary
sign is treated on manifolds of nonpositive Yamabe invariant. Similarly to the two
dimensional case, it is shown that the nature of the problem changes greatly depending
on whether the function ©,, : 9M — R given by

H
D, =vnn—1)— 1.5
is less than one over the entire boundary or not. When ®,, < 1 the energy functional
becomes coercive and a global minimizer can be found. However, if ©, > 1 somewhere
on M, a min-max argument and a careful blow-up analysis are needed to recover exis-
tence of solutions, although only in dimension three.

In this paper, we will focus on the following perturbative version of (1.2) and (1.4):

—Au=-2(1+¢eK(x))e" in B2, (P2)
dyu+2=29,(1+ecH(z))ez onS', €
and if n > 3
D Au=—(1 ekt B )
2 Qutu= —Dn__(14+eH)u»—2 on S"1, €

v/n(n—1)

where ©,, > 1 is defined in (1.3) and (1.5), K : B® — R, H : S"~! — R are smooth with
bounded derivatives and the parameter € € R small.

Our main result for problem (P?) reads as follows:
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Theorem 1.1. Assume Do # %, let ¢ : ST — R be defined by

06 =~ (22~ Vo1 1) (o) - 202110))

and ®1 : S* — R be defined by

By(6) = <©2 — /01— 1) O, K (€) — 205(~A)FH(E)

and @, be defined as in Definition 2.1. If one of the following holds true:

(1) For any global maximum & of v there exists m = m(§) > 1 such that ®;(§) =
0> ®,,(8) for any j < m;

(2) For any global minimum & of v there exists m = m(§) > 1 such that ®;(§) =
0 < ®,(8) for any j < m;

(3) For any critical point § of ¢ there exists m = m(§) > 1 such that ®;(§) = 0 #
D, (&) for any j < m, ¢ is Morse and

S T
{&:Ve(§)=0, 21 (£)<0}
then, Problem (P2) has a solution for || small enough.

Our main result for problem (P") reads as follows:

Theorem 1.2. Let ¢ : S*~1 — R be defined by

¢(§) = a(Dn)K(g) - b(Dn)H(§)7
with a(Dy,),b(Dy,) as in (2.3), &1 :S"1 = R be defined by
®1(§) = 9, K(€),
and ®,, : S — R be defined as in Definition 2.1. If one of the following holds true:
(1) For any global maximum & of 1 there exists m = m(§) > 1 such that ®;(§) =
0> ®,,(&) for any j < m;
(2) For any global minimum & of 1 there exists m = m(§) > 1 such that ®;(§) =
0 < ®,,(&) for any j < m;
(3) For any critical point & of ¢ there exists m = m(§) > 1 such that ®;(§) = 0 #
., (&) for any j < m, ¢ is Morse and

> (T
{&VY(£)=0, 2 (£) <0}

then, Problem (P?) has a solution for |e| small enough.

Problems (P?) and (P") share many similarities, not only for their geometric impor-
tance, but also from an analytic point of view.
In fact, they both have critical terms in the interior and in the boundary nonlinearities:
exponential nonlinearities in (P2) are critical in view of the Moser-Trudinger inequalities,
whereas in (P!') we have the critical Sobolev exponent and the critical trace exponent

2
n + o, n

= =92t 1. 1.6
n—2 n—2 ( )
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Moreover, since we are prescribing a negative curvature in the interior and a positive
curvature in the boundary, the two nonlinear terms have different sign and are therefore
in competition.

Theorem 1.1 seems to be the first result of prescribing both nearly constant curvatures
on a disk. Similar results were recently obtained in [5] in the case of zero curvature
in the interior and in [30] for the sphere. Theorem 1.2 is the counterpart of the result
obtained in [3], where the authors perturb the positive constant curvature on the unit
ball of R™.

We also provide higher-order expansions of the reduced energy functional, which per-
mits to consider also some cases of degenerate critical points. This is the case when the
functionals ®,,(£) play a role in Theorems 1.1, 1.2.

Such expansions require sharper estimates (see Proposition 3.4 and Appendix 6) and
both derivatives of K, H and nonlocal terms appear. In particular, nonlocal terms are
present only if the order of the expansion is high enough, depending on the dimension.
At the first order, we only get the fractional Laplacian in the two-dimensional case,
which is why ®;(¢) is defined differently in Theorems 1.1 and 1.2.

The definition of ®,,, for m > 2 is rather involved and it is therefore postponed to Defi-
nition 2.1.

Finally, we point out that, in Theorem 1.1, ®; can be seen as the normal derivative
(up to a constant) of the functional 1, which can be naturally extended from the circle
to the closed disk. More precisely, for £ € B2, we set

o X AH =0 inB?
U(E) = W (332 — @) K(§) —2D2H(§)  where { 0= in St

therefore, in view of the Dirichlet-to-Neumann characterization of the fractional Lapla-
cian, we have ®1(&) = 9, ¥ (¢) for any ¢ € S'.

Quite interestlingly, this fact has no higher-dimensional counterpart in Theorem 1.2.
The assumption Do # % (i.e. ap # 0 in Proposition 4.3) allows to apply the degree
argument to the function which also depend on the extra parameter that only appears in
the 2D case (see (2) of Proposition 4.3). It would be interesting to understand whether
this is a mere technical assumption or not and also whether it has some geometrical
meaning.

The plan of the paper is as follows.
In Section 2 we introduce some notation and preliminaries which we will use in the fol-
lowing; in Section 3 we study the energy functional associated to the system and show
some of its crucial properties; in Section 4 we apply the Ljapunov-Schmidt finite dimen-
sional reduction; in Section 5 we study the existence of critical points to the reduced
energy functional; finally, in the Appendix we prove some crucial asymptotic estimates.
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2. NOTATION AND PRELIMINARIES

We remind that B™ will denote the unit ball of R™, for n > 2. We consider the
well-known inversion map .# : R} — B" defined by

27 1— 7% = 22
— Al ) G ) ert xRy )
1Z)° + (2 + )2 |Z|° + (2, +1)2

I (T, xn) = (

Straightforward computations show that .# o .# = Id, therefore .# ! has the same
expression. For more details about this map, see for instance [28], Section 2.

We point out that, up to the sign of the last coordinate, .# extends the stereographic
projection from OR" to S"~! and, in dimension 2, it coincides with the Riemann map
from the half-plane to the disk. In particular, .# is a conformal map and satisfies

4

(\aﬁyQ + (20 + 1)2>

f*an = Q|d$|2, Q(j’xn) = 2

For convenience, we define p : R} — R by

p— QnT_Q if n>3,
logo if n=2.

We point out that p satisfies (1.1) or (1.4) for some particular choices of the curvatures.
More precisely, in dimension n = 2

—~Ap=0 in R%
2.2
{ op = 2¢3 on ORZ, (2:2)

while in dimensions n > 3
4(n—1 .
b, 0 R,
%&,p = pr=2  on OR".

For the reader’s convenience, we collect here all the constants that appear in our
computations. In the following we agree that ® = 9,,.

Definition 2.1. Let n > 2 and ® > 1. We define

A — 4 if n=2
"l 4n(n—-1) if n>3 "

2 if n=2
T\ sty o n23

2 if n=2
=1 2 Lo if n>3 0
/ 91%yh

= (15 + (g +0)2 -1

7 dydyn,
)
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n=1 D gyl i}
bos =An? B, / Ll
(92— 1) Jor (152 11)
n=l m—n+1 1 N
Cn,m :An2 /87133 (92 - 1) ? / ’g‘m 19 an—1 (_1)
oR? (lg)> + 1" JZZ:O

n ™ .
dn.j :A,%wn_g/ sin? tdt
0

n—1
€n :An2 /Bngwn—Q

j(n+j—2)! 1

ji(n—2) |g[2n+i-D

4 1 (n—3)N
(G = 20)1(24)! (20)(n + 20 — 3)!
B - (n—3)!
)2 (n + 25 — 3
(m—i—1)! 2 i eym—n—2i
nm,i — : ; -1
Crm, (n—l)!%!(m—n—Qz)!(g )'®
Dnm: (HTM_Q)' (@2_1)M72n+1
’ (—m_Q"‘H)!(n —2)!
2 1 o)l EP ()"
jaj<m T
n—=1 1 |Z+£|m—n+1
Jnm(H) =An? Bn H(z) — —0: H Y| —=——d
m(H) g | | HE) | ;1 Al HOE =8 | Ty dz
In particular, set
n 1
a(gn) = 0n0,0 = Ar% / 9 ndgdyru
RY (|§| + (yn + Qn)Q - 1)

Dn

n—1
b(@n) = bm(] == An2 /Bn

We define the functionals ®;(&) as follows.
For j < n — 2 we set:

fo T
n—1 n-1%Y-
(D2 -1) 7 Jowy <HQ + 1)

(2.3)

1+ ¢y (— S8 anag Ana O H ALK (€) + bnvanvjN'K(s)) i even

;(8) = o
. i
(148 32,20 anyijAni 00 ALK (E)
For j =n—1,n we set:

0 if n even
®y—1(§) = (1 +§n)”*1ean,anlAnT_lH(§) if n odd

if j odd

dy,
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|252)
®u(€) = (1+&)" [ (-1)" D anin-14nin-10; " THALK () + S 1 (H)
i=0

For m > n we set:

1757 15
Pom—nt1(€) =1+ &)™ (=)™ " Ay Conomidom—n—2i—2; 00" P ALK (€)
i=0  j=0
0 if n even or m odd
+ (—1)m_2nJrl ean,%Dn,mA%H(f) if n odd and m even

L5

(=1 il m i ()

]

Pornni2(§) =1+ &)™

=0
cn,mBn,%A%H(@ if n and m even
+< 0 if n and m odd
m—n+1

(=1)

The symbol a < b will be used to mean a < ¢b with ¢ independent on the quantities.
We denote as 9, the (outer) normal derivative of a function at a point on S*~! and as
A the tangential Laplacian.

For a multi-index a = (a1, ...,a,) € N we denote:

Dy dnm(H)  otherwise

. . o, « Qn . . (0% (07
la| ==a1 + -+ ap; =it T Op,, = 0p) ... 0",

2.1. Conformal Metrics.

Throughout this article we will use the existing conforming equivalence between R’
and B" via the inversion map (2.1), often without explicitly specifying it. Therefore,
it is important to remember the conformal properties of the conformal Laplacian and
conformal boundary operator.

4
If n > 3 and g = p»—2g¢ is a conformal metric, then the conformal Laplacian and
conformal boundary operators, defined by

4(n—1) 2
Lg:—ﬁAg‘i‘kQ, Bg: n—28V+hg7
are conformally invariant in the following sense:
n+2 2 _n_ 2]
Lyp=pn=2Lg <;> , Bgp=prn2By (;) : (2.4)
If n = 2, then the Laplace-Beltrami operator and the normal derivative satisfy the

following conformal property: if § = efg is a conformal metric, then
Aepg = e_pAg, Vepg *Terg = e‘gv *Ng-

The following result establishes the conformal invariance of a certain geometric quantity
that will be very much related to our energy functionals.
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Lemma 2.2. Let (M™,g) be a compact Riemannian manifold of dimension n > 3 and
4

g = pn-2g a conformal metric with © smooth and positive. If we set f = fo~ !, then

4(n—1
n—2 Ju M oM
4(n—1
:4(71 ) / (Vgu - Vgv)dVy + / kquv dVg + 2(n — 1)/ hguv doy.
n—2 Ju M oM

Proof. We will use the following basic identities:
AV = &% AV, dog = % do,, Vg = ¢ 72V,

where 2%, 2 are as in (1.6) and the relation between kg, k,, hz and hy given by (1.4). The
first term in the left-hand side of (2.5) can be decomposed using the previous identities:

| (Vs Vayavs = [ (Vv
M M
= /M (Vgu-Vgv)dVy — /M <®Vg<p “Vgu+aVgp - Vev —ad ]Vgap]2> avy. (2.6)

On the other hand, integrating by parts on M and using (1.4):
4(n—1
/ kgt dVy = / b <kg<p2 — M(AWw) dv,
M M n—2

:/ kquv dVy —2(n — 1)/ hgﬁf)cpzﬁdag +2(n — 1)/ hguv dog
M oM

oM
4(n—1
+% /M (0940 - Vygu+ Vg Vyv — 0 [Vypl*) V. (2.7)
Finally, (2.5) can be obtained combining (2.6) and (2.7). O

2.2. Solutions of the unperturbed problems.
By means of the inversion map and the classification results available for R” , we can
give an n—dimensional family of solutions for the problems (P2?) and (P) with ¢ = 0.

First, we consider the problem in B?:

—Auy = —2e" in B2 (P2)
Ou+2=2Dez on S 0

By [48], a family of solutions of the problem in the half space

_ . 2
{—Au——Qeu in R%

8Vu:2’De% on 3R3L. (2:8)

is given by
2\
r—1x0)2+ (y +DA)2 — A’
for A > 0 and zy € R. Other classification results for solutions to (2.8) are given
in [29,40].

Um,\(:c,y) = 210g (
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Let us call (A]mO,A = (Ugyx — p) o £~ L. Taking into account equation (2.2) and the
conformal properties of the Laplacian and normal derivative in R?, it is clear that

—AU = —2¢U ) in B2
8,,(7 + 2 =29e¢ on St

U
2

Therefore, a family of solutions for (P?) is given by

. A2+ (y +1)?)
U (s,1) = 2log (x —20)2+ (y+DN)2 = N2’

with
(5,) 2s (5,4) 1—52-12
) 82+(t+1)2’ Yy yis, 82+(t+1)27

A >0 and zg € R.

Now, we address the unperturbed problem in B" for n > 3:
_ n+2
—%Au = —yn-2 in B",

n
%&,u—l—u: D__yn—3 onS* L

vn(n—1)

Consider R’} with its usual metric, and the problem

—A(n—1 n+2 .
(7_12 ) Ay = —yn—2 in R,
L2 g gD it OR™
=50, U = u on OR'.

\/n(n—1)
The results in [18] imply that all solutions of (2.10) have the form

n—2 n—2
dnn—1))"7 X2
U2 (7, m) = —— 0= 1) .
(17 = wo|” + (2, + AD)? — A2) 2

for any x¢ € OR”} and A > 0.

Then, by (2.4), we can write (2.10) as:
p%ﬁ %A <%) — in R7,
P <$ay <%) n <%)) - \/%um on IR .

If we call & = (%) o .#~1 it is clear that

—4(n—1) A ~ . nt2 .
77;2 IAG = —@n-2 in B",

2 9 440 D ] n—1
0,0+ U = ur=2 onS
n—27v n(n—1) ’

which is exactly (P(?/). Hence, a family of solutions of (PO”I) is given by

n—2

12— 20|* + (20 + AD)2 — X2

(2.9)

(F5")

(2.10)

9 ne2 22 Zn 2 2
Uxo,x(x,xn)=A’3(n(n—1))4< 2+ (o + 1) ) , (2.11)
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with )
27 1—|z|° —x2
= —3 s
|2+ (zn + 1)

In view of formulae (2.9) and (2.11) we set:

A2 (\212 + (20 + 1)2)2

zZ=2z(Z,x,)

Pxo,)\(ja xn) =

2
<\2 — 2o + (20 + AD)2 — )\2)
with Z, z, as before, zg € R"~, X\ > 0, and define

n—2
P = if n>3
V. — Zo,A = 2.12

Z0,A { log Py n if n=2. ( )

3. PROPERTIES OF THE ENERGY FUNCTIONALS

We define the functionals J* : H! (B") — R by

1 .
J2(u) :—/ \Vu\Q—i—Q/ u—|—2/ (1+eK)e" —4D | (14+cH)e2, (3.1)
2 B2 St B2 St
niy L 2 1 o (n—2)? / 2"
T2 (w) _Q/Bn Vul”+ Q/Sn_lu s 1) Jp, L TEE) U
_9)2
=2 o[ Giem)®, i n>3 (3.2)

_4 n(n - 1)3 gn—1
Observe that we can write
S (u) = Jg'(u) + eany" (u),
with
() fBQKe“—BQCDfSIHe§ ifn=2
V" (u) = . '
an K |u|2 — B,D fS"_l H |u|2 ifn>3
with «,, 8, as in Definition 2.1.
Let Vg, x be given by (2.12). We set
n n n—1
F(‘TOa)‘) =7 (on,)\) = KPZ‘())\Q _/Bng s IH-Pm(),)\ 2.
B’VL n—
The first term of the energy is constant along our family of solutions:

Proposition 3.1. There exist constants E, 5, independent on A and xg, such that
Jg(vxo,)\) = En,’,D, Vn > 2.

Proof. Let us study the cases n = 2 and n > 3 separately.
When n = 2, integrating by parts and using (P?) and (2.2), we can see that:

1 1
5/ |VVJ307>\|2 + 2/ VJCOJ\ = 5/ |v (Uxo,)\ - /0)|2 + 2/(UJ10,>\ - p)e
B2 St Ri R

1 1
= _/ AU:BO,A(U:BO,A - P) +5 / aVU:Bo,A(U:BOJ\ - p) + 2/(U:L“07>\ - p)e%
2 Ri 2 R R

[N



PRESCRIBING NEARLY CONSTANT CURVATURES ON BALLS 12

1 1 1 I}
:5/ ‘VU:BO,A‘Z + 5/ AUJBO,)\[) D) / aVU:Bo,Ap +2 / (UIO,A - p)eg
R2 R% R R

1 1
5 [ VUl =5 [ 19t
R% R

V. U,
zO,A 0,1
2/ eVzor — 4D e 2 :2/ eU°’1—4©/e2 .
B2 st R2 R

1 Uo,1
B =5 [ (W0l =1952) 42 [ dhran [ &5 @3
R? R2 R

As for the case n > 3, from Lemma 2.2 it follows

1 1 1 1
3 [ Vsl 5 [ Ved =5 [ VU =5 [ U
B gn-1 R R

Moreover, by a direct change of variables, we obtain

/ Voo nZ = Bu® / Vo2 = / Uoa2 — Bud / Uoa?.
Bn Sn—1 R% aRi

Now,

Finally,

+
Therefore,
1 *
Jg(vmo,)\) = 5/ ’VU()J’Q + oy </ U0712 — ,Bng U0712ﬁ> . (3.4)
R R OR™

O

By a change of variables and using the relations in Section 2, we can move to R’} and
write our function I' in a more suitable way.

Proposition 3.2. It holds
n o n—1 ~
A2 K (Z, z,)\"dzdx, An? B,OH(Z)A\" Ldz
r(xo,)\):/ 2( ) n_/ BnDH () _
21 (|2 — a0l + (o + AD)2 = N2) " Jomy (1 = 2o + 22(22 - 1))
(3.5)

n . n—1 ~
:/ AZK (N + z0, \yn) A2 ﬁnQH(Az?ero)dg
Ri <

9 ndgdyn _/ n—1
97+ (yn + D)2~ 1) o®1 (fg? + 02— 1)
where K =Ko %, H=Ho .7.
We are interested in the behaviour of I' at infinity and when A — 0.

Proposition 3.3. lim|, 4\ 400 (w0, A) = ¥((0,-1))
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Proof. First, notice that

2(\Z 1—|\z 2 — (Azp)?
lim I (AT + xg, A\xy) = lim ( ( f + 20) , Az —1—2900\ (Azn) >
Atlzo| =00 Mlzo|—+oo \ |AZ + 20]” + (Azp + 1) AT + 20]” + Az, +1)2
_f (0,—-1) locally uniformly on (z,zy) # (0,0),
1 H(x0,0) if (Z,x,)=(0,0).

With that in mind, we fix € > 0 small enough and write

no. n—1 .
Iz )\)_/ A3 K(Ay + zo, \yn) didy _/ An? Bn®H(AY + 20,0)
) - n n n—1
i< (19> + (yn + D)2 = 1) e (g +02-1)

dy

no . n—1 ~
+/ A2 K(Ay + 0, A\yn) An? BROH(NG + x0,0) di
ly|<e < +

ndgdyn _/ o)
|g|2 (yn + 9)2 — 1) g <e <|g|2 + D2 _ 1)

Then, taking limits when A\ + |z¢| — 400,

AZ didyy,
Do, ) =K(0,-1) [ W
e (1g1* + (9 + D)2 — 1)

n—1
Ay B,0dj

_H(Oa_l) / 9 n—1

ly]<e <|g| D2 1)

+0 (en_l)

+K (I (20,0))0 (€") — H(I (20,0))O (") .
The claim follows from taking limits when ¢ — 0. U

The following result describes the behaviour of I' around A = 0. Its proof will post-
poned to Appendix 6.

Proposition 3.4. Define 1 : S*1 — R by (&) := a(D,)K (&) —b(D,)H(E), and let us
write £ = 7 (x9) € S L. The following expansions hold, for any m € N, when A\ < 1:
If n =2,

Do, ) =p(€) — (27(1 + &)X (2 = VBT 1) 8,K(§) - 20(-A) 1 H(¢))
£ Xlog 0a(©) + X Ba(€) -+ N og {an1(€) + N D)) (1+ (1)
If n >3,

D(x0,X) =t(€) = (an0,1(1 + &) AD K (§) + N2 P2(€) + -+ + X" 72Dy, 5(§)

+ X" !log %(I)n—l(g) F AT, (E) -+ A log %q)Qm—n—f—l(g) + )\m‘I)Qm—nH(f)) (1+0(1)).

Here a(95,,),0(Dy,), ano,1,®;(&) are given in Definition 2.1.
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4. THE LINEAR THEORY

In this section we develop the technicalities of the Ljapunov-Schmidt finite dimensional
reduction. Most of the results hereby presented are well-known in the literature of this
argument, therefore details of the proofs will be skipped.

4.1. The 2—dimensional case.
It is known (see [35]) that the solutions of the linear problem

—A) +2eY02) =0 in B2
Usg,
A —De =0 onS!

are a linear combination of
1 2
me)\(z) = 0pyUzo,n  and Zm,)\(z) = O\Uzy,n and
Given k > 0, set

1
o ::{(t,xo,)\)eRx(O,oo)anl = < |t + X <k, \xolgn}. (4.1)

=

Arguing as in Theorem 3.3 of [6] we can prove that

Proposition 4.1. Fizp > 1 and & > 0. For any (o, \) € C,; (see (4.1)) and § € L? (B?)
and g € LP (Sl) such that

/f+/g—/f O)\—|—/gZ;O7A:O, i=1,2,
B2 St St

there exists a unique (b c H! (IB% ) such that

_2/ eUxO,A¢+© ¢:_2/ ex())\(b 0)\_,_@/
]B2 Sl BQ

which solves the problem
A¢+2e wow—f in B?
oy — ”De 53 qﬁ g onS!

Furthermore
ol < (Ifll Le(mey + ol Lesy)) -

4.1.1. Rewriting the problem.
We look for a solution of (P2) in the form

£

u="Ug\+7+¢, with A >0, zg € R and T=tye, teR

where ¢ satisfies the orthogonality condition (4.2). We shall rewrite problem (P?) as a
System
—A¢ + QeUzoAqS = Ein+ Nin(@) +co+ >, a2 x A in B2

i=1,2

Oy — De 5 (b Epa + Ma(@) + co + Zcz mA on S!
i=1,2

)
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where ¢;’s are real numbers.
The error that we are paying by using this approximating solution equals to

Ein = —eF (Uggr+7) and &pg :=eG (Ugy )+ 7)
and the non-linear part is

N, (¢) = []: (Uxo,)\ + 7+ (b) - ‘F(Umo)\ + T) - F (Uxo)\) (b] - [(]:I (Umo,)\ + T) _(-F/ gUxo,)\)) ¢]
4.4

—eK [‘F(U$O7)\ + 7+ ¢) - ]:(Uxo,)\ + T)] )
J%)d(¢) = [g (Umo)\ + 7+ ¢) - g (Umo,)\) - g, (U:vo)\) (b] - [(g, (U:vo,)\ + T) - g, (U:vo)\)) (b]
—eH [g (UmoJ\ + ¢) -g (Uxo,)\)])'
Here we set ;
F(u) :=2¢* and G(u)=2De2.
We have the following result

Proposition 4.2. Fiz k > 0. There exists £, > 0 such that or any (xo,\) € Cy, (see
(4.1)) there ezists a unique ¢ = ¢(c,z0,A) € H' (B?) and ¢; € R which solve (4.3).
Moreover, (zo,\) = ¢(e, 0, \) is a Cl—function and ||¢|| < e.

Proof. The proof is standard and relies on a contraction mapping argument combined
with the linear theory developed in Proposition 4.1 and the estimates for p > 1

[inllr@mey) S € and  ||&allzes) S e
O

4.1.2. The reduced energy.
Let us consider the energy functional J2 defined in (3.1), whose critical points produce
solutions of (P2). We define the reduced energy

‘}vg(t’ zo, A) 1= Jg (Uxo,)\ +i+9),
where ¢ is given in Proposition 4.2.
Proposition 4.3. The following are true:

(1) If (0, \) is a critical point of J., then Uzox + ¢ is a solution to (P?).
(2) The following expansion holds

J(t, 20, \) = Eop — € (apt? + T'(zo, A)) + o(€)

Cl—uniformly in compact sets of R x (0,4+00) x R.
Here Ep p is a constant independent on xg, t and X\ whose expression is given by
(3.3), T is defined in (3.5) and

Proof. We use the choice 7 = ty/e and the fact that

UIQ,)\ U UIO,)\
D e 2 do— e’zordy = 2w and e 2 do=2m.
St B2 St




PRESCRIBING NEARLY CONSTANT CURVATURES ON BALLS 16

4.2. The n—dimensional case.
Recently, in [21], it has been proved that all the solutions to the linearized problem
A UANZ = — "+2U0An 27 in B",

2 ___n_ e n—1
=50, Z +7Z = = n( )@me)\ 227 on'S

are a linear combination of the n functions
$0>\ ({99301(]10,)\, z':l,...,n—l and ng)\:a)\Umo,)\
Given k > 0 set

1
Cx 1= {(mo,)\) € (0,00) x R"™™ : Z <A<k, |zo| < n}. (4.5)
K
Arguing as in [21] we can prove that

Proposition 4.4. Fiz k > 0. For any (xo,\) € Cx (see (4.5)) and § € Ltz (B"™) and
(n— 1)

gEc L (S"il) such that

/ fZ;m)\ + / gzi()v)\ = 0’ 1= 1’ RN
B S§n—1

there exists a um’que ¢ € H' (B"™) such that

n—+2
- 3607 ¢ o>\+ m 930>\

gbZ

n—29 oA
(4.6)
which solves the problem
4
N N AT in B"
2
0o+ 1526 — s —=DUpy "2 =g on S"!
n(n—1) ’
Furthermore
< n n— .
16115 (11, 2, g + ] 2 )
4.2.1. Rewriting the problem.
We look for a positive solution of (P!') as
u:U$O7>\—|—¢With)\>0, g €R
where ¢ satisfies (4.6). We rewrite problem (P') as a system
A¢+4(n ) J:o, QS gm‘{'mn( )"’ch :BO)\ in
Bd
V¢+ (b_ ﬁg(]{ro’)\n72¢ = gbd+%d(¢) +Z§1 ciZ:L‘(),)\ m
Sph!

where the ¢; are real numbers. Moreover, the error is given by
gm = —6.7:(Ux07)\) and éobd = €g( Zo,\ )

=0, 1=1,...,n,
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and the non-linear part is

N, (¢) = []:(Uxo,)\ + ¢) - ]:(Uxo,)\) - F (Uxo,)\) ¢] —eK []:(Uxo,)\ + ¢) - ]:(Ux(o,)\)])
4.8

J%)d(‘ﬁ) = [g (U$07>\ + QS) -G (Uwo,)\) - gl (UJCOJ\) ¢] —eH [g (Uwo,)\ + ¢) -G (U$07>\)])

Here we set

Flu) = —

n—2 n+2 n—2 _n_
74(71 9 (u)n=2 and G(u) = T o 1)©(u+)n*2.

We have the following result:

Proposition 4.5. Fiz k > 0. There exists €, > 0 such that or any (xg,\) € Cy (see
(4.5)) there ezists a unique ¢ = ¢(c,z0,A) € H' (B?) and ¢; € R which solve (4.7).
Moreover, (zg,\) — ¢(, 70, \) is a C*—function and ||¢|| < e.

Proof. The proof is standard and relies on a contraction mapping argument combined
with the linear theory developed in Proposition 4.4 and the estimates

||é"mHLn% Se and ||éabd\|Lz(n;1) Se

(B2) sy~

O

4.2.2. The reduced energy.
We consider the functional JI* defined on (3.2). It is easy to see that its critical points

are positive solutions to equation (P!"). Now, we introduce the reduced energy

j;"(xo’ A) = J (UmoJ\ +9),
where ¢ is given in Proposition 4.5. It is quite standard to prove the following result

Proposition 4.6. The following assertions hold true

(1) If (0, \) is a critical point of J., then Uzox + ¢ is a solution to (PI).
(2) Moreover, we have the following expansion

j;"(xo, A) =Ep 0 —el'(z9,A) + o(e)
Cl—uniformly with respect to (zg,)\) in compact sets of (0, +o00) x R*~L.
Here E,, o is a constant independent on xo and X, given by (3.4), and I' is the
function defined on (3.5)

5. EXISTENCE OF CRITICAL POINTS OF I'

In this section we are finally able to get critical points of the map (zg, A) — T'(xq, A),
hence solutions to problems (P2), (P").

We start with the following abstract result about critical points of maps defined on
balls in dependence of the boundary behavior.
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Proposition 5.1. Let f : B" — R be a C' map satisfying, as & goes to S"71,

1O =fo(1§) #5016 () +o (a0 - 16D).

for some f; : S*t — R with fo of class C' and some increasing g ¢ : (0,1) — (0, +o0)
€]
such that g ¢ (t) — 0.
€] t—0
If one of the following holds true:

(1) f1(§) > 0 at any global mazximum & of fo;
(2) f1(€) <0 at any global minimum & of fo;
(3) f1(§) # 0 at any critical point £ of fo, fo is Morse and

Z (_1)ind§Vfo # 1;
{&:V fo(£)=0, f1(£)>0}

then, f has at least a stable critical point.

Theorems 1.1 and 1.2 will follow without much difficulty from this proposition and
Proposition 3.4.

Proof of Theorems 1.1, 1.2. We only consider the case of Theorem 1.1, since the same
arguments also work for Theorem 1.2.
Thanks to Proposmon 4.3, we get a solutions to the problem (P?) whenever \/7 —2#

0, that is © # 2 Nt and (xg,A) is a stable critical point of I'. After composing with .#,
this is equivalent to getting a critical point of the map f(£) = T' (#~1(£)), which is

well-defined and smooth in the whole B" thanks to Proposition 3.3.
In view of Proposition 3.4, f satisfies the assumptions of Proposition 5.1 with

t V() #0 s _{ —27®y if Vap(€) £0
175 og =T 1 vy =0 * T —Pw i VH(E) =0

fo=1, 9e(t) = {

with m = m(§) as in Theorem 1.1 (if m(§) is not well-defined, as for minima of 1 in case
(1) or maxima of 1) in case (2), one can just set g¢(t) =t, fi = —271Py).

1
Here, we used that A = 1+‘££‘ + o(1 — [¢]) and that

1 2m
a2,0,0 :4/ dydyy = —— (D — VD2 -1
R (52 + (12 + D)2~ 1)° 5 )
1 47D

b —4L R =
PRI Jope 1T VR0

hence the two definitions of ¢ given in Theorem 1.1 and Proposition 3.4 actually coincide.
Since —27 < 0, then the assumptions on K, H in Theorem 4.3 are equivalent to the ones
in Proposition 5.1, hence they ensure existence of solutions. U

To prove Proposition 5.1, we will compute the Leray-Schauder degree of the map f.
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Proof of Proposition 5.1. First of all, f can be extended up to S*! as fy. Since g
vanishes at 0, this extension is continuous.

Assume (1) holds and take an absolute maximum point &y for f on B”. To get a critical
point for f on B™ we suffice to show that & ¢ S* 1.

If & € S"71, we would have f1(&) > 0, therefore, for 0 < ¢ < 1 we would have

J((1=1)&) = fo(&o) + 9¢o (1) f1(€0) + 0(gg, (1)) > fo(&o),

contradicting the fact that & is a maximum point.

If (2) holds, then the same argument shows that the minimum of f on B lies in the
interior of B”, therefore it is a critical point of f.

Assume now that (3) holds. We consider the double of B", namely the manifold obtained
by gluing two copies of B™ along the boundary: w, where (£,0) ~ (&, 1) for
¢ € "1, This manifold is clearly diffeomorphic to S”, hence we will identify it as S™.
f can be naturally extended to f : S" — R as f(§, i) = f(§) for i = 0,1. The extension
is continuous and, after a suitable rescalement of g close to 0, of class C'! (with vanishing
normal derivative on the equator). Such a rescalement does not affect the presence of
critical points to f, f and f |sn—1 = fo, which we will now investigate.

We use the Euler-Poincaré formula to compute the Leray-Schauder degree of f, which
is a Morse function by assumption:

L+ ()" =x(8Y) = > (Y4 S (kY

{¢esn—1:.V f(£)=0} {egsn—1:V f(£)=0}
— Z (_1)ind§Vf ) Z (_1)ind§Vf‘
{€esn—1.V f(£)=0} {¢eBn:V f(¢)=0}

To deal with the critical points on S”~!, we notice that they are exactly the same
critical points of fp, but their index may change, since each can be either a minimum or
a maximum in the orthogonal direction; precisely:

f1(€) >0 :>ind5Vf: inde V fo;

and so
Z (_1)ind5 vf _ Z (_1)ind5 Vifo__ (_1)ind5 Vfo.
{¢esn—1:V f(¢)=0} {&:Vf0(£)=0, f1(£)>0} {&:Vf0(£)=0, f1(§)<0}

Therefore, applying again the Euler-Poincaré formula, this time to fy on S"~!, we get:
_ Z (_1)ind5 V fo
{gesn—1:V fo(§)=0}

= Z (—1)inde Vo 4 (—1)inde Vo,
{&:Vf0(£)=0, f1(§)>0} {€&:Vf0(£)=0, f1(£)<0}
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By summing the previous equalities we get:

Z (_1)ind§ Vi _ 1— Z (_1)ind§ Vfo‘
{€eBn:V f(§)=0} {€esn=1:V fo(£)=0, f1(£)>0}
The latter quantity is non zero by assumptions, therefore the set of critical points of f
on B", on which we are taking the first sum, cannot be empty. O

6. APPENDIX: PROOF OF PROPOSITION 3.4

By introducing a rotation in B" and moving to R’} via .# we can give an expression
for I which is more convenient for our computation.

Lemma 6.1. Let A : B™ — B™ be the rotation corresponding, via the %, to the transla-
tion of T : x — x + xo on the half-place, namely A= % o T o F~L. There holds:

n Ka(\ n—1 Ha(\j
D(ao, \) = A7 / S 1) R DN A9
R (|ﬂ| + (Yn + 9)2 — 1) OR™ <|g|2 + D2 - 1)

where Ky = KoAo %, Hy=HoAo ..

Ty,

Proof. By doing a change of variables, we observe that

Do N) = [ Ka(2)Puy A(A2)% — 8,9 - Ha(2)Poy a(A2) "2

n—1

= | Ka(2)Pyr(2)? — B,D Ha(2)Poa(z) 7,
]Bn Sn—l

Here we are using that A is a rotation and its very definition, and we set K4 = K o
A,H4 = H o A. Finally, changing variables twice and using the definitions in Section 2:

F(an )‘)

n K A" n—1 Ha(z)\ !
_AZ / - Al@) —dEday, + An? Bn® A(@) -,
2y (| + (20 + XD)2 - 22) 7 (jaf +22(D2 - 1))
n 2 n—1 ] 7l
i [ Ay, 00T 50 Haw) ___qy
AL <|ﬂ| + (yn + D)2 — 1) OR™ (|g|2 +D2 - 1)
O

Proof of Proposition 3.4. We start by estimating the boundary term, where some can-
cellations occur due to symmetry. We expand H4(\y) in A up to order n — 2:

Ha(\y
/ 2 A(A\Y) __ap
o= (| + 22 - 1)

. dy Aled .
:HA(O) y — + E ajaHA(O) y — dg
oRY (5% 2 af! orn (1712 2
+ <|y| + D= — 1) 1<]a|<n—2 i (|y| + D2 1)
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HAOG) = ¥ jajen_s o Oz Ha(0)5°
+/8Rn ( K

9 n—1
g +22-1)

_ —12
_H g)/ dy — +)\2ﬁAHA(O)/ 19 ——dj+ ...
oR™ (|g|2+@2_1) (n—1) oR™ (|y| L D2 >
n2 — 3! n2) g2 i
o (n NS} N0 / —dg+ 1
@22 (n -3+ 222 )N ORY <\g!2+©2—1> 1

9l
n—2 1 (’I’L—?))”
_’_)\2\_ 2 J — — _ _
(132_1)”“72J 2122))! (2[22))! (n — 3+ 2[ 252 )1
e _ 2Ln 2
7 (g2 +1)"
+1,

where we used the formula

(25)!"(n — 3 + 2))!!
(n—3)!!

Ay = (6.1)

and the vanishing, due to symmetry, of integrals of homogeneous polynomials of odd
degree or of degree 2j which are j-harmonic.
Moreover, in view of the conformal properties of the Laplacian, one has

AV HA(0) = (14 &)Y ATH(Z), (6.2)
hence the j* term in the expansion equals

1 (n—3)

)\2] n— 2] 1
@2 —1)"7 )N +2j -3

g erane [y

R (112 =1
(g +1)

In the j** order expansion, the remainder is actually o ()\j ) because we get

/ HAND) = Sjoicy e 02 a5 + / Ha(N)) = ¥ i< tar Oz Ha(0)7°
— Y
|71<% (|g|2 + D2 — 1) |y[> <|g|2 +D2 — 1)
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O (|AgP+t O (| \gl?
:/ 1 (IA7] )nldy+/ (|y|)n,1d§
<% (I +27 - 1) -5 (19 +22 - 1)

-0 (AJ’“ log X) +0 (A,

In order to deal with higher order terms, we need another argument, since this would
get non-converging integrals.
We split the cases n even and n odd.
If n is even, the main order term in the denominator of I is of odd order, hence its
integral vanishes. Therefore,

T :)\n—l/ I:[A(CE) - Z|o¢\§n—2 ﬁa@ﬁfl(o)f“
n—1
R (jaP (@2 - 1)
- / Ha(#) = Ejajzn- p0 Ha(0)7 = G2y Ejajmn—1 dee Ha(0)7° Xjz<1 dz
: n—1
- (12 + 22 (2 - 1))

o Lo
:A"‘l/ Ha(Z) = X jaj<n—1 Tani 02.Ha(0)Z Xisl<1
oR™

|a—j|2(n71)
~ An_l An—l
oR: ooy ol | (12 + X2 (@2~ 1)) 2=
an2
+O | > ATH4(0)A
=0
:)\n—l/ Hal®) - 2ol <n—1 ﬁaﬁaﬁf‘(o)jaxwmd:ﬁ
SR™ |a—j|2(n71)
1 1
Z Opa H(0 / y* 17 -2
N _ n— 7|2(n—1)
+/ H (\g) — Z ! dy
A Oz, H n—1  |52(n—1
ORY} \a|<n‘ " !y\ +92—1) e
n—2
S AT (0N

=0

dx
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ne1 FIA(E) - Z|o¢\§n—1 ﬁafaﬁA(o)jaXWKl -
-\ 5 dzx
oR™ (n—1)

|z]

1 -3 n o~ 1 1
I N Gk ) LENNT S 7 / g|" — y

n—2
3
+I' 4o | Y AHA0)NY |
§=0
where we used again (6.1); one easily verifies that, due to the behaviors at 0 at infinity,

all the integrals are converging, hence everything is well defined.
After changing variables, the main terms are now

)\n_l(l + é_n)n_l/ H(Z) - Z|a\§n71 ﬁafaH(g)(z - S)a

d
sn-1 |z — g2 )

)\"@2—12(—1 n)"(A)2H / y|" - dy
O ) i g (S ARHE) [ T e )
nT_Q . .
+I'+ 0 | Y ATHEN |,
=0
where we used the fact that ﬁ = Efgiz and again (6.2). The small o term contains

some new quantities arising when the terms of order \»~! are transformed into each
other.

The smallness of the remainder can be shown similarly as before, here and in the follow-
ing.

Due to the asymptotic behavior of both factors, I’ can be dealt with similarly as I and
one can iterate the argument. In particular, using the series expansion

1 _i(_l)j(n—i—j—Q)! (2 -1)’

(P + 07— in = 2)1 gD

J=0
we get, for any even m > n, the following m™ order term:

D O )" gy (0
1 o _lztem"
x /S"—l H(z) — la;;l wagaH@)(z =§) Wdz
montl -3 "
+ ™ (’D2 _ 1) 2 (n—3) i (1 + fn)m(A)EH(f)

1 2 (n+j—2)! 1
S N 7 e Sl S G O K | dy
/am ()2 + 1) Z jln =2)t |g2n+i=1)
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+ |a|<m
| & o @ -
9 n—1 Z(_l)] j'(n_z) ‘y’2 (n+j5-1) dy
<|y| +®2—1) s
m—2
2 - -
+o | Y ATH(AY
§=0

In particular, we point out that if n = 2 this is the main order term in the boundary
estimates, and it equals

AT(1+ &) (—A)2H(E). (6.3)

Let us now consider the case n odd. Here, the first term does not vanish and it gives
rise to a logarithmic term. In fact,

OR™ <|j|2 A2 (D2 - 1))"7

)\n 1
= Z a:BO‘HA / i nfldj

\a| n—1 |z|<1 <‘i"2 + A2 (@2 — 1))
A 1/ ~ Llalzn—2 % Ha(0)7" — 5y Zw:n—l5faﬁA(0)faX|x|s1d,
n—1 €z
(12 + 22 (22 - 1))
e (n—3)! n—1 ~
=A (Og +oa ) =i = Din — o 7 Ha0wn

~ n—3

H ( ) Za n— o afl'aHA( )an$ .~
A 1/ lol<n 1 ol g 0 [ A A ®0)
<|x| + A2 (D2 —1)) =0

_\yn—1 l (n_?’)”
=l S T — 1) iR — Ay

o [ HA@®) = cnmt ap0n Ha(0)TXaj<1
+A . 2(n—1) dz

AT HA(0)wn_2(1 + o(1))

|z

B )\n—l )\n—l
—/ Hy(7) - Z 'afl'aHA( )z —12(n-1) ol I
oR: iy ! PO (a2 (22 - 1))

Z N4 (0)\%
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_ 1 (n—=3)! _q A nct
=\""!og ~ 1 "IN H o(1+0(1
A X —Ditn— DlI(2n —4)11( +&n) T H(wn-2(1+0(1))
H(z) = 3 aj<n—1 Tan O H(E)(z — )
)\n—l 1 n—l/ al<n—1 |a|! 7sa d
+ (1+&n) - 2 — €]2n—D) i
A\al - 1 1
_/ Ha(\g) = Z ! 0o Ha(0)5" g2(n—1) 1 | W
oRY ( jal<n fa! g (!@\2+®2—1)
nT—S
+o | Y ATHA(0)AY ] ;
§=0
iterating, for any odd m > n we get
_ 1 m—n (n—3)! ("+m —2)! m=n
A og —(—1 2 Dr-1) 2
og)\( )7 (m—1)l(m —1N(n+m — 4! (mQ”)!(n—Q)! ( )

X (14 &)™ AT H(E)wn—a(1 + 0(1))

PP mo (-2, men
AT =D T (1 + &) )i = ) (D% 1)
2 : :
<[ (H(z) > et <£><z£>a) s
Sn—t |a|<m—1

(o))

- ~ Aled - Y
+/BR1 (HA(Ay) - |o§mm 2o HA(0)y )

m—n

(ntj—2) (92 1)

1
1)\
CV i = gD

hE

- dy

(g2 +22-1)" i

0 (i AjH(g)AQj) .

J=0
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The argument to estimate the interior terms is similar. We expand K(\y) up to order

n — 1, which is the highest power that can be integrated against P2

To,A\"

/ Ka(\y) dgdy
w1 (15 + (g + D)2 - 1)
dydyn

:RA(O)/RK <|g|2_|_(yn—|—©)2—1>n
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a

Ael y i}
> a0 [ — dgdy,
' oRY} (Iyl +(yn + D) - 1)

1<al<n—1
/ KA()\Z/) - Z\a|§n—1 %a:vaf(A(O)ya _
5 m dydyn
2 (|9 + (g + D)2 - 1)
="
K [ 0 R [ <didy,
= (19 + (g +D)2 - 1) = (15 + (g + D)2 — 1)
n-1 13 126, §—2i
e g s _
HI Ny e : 8] # ALK A(0) / mdydyn
= = (7 —2)1(22)! (20)!M(n + 24 — 3)!! R? <’g‘2 + (g + D)2 — 1)
+I//
dydyn, Yn —
=K (¢) / 2 7 — A1+ gn)auK(g)/ o 7 dydyn
RY (!y\ +(yn + D) - 1) RY <\y! + (yn + D) - 1)
n—1 L%J
NN S (11t g0 R ALK ()
= = (7 — 20)1(20)! (20)!(n + 20 — 3)!
2,020
<[ gy,
2 ([ + (g + D)2~ 1)
+I//

where we wrote the derivation in z and z,, as
J 5! w
_ : J—ig_
Z Ozo = Z (5 — i)l Z Oz, amﬁ

|| =3 =0 |Bl=i

and used again cancellation by symmetry and (6.1). In the last step, we used (6.2) (in
Z) and that

8, = (~1Y (1 +£,)0,.

e — 9 y ddus = T (/D2 — 1 — i
In the case n = 2, since fRi (g2+(y"f©)2_1)n dydys = 5 ( D @), putting together
with (6.3) we get the first order expansion

1
P(w0,A) = 9(§) = 2n(1 + &)A (D = VD2 =1) 9,K(€) — 20(-A)FH(€)) +o(V),
whereas when n > 3 the first order expansion contains only the interior term:

I(zo, A) = ¥(§) = an,01 (1 + £) A0, K (E).
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As for 1", we get local terms involving derivatives of K4 and non-local terms similarly
as before:

RAJ' — al<n— L((99605[}’,40.%'0{
1 :An/ (@) = Xjajzn—1 fay (n) Jnds,
" (mQ + (2 + AD)2 — A2>
xa
0, KA 0) / dzxdx
| Z Lo _ n n
jal=n i<t (|2l + (@ + XD)? = X2)
KA(%‘) - Z\a|<n71 ﬁaﬂﬁal}’A(O)xa - % Z|a\:n aﬂﬁaf(A(O)anhjSl
—i—)\"/ = - dzdz,,
? (121 + (20 + 22)2 = 22)
A" (1 1 O(1 L%J (’I’L 3)” P i ZZAzK " s n—21 d
= <0gx + ( )> s (n—22) ( )'(22)”(n T2 — )” Tn A( )wn—QA sin tdt
[N{A('I) - Z al<n %axaKA(0)$aX|$|§l
n/ jal<n Taf .
+A o Tdxy,
1 (|;z|2 + (@ + AD)? = X2)
+0 A”ZZ@J BALK 4(0)

7=0 =0

1 (n—3)!
X £~ (n — 2i)!(20)!(2i)1(n + 2i — 3)!1

ALK 4 (0)wy—2 / sin” % tdt(1 + o(1))
0

0
N
A(T) = 2 1at<n o Oza Ka(0) X2
Hn/ () = 2jaj<n Tap Oz Xpp<r

—12n n
n |Z|
N Al N N 1 1 _
| [ Ealw) = > 50 Ka(O)y TN e |
d aizn 1o (1912 + (g +2) =1)" ¥
::I//l
ZAJZ@J ALK 4(0)
15 ]
1 — 3 »
A'log e S (YW L IND <3
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x/ sin™ 2" tdt(1 + o(1))
0

z) — 1 y )
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n—1 \_%J
HI" 4o [ D N ALK (E)
j=0 =0

In order to iterate and find the next order terms, we again need a series expansion: we
get

L% o
1 i (n+j—i—1) 2 20| 1% j—2i
—1) 2 Jj—2i ) ] z
(2 + e 2P — 1) wa e T A

which in turn comes from

1=

(m_i_ 1)' 2 ( m—n—21
m] m n—i “ 1) (2
ATlog 3 Z (n— 1)il(m —n — 20)! (9°-1) (29)

(n—3)!! - .
* 2 T 2+ 2y =gy D ST ALK (O

(m—i—1)!
(n — 1)lil(m —n — 2i)!

+>\m(1 + gn)m (_1)mfn7i (@2 _ 1)2 (2©)m7n72i

2% 1— 2\m—n—21
X/n K(z) - Z o ||8§a )z -8 i |i_£‘|z21’n) dz

el 1
(192 + (g + D)2 = 1)"

~ (D2 —1)" (20) 7 |y2iy > | dydyn

m-1 4]
Z TN OTPACK(E)
=0 i=0

The proof is now complete, since all the quantities are the same as in Definition 2.1. [
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