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Abstract

We consider the motion of a charged particle under the electromagnetic field generated by an electrically
neutral infinite straight wire with a time-periodic oscillating (AC-DC) current. By using global continuation
and topological degree, we identify a bi-parametric family of radially periodic motions. The proofs involve
some delicate estimations of the induced electromagnetic field, which can be of independent interest.
© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
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1. Introduction

According to classical Electrodynamics, the motion of a slowly accelerated charged particle
¢ (¢) in an electromagnetic field is ruled by the classical Lorentz Force equation (LFE), which is
one of the fundamental equations in Mathematical Physics and has its origin in the pioneering
works of Poincaré [19] and Planck [18]. Due to its relevence in theory and applications, the LFE
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can be found in many classical textbooks on Physics and Electrodynamics, see for instance [12,
Chapter 12], [11, Chapters 5 and 12] or [14, Chapter 3]. In this paper, we study the relativistic
dynamics induced by the electromagnetic field created by an oscillating current in an infinitely
long and infinitely thin straight wire. The wire is also assumed to be electrically neutral, i.e., at
any time, every segment of it contains as many electrons as protons, so the charge density is null.

Without loss of generality, we normalize both the speed of light in vacuum and the charge-to-
mass ratio to 1. The dynamical system under study is then the following equation

d q() .
— | ———= | = Et.q(0) +q() x B(t,q()). ey
di (\/1 - Iq'(t)lz)

On the right-hand side, we have the common expression of the Lorentz force, with E : [0, T] x
R3 — R3 and B : [0, T] x R? — R3 being the electric and magnetic field respectively, while
the left-hand side denotes the relativistic acceleration of the particle, which implies the charac-
teristic speed limitation of Special Relativity. Introducing the diffeomorphism ¢ : B(0, 1) — R3,

¢(v) = Jl—v|—v|2’ the left-hand side is also known as a singular ¢-Laplacian in the related (more

mathematically oriented) literature (see for instance [5]).

Despite being a very classical equation, there has been a remarkable lack of qualitative and
quantitative results about its dynamics until recently. One of the main reasons is that the proper
mathematical tools for it were developed during the last quarter of the last century. Moreover,
such techniques were conceived in an abstract mathematical framework, and their applications
to (1) appear during the last 15 years. In 2008, the existence of solutions was proven in [5],
by topological degree methods, for periodic, Dirichlet and Neumann problems associated to the
general equation

d .. .. )
E¢(q(t))—f(t,q,q),

with f continuous, with d/dt denoting the total derivative with respect to the time variable.
In particular, they provide an application to (1). More recently, a different approach is given in
[3], by developing a critical point theory for (1) that can be applied to the periodic and Dirich-
let problem for continuous electromagnetic fields. This work is based on Szulkin’s variational
method [20] for functionals having a regular part plus a lower semi-continuous term, applied to
the Lagrangian of (1), namely

Lt,q,)=1—1—1g2+§-Alt,q) — @(1,9),

where A and ® compose an electromagnetic potential, i.e., the electromagnetic field given by
B(t,9)=V x A(t,q),  E(t,q)=—A(t,q) = VO, q), &)
solves Maxwell’s equations uniquely for a specific distribution of charge and current. We are
denoting by V and V x the gradient and the rotational with respect to g, while 9, is the time
partial derivative. Notice that these derivatives are defined, in principle, in a distributional sense.

In a second paper [4], the authors of [3] provide a Lusternik-Schnirelmann multiplicity theory in
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the same regime. However, the required conditions for the previously cited papers do not permit
the presence of singularities in the fields.

Concerning singular electromagnetic fields, the existence of periodic solutions for a long
range of potentials that admit isolated singularities is proven in [7], covering relevant physi-
cal cases like the Coulomb potential or the magnetic dipole. This was done by topological degree
methods, so the approach to the singular problem using variational methods is still an open prob-
lem.

Focusing on the wire model, the case of a constant current is well-known. Due to the absence
of dependence with respect to the time, the regime is magnetostatic, i.e., there is no electric
field and the magnetic field B(g) is obtained via Biot-Savart law, reducing it from Maxwell’s
equations in a rigorous way. The corresponding non-relativistic dynamics has been studied ex-
tensively in [2,9,10], together with other autonomous wire distributions with symmetries, like the
circular loop, where the symmetries imply the existence of first integrals in the Newton-Lorentz
equation, according to Noether’s Theorem. In the case of an infinite wire, the conservation of the
energy, linear and angular momenta imply that the system is totally integrable. In particular, the
particles cannot reach the wire, every solution is radially periodic and there exists a unique radial
equilibrium.

On the other hand, the Biot-Savart formula does not hold anymore for time-dependent currents
and the electromagnetic field has to be obtained by solving Maxwell’s equations

V-B=0, (Gauss’s law for magnetism)
VxE+dB=0, (Maxwell-Faraday equation)
VxB= uof + 0, E, (Ampere’s law) ©)
V.- E=puop, (Gauss’s law)

where J and p denote the current and charge distribution respectively, and i is the vacuum per-
meability constant for unitary light speed. If the densities are compactly supported distributions,
then the solutions are given by (2) via the introduction of retarded potentials. However, although
the infinite wire does not have a compact support, a retarded potential still solves (3), obtained
as the distributional limit of suitable solutions for approximated problems. We refer to the reader
to [8] for the mathematical details. In the same paper it is studied the non-relativistic model for
a T-periodic time-dependent perturbation, where the momenta are still conserved but no more
the energy. Through this, the Newton-Lorentz equation is reduced to a two-dimensional hamil-
tonian system with one degree of freedom, which describes the radial dynamics of the particle.
The authors show the existence of solutions such that the radial component is 7-periodic and
stable in the Liapunov sense, not just with respect of the radial initial conditions, but also in the
phase plane. Both results are qualitative and hold only for small values of the perturbation. It can
be seen as a complementary study to [13,15], where the case of an infinite wire with no current
density and a time-dependent charge density is considered.

Just like in the Newtonian case, the cylindrical symmetry is still present in our model and the
corresponding linear and angular relativistic momenta are conserved quantities. Therefore, we
are able to reduce (1) to a planar hamiltonian system with one degree of freedom. We prove the
existence of radially periodic solutions for an explicit interval of the perturbation parameter k (see
Section 2 for details), which depends on the values of the current and the conserved momenta.
While [8] used a perturbation argument, here the mathematical procedure is different, based on
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a global continuation by using the topological degree. Regarding the radial stability, we are sure
that it holds for small values of k reasoning like in [8], where the third approximation method is
used [17,21]. However, we have not been able to obtain a quantitative result, which remains as
an open problem.

This paper is structured as follows. In Section 2 we construct rigorously the model from phys-
ical principles and the main results are presented. Section 3 collects some delicate estimations
of the electromagnetic potential. In Section 4, the symmetries of the system are used to deduce
the corresponding conserved quantities (linear and relativistic angular momentum) and reduce
the problem to a Hamiltonian system with one degree of freedom. Finally, Section 5 contains the
main proof for the existence of radially periodic solutions. It relies on a global continuation theo-
rem for the Leray-Schauder degree that is presented in Appendix A and resembles the celebrated
global continuation theorem by Capietto-Mawhin-Zanolin [6], adapted to our context.

2. Statements and main results

Let us fix the period 7 > 0. From now on, we denote by C"(R /T Z) the Banach space of T-
periodic functions of class C". We consider an infinitely long and infinitely thin straight wire car-
rying a current of the form Iy + k1 (¢), where Iy > 0, k > 0 are constants and 7 (¢) € CZ(R/TZ)
satisfies

T

/ [(t)dt =0. )

0

Notice that (4) implies the existence of a T -periodic primitive of I (¢), which we denote by Z(t).
Without loss of generality, let us assume the wire centered in the z-axis. Then, the corresponding
current density is a vectorial distribution J = (0, 0, J) such that

J(f) =/[Io+k1(t)]f(t,0,0,z)dtdz, for every f € D(R%),
RZ

whit D(R*) denoting the space of test functions in R*. Furthermore, let us also consider that the
wire is electrically neutral, i.e., at every time, every segment of it contains as many electrons as
protons, and so the charge density p is null. In this situation, and assuming certain conditions
of decaying at infinity, (3) admits as unique distributional solution to the electromagnetic field
giving by (2), with ® =0 and A(t, q) = A(t,r)e;, where

At r) == ag(r) + ka(t, )], 5)
2
and
ao(r) =Iplnr, a(t7r)=() %dr

Here r denotes the radial variable in the XY -plane, e, is the positive unitary vector in the z-
direction, and the bracket [¢,r, 7] = (t — V2 + rz) shows the delay effect of the potential.
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More concretely, via the Lorenz gauge condition, this is done uncoupling (3) into two wave
equations that are solving by the retarded potentials ® and A. We refer the reader to Proposition
1 in [8] for the mathematical details. By the same result, (5) is T-periodic and such that

if I(t)eC"(R/TZ), then a(t,r) eC" ([0, T]xRT; R). 6)
Moreover, there exists a constant C > 0 for which
la(t,r)] <C|Ilnr|, whenr << 1.

Therefore, the blow up sign of (5) when r tends to O is controlled for all ¢ € [0, T] by the
logarithm term ag(r) if k is small enough. In this paper, we improve Proposition 1 in [8] by
giving a quantitative version, being able to estimate explicitly not just C but also describing the
asymptotic behaviour of a(z, r) and its partial derivative d,a(z,r) when r tends to 0 or to +o0.
Concretely, for any 7 > 0, let K; be the quantity

41y
K;:= — e . @)
max {(2 (14 v/2) + w11 lloo + 701 1005 45 1o}
Theorem 1. Let Iy be positive and I (t) € C 2(R / T7Z) satisfying (4). Then (5) is such that:
i) For any k >0, liIJP A(t,r) = —oo, uniformly in t.
r—+o00
ii) For any k € [0, K;), 1im+ A(t,r) = 400, uniformly in t.
r—0
iii) For any k € [0, K;),
Iy k 2w Iy k
0>——1|1-— > —0,At,r)>—— |14+ —1, (8)
r K:] o r K;

forall (t,r) €[0,T] x [0, F].
Moreover,
iv) If k > 0, then
0,A(t, r) ~ r_l/zg(t, r), whenr >> 1,

with G(t,r) being an oscillating function such that, given any (t,r) € [0, T] x (0, +00),
there exists an infinite number of points in [r, +00) where G(t, r) changes its sign.

Notice that the first three assertions are satisfied by the logarithm ag(r). Therefore, the holding
of this picture is explicitly controlled with respect of the perturbation parameter k. Through this
we are able to find invariant sets for the solutions in order to apply a fixed point argument. The
proof of Theorem 1 is given in Section 3.

In our particular conditions, the dynamical system (1) is

d - -
T == A1, q1) +4(0) x [V x At.q(0)]. ©)
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Induced by the wire symmetries, let us consider the cylindrical coordinates g =(r cos 8, r sin6, z).
We also denote by p,, L and p, the relativistic radial, angular and linear momenta respectively,
defined as

7 r20

= , L
\/1_r-2_'r292_22
2

_\/1—f2—r26‘2—22

pr

’

V1I—i2 242 32 (10)
+ Az, ).

Pz

Both L and p, are first integrals of (9) for every k > 0. We rely on this fact to introduce the
following definition, analogous to the one established in [8].

Definition 1. A solution ¢g(t) = (r(¢),60(¢), z(¢t)) of (9) with angular momentum L and linear
momentum p; is called a (L, p;)-solution. Moreover, it is radially T -periodic if r (t +T) = r (1),

forevery t € R.

Now, we are ready to set up the main result about the existence of radially periodic solutions.
Given T, k > 0, let us define

') T? .
Pk)=——|IoInT +k—||1]|oo | - (11)
2 3

Theqrem 2. Let Iy, L be positive, 1(t) € Cc? (R/T?Z) satisfying (4) and Py < P(Kt). Take ¢ > 0
and k € [0, K, 4+ 7+¢], where 1, is the unique point satisfying the identity

; 12)

rz[PoJr@( T ):|_2_7TL_2C1+C2(F+T~I—8)

Iylnr — K, I
o onr +T+e¢ 3 ” ||oo w0 Io Ce
with
C =||1||oo[2(1+ﬁ)+n], and Cy =7 || oo-

Then, there exists a positive constant ry, < re, depending on k and P(k), such that for all (k, p.) €
[0, k] x [Po, P(k)], (9) admits at least one radially T -periodic (L, p;)-solution with

rm <r(t) <re, foreveryteR.

Moreover,

limrg =+0c0, limK,, =0.
£—0 e—0

Remark 1. If compared with Theorem 1 in [8], the main improvement is the existence of radi-

ally T-periodic (L, p;)-solutions for an explicit interval for the perturbation parameter k, which

depends on L, T, Iy and the norm of /(¢) in w0 ([0, TI; ]R3). Moreover, these motions are

located between the cylinders centered in the z-axis with radius r,, and r., which also depend on

the above constants.
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3. Estimations for the potential

In this section, we prove Theorem 1 as a consequence of two previous results. The first one
describes explicitly the asymptotic behaviour of (5) close to the wire and also very far from it. In
particular, we have the following.

Proposition 1. Let Iy be positive and I (t) € C*(R/TZ) satisfying (4). Then, for every k > 0:

lim A(t,r) = —oo, uniformly in t.
r——+00

Moreover, let kg be the constant

Iy

k(): T2—
37 M oo

Then, for any k € [0, ko),
lim A(t,r) =+o00, uniformlyint.
r—0t

On the other hand, as the potential (5) is regular, we can proceed analogously for its derivative
orA(t,r).

Lemma 1. Let Iy be positive and I (t) € CZ(R/ T7) satisfying (4). Given any radius ¥ > 0, define
the constant

41
k; = 0 (13)

2 (14 V2) + 71 oo + 77l oo

Ifk € [0, k;), then

I k1 2 I k
0> 2|12 s Za a1+,
r k no r k;

A
forall (t,r) € [0, T] x [0, 7]. Moreover, ifk > 0, then
A, 1) ~r Y26, r), whenr >> 1,

where G(t,r) is a bounded and oscillating function such that, given any (t,r) € [0,T] X
(0, +00), there exists an infinite number of points in [r, +00) where G(t, r) changes its sign.

Once we prove both results, it is clear that Theorem | follows combining them.
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3.1. Proof of Proposition 1

By Proposition 1 in [8], we know that
la(t, )] < oo In (14 V2) + 27" 1,

for all (t,r) € [0, T] x R™. Consequently, for every k > 0
——A(@t,r) = Iylnr —kla(t,r)| = Iplnr — k||| s

(1n (1 + ﬁ) + 2r—1) :

Ko

and the first assertion follows taking limits when r — 400
Complementary, recalling again Proposition 1 in [8], the Fourier series of  (¢) allows to write

a(t,r) as
a(t,r)=— % ; [ cos (xj1) + Bjsin (A1) ] Vo (r;r)
e (14)
+ 5 Z [o)sin (A;1) — Bjcos (;t)] To (Ajr),

Jj=1
where Jp, Vo are the Bessel functions of first and second kind with zero index respectively,
and {a, B;};>1 are the Fourier coefficients:

Aj=j2rnT!
T
/ I(2)sin(Ajt)dt.

——/I(t)cos(k de, Bj=
0

T

Due to the regularity of 7, integrating by parts twice we get the following
T .

T
T .
aj=_m/1(t)cos(lj’)df’ Bi=-

2 .
Itis clear that |« |, | 8| < T I/]lo0, for all j > 1. However, let us be more precise

|dt—]/|sm |dt

/|sm()\ t)|dt = /lsm
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Similarly, fo |cos(xjt)|dt = 2L and

2
lajl. 181 = 7_[3—J.2||I”oo, forall j > 1.

Therefore, as | Jolloo = Jo(0) =1 and > j~2=m?/6, then
j=1

T2 .. 1 2
Ia(t,r)|<;||1I|oo Z.—2|y0()»jr)|+? , forall (r,r)e[0,T] x R*.
Jj=1

Concerning Yp(x), it is known that |)y(x)| < 1, when x > o, where ol is the unique real root
of the equation )y (x) + 1 = 0. Thus, defining

T
=0— 15
r= 0271 (15)

if r > r, it is clear that A ;7 > o, for every j € N. Furthermore,

T? ..
la(t,r)| < ?||1||oo, for all (¢, r) € [0, T] x [r, 00). (16)

On the other hand, assume now r € (0, r) and let us define the number

r
=[]z 1,
r

where |-| denotes the integer part function. Moreover, note that A j» < o when j < j,, and then
|Yo (Ajr)| = 1if, and only if, j < j,. Therefore,

Jr

1 1 1
2—2 (Ajr) |—Zj—2|yo(?»jr)|+Zj—2|y0()‘jr)|

Jj=1 J>Jr

Z |yoxr|+Z Z |yoxr|+2

J>1 ]>]r 1>1 J>1

Now we recall the inequality (26), developed in Appendix B:

PO T4 Zenp (2 eR
Zexpl— ), «x .
EV IR AW

1Vo(x)| < — [

In particular,

U o ~0,22583743107335437789.
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|y0()»jr)|<%|:‘1n(%)‘+ln]+y+exp< :)] r >0,

and

_; 2|y0m|<2 Uln( )'+lnj+y+exp<%2>:|
<Uln< )\+y+exp( )}Z sy

jzl1
The second sum is also convergent and can be computed explicitly. More concretely,

Inj 2
Y T (12mA-y —n@n)),
— J 6
j=1
where A" denotes the Glaisher—Kinkelin constant. Using this,

Jr 1 P r 0_2
>0 () 1< 3| in ()] +exp (S ) +12mA-mn2 |,
— 3 T 4
Jj=1
and then, for any (¢,r) € [0, T] x (0, r), we conclude that
T? . ~
la(t,r)] < ==l (IInr|+C), a7
3
w1thC—|1nT|+exp( )+121nA In2 + 7. Finally, by (17),

2
A ) =—IpInr —ka(t,r) > —IoInr — kla(t, r)],
140

T2 .. ~
> —Iglnr — k§||1||oo (Ilnr|+C)

when (¢,7) € [0, T] x (0, r), and the second assertion follows taking limit when » — 0.
3.2. Proof of Lemma I

Due to the smoothness of a(t, r), by the Leibniz’s rule we obtain d,a(¢, r) deriving under the
integral sign

0]

da(t.r) f 1 f[t n I[t,r, ] d
) =—1 | 55— 5T+ — | dr.
ra r r T2+r2 r -[2+r2

0

i A=1,2824271291006226.
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Fix m > 0 arbitrarily and let us consider the following decomposition

m

[ il r.tl ittrel [l
t,r,T t,r, T t,r T
/412442(”:/712—}—#dt+/71:2+r2dr'
0 0 m

Integrating by parts, we get that

oo,

/‘I[t,r,r] Iz, 7, 7]
SLARARE . S
2472 V12 + 72

m

oo

d 1
+/I[t r, T]— ———drt
" dt /12412
m

o0
I(t,r, I[t,r, g
_ Herm) 2[2rr]2[t2+r2+17}dr
mam2 +r2 T (l' —|—r) VT2 472
m
o0
It,r,m] It,r, 7] It,r, 7]

= T— | —5——=7dt
mm2 + 12 2J2+ 2 (t2 1 r2)3/2
m m

Therefore, we can write

i[t,r, 7] t,r, 7]
ara(t’r)zr _f r2+r2 /(T2+r2)3/2

0

o
I[t,r,m] Iz, r, 7]
— dtdt
mym? +r? 272 412
m

With respect of the first line, both terms can be bounded because

m m 1 N
/T{(Trizdr < ||f||oo/ oy 5dt = ”f” arctan (m/r),
0

0

for any f € L* (R). On the other hand,

[e¢]

o0
I1t,r, 7] / 1 1 1lo
———dt| < || —dt = .
/sz e | 23 2m?
m

m

Putting together all this, and choosing m = r, it follows that

2(14+v2) +17

[0ra(t,r)| < |||loo 7 +||I||oo%, for all (¢,r) € [0, T] x RT.
r

Moreover, fix 7 > 0 arbitrarily. Then, by (13),
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11
19,a(t, r)| < —k—o, for all (1, r) € [0, T] x [0, 7].
s

7

From this, the inequalities of Lemma | are obtained easily because

I I I k
0 AL, r) = —70 —kdyalt,r) < —70 T+ k|dyalt,r)| < —7" [1 - ;]
-

and

i I k
AL > -2 —kloat,r)| > —= [1 + —} .
r r k;

To conclude, let us focus again in the Bessel functions. By 9.2.1 and 9.2.2 in [1], for |x| large
we have that

Jo(x) = \/Zcos(x —7/4) + (x|,
X

Wo(x) = /i sin(x — 7/4) + O (x| /3,
TX

where @ ( f(x)) means that the remaining term is of the order of a certain function f(x). Then,
applying this in (14), we obtain that, for r large enough,

alt,r)=r""2F@t,r)+00),

with

f(t,r):—EZ[ajcos(Ajt)+ﬂj sin()»jt)]sin()»jr—n/4)%
- J

j=1

i 1
+\/§Z[(xj sm(kﬂ‘) —ﬂjcos(kjt)]cos(kjr —71/4) E

izl

Reasoning like we did above, it is not difficult to see that F(z, r) is well defined in R x R* and
that satisfies the properties of the statement. Finally, as a(t, r) is regular, for r large enough we
can write

%g(m) +or,

2 Iy
—0,A(t,r)=—— +koya(t,r) =
o r

with G(¢t,r) = 9, F (¢, r), and the lemma is proven.
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4. Hamiltonian formulation and magnetostatic regime

In general electrodynamics situations, the Lorentz Force equation (1) admits a Hamiltonian
formulation, according to [3]. In our case, as Section 2 stated, the dynamical system is (9), that
is hamiltonian for

H(t, p.q)= \/1 +1p— At ).

Similarly to the non-relativistic approach [8], let us consider the cylindrical change of variable
q = (rcosf, rsiné, z) and its associated basis {e,, eg, e,}, where

e, = (cosf,sinf,0), eg = (—sin6, cosh,0).

In these coordinates, the time-derivative is ¢ = /e, + rfeg + ze, and, after some basic computa-
tions (see [22] for a similar procedure), we are able to reduce system (9) to

d r r6? 3, A7)
— = — - =2z , ),
di\J1—p2—p262—22) Ji—i2—r242—-2

d %0

- =0,

dt \ /1 -2 202 _ 32

d : + A, 1)) =0

— ,r) | =0.

dr \ /1 -2 202 _ 32

Remark 2. In this coordinates system, the characteristic Special Relativity effect for the limita-
tion of the particle velocities is the vector (7, 6, ) strictly contained in the interior of the unitary
ball.

Observe that, as in [8], every symmetry implies a conservation law, being consistent according
to Noether’s Theorem, while there is a dynamical equation for the radial component r(¢). Con-
sequently, this induces the definition (10) of the corresponding relativistic momenta (p,, L, p;)
that, after some algebra, can be reversed obtaining:

F= Pr r0 = L
V4 (p,— A2+ p2+ L2 V4 (p;— A2+ p2+ L2r~2
p: — A1)

7= .
V14 (p:— A2+ p2+ L2

From these identities, it is clear that the motion of a charged particle is described by its radial
component, depending implicitly on L, p, and k. In particular, this allows to reduce (9) to the
planar system
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. Dr
F= ,
VI+(p: = A2+ pZ+L2r2
(18)
_ L3 4+ (p, — A3, A
Pr= )
B e R
that is Hamiltonian for the energy function
Ht,r, pr)z\/1+(l7z — A2+ p2+ L2 (19)

In summary, by the wire symmetries, the dynamics described in (9) and in (18) are equivalent.
Therefore, we are reducing the Lorentz Force equation (1) to a planar Hamiltonian system of
one degree of freedom for the radial component of the solutions, which is a similarity with the
Newtonian approach.

Remark 3. Magnetostatic dynamics.

As (19) is integrable when k = 0O, the energy of the system is conserved in that case. Physi-
cally, this induces a magnetostatic regime, because of the vanishing of the electric field, and the
particles cannot collide with the wire. It is not difficult to see that, for any pair (L, p;) € RT x R,
(18) admits a unique equilibrium (7, 0). We call it (L, p.)-equilibrium and is given by the identity

KO 1oInF

2 wo Io 20)

]_2nL2
wo o

72 [pz +

Furthermore, this point is the same that in the non-relativistic dynamics (see the definition of
admissible triplet in [8]). By the sign of (20), observe that the (L, p,)-equilibria are close to the
wire only for p, large. Also,

_ 2
relexpl—p,——— ),1), when p; >0,
rolo

while 7 > 1 in the complementary case. However, regardless of the sign of p., a particle with
radially constant motion is always accelerated in the current direction because

t=Hy' (pZ n ﬂlolnf) > 0.
2

Again, this is also a similarity with the non-relativistic approach, where the unique difference
is the presence of the Hamiltonian constant Hyp. In fact, as Hy > 1, z is smaller than in the
Newtonian case, which is something expected.
5. Existence of radially periodic solutions

In this section we apply the topological degree arguments developed in Appendix A to the
planar Hamiltonian system (18) in order to prove Theorem 2. Before of that, suitable a priori
bounds are obtained using the asymptotic estimations of A(¢,r) developed in Section 3. As

Theorem 2 was formulated in terms of equation (9), the equivalent version for (18) reads:
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Theorem 3. Let Iy, L be positive, I(t) € C*(R/TZ) satisfying (4) and Py < P(K7). Take ¢ > 0
and k € [0, Ky +1+¢l, with re defined in (12). Then, there exists a positive constant 1y, < I,
depending on k and P(k), such that for all (k, p;) € [0, k] x [Po, P(lz)], (18) admits at least one
T -periodic solution with

rm <r(t)<re, foreveryteR.

Moreover,
limrg =400, limK,, =0.
e—0 £—0

From here to the end, we will refer to (r(¢), p,(t)) as a T-periodic solution of (18), where L,
k and p, will be specified depending of the case. By Remark 3, we recall that |7 ()| < 1 for all
t € R, thus the oscillation of r(¢) is bounded by the period, i.e.,

max r(t) — min r(t) <T.
te[0,T] 1€[0,T1]

On the other hand, by (18), the periodicity of the solution implies the existence of ¢y € [0, T']
such that

r (t10) [A (to, 7 (10)) — pz] 8 A (0. 7 (10)) = L. @n
We begin with the lower bound.

Lemma 2. Let Iy, L be positive, 1(t) € C*(R/TZ) satisfying (4). Then, for any k € [0, K],
there exists a constant ry,, > 0, depending on k and P(k), such that

rm <min{r(t):t€[0,T1, (k, p;) €[0,k] x (—o0, P(k)]}.

Proof. Let us fix (k, p;) € [0,k] x (—oo, P(k)]. Recalling that 7 > r, with r defined in (15),
using (16) we get
Mo T2 .. _
AWT) > =52 I T +k— Tl | 2 P(®). forall .
s

So, in particular, A(ty, T) — p; > 0. Furthermore, Theorem 1 state that A(z, r) is strictly decreas-
ing when r < T, and, because of the signs in (21), r(f9) > T necessarily.
Finally, define the set

Zn(k)={r e R :P(k) = A(t, r), for some (¢, k) € [0, T] x [0, k]},

that is closed because A is continuous in (¢, r, k). Therefore, it has a minimum m(lE) =
min Z,, (k) > T, and

min r(¢t) > max r(t) —T > m(lg) —T:=r>0. N
te[0,T] tel0,T]

187



M. Garzon and PJ. Torres Journal of Differential Equations 362 (2023) 173—-197

The above result gives an explicit set for k and p, such that the particles with radially periodic
motion do not collide with the wire. This cannot be doing for the upper bound, at least using
(21), due to the oscillations of A(z, r) for any k > 0 when r is large. More precisely, by iv) in
Theorem 1,

P [AG,r) = p ]9 Alt, r)=—pr?G(t,r) + OG?), r>>1.

Therefore, for any L > 0, there exists a sequence {(#,, ) },eN such that lil}r] ry, = +00, and
n——+0oo

}’3 [A(tn’rn)_pz] arA(tnvrn)=L2, foralln e N.

However, under suitable conditions, the control for the decreasing of A(¢,r), stated in
iii)-Theorem 1, allows to find explicit radius where there are no periodic solutions of (18). To
this aim, let us recall the identity (12):

rz[POJr@( T )}_2_nL_2C1+C2(r+T+s)

Ilnr — K —|II
7 0 r+T+e¢ 3 || ”oo 140 IO C2£

Lemma 3. Let Iy, L be positive, 1(t) € CZ(R/TZ) satisfying (4) and Py < P(Kt). Then, for
any € > 0 there exists a unique r¢ satisfying (12). Moreover,

i) lirr(l)rg = +o00.
ii) re ¢ {r(0):1€[0,T], (k, p;) €0, Kroy74el x [Po, P(K7)]}.

Proof. Fix ¢ > 0 arbitrarily and let us write (12) as f;(r) = g¢(r). Firstly, it is not difficult to see
that f.(r) has a unique critical point 7, which is a global minimum. Furthermore,

lim f;(r)=0"and lim f.(r)=4o00.
r—0t r—-+00

27 L?

Then, as g¢(r) is an increasing linear function with g.(0) > o Iy

unique.
Regarding the properties, i) is trivial because g, tends to +oco when ¢ — 0. On the other hand,
as K, is decreasing in r, by (11) we have that

the intersection point r; is

Mo T2 .
—P(K7)> —(IoInT + K,y 7— ]l ),
21 3

for any r > 0. As consequence,

T2 ..
Py + 5_72 (IolnT - Kr+T?||I”oo> < Py—P(K7) <0,

for any r > 0 and then f,(T) < 0, from where it follows that r, > T'. In particular, r, > r and,
by (16),
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T2 ..
la(t, r)| < ?”1”001 forall (z,7) € [0, T1 x [rg, +00). (22)

Now fix (k, p;) € (0, K, +74¢] % [Po, P(K7)]. Firstly, let us see that r, cannot satisfy (21). To
this aim, defining the function

F(t,r) =r>[—p. + At,1] 8, A(t, 1),
we can write (21) as F (19, r(f9)) = L. By (22) and (12), we have that

o
p:— A(t,re)=p; + E[lolnrg-f-ka(tvrs)]

T? ..
> Py + 2— [Iolnra Krg+r+s?||1”001| >0

for every t € R. On the other hand, as k < K, 17¢, then 9, A(t, r¢) is strictly negative and we
can write

F(t,re) =1 [pr — Alt, 1) ] 18, At 7o)

Using (8),
oo T2 . Kro47+
Flt,re) > = — 2<P +2—[101an Kr£+T+g7||1||oo]) [1—1’(?”8
IOMO 2 Cre

T2
P — | Iyl —K I ,
o ( 0+2 [0 nre retT+e I ||oo]) I G T o

where in the last equality we have used the definition (7) of K. Then, from (12) it follows that
F(t,rs) > L% forall € [0, T] and, consequently,

re ¢ {r(to) : r(¢t) T-periodic with (k, p;) € (0, K, +7+¢] x [Po, P(K7)]}.

However, if there exists a ] # fo such that r(t;) = r,, condition (21) must be satisfied at some
point r € (r¢, 7. + T). Reasoning for any 7 in this set as we just did above for r,, we obtain that

I T2 . K
F(t,r) > 2202 (g4 B9 foinr — Ky vrge— Il | ) | 1 = 22 Ee
27 2 3

Kra+T
Iouo T2 Ky 4T+e
> — P — | Iplnrg — K I -,
b 0 + 2 0 & rg+T+€ ” ”oo Kr5+T

and therefore F(t,r) > L2, for all (t,r) €[0,T] x [rg, re + T], which proves ii). B

Corollary 1. Let Iy, L be positive, I(t) € C*(R/TZ) satisfying (4) and Py < P(K7). Then,
re > 7, forany (g, p;) € RY x [Py, P(K7)],

where r is the corresponding (L, p;)-equilibrium defined in (20).
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Proof. Fix ¢ > 0, p, € [Py, P(K7)] arbitrarily and let us write again (12) as f.(r) = g.(r). By
(20),

2

- ] 2nL
Fe® <P p+ 2 IoInF | = = < g0(0) < g (1) = fo0o).
T mo 1o

Then, as f¢(r) is increasing for all r > rg, the result is proven. B
Finally, we prove Theorem 3.

Proof. Let us obtain a bound for p,(¢). To this aim, fix ¢ > 0 and take (k, p) €10, Kpy74e] X
[Po,P(K7)]. Because of Lemmas 2 and 3, we assume the existence of a T-periodic solution
such that r(¢) € {r e R : r,, <r < rg}. Then, by periodicity, there exists a 7 € [0, T] such that
pr(t) =0 and, integrating p, in [7, t], with ¢ arbitrary, we obtain the a priori bound:

[ L2 () 4 (pe — Als. r()))9, Als, r(s))
lpr ()] = =" ds
Jl + (p: — AGs, r())2 + p2 + L2r=2(s)

/Lz 3(s)ds+/ Pz — A(s, ()] 18, A(s, r(s))] .
A V1+ (pz — A5, r(5))2 + p2+ L2r—2%(s)

L? L? _ .
<T—=+ |8,A(s,r(s))|ds<T—3+C(k) = P(k) < o0,
T J T

with C(k) = max {|8,A(t, r)|: (¢,r) € [0, T]1 X [rm, re]}. Due to this, we define the sets:

Q= eR? iry <x1 <re, 12| < P(O)};

={xeX: Imx) C

On the other hand, take k = Ak, with A € [0, 1], and let us consider the corresponding po-
tential A, (¢,7) and hamiltonian function H, (¢, r, p,) giving by (5) and (19) respectively. By
(6), H, (¢, r, pr) is T-periodic and regular in its domain for any A € [0, 1]. Furthermore, as Hg
is autonomous, hypotheses i)-ii) of Appendix A are verified and the homotopic problem asso-
ciated to (18) satisfies (23). Therefore, we conclude applying Corollary 2 in Appendix A to
So(r, pr) = H(z)(r, pr), for which it only remains to study its critical points in £2;:

Topo Topo 1 L?
OHE = ( .+ 2—1 ) —_— —2r—3; dp, Hg =2p;.

Tr

After basic computations, it follows that the equilibrium (7, 0), which belongs to the interior of
Qj by Corollary 1, is the unique critical point of 7—[% (r, pr). Concerning the derivatives of second
order, clearly

2, Mo pr) =05 MG p) =0, and 3  HG(r. pr)=2.
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Moreover,

1202 1 I Iopo 1 L?
24,2 _toMo 0M0 om0
8rr7-lo(r, pr) = Wr_z - (pz + 71]’17) —r—2 +6r—4
3 H3 | (Igng L2
= — —=—+4—=].
r (re pr) + r2 ( 272 + r2

Finally, as 3, H3(7,0) =0,

2 (Igug L2
HessH3(7,0)| = 5 (207“20 +45 ) >0

and the result is proven. H
6. Conclusions

In this paper we study the relativistic dynamics induced by a periodically time dependent cur-
rent along an infinitely long and infinitely thin straight wire. This situation is ruled by the Lorentz
Force Equation (9), where the electromagnetic field is giveg by (2) and (5) and solves Maxwell
(3) uniquely for the corresponding distributional current J as data. We extend the knowledge
about (5), describing explicitly its asymptotic behaviour with respect of the perturbation param-
eter k, which has mathematical interest by itself.

Physically, there exist similarities with the Newtonian case studied in [8], but the mathematical
procedure is different. The symmetries of the current imply that the corresponding linear and
angular relativistic momenta are conserved quantities in our model. Therefore, (9) is reduced to
the planar hamiltonian system with one degree of freedom (18), that describes the dynamic of
the radial component. There we prove the existence of periodic solutions for an explicit interval
of k, which depends on the values of the current and the conserved momenta. The proof is based
on a topological degree argument, for which we are able to obtain suitables a priori bounds for
the solutions. In other words, we find bounded invariant sets for the periodic dynamic, where we
can compute the topological degree of (18) and prove the existence of radially periodic solutions
of (9).

To conclude, let us briefly comment on some open questions arising from this research. First,
it is rather straightforward to prove a qualitative (perturbative) result for the stability of the
solutions by a similar reasoning like in [8]. However, we consider more interesting to find a
quantitative result (an explicit range of k for stability), which remains open. On the other hand,
it is natural to ask if there exist collisions with the wire when the regime is no longer magneto-
static, i.e., for k > 0. Concerning this, observe that the second equation in (18) shows a repulsive
force close to the wire for particles with not null angular momentum L. Nevertheless, we do
not know if this fact is enough to avoid collisions. Finally, it would be interesting to approach
the Newtonian dynamics making the light speed ¢ tending to +o00, and then to see if these peri-
odic solutions survive in the limit. In our method, the obtained a-priori bounds go to infinity as
¢ — 400, so the question is far from trivial.
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Data availability
No data was used for the research described in the article.
Appendix A. Global continuation of equilibria in autonomous Hamiltonian systems

Here we particularize Mawhin’s coincidence degree theory for periodic Hamiltonian systems
that are homotopic to an autonomous one. Concretely, consider a system of the form

Sx(t) =VH(t,x(@)), x(0)=x(T), » €0, 1], (23)

where S = ( 1(1)\] _(I)N

in 7, © € R?" is an open set, and the gradient operator is computed in x. Furthermore, 7, is a
homotopy in A verifying that:

) is the standard symplectic matrix in R, H; : R x O — R is T-periodic

1) Hi(¢, x) is such that its gradient is a Carathéodory function.
ii) Ho(x) is autonomous and of class CZ in O.

The construction of the topological degree for this kind of systems is a particular case of the
general theory for nonlinear perturbations of Fredholm operators, see Section 2 in [16]. To this
aim, let X be the Banach space of T -periodic functions in C (R; R2N ) with the uniform norm,
and consider the metric space

Xo={xeX:Imkx)CO}.

As usual, the subspace of constant functions in X is naturally identified with R2N | In addition,
given any subset Q of X, we denote by clgay 2 to the closure of Q in R?V, and by 9x2 to the
boundary of the set in X. Moreover, let Zo(Ho) be the set of critical points of Hg in 2N RN,
Then, denoting by sg to the sign function and by |Hess f (x)| to the determinant of the Hessian
matrix of f(x), we present the next result, which we prove at the end of this appendix.

Theorem 4. Let Q2 C X be open, bounded and such that:

a) There is no x € 0x2 solving (23), for any A.
b) All the critical points of Ho in clgan 2 are non-degenerate.

¢) > sglHessH(x)| #0.
xeZq(Ho)
Then, (23) admits at least one T -periodic solution x, (t), for any A € [0, 1].

Remark 4. Observe that the last two assertions hold when the set Zq () has an odd number of
points and they are all non-degenerate. Moreover, b) is equivalent to assume that O is a regular
value for VHg in clgon €2, which is a necessary condition to define the Brouwer degree of a
function of class C! in Q "RV,

On the other hand, if the homotopy has the form
H;. (1, x) = fo.(t, x)%, witha € R\ {0},
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Theorem 4 is adapted as follows.

Corollary 2. Let Q2 C X be open, bounded and such that there is no x € dx 2 solving (23) for
any A. Moreover, let fy(t,x) be a function without critical points at level 0 in clgon Q2 and that
verifies b and c in Theorem 4. Then, (23) admits at least one T -periodic solution x;(t), for any
A e|0,1].

Proof. The proof relies on the fact that the hypotheses about fy(x) are equivalent to assume that

Ho(x) = f(;" (x) verifies b and c. To this aim, it is enough to compute the Hessian of Ho(x) and
make some observations. Firstly, computing the partial derivatives of first order, we have that

_ _ 1
O Ho =0y, f§ = afs ™ 0y fo=aMy™ By fo.

Then, if there is no x € Zq (fy) such that fo(x) = 0, the set of critical points Zq(-) coincides for
fo(x) and Ho(x). On the other hand,

e -1
0 Ho = el — DH ™ 3y, fody, fo+aHy™ 97, fo.

and

HessHo(x) = a?—l(l)_“_l (x)Hess fo(x), forany x € Zq(fo).

Therefore,

|HessHo(x)| =0 < |Hess fo(x)| =0, forany x € Zo(fo),
and Corollary 2 follows directly from this identity. ®
To conclude, we prove Theorem 4.

Proof. Firstly, some definitions are needed in order to rewrite (23) in an abstract form. To this
aim, let L be the derivative operator, that is Fredholm and of index 0, and is defined in the
subspace D(L) =X NC! (]R; R2N ) We also introduce the mean value projector in X as Q, i.e.

T

Ox = %/x(t)dt,

0

which verifies that L + Q : D(L) — X is a bijection. To calculate (L + Q)_l, let IC be the
inverse of L|p(r)nkerg, defined in the subspace of X of functions with null mean value. Then, it
is standard to see that (L + Q)™ = Q + K(I — Q), where I is the identity projector.

On the other hand, the Nemitsky operators N, : X — X associated to (23) are the symplectic
orthogonal gradients of H, (¢, x), i.e.

Nyx =—SVH,(t,x), VxeXo.
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For any A, the good properties of H; and the Arzela-Ascoli Theorem imply the L-compactness
of N, and then (23) can be reformulated as the fixed point problem:

x=Fx:=QU+ N )x+KUI—-Q)Nyx, xeDL)NXp.

Note that F, : Xp — X is completely continuous by the same arguments. Therefore, for any A
and any open and bounded subset 2 in X such that 0 ¢ (I —F;,) [D(L) N dx 2], the coincidence
degree of L — N, in D(L) N K2 is well defined as the Leray-Schauder degree of I — F:

d(L— Ny, DILYNQ):=d (I —F,,D(L)N ). (24)

Furthermore, if €2 is such that 0 ¢ U, c(o,17( — F3) [D(L) N dx 2], (24) is well defined for all A.
Then, as the degree is invariant by homotopy, we have that

d(L— Ny, D(L)NQ)=d (L — Ny, D(L) N Q) = dg (g, R2V N sz) , 25)

where the right term denotes the 2N -dimensional Brouwer degree of g(x) = —SVHy(x). More-
over, the last equality follows from [6, Theorem 1].

Assume now that 0 is a regular value of g, i.e. Hy satisfies b). Then (25) is easily computed by
classical properties of Brouwer degree:

dp (g,RZN msz) = Y sgVgl=— Y sglHessHo(x)l.
xeZq(Ho) xeZq(Ho)

To conclude, if this sum is not null, 0 € (L — N,)[D(L) N 2] for all A and the theorem is
proven. W

Appendix B. Auxiliary functions
As some of the bounds obtained in Section 3 are computed using properties of the Bessel

functions, we consider necessary to include this appendix just to comment some basic aspects of
them. In particular, we need to justify the inequality

Yo = 2 [ (G)|+7]+ Zew@r. =0 (26)

Before to define them, let us recall some brief notions about the Gamma function I'(x), which
we use in our development.

Gamma function
Defined as the improper integral

+00
'x) = / s*leSds, x>0.
0
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It is clear that I" diverges in the origin, moreover

I'm)=@m—1)!, meN.

On the other hand, we denote by ¥y the Digamma function, defined as the logarithmic derivative

of T',i.e. 11:/((;)) = Yo(x). About this, we just remark the following property

Yolx + 1) = Yo(x) + }C x>0.

In particular, this implies:

1 21
Yon+ D) =vo()+) —=-y+) - meN, 27)
n=1

n=1
where y is commonly known as the Euler-Masheroni constant.

Bessel functions
Given v € R and z > 0, the Bessel function of first kind, order v and argument z, is defined as

2m+v
()
_ 2
Jv(2) = Z mT(m+v+1)

m=0
This expression is a linear combination of solutions for the Bessel equation

d? d
zz—y—i-z—y

2 2
_ =0,
dz? dz ey

which is also a solution by linearity. In particular, when v = 0 we get

z\2m
o (=" (5
Jo@) =) (m—,()%) (28)

m=0

One of its basic properties is that 7, (z) is analytic for any v € R and any z # 0. Therefore, the
Bessel function of second kind and natural order n € N is defined as the derivative

178J 3J_
(@) =—|— - (-D)'—— , neN.
| dv RAVARSS I
It is not difficult to see that 222 (2)],—0 = — %= (2)],,—0. By this,
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7\ 2m+v
aJv()‘ Ca|a &en(3)
v oo 7 dv = mIT(m +v+ 1)

2
Wo(z) =—
T

v=0

) - (—1)’” <£>2m+v o (—1)’” (§)2m+v

_Z N2 (R N2
Tx | & miln v+ 1) n(2> Zmzr(m+u+1)

m=0

Yo(m+v+1)

v=0

Then, using (28) and (27), we obtain

2r (2 > & (5)” i
Wo(z) =— [ln (5) + y] Jo(z) — - Z=:1 —_—= [1 4ot ;} .

T (m")?2

Finally, as | Jp(z)| < 1 for all z, we get (26):
z 2 o (@A
[ (3)[+r]+ 2 X =

m=0

Hln (—)‘ + y] + %exp(zz/4).

1M0(2)]

IA
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