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Abstract
In this paper we study some questions on numerical semigroups of type two. On the one hand, we
investigate the relation between the genus and the Frobenius number. On the other hand, for two fixed
positive integers g1, g2, we give necessary and sufficient conditions in order to have a numerical semigroup
S such that {g1, g2} is the set of its pseudo-Frobenius numbers and, moreover, we build explicitly families
of such numerical semigroups.
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1 Introduction

Let Z and N be the set of integers and non-negative integers, respectively. A numerical semigroup is a subset
S of N that is closed under addition, 0 € S, and N\ S is finite.
If A is a non-empty subset of N, we denote by (A) the submonoid of (N, +) generated by A, that is,

(Ay ={\a1 + -+ Apan | n € N\ {0}, a1,...,a, € A, A\,..., N\, € N}

It is well known that (A) is a numerical semigroup if and only if gecd(4) = 1. Moreover, every numerical
semigroup S is finitely generated and, therefore, there exists a finite subset A of S such that S = (A). In
addition, if no proper subset of A generates S, then we say that A is a minimal system of generators of S.
In fact, every numerical semigroup S has a unique minimal system of generators. The cardinality of such a
minimal system is called the embedding dimension of S and is denoted by e(S).

From the above paragraph, we deduce that the studying of numerical semigroups is related to the studying
of the non-negative integer solutions of linear equations with coefficients in N. Thereby, this is a classic problem
that has been widely studied in the literature (see for instance [3, 4} [6] [7, [10]). Along this line, two invariants
of a numerical semigroups S play a particularly relevant role. The first one is the greatest integer that does
not belong to S, the so-called Frobenius number of S, denoted by F(S). The second is the cardinality of N\ S,
the so-called genus of S, denoted by g(5).

The Frobenius problem (see [14]) consists of finding formulas for the Frobenius number and the genus of
a numerical semigroup in terms of its minimal system of generators. This problem was solved by Sylvester
and Curran Sharp (see [23] 24 25]) when the embedding dimension is equal to two. However, it is an open
problem for the case of embedding dimension e > 3. To be precise, in [5] it was shown that it is impossible to
find a polynomial formula (that is, a finite set of polynomials) that computes the Frobenius number if e = 3.
In spite of this, some algorithms and partial answers to this question are known (see [9, [T, [13], 15, 16, 17, [18]).

The concept of type of a numerical semigroup S was introduced in [§] as the cardinality of the set {z €
Z\S|z+seSforalseS\{0}} and was denoted by t(5). Following the notation of [20], we will denote
such a set by PF(S) and its elements will be called pseudo-Frobenius numbers of S.

In [8] it was shown that all numerical semigroups with embedding dimension two have type equal to one,
and that all numerical semigroups with embedding dimension three have type equal to one or two. Moreover,
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through an example (in fact, an observation attributed to J. Backelin), it was proved that there does not exist
an upper bound for the type when the embedding dimension is greater than four.

The reader unfamiliar with the theory of numerical semigroups may find that the terminology used (em-
bedding dimension, genus, type) is a bit strange. However, let us observe that there are many works dedicated
to the studying of analytically irreducible one dimension local domains via their value semigroups, which pre-
cisely are numerical semigroups. All these invariants (see [2]) have an interpretation in this theory. This shows
that numerical semigroups with type equal to one are very interesting (see [12]). Such numerical semigroups
are called symmetric.

It is clear that F(S) € PF(S). Thus, the type of a numerical semigroup S is one if and only if PF(S) =
{F(S)}. On the other hand, as a consequence of [8 Lemma 1], we know that a numerical semigroup S is
symmetric if and only if g(5) = % Therefore, the Frobenius number of a symmetric numerical semigroup
is always an odd integer and, moreover, all numerical semigroups of type one and the same Frobenius number
have the same genus. By applying the above characterization, it is easy to check that, if F' is a non-negative
odd integer, then {0, £, —} \ {F} is a symmetric numerical semigroup with Frobenius number F' (where
the symbol — means that every integer greater than % belongs to the set). Consequently, we can assert
that {F'} is the set of pseudo-Frobenius numbers of a numerical semigroup of type one if and only if F' is an
odd integer greater than or equal to —1. (Let us observe that N is a symmetric numerical semigroup with
Frobenius number —1.)

The above paragraph leads us to propose the following questions which arise naturally for numerical
semigroups of type two.

e Question 1: What conditions must two integers g1, go satisfy in order to there exist a numerical semigroup
S such that PF(S) = {g1,92}"

e Question 2: If two numerical semigroups of type two have the same Frobenius number, what are their
genera?

e Question 3: If two numerical semigroups of type two have the same set of pseudo-Frobenius numbers,
what are their genera?

Our purpose in this work is to answer these questions. Concretely, we will show the following results.

Theorem Let g1, g2 be two positive integers such that g1 < g2 and let

o( )= 291 — g2, if g2 is odd,
g 92 g1 — %, if g2 is even.

Then there exists a numerical semigroup S such that PF(S) = {g1, 92} if and only if & < g1 and 6(g1, g2)
does not divide any element of the set {g1,92,92 — ¢1}-

It is clear that Theorem [2.10] is the answer to Question 1.

Theorem [3.3| If S is a numerical semigroup of type two, then

2(E(S) + 1)

M<g(5)§ 3

B) <

In order to answer Question 2, we will complement Theorem by showing that, if F'+ 1 is a positive

% M} , there exists a numerical semigroup S of type

integer divisible by six, then, for each integer n € [ y =3

two such that F(S) = F and g(S) = n.
If ¢ is a rational number, then we will denote by [¢] and |¢| the numbers min{z € Z | ¢ < z} and
max{z € Z | z < q}, respectively. As a consequence of Theorem we know that, if S is a numerical

semigroup of type two, then [w—‘ <g(9) < L%J

Theorem 4.6 Ifk € N\ {0} and F = 6k — 1, then there exist two numerical semigroups, S and S’, such
that PF(S) = PF(S') = {F — 1,F}, g(8) = | 25| and o(5") = [£52].

Let us observe that Theorem [£.6] answers Question 3 and also shows that the bounds of Theorem [3.3] are
achieved in numerical semigroups of type two that have the same set of pseudo-Frobenius numbers.



As might be expected, we will state these three theorems in three different sections (Section and
respectively). In addition, in Section [5| we will show that in some cases all values, between the two bounds
given in Theorem [3.3] are suitable as the genus of a numerical semigroup of type two.

Finally, we point out that, in order to make it easier to locate some results and facts, together with the
original references, we direct the reader to [21], in which the corresponding references are given.

2 Sets of pseudo-Frobenius numbers of numerical semigroups of
type two

In this section we are interested in showing the conditions that two integers have to satisfy in order to be the
pseudo-Frobenius numbers of a numerical semigroup of type two.

It is easy to see that, if S is a numerical semigroup different from N, then PF(S) C N\ {0}. Therefore,
the first condition is that gy, go must be positive integers.

Before considering the general case, we study a particular one for which we can give a quick answer. A
numerical semigroup is called pseudo-symmetric if PF(S) = {@,F(S)} (see Corollary 4.16 in [2I]). This
class of numerical semigroups has also been widely studied and likewise there are many characterizations of
them. For instance (see Corollary 4.5 in [2I]), S is a pseudo-symmetric numerical semigroup if and only if
g(s) = W Thus, the Frobenius number of a pseudo-symmetric numerical semigroup is always an even
positive integer. Moreover, applying the characterization, we can state that, if F' is an even positive integer,
then {0, £ + 1, —}\ {F} is a pseudo-symmetric numerical semigroup with Frobenius number F. Therefore, if
g2 is an even positive integer, then there always exists a numerical semigroup S such that PF(S) = {£,g.}.

From now on, we suppose that g1, g> are two positive integers such that g; < g» and g1 # %.

Lemma 2.1. Let S be a numerical semigroup such that PF(S) = {g1,92}. Then
glzmax{weN\S\x;é‘%Q andgg—m¢5}.

Proof. First of all, taking A = {z e N\ S |2 # £ and g, — 2 ¢ S}, we see that there exists h = max{A}.
Since g1 € PF(S), if go — g1 € S, then go = g1 + (g2 — g1) € S, which is a contradiction. Moreover, by the
considered conditions, g; # % . Thereby, g, € A. The existence of h follows from the inclusion A C N\ S.
Now, let us observe that, if 2 € A, then g» — 2 € A. Therefore, h > 2.
Finally, if h ¢ PF(S), then there exists s € S\ {0} such that h +s ¢ S and h+ s > h > £. Moreover, if
g2 — (h+s) €S, then go —h= (g2 — (h+s)) + s € S that is not possible. Thus, h + s € A, in contradiction
with the definition of h. Therefore, h € PF(S). Since g2 ¢ A, we conclude that h = g;. O

From the proof of the previous lemma, we have the following result.
Lemma 2.2. Let S be a numerical semigroup such that PF(S) = {g1,g2}. Then % < g1.
The next result is an immediate consequence of Proposition 2.19 in [21].

Lemma 2.3. Let S be a numerical semigroup and let x € N\ S. Then there exists g € PF(S) such that
g—x€eSs.

The following lemma gives us two essential elements of S and a particular element of N\ S which are
necessary to know in order to achieve our aim.

Lemma 2.4. Let S be a numerical semigroup such that PF(S) = {g1,g92}. Then:
(i) g2—g1 ¢ S.
(i1) 21 — g2 € S.

(ii) If g3 is even, then g1 — % € S.

Proof. (i) See the proof of Lemma

(ii) Since g — g1 ¢ S, applying Lemma we have that go — (92 —¢g1) € S or g1 — (g2 — g1) € S. The first
option is not possible and, therefore, 2g; — g2 € S.



(iii) Since g2 ¢ S, then £+ ¢ S. Applying again Lemma we have that go — 2 € S or g1 — % € S. Once
again the first option is not possible and, thereby, we get that g, — £ € 5. O

The next result gives us the condition that two integers g1, go have to satisfy, if go is odd, in order to get
a numerical semigroup S such that PF(S) = {g1,92}. As usual, if a,b are positive integers, we denote by a | b
that a divides b. When b is not divisible by a, we write a 1 b. On the other hand, if a,b, ¢ are integers such
that ¢ # 0, then a = b (mod ¢) means that ¢ | (a — b).

Proposition 2.5. Let g1,g2 be two positive integers such that g1 < g2 and go is odd. Then there exists a
numerical semigroup S such that PF(S) = {g1, g2} if and only if & < g1, (291 — 92) 1 91, (291 — 92) { 92, and
(291 — 92) 1 (92 — g1)-

Proof. (Necessity) By Lemma [2.2} we know that £ < g;. On the other hand, by Lemma 291 —g2 €S
and go — g1 ¢ S. Since g1,g2 ¢ S, we have that (291 — g2) f 91, (291 — 92) 1 g2, and (291 — g2) 1 (92 — 91)-

(Sufficiency) Let us take S = ((m) U {%,% })\ (R(g1) UR(g2)), with m = 2g; — g2 and, for each
i € {1,2}, R(9:) = {9: — km | k € N}. By straightforward computations, we have that S is a numerical
semigroup with {g1, g2} € PF(S). Therefore, we will finish the proof if we show that, if z € N\ (SU{g1,g2}),
then there exists s € S such that z + s ¢ S.

If £ = g; (mod m) for some i € {1,2}, then z = g; — km for some k € N\ {0}. Therefore, km € S\ {0}
and x + km = g; ¢ S. Thus, from now on, we can assume that = # g; (mod m) for all i € {1,2}.

Since x ¢ S, we have that z < 21 and, thereby, go — 2 > 2+ If go — 2 € S then go — 2 € S\ {0} and
x4 (g2 —x) = ga ¢ S. Now, let us see that the case go — x ¢ S is not possible. Indeed, if go — = ¢ S, then
g2—x € R(gs) or go—x € R(g1) because go—x > ngH. On the one hand, if go—x € R(g2), then go—z = go—km
for some k € N and so z = km € S, which is a contradiction. On the other hand, if go — = € R(g1), then
g2 —x =g1 —km for some k € N. Thus, x =go — (g1 —km) =(g2 —g1 + m) + (k — \)m = g1 + (k — 1)m,
which contradicts z # g1 (mod m). O

Remark 2.6. We have considered the sets R(g1) and R(g2) to make explicit that we remove all the possible ele-
ments of S in order to have g1, g2 ¢ S. In fact, it is sufficient to consider {g1}, {g2 — km | k € {0,1,..., ng;llJ }}
instead of R(g1), R(g2), respectively.

We illustrate Proposition [2.5] with an example.

Example 2.7. We are going to build a numerical semigroup S such that PF(S) = {7,9}. Since % < 7,

547,519, and 512, by Proposition we deduce that there exists at least one such numerical semigroup.
Moreover, from the proof of sufficiency, we know that S = ((5) U {5,— }) \ (R(7) UR(9)) = {0,5,6,8,10, —
} = (5,6,8) is a numerical semigroup with PF(S) = {7,9}.

The following result gives us the condition that two integers g1, g2 have to satisfy, if g5 is even, in order to
have a numerical semigroup S such that PF(S) = {g1, g2}
Proposition 2.8. Let g1, g2 be two positive integers such that g1 < g2 and gs is even. Then there exists a
numerical semigroup S such that PF(S) = {g1,92} if and only if & < g1, (91 — %) 1 g1, (91 — %) 1 g2, and
(91— %) 1 (92 —91)-
Proof. Taking theset S = ((m)U{%2+1,— })\(R(g1) UR(g2)) with m = g1 — %, the proof of this proposition
follows the same ideas of the proof for Proposition [2.5] Therefore, we omit it. O

Let us illustrate Proposition 2.8 with an example.

Example 2.9. We are going to build a numerical semigroup S such that PF(S) = {9,10}. Since 5 < 9,
4+19,4410, and 411, by Proposition we deduce that there exists at least one such numerical semigroup.
Moreover, from the proof of sufficiency, we get that S = ((4) U {6,— }) \ (R(9) UR(10)) = {0,4,7,8,11,—
} = (4,7,13) is a numerical semigroup with PF(S) = {9, 10}.

We finish this section with the combination of Propositions and in order to obtain the first of the
main results in this paper and so answer the first question.

Theorem 2.10. Let g1, g2 be two positive integers such that g1 < ga and let
291 — g2, if g2 is odd,
g1 — %, if g2 is even.

0(g1,92) = {

Then there exists a numerical semigroup S such that PF(S) = {g1,92} if and only if & < g1 and 0(g1, g2)
does not divides any element of the set {g1,92,92 — g1}



3 Bounding the genus by the Frobenius number

If S is a numerical semigroup we denote by n(S) the cardinality of the set {s € S | s < F(S)}. Observe
that g(S) + n(S) = F(S) + 1. The next result is easily deduced from Theorem 20 in [§] (alternatively see
Proposition 2.26 in [21]).

Lemma 3.1. If S is a numerical semigroup, then g(S) < t(S)n(S).

The following result is a direct consequence of Lemma 1 and Proposition 2 in [8] (or see Lemma 2.14 and
Corollary 4.5 in [21]).

. Moreover, g(S) = FS)+1 if and only if

. . . F(S)+1
Lemma 3.2. If S is a numerical semigroup, then g(S) > 5

0(S) = 1. -

Now, we can bound the genus of a numerical semigroup of type two by its Frobenius number.
Theorem 3.3. If S is a numerical semigroup of type two, then

2(F(S) + 1)
g(s) < =2,

F(S)+2 _

Proof. By Lemma we have that g(S) > W if F(S) is even and that g(S) > w if F(.S) is odd.
Thus, g(5) > %
On the other hand, by Lemma we know that g(S) < 2n(S). Thereby, 3g(S) < 2n(S) + 2g(S) =
2(F(S) +1). O
Our next aim will be to show that the given bounds in the previous theorem are reached. First of all, from
Section We have that, if F is an even positive integer, then S = {0, £ 4+ 1,—}\ {F} is a (pseudo-symmetric)
numerical semigroup with Frobenius number F, type two and g(S) = W Moreover, PF(S) = {F, g .

Now we will see that there exists a numerical semigroup S of type two such that g(S) = % First,
we need the following result that is an immediate consequence of Theorems 11 and 14 in [§] (alternatively see
Proposition 10.21 in [21]).

Lemma 3.4. If S is a numerical semigroup with e(S) = 3 and pairwise relatively prime minimal generators,
then t(S) = 2.

We are ready to prove the result announced just before lemma

Proposition 3.5. If k € N\ {0}, then S = (3,3k + 1,3k + 2) is a numerical semigroup of type two with
g(S) = 2EEED - Moreover, PF(S) = {F(S),F(S) — 1} = {3k — 1,3k — 2}.

Proof. As an immediate consequence of Lemma we have that S = (3,3k + 1,3k 4 2) is a numerical
semigroup of type two. Also, it is clear that PF(S) = {3k — 1,3k — 2}. Finally, let us observe that N\ S =
{1,2,...,3k —1}\ {1-3,2-3,...,(k — 1) - 3}. Thereby, g(S) = 3k — 1 — (kK — 1) = 2k and, therefore,
2ESHL) — 23k — of = g(S). O

We finish this section with an easy result which can be considered as a first answer to Question 2. Indeed,
we get numerical semigroups of type two with the same Frobenius number and different genus.

Corollary 3.6. Let k be a positive integer. Then

(i) S ={0,3k —1,—=}\ {6k — 4} is a (pseudo-symmetric) numerical semigroup of type two, g(S) = 3k — 1,
and PF(S) = {3k — 2,6k — 4}.

(i) S = (3,6k—2,6k—1) is a numerical semigroup of type two, g(S) = 4k—2, and PF(S) = {6k—5,6k—4}.



4 Numerical semigroups with the same set of pseudo-Frobenius
numbers

As a consequence of Theorem if S is a numerical semigroup of type two, then we know that [w—‘ <

g(s) < L%J Our aim in this section will be to prove that, if k € N\ {0} and F = 6k — 1, then there
exist two numerical semigroups S and S’ such that PF(S) = PF(S’) = {F,F — 1}, g(9) = {@J, and

g(s) = [%W This fact shows that the bounds given in Theorem are reached for numerical semigroups
with the same set of pseudo-Frobenius numbers.
The next result was established in the introduction.

Lemma 4.1. If F is an odd positive integer, then S = {O, %, —>} \ {F} is a numerical semigroup of type

one (that is, a symmetric numerical semigroup) with Frobenius number F.

It is clear that, if S is a numerical semigroup and z is a minimal generator of S, then S\ {z} is also a
numerical semigroup. The following result is Lemma 24 of [19].

Lemma 4.2. If S is a numerical semigroup of type one and x is a minimal generator of S such that x < F(S5),

then PF(S\ {z}) = {F(S),z} if and only if 2z —F(S) € S.
Let us observe that, if S is a numerical semigroup of type two and F(.S) is odd, then F(S) > 5 because:
1. if F(S) = —1, then S = N with t(N) = 1;
2. if F(S) =1, then S = (2,3) with t((2,3)) = 1;
3. if F(S) = 3, then S = (2,5) with t((2,5)) = 1 or S = (4,5,6,7) with t((4,5,6,7)) = 3.

Proposition 4.3. If F' is an odd integer greater than or equal to five, then S = {O, %, %} \{F,F—1} is
a numerical semigroup of type two with F(S) = F, g(S) = F(S2)+3 = [F(S;H-‘ , and PF(S) ={F,F — 1}.

Proof. Let 5" = {0, £, —»} \ {F}. By Lemma we know that S’ is a numerical semigroup of type one
with Frobenius number F'. Moreover, it is clear that F'— 1 is a minimal generator of S’ less than F'. We claim
that 2(F — 1) — F € §'. Indeed, since F > 5, then 2(F — 1) — F = F — 2 is an integer greater than or equal
to % and different from F. Thus, we have the assertion.

Now, since S = S’ \ {F — 1}, applying Lemma we get that S is a numerical semigroup of type two
and PF(S) = {F, F — 1}. And, since t(S’) = 1, applying Lemmawe have that g(S’) = £, Finally, it is

clear that F(S) = F and, since g(S) = g(5’) + 1, that g(S) = % O

Remark 4.4. Let us take a positive integer k and consider F' = 6k — 1. As a consequence of Theorem [3.3] we
have that, if S is a numerical semigroup of type two with Frobenius number F', then % < g9 < A+

3
and, therefore, 3k + 1 < g(5) < 4k.

This remark leads us to the next result.

Corollary 4.5. If k is a positive integer, then S = (3,6k+1,6k+2) and S’ = {0, 3k, —}\ {6k —1,6k—2} are
two numerical semigroups with PF(S) = PF(S’) = {6k — 1,6k — 2}. Moreover, g(S) = 4k and g(S’) = 3k + 1.

Proof. Let k' = 2k. Then S = (3,3k" + 1,3k’ + 2) and, by Proposition we know that S is a numerical
semigroup of type two with F(S) = 3k’ — 1 = 6k — 1, g(9) = 28 = 4k, and PF(S) = {6k — 1,6k — 2}.

Now, let F' = 6k — 1. It is clear that F' is an odd integer greater than or equal to 5 and that S’ =
{0, %, —} \ {F,F — 1}. Therefore, applying Proposition we get that S’ is a numerical semigroup of

type two with F(S) = F =6k — 1, g(S) = &2 = 3k + 1, and PF(S) = {6k — 1,6k — 2}. O

The above corollary shows that two numerical semigroups of type two with the same set of pseudo-
Frobenius numbers can have different genus. Furthermore, it shows that the bounds of theorem [3.3)are achieved
for numerical semigroups with the same set of pseudo-Frobenius numbers, as we noted at the beginning of
this section. Thus, we can establish the following result.

Theorem 4.6. If k € N\ {0} and F = 6k — 1, then there exist two numerical semigroups, S and S’, such

that PF(S) = PF(S") = {F — 1, F}, g(8) = | 25 | and g(8") = [££2].



5 Possible values of the genus

In order to finish this work we will see that, for each n € {3k +1,...,4k}, there exists a numerical semigroup
S of type two such that F(S) = 6k — 1 and g(S) = n. This fact, together with Remark shows that all
values, between the two bounds given in Theorem [3.3] are suitable as a genus of a numerical semigroup of
type two.

Let S be a numerical semigroup and s € S\ {0}. The Apéry set of s in S (see [1]) is Ap(S,s) ={x € S|
x—s &S} It is easy to check that Ap(S,s) = {w(0) =0,w(1),...,w(s—1)}, where w(i) is the least element
of S congruent with ¢ modulo s, for all ¢ € {0,1,...,s — 1}.

The next result is consequence of Lemma 3 in [4] and the Theorem in [22] page 3] (or see Proposition 2.12
in [21]).

Lemma 5.1. Let S be a numerical semigroup and let s be a non-zero element of S. Then
(i) F(S) = max(Ap(S,s)) — s,
(ii) 8(S) = + (Lueap(s ) = 5

With this lemma, we are ready to prove the result mentioned at the beginning of this section.

Theorem 5.2. Let k be a positive integer, let n € {3k + 1,...,4k}, and let r = 4k —n. Then S =
(3,6k + 1 — 3r,6k 4+ 2) is a numerical semigroup of type two such that F(S) = 6k — 1 and g(S) = n.

Proof. First of all, let us see that {3,6k + 1 — 3r,6k + 2} is a minimal system of generators of S. To do this,
since 6k +1 —3r < 6k +2, (6k +1—3r) = 1 (mod 3), and (6k + 2) = 2 (mod 3), it is enough to show
that 2(6k + 1 — 3r) > 6k + 2. In fact, 2(6k + 1 — 3r) > 6k + 2 if and only if r» < k, that it is true because
r=4k—n<4k—-(3k+1)=k—1.

As an immediate consequence of the previous paragraph, we have that Ap(S,3) = {0,6k + 1 — 3r, 6k + 2}.
Therefore, applying Lemma we get that F(S) = 6k+2-3 = 6k—1 and g(S) = §(6k+1—3r+6k+2)— 351 =
n.

Finally, from Lemma we have that S is a numerical semigroup of type two. O

Let us observe that, as a consequence of Proposition 2.20 in [21], we conclude that PF(S) = {6k + 1 —
3(r —1),6k — 1}, where S is the numerical semigroup in the preceding proposition.
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