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Communication
Subgridding Boundary Conditions to Model Arbitrarily

Dispersive Thin Planar Materials
M. Ruiz Cabello , L. D. Angulo , J. Alvarez , A. R. Bretones, and S. G. Garcia

Abstract— In a previous work, we presented a hybrid implicit–
explicit Crank–Nicolson finite-difference time-domain method for treating
multilayered lossy thin slabs. The main advantage of this method
was its capability to overcome certain late-time stability issues of the
conventional surface impedance boundary condition approaches. In this
communication, we extend this method to deal with thin slabs having
arbitrarily dispersive profiles. This approach is validated with the analysis
of a spherical shell made of a metallic wire mesh whose macroscopic
equivalent constitutive parameters are derived from its microscopic
structure. The results for the electric field inside the sphere are compared
against the analytical data and show good agreement with them.

Index Terms— Finite differences, subcell models, thin-layer modeling,
time domain.

I. INTRODUCTION

Some of the modern materials employed in aeronautic and automo-
tive industries consist of multilayered carbon-fiber composite (CFC)
panels, highly valued for their mechanical properties and lightweight.
However, the electrical conductivity of carbon fiber is significantly
lower than that of most metals. Consequently, their shielding effec-
tiveness (SE) against electromagnetic (EM) fields and lightning
strikes is reduced. For this reason, manufacturers usually include
conductive layers of metallic meshes, foils, honeycomb structures,
and so on [1]. A common characteristic of these materials is that they
are often electrically thin and present complex frequency-dependent
profiles of their scattering parameters (S-parameters) [2]–[10].

Simulating these thin panels directly with the finite-difference
time-domain (FDTD) method [11], [12] would require very small
discretization steps to resolve the geometrical details and would be
computationally prohibitive. A more efficient approach is to use
subcell techniques that replace these thin slabs by an equivalent
model, which is subsequently coupled with the usual 3-D-Yee FDTD
method. One of the most successful methods using this approach is
the network impedance boundary conditions (NIBCs) method [13],
which takes into account wave penetration at each side of the material,
in contrast to the one-sided classical surface impedance boundary
condition (SIBC) [14]. NIBC expresses the tangential E-field in
terms of the tangential H -field on each surface of the slab; these
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Fig. 1. SGBC boundary: cross section of a thin slab of thickness th located
between two FDTD cells (top); subgridding of the slab (bottom).

are related by frequency-dependent impedance relationships, which
are translated into the time domain. To make use of NIBC in FDTD,
the slab is placed at the tangential E-field planes of the 3-D-Yee
FDTD arrangement. Since the E–H impedance relationships must
be colocated in time and space, an extrapolation from the 3-D-Yee
FDTD staggered values is required. This fact has been often reported
as a possible cause of the late-time instabilities observed in NIBC
simulations [15], [16].

To overcome these instabilities, we developed a new approach,
the subgridding boundary condition (SGBC) [17], [18], with the prop-
erty of preserving the usual Yee positioning of the field components,
which eliminates the requirement of performing field extrapolations.
Moreover, instead of finding an E–H relationship by means of
impedance equations, the EM fields are explicitly propagated inside
the slab using a 1-D-Yee FDTD scheme. The mesh of this scheme is
much finer along its normal direction than the one of the surrounding
media (see Fig. 1).

Two approaches were explored with the aim of making SGBC
computationally efficient [18]. Initially, an exponential time
differencing (ETD) 1-D-Yee FDTD method was used inside the
slab, allowing a less restrictive Courant–Friedrichs–Lewy (CFL)
stability condition for the time step. An alternative method
was considered, consisting in the replacement of the explicit
1-D-Yee FDTD propagator inside the slab by an uncondition-
ally explicit approach based on the 1-D Crank–Nicolson Time-
Domain (CNTD) method. The latter was combined with a hybrid
implicit–explicit (HIE) algorithm, which naturally connected the 1-D
CNTD region to the 3-D-Yee FDTD region, improving the stability
properties of the combined scheme.

SGBC was originally formulated assuming that the conductiv-
ity, permittivity, and permeability of every single layer compris-
ing the thin slab are known. However, most materials of interest
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do not present a simply ohmic behavior. In this communication,
we present an extension of the method described in [17], which
allows handling arbitrary frequency-dispersive materials. For this, the
1-D-CNTD and HIE methods are extended by using a piecewise
linear recursive convolution (PLRC) method. To test the validity of
the new approach, the field penetration inside a hollow spherical shell
made of a metallic wire mesh has been calculated using this new
method and compared with an analytical method.

II. SGBC FUNDAMENTALS

Like the NIBC method, SGBC assumes that waves inside a lossy
slab propagate normally to its faces. It can be demonstrated that
this is a good approach regardless of the actual angle of incidence,
as illustrated by the following example. Assume a lossy slab embed-
ded in free space and the worst case angle of incidence θi → π/2;
then, the refracted angle can be proven using Snell’s law to be
|θt | < 10−2 if f [GHz] < 1.8σ [kS/m] [17]. The SGBC formalism
starts considering a lossy thin slab of thickness th. The slab is meshed
with a �fine,i (1 ≤ i ≤ N) cell size in the direction perpendicular
to its interfaces allowing the use of a coarse grid of size �coarse in
the surrounding space, which will be here assumed to be free space
(see Fig. 1).

Both NIBC and SGBC duplicate the tangential E-fields on the
thin-panel surface ES1 and ES2 to account for each face value (see
Fig. 1). The E-fields En

L ,i inside and on the slab (1 ≤ i ≤ N +1) are
located at the usual staggered space–time indexes of the Yee-FDTD
cell, with En

L ,1 = En
S1 and En

L ,N+1 = En
S2. The H -fields inside the

slab Hn
L ,i are staggered by half a space step of the E-fields, either

colocated at the same time step if using CNTD, or staggered as in
the usual Yee FDTD if using ETD. Finally, the outer H -fields, laying
in the 3-D-Yee FDTD coarse region, are located at the center of the
adjacent 3-D cells HS1 and HS2. The SGBC algorithm can then be
summarized as follows.

1) The E-fields in the fine domain are updated by the 1-D CNTD
[17] or by 1-D ETD as in [18].

2) The H -fields at the adjacent cells Hn+1/2
S1 and Hn+1/2

S2 employ
a discrete form of Ampère’s integral law, using En

S1 and En
S2

and taking into account the slab thickness

Hn+1/2
S1 = Hn−1/2

S1 − �t

μ0 A1

(
�n

1 + �coarse En
S1

)

Hn+1/2
S2 = Hn−1/2

S2 − �t

μ0 A2

(
�n

2 − �coarse En
S2

)
(1)

where �n
j = ∑

cell j �coarseEn
i is the usual discrete line integral

of the E-field components along the three nonboundary edges
(for simplicity all assumed to be of size �coarse); A1 = A2 =
�2

coarse are the surfaces used for the flux of the H -field.
It should be noted that �n

j and the surfaces used for the flux A1
and A2 could be corrected to account for the slab thickness;
however, in our experience, this correction has no significant
impact on the results.

3) The E- and H -fields outside the thin panel �En and �Hn+1/2

are advanced in the usual 3-D Yee-FDTD manner.
It can be demonstrated that ETD-SGBC [19], [20] requires a

reduction of around 50% in the time step to achieve numerical
stability if space is sampled using just 15 cells/wavelength at the
maximum frequency of interest, whereas reductions of 70% are
required for resolutions of 20 cells/wavelength, as shown in Fig. 2.
However, the CNTD-SGBC method does not require reductions in
the CFL stability limit, which depends only on the coarse space step,
regardless of the fine space step. On the other hand, CNTD requires
the solution of a tridiagonal system of equations to find the E-fields at
each time step. This proves computationally affordable even if a high

Fig. 2. Comparison between heuristic and theoretical CFL number (CFLN =
c�t/�Coarse) for a fixed resolution [points per wavelength (PPW)] outside the
slab PPWCoarse = 20, and two different resolutions inside the slab PPWFine =
15, and 20, as a function of the loss tangent of the slab (1/Q). A 1-D case has
been considered. Both analytical (solid lines) and heuristic (dots) numerical
results are shown for time average (TA), ETD, and CNTD.

resolution inside the slab is requested. It bears mentioning that both
variants of SGBC, ETD, and CNTD, have exhibited a strong late-
time stability, whereas NIBC has failed to remain stable, especially
in complex resonant problems [20].

III. CONVOLUTIONAL SGBC CNTD

The macroscopic EM behavior of a linear isotropic dispersive
material can be formulated analytically, in the frequency domain,
in terms of its complex permittivity ε(ω) and permeability μ(ω),
relating the electric and magnetic flux densities D and B to the fields
E and H [21] as

D(ω) = ε(ω) E(ω) and B(ω) = μ(ω) H(ω) (2)

or convolutionally in the time domain by

D(t) = ε(t) ∗ E(t) and B(t) = μ(t) ∗ H(t). (3)

The complex functions ε(ω) and μ(ω) can be expanded into a
series of pole-residue partial fractions, by using the vector fitting (VF)
procedures proposed in [22] resulting in an effective permittivity and
permeability given by

εeff(ω) = ε∞ +
Nε∑

k=1

Rε,k

jω − pε,k

μeff(ω) = μ∞ +
woNμ∑

k=1

Rμ,k

jω − pμ,k
(4)

where ε∞ and μ∞ are the dielectric and magnetic constants, respec-
tively, at the high-frequency limit; Rε,k and pμ,k are the residues
and poles, respectively.

Transforming (4) into the time domain, we can rewrite (3) as

D(t) =
⎛

⎝ε∞δ(t) +
Nε∑

k=1

Rε,k epε,k t u(t)

⎞

⎠ ∗ E(t)

B(t) =
⎛

⎝μ∞δ(t) +
Nμ∑

k=1

Rμ,k epμ,k t u(t)

⎞

⎠ ∗ H(t) (5)

where δ(t) is the Dirac delta function and u(t) is the Heaviside step
function.

It shall be noted that the equations in (5) fulfill the causality
requirement since ε(t) = 0 and μ(t) = 0 for t < 0. They are also
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guaranteed to be stable since the VF procedure enforces the poles to
lie in the left complex semiplane Re(pk) ≤ 0. In general, the poles
and residues are either real or pairs of complex conjugate. Therefore,
we know beforehand that the final time-domain solution is purely
real. Hence, we can either compute (5) by using a complex algebra
and just retain the real part (double checking that the imaginary part
becomes null) or take profit of the method used in [28] to reduce the
computational effort by just computing the real part.

A. 1-D-Yee FDTD Formulation

Let us consider a dispersive slab, fully characterized by an electric
conductivity σ , magnetic conductivity σm , electric permittivity ε(ω),
and magnetic permeability μ(ω). It is divided into N cells of size
�fine,i (1 ≤ i ≤ N), and the electric and magnetic field components
inside the slab are denoted as EL ,i and HL ,i (see Fig. 1). The
arbitrary frequency dispersion can be taken into account, in a general
manner, by applying the usual Yee FDTD scheme to 1-D Maxwell
curl equations inside the slab

Dn+1
L ,i −Dn

L ,i

�t
+ σ

En+1
L ,i + En

L ,i

2
=

H
n+ 1

2

L ,i− 1
2
−H

n+ 1
2

L ,i+ 1
2

�fine,i
(6a)

Bn+ 1
2

L ,i+ 1
2

− Bn− 1
2

L ,i+ 1
2

�t
+ σM

H
n+ 1

2

L ,i+ 1
2

+ H
n− 1

2

L ,i+ 1
2

2
= E

n+ 1
2

L ,i−1 − E
n+ 1

2

L ,i

�fine,i+ 1
2

(6b)

together with the PLRC algorithm [23] to discretize the constitutive
relationships given in (5)

Dn
L ,i = ε0εr En

L ,i +
Nε∑

k=1

ζ n
ε,i,k (7a)

Bn+ 1
2

L ,i+ 1
2

= ε0εr H
n+ 1

2

L ,i+ 1
2

+
Nμ∑

k=1

ζ
n+ 1

2

μ,i+ 1
2 ,k

(7b)

where ζ n are assessed by its recursive forms

ζ n
ε,i,k = q1,ε,k En

L ,i + q2,ε,k En−1
L ,i + q3,ε,kζ

n−1
ε,i,k (8a)

ζ
n+ 1

2

μ,i+ 1
2 ,k

= q1,μ,k H
n+ 1

2

L ,i+ 1
2

+ q2,μ,k H
n− 1

2

L ,i+ 1
2

+ q3,μ,kζ
n− 1

2

μ,i+ 1
2 ,k

(8b)

and q coefficients in (8) are given in Appendix A.
Substituting (7) into (6), the final expressions for updating

E- and H -fields can be calculated as

En+1
L ,i = Ca,i En

L ,i + Cb,i

(
H

n+ 1
2

L ,i− 1
2

− H
n+ 1

2

L ,i+ 1
2

)
+ Cζ,iζ

n
ε,i

(9a)

H
n+ 1

2

L ,i+ 1
2

= Da,i+ 1
2

H
n− 1

2

L ,i+ 1
2

+ Db,i+ 1
2

(
En

L ,i − En
L ,i+1

)

+ Dζ,i+ 1
2
ζ

n+ 1
2

μ,i+ 1
2

(9b)

where C , D, and ζ n are defined in Appendix B.
It should be noted that the PLRC algorithm achieves the second-

order accuracy, which is similar to that provided by another approach
also widely used to analyze the dispersive material, the auxiliary
differential equations (ADEs) method [12]. Moreover, both PLRC
and ADE lead to comparable computational costs (find a discussion
in [23] and [24]).

B. 1-D CNTD Formulation

The Crank–Nicolson method proposed in [17] for the analysis
of lossy thin panels can now be easily modified to deal with an
arbitrarily dispersive behavior. We start from the usual 1-D-Yee
FDTD scheme given by (9), but now sampling the H -field at integer,
instead of half-integer, time steps. For this, the H -fields in the right-
hand side (RHS) of (9a) are averaged-in-time, resulting in

En+1
L ,i = Ca,i En

L ,i + Cζ,iζ
n
ε,i

+ 1
2

Cb,i

(
Hn+1

L ,i− 1
2

− Hn+1
L ,i+ 1

2
+ Hn

L ,i− 1
2

− Hn
L ,i+ 1

2

)
. (10)

The H -field is assessed by rewriting (9b) at integer time steps

Hn+1
L ,i+ 1

2
= Da,i+ 1

2
Hn

L ,i+ 1
2

+ Db,i+ 1
2

(
E

n+ 1
2

L ,i − E
n+ 1

2

L ,i+1

)

+ Dζ,i+ 1
2
ζ n+1
μ,i+ 1

2
. (11)

The E-fields in the RHS of (11) are also averaged-in-time so that they
are sampled at integer time steps. The resulting equation becomes

Hn+1
L ,i+ 1

2
= Da,i+1/2 Hn

L ,i+ 1
2

+ Dζ,i+ 1
2
ζ n
μ,i+ 1

2

+ 1
2 Db,i+1/2

(
En

L ,i − En
L ,i+1 + En+1

L ,i − En+1
L ,i+1

)
. (12)

By extracting Hn+1 from (12) and inserting it into (10), a tridi-
agonal system of equations is found for the internal E-fields
(i = 2, . . . , N)

ai En+1
L ,i−1 + bi En+1

L ,i + ci En+1
L ,i+1 = dn

i + Cζ,iζ
n
ε,i

+ 1
2 Cb,i

(
Dζ,i− 1

2
ζ n
μ,i− 1

2
− Dζ,i+ 1

2
ζ n
μ,i+ 1

2

)
(13)

where ai , bi , ci , and di are given in Appendix C, while C , D, and
ζ n are defined in Appendix B.

For the E-fields on the boundaries En+1,
L ,1 and En+1

L ,N+1, a mixed
1-D-CNTD/3-D-Yee FDTD algorithm is implemented to make use
of the outer noncolocated 3-D-Yee FDTD H -fields HS1 and HS2.
Again, we start with (9b) and sample the H -field at integer time
steps. Subsequently, just the H -field components that lie inside the
slab are averaged-in-time, resulting in

En+1
L ,1 = Ca,1En

L ,1 + Cb,1

(
H

n+ 1
2

S1 − 1
2

(
Hn

L ,3/2 + Hn+1
L ,3/2

))

(14a)

En+1
L ,N+1 = Ca,N+1 En

L ,N+1 + Cb,N+1

×
(

1
2

(
Hn

L ,N+1/2 + Hn+1
L ,N+1/2

)
− H

n+ 1
2

S2

)
. (14b)

Next, the magnetic fields inside the slab Hn
L ,3/2 and Hn+1

L ,N+1/2
found from (12) are inserted into (14), and the following set of
equations results:

b1 En+1
L ,1 + c1 En+1

L ,2 = dn
1 + Cζ,1ζ

n
ε,1 − 1

2 Cb,1Dζ, 3
2
ζ n
μ, 3

2

(15a)

aN+1 En+1
L ,N + bN+1 En+1

L ,N+1 = dn
N+1 + Cζ,N+1ζ n

ε,N+1

+ 1
2 Cb,N+1 Dζ,N+ 1

2
ζ n
μ,N+ 1

2
.

(15b)

Equations (10) and (15) can be formulated in the specific matrix
form given in Appendix C [see (18)]. A back-substitution algorithm
enables us to solve the tridiagonal system (18) and to find the En+1

L ,i
values. Inserting them into (12), the H -field components Hn+1

L ,i+(1/2)
can finally be found in an explicit manner.
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TABLE I

12TH-ORDER VECTOR-FITTED POLES AND RESIDUES USED HEREIN

Fig. 3. Frequency behavior of the complex permittivity ε = ε′ + jε′′ of the
equivalent homogeneous material.

The above-discussed procedure provides a consistent connection
between CNTD and 3-D-Yee FDTD, so that the 1-D CNTD employs
3-D-Yee FDTD H -fields as source terms, which can be regarded as
boundary conditions. This preserves the unconditional stability of the
CNTD algorithm and keeps the global time step bounded just by the
usual CFL criterion of the 3-D-Yee FDTD coarse zone.

IV. NUMERICAL RESULTS

A challenging resonant test case based on a spherical shell of
thickness 0.1 mm, made of a dispersive material, has been used to
validate the proposed method. The average radius of the shell is
1 m, and the shell material microscopically consists of a copper
mesh of crossed wires with 50 μm diameter each. The macroscopic
S-parameters of this material under plane-wave incidence have
been found by using the method described in [6]. From these,
equivalent constitutive parameters have been established using the
parameter-extraction procedures explained in [25]. The permeability
results are the same as in free space. The frequency-dependent
permittivity has been vector-fitted by the 12th-order model with the
values of the residues and poles, which are given in Table I. A plot
of its equivalent conductivity versus frequency is shown in Fig. 3.

Fig. 4. E-field at the center of the sphere. The SE (inverse of the
transfer function) has been used as the figure-of-merit defined as SE =
20 log(|Eincident|/|Ecenter|).

In this simulation, �coarse = 10 mm, the SGBC method employs
four cells to sample the spherical shell, which provides a minimum
resolution of 100 PPW at 1.5 GHz.

The structure is illuminated with a plane wave impinging at 45◦
with respect to the x-axis, polarized and propagating in the xy plane.
The computational volume is truncated by a convolutional PML.
Results for the E-field at the center of the sphere are shown in Fig. 4.
The results are compared with the closed-form analytical data found
from [26]. Good agreement is found between the numerical and
theoretical data for frequencies lower than approximately 3 GHz,
but FDTD results show a nonphysical decreasing trend after that.
A likely explanation is that, at frequencies greater than 3 GHz,
the outer resolution is too low, just 10 PPW. Furthermore, the value
at f = 3 GHz of the equivalent electric conductivity, established
by applying the parameter-extraction procedures, was approximately
σ ≈ 100 S/m, which, according to the limit given in Section II,
yields a maximum frequency of approximately 0.18 GHz for the TEM
propagation hypothesis to be valid. Finally, some spurious spikes are
noticed at some frequencies for the FDTD results, which have been
demonstrated [27] to be inherent to the staircase approximation made
for the curved surface of the sphere.

V. CONCLUSION

The SGBC subgridding procedure was introduced in [17], for
the FDTD analysis of electrically lossy thin panels, as a stable
alternative to the classical NIBC techniques which suffer from
late-time instabilities. In this communication, a more general
formulation of SGBC has been presented for the modeling of thin
panels with arbitrary frequency-dispersive electric and magnetic
characteristics. For this aim, the unconditionally stable 1-D CNTD
method has been combined with the PLRC formulation and linked to
the 3-D-Yee FDTD by a natural HIE scheme. A challenging example
of a spherical electrically dispersive shell has been considered. The
FDTD-SGBC solution has been compared with the analytic solution
showing a very close agreement for frequencies lower than the upper
validity limit of the method. Finally, although this communication
has employed the PLRC method, the proposed CNTD method can
also be formulated with the ADE method of [28] instead. In general,
both formulations are equally suitable for modeling the dispersive
effect of a material in FDTD methods, and a further discussion can
be found in [23] and [24].
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APPENDIX A
PIECEWISE LINEAR CONVOLUTION COEFFICIENTS

q1,ν,k = Rν,k

p2
ν,k�t

(1 + epν,k�t (pν,k�t − 1)) (16a)

q2,ν,k = Rν,k

p2
ν,k�t

(epν,k�t − pν,k�t − 1) (16b)

q3,ν,k = epν,k�t (16c)

q1,ν =
Nν∑

k=1

q1,ν,k q2,ν =
Nν∑

k=1

q2,ν,k (16d)

where ν denotes both ε and μ.

APPENDIX B
FDTD COEFFICIENTS

Ca = −σ�t + 2(q2,ε − ε0εr )

σ�t + 2(q1,ε + ε0εr )

Cb = 2�t/�fine,i

σ�t + 2(q1,ε + ε0εr )

Cζ = − 2

σ�t + 2(q1,ε + ε0εr )

ζ n
ε,i =

Nε∑

k=1

(q3,ε,k − 1)ζ n
ε,i,k (17a)

Da = −σM�t + 2(q2,μ − μ0μr )

σM�t + 2(q1,μ + μ0μr )

Db =
2�t/�fine,i+ 1

2

σM�t + 2(q1,μ + μ0μr )

Dζ = − 2

σM�t + 2(q1,μ + ε0μr )

ζ n
μ,i =

Nμ∑

k=1

(q3,μ,k − 1)ζ n
μ,i,k . (17b)

APPENDIX C
CNTD IN 1-D

The CNTD approach takes the general form

[M][E]n+1 = [d]n + [ddisp]n (18)

where [E]n+1 is a column vector with all the unknowns, [d]n is the
independent term, which is a function of previous values of E- and
H -fields, [ddisp]n includes the dispersive propagation terms, and [M]
is a tridiagonal matrix with constant coefficients

[M] =

⎛

⎜⎜
⎜
⎜
⎜
⎜
⎜⎜
⎜
⎜
⎜
⎝

b1 c1 0 · · · · · · 0

a2 b2 c2
. . .

...

0 ai bi ci
. . .

...
...

. . .
. . . 0

...
. . . aN bN cN

0 · · · · · · 0 a(N+1) b(N+1)

⎞

⎟⎟
⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎠

(19)

[E]n+1 =

⎛

⎜
⎜⎜
⎜
⎜
⎜
⎜
⎜
⎝

En+1
L ,1
...

En+1
L ,i
...

En+1
L ,(N+1)

⎞

⎟
⎟⎟
⎟
⎟
⎟
⎟
⎟
⎠

, [d]n =

⎛

⎜
⎜
⎜
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1
...
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[
ddisp

]n =

⎛
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⎜
⎜
⎜
⎜
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⎝

Cζ,1ζ
n
ε,1 − 1

2
Cb,1 D
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2
ζ n
μ, 3

2
...

Cζ,iζ
n
ε,i + 1

2
Cb,i Dζ,i− 1

2
ζ n
μ,i− 1

2

−1

2
Cb,i Dζ,i+ 1

2
ζ n
μ,i+ 1

2

...

Cζ,N+1ζ n
ε,N+1 + 1

2 Cb,N+1 D
ζ,N+ 1

2
ζ n
μ,N+ 1

2

⎞

⎟
⎟⎟
⎟
⎟
⎟
⎟
⎟⎟
⎟
⎟
⎟
⎟
⎟⎟
⎠

(21)

with the subscript i denoting the space position (i�) and the
superscript n the time instant (n�t), and with the usual notation
for the evolution constants Ca , Cb, Da , and Db [12]. The rest of the
terms (ai , bi , ci , di ) are defined as

ai = − 1
4 Cb,i Db,i−1/2

ci = − 1
4 Cb,i Db,i+1/2

bi = (1 − ai − ci )

a1 = 0, cN+1 = 0 (22a)

dn
i = 1

2 Cb,i (1 + Da,i−1/2)Hn
L ,i− 1

2

− 1
2 Cb,i (1 + Da,i+1/2)Hn

L ,i+ 1
2

+ 1
4 Cb,i Db,i−1/2 En

L(i−1)

+
(

Ca,i − 1
4 Cb,i (Db,i−1/2 + Db,i+1/2)

)
En

L,i

+ 1
4 Cb,i Db,i+1/2 En

L ,i+1 (22b)

d1 =
(

Ca,1− 1
4

Cb,1 Db,3/2

)
En

L ,1+
(

1
4

Cb,1 Db,3/2

)
En

L,2

+ Cb,1

(
H

n+ 1
2

S1 − 1
2 (1 + Da,3/2)Hn

L ,3/2

)
(22c)

dN+1 =
(

Ca,N+1 − 1
4 Cb,N+1 Db,N+1/2

)
En

L ,N+1

+ 1
4 Cb,N+1 Db,N+1/2 En

L ,N

+ Cb,N+1

(
1
2 (1+Da,N+1/2)Hn

L ,N+1/2−H
n+ 1

2

S2

)
. (22d)

It should be noted that the nondispersive method proposed in [17]
is recovered when

[
ddisp

]n = [0].
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