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Characterization of graphene-based photonic crystal in
THz spectrum with finite-difference time domain method∗
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Graphene has been considered as a promising material which may find applications in the THz science. In this
work, we numerically investigate tunable photonic crystals in the THz range based on stacked graphene/dielelctric layers, a
complex pole–residue pair model is used to find the effective permittivity of graphene, which could be easily incorporated
into the finite-difference time domain (FDTD) algorithm. Two different schemes of photonic crystal used for extending the
bandgap have been simulated through this FDTD technique.
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1. Introduction
Graphene has attracted a great deal of interest in the

field of electronics and photonics.[1,2] As a two-dimensional
monoatomic layer of carbon arranged in a honey-comb lattice,
it has remarkable flexibility, robustness, and environmental
stability, as well as extraordinary optical properties.[3] Numer-
ous graphene devices including field-effect transistors, multi-
pliers, modulators, and surface plasmon waveguiding devices
have been proposed and/or envisaged.[4,5] However the appli-
cation of graphene in photonic crystal devices operating in the
far-infrared to near-infrared spectral range has been far less ex-
ploited. This is mainly due to the limitations in fabricating and
transfer technique for doped graphene. Recently, in Ref. [6],
through multiple layer deposition steps and a single lithogra-
phy step, researchers fabricated a patterned plasmonic device
consisting of stacks of graphene/insulator disks. Through this
technique, it is now possible to fabricate one-dimensional ar-
tificially periodic media which are composed of periodically
arranged graphene and insulator.

Meanwhile, the optical transmission through the above
periodical graphene/insulator structure has become a hot topic
and has attracted some interest of the nanophotonic com-
munity. Very recently, Kaipa et al.[7] reported their find-
ing on the transmissivity of a low-terahertz electromagnetic
wave through a stack of monolayer graphene sheets separated
by dielectric slabs. Some other researchers[8,9] reported the
achievement of photonic crystals (PCs) in the far-infrared re-
gion through adding graphene on the top of dielectric photonic
crystals.

The enhanced widths as well as highly tunable bandgaps

in PCs could be of great interest to the THz community. Re-
searchers hope to take advantage of graphene’s tunability to
design highly tunable THz PCs or metamaterials.[10] Herein,
we present our recent exploration of a graphene-dielectric
periodic stack. In the proposed periodical multilayer struc-
ture, a one-atom thick graphene layer is added to the origi-
nal all-dielectric photonic crystal, i.e., each period is made of
graphene and two different types of insulators. With a suitable
gate voltage, the real part of the equivalent relative permittivity
of the graphene sheet can be tuned, which can provide tunabil-
ity to the bandgap width of the PC. The numerical simulation
results are obtained through full-wave finite-difference time
domain (FDTD) simulation. In the Yee grids, the graphene
sheets are treated as a dispersive thin sheet, a complex conju-
gate pole dispersive model is used to describe the effective per-
mittivity in the frequency domain, which can be easily trans-
formed into FDTD updating schemes. To validate our numer-
ical simulation, we first compare our FDTD results with the
transfer-matrix method (TMM) results in Ref. [7]. Then, two
different schemes used for extending the photonic bandgap
(PBG) of the graphene PC are simulated using the same tech-
nique.

2. Graphene model
The unique light–matter interaction properties of

graphene originate from its high surface conductivity σ2D,
which could be tuned using the surrounding material. This im-
portant feature enables wide possibilities in realizing tunable
optoelectronic devices and metamaterials based on graphene.
An applied external electric field produces changes in the
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chemical potential µc and in the surface conductivity σ2D of
graphene, which can be expressed as[11]

σ2D(ω) = i
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e2kBT
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where ω is the angular frequency, Γ is the scattering rate, T
is the absolute temperature, −e is the charge of an electron,
h̄= h/2π is the reduced Planck’s constant, and kB is the Boltz-
mann’s constant.

3. Numerical algorithm
In order to investigate the EM response of graphene and

the surrounding environments through computation electro-
magnetic methods, an adequate method is to find a proper rep-
resentation of graphene as a thin three-dimensional layer. To
this end, it is convenient to formulate the conductivity as a
contribution to the equivalent permittivity

ε̃(r,ω) = ε(r,ω)− i
σ(r,ω)

ω
. (2)

For graphene, we only need to divide the two-dimensional
conductivity with an assumed thickness which is very small
when compared to the minimum wavelength of interest, thus
obtaining a three-dimensional analog conductivity. Then, the
effective permittivity of graphene can be obtained as

ε̃(ω) = ε0εm(ω) = ε0

(
1− i

σ2D(ω)

ε0ωd

)
. (3)

Therefore, the graphene can be numerically considered as an
isotropic frequency-dependent material like noble metals in
plasmonics. Several numerical techniques have been proposed
to study the interaction/propagation of electromagnetic waves
with graphene, one of the most popular and widely accepted
techniques is the FDTD, since the frequency response of the
system under study over a wide range of frequencies can be
obtained with a single run of simulation.

In order to obtain the wide spectrum response of a dis-
persive material, a proper frequency-domain model is highly
desirable. The traditional Drude–Lorentz (DL) model or
the Drude-critical point (DCP) model has been widely used,
which can represent well the optical properties of the metal
originated from the inter-band and intra-band transitions. For
the case of graphene, while the intra-band relaxation contri-
bution to graphene’s permittivity can be represented using the
Drude model alone, the inter-band transition contribution can-
not be incorporated into the FDTD algorithm directly. To pro-
vide a numerically stable updating scheme in the FDTD, a
complex conjugate model is used to represent the permittiv-
ity of graphene in the FDTD. Through this complex conjugate

model, the permittivity of graphene can be expressed as

εeq = ε0ε∞ + ε0 ∑
p

(
cp

jω−ap
+

c∗p
jω +a∗p

)
, (4)

where c∗p is the conjugate of cp. By means of introducing com-
plex poles and residues, a vector fitting modeling process can
be utilized to find the poles and residues of this model. The
sample value of graphene’s permittivity is used as the input
of the vector fitting toolbox. An ADE technique can be ap-
plied to implement the complex-conjugate dispersive material
model in the FDTD. Following Refs. [12] and [13], the FDTD
updating equation for the E field is
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, (5)

where Jp is the auxiliary current introduced by the complex-
conjugate pole–residue pair. The magnetic field update equa-
tion remains unchanged. The auxiliary currents are derived
as

𝐽
(n+1)t
p = kp𝐽

nt
p +βp

(
𝐸(n+1)−𝐸nt

t

)
, (6)

where coefficients kp and βp can be calculated from the given
poles and residues as

kp =
1+apt/2
1−apt/2

, (7a)

βp =
ε0cpt

1−apt/2
. (7b)

4. Structure of graphene PCs
In recent years, researchers have tended to investigate PCs

with wide and tunable photonic bandgaps.[14] The tunability
can be obtained by incorporating liquid crystals, semiconduc-
tors, or ferroelectric materials into the unit cells of PCs. Ac-
cording to the tunable nature of graphene, it is straightforward
to achieve a tunable PC by integrating a graphene layer into
the period of a dielectric PC, as illustrated in Fig. 1.

An enhanced PBG can be successfully achieved by means
of mixing a ternary photonic crystal with a heterostructured
photonic crystal. In this work, we would like to analyze the re-
sults of this method in the far-infrared regime. Two schemes to
enhance the bandgap were proposed in Refs. [15] and [16]. In
scheme 1, the graphene layer is added to every unit cell of the
original binary dielectric photonic crystal so that the structure
becomes ternary, i.e., each period is composed of graphene
and two different types of dielectrics. The second scheme is to
use the photonic heterostructure, which is formed by adding
two or more ternary graphene/insulator PCs with different fill-
ing factors. The two schemes are illustrated in the Fig. 1.
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Fig. 1. (color online) (a) Unit cell of the graphene-based PC as well as
(b) two schemes proposed to obtain an enhanced bandgap.

5. Numerical validation
First, we validate the accuracy and the effectiveness of

our FDTD codes with the results presented in Ref. [7], which
were obtained through the transfer-matrix method and the
high-frequency structure simulator (HFSS) simulation. The
structure under investigation with a plane wave at normal in-
cidence is composed of four independently standing graphene
sheets separated by dielectric slabs.
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Fig. 2. (color online) Comparison between the FDTD calculated result
and the transfer-matrix result.

The relative permittivity of the dielectric slab is 10.2, and
its height is 10 µm. Due to the symmetry of the problem,
it can be solved through the one-dimensional FDTD simula-
tion. The grid size is set to 10 nm and the time step is set to
0.006 fs. Since the thickness of the graphene is set to 1 nm,
which is only one-tenth of the grid size, an averaged proce-
dure is used to achieve a better accuracy. By using the above
described method, the wideband transmittivity response of the
proposed structure can be obtained through the fast Fourier
transform (FFT) of the time domain signals. A comparison
between the FDTD calculated results and the transfer-matrix
result in Ref. [7] is shown in Fig. 2. The agreement is quite

good with a slight error, which may be caused by the inaccu-
racy of the FFT and dispersion.

Next we consider the proposed tunable structure based on
graphene in the far-infrared regime. The structure is composed
of ten unit cells, each being made up of one layer of graphene
and two different types of dielectrics, as depicted in scheme 1.
The relative permittivity of dielectric 1 (D1) is 3.9, while that
of dielectric 2 (D2) is 11.7. Their thicknesses are 3 µm and
7 µm, respectively. Different chemical potentials µc are set to
the doped graphene sheets.

Table 1. Fitted pole–residue pairs for T = 300 K, τ = 1.32 meV.
Here ε∞ = 2.279826567473442 (µc = 0.5), ε∞ = 7.440925961021825
(µc = 0.1), and ε∞ = 1.638285787916163 (µc = 1).

µc p ap(·1015) cp(·1018)

0.1

1 0 0.335071
2 –0.004011 –0.335013
3 –0.004022+0.391271i –0.000016-0.001557i
4 –0.004022–0.391271i –0.000016+0.001557i

0.5

1 0 1.657353
2 –0.004011 –1.657341
3 –0.004011+ 1.961313i –0.000003–0.001569i
4 –0.004011–1.961313i –0.000003 + 0.001569i

1

1 0 3.314689
2 –0.004011 –3.314684
3 –0.004131+3.926890i –0.000002–0.001574i
4 –0.004131–3.926890i –0.000002+0.001574i

The fitted ap and cp for this case are listed in Table 1. The
considered frequency ranges from 0.1 THz to 9 THz, which
covers the entire spectrum of interest. The transmission co-
efficients under different µc are depicted in Fig. 3. It can be
observed that there is no significant change in the frequency of
the left band edge for µc = 0.1 eV, 0.5 eV, 1 eV. However, the
right band edge of the ternary PC moves to a higher frequency.
As a result, the PBG is tuned due to the presence of graphene
sheets and the changes of its chemical potential.
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Fig. 3. (color online) Transmission coefficients of the ternary structure
with different µc and without graphene.

We further investigate the photonic bandgap of the
graphene/insulator ternary PC with different filling factors,
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then mix two PCs having different filling factors together as
the proposed scheme 2. The size of the PC’s unit cell remains
unchanged at 10 µm. The simulation results are presented in
Fig. 4. It can be seen that the PBG moves to a higher frequency
with the increase of the filling factor (D1:D2).

For the case of scheme 2, a 10-unit-cell arrangement of
PC1 with a filling factor of 3:7 and a 10-unit-cell arrangement
of PC2 with a filling factor of 7:3 are combined together. We
can see that the employment of the graphene sheets increases
the gap width by only about 0.5 THz (under µc = 0.5 eV) in
Fig. 4. The chemical potential µc is tuned from 0.5 eV to 1 eV
for this hetero-structure based on graphene. Through compar-
ing the results, we can observe that the right band edge of the
heterostructured PC (PC1+PC2) is slightly shifted to a higher
frequency with the increase of µc.
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Fig. 4. (color online) Transmission coefficients of scheme 1 and scheme
2 with different filling factors.

6. Conclusion
From the numerical simulation results, it is noticed that

in the PC structure, the status of graphene is similar to that in
a noble metal as shown in Ref. [15]. The difference is that
graphene not only provides a bandgap extension to the orig-
inal dielectric photonic crystal but also provides tunability to
the bandgap. The limitation of the proposed graphene PC is
its tuning ability. The tunability restriction may be overcome
by patterning the doped graphene sheet to achieve a graphene-
based metamaterial.[8] Therefore, our efforts can be viewed as
a first step towards the characterization of the 1D graphene-
based tunable graphene metamaterial using the FDTD algo-
rithm.
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