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Sinopsis

Doctor en Filosofía

Reflexiones sobre la Optimización Cónica

Entre la Teoría y las Aplicaciones

por MIGUEL MARTÍNEZ ANTÓN

La presente disertación explora nuevas perspectivas sobre la optimización
cónica, abarcando una amplia gama de temas que van desde la optimización
lineal sobre secciones de conos hasta aplicaciones en diseño de redes comple-
jas, localización de servicios, detección de fugas o geometría algebraica real.
El concepto central del trabajo es la noción matemática de cono, que se ex-
plora desde sus orígenes geométricos hasta su uso en la teoría moderna de la
optimización. El trabajo se basa, máxime, en el estudio de problemas de op-
timización cónica, donde se minimiza una función lineal sobre la sección de
un cono. Esto generaliza la programación lineal e incluye una amplia gama
de problemas de optimización.

Uno de los principales propósitos de esta tesis es introducir una nueva
familia de conos, los conos de potencia generalizados, y estudiar el problema
de minimizar una función lineal sobre ellos. Se realiza un análisis detallado
sobre las representaciones minimales de estos conos, proporcionando un pro-
cedimiento para construir representaciones minimales utilizando conos de
segundo orden cuando los parámetros definitorios son racionales. La con-
strucción se basa en el concepto de grafos mediados, una estructura combi-
natoria que desempeña un papel crucial en la derivación de estas representa-
ciones minimales.

La metodología utilizada supone el desarrollo de resultados teóricos
sobre las propiedades de los conos de potencia generalizados, el análisis
de grafos mediados y la exploración de resultados de complejidad para el
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problema de factibilidad sobre conos de orden p. Se derivan nuevas cotas
de complejidad, mejorando los resultados existentes y llevando a una mejor
comprensión de los desafíos computacionales de la optimización cónica.

Los hallazgos tienen aplicaciones directas en varios dominios. Una
aplicación importante se encuentra en los problemas de ubicación de insta-
laciones, donde se aplica la geometría de los conos de potencia generaliza-
dos para desarrollar un modelo de optimización basado en la ley de la grav-
itación universal de Newton. Además, se presenta un enfoque novedoso
para la detección de fugas en redes de tuberías, formulado como un prob-
lema entero mixto sobre conos de orden p. Las soluciones a estos problemas
son computacionalmente eficientes y demuestran la utilidad práctica de los
enfoques propuestos.

En conclusión, la disertación contribuye tanto a los avances teóricos en
optimización cónica como a metodologías prácticas para aplicaciones en el
mundo real, ofreciendo una perspectiva unificada sobre la optimización, la
geometría algebraica y la combinatoria.
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Abstract

Doctor of Philosophy

Insights into Conic Optimization

Bridging Theory and Applications

by MIGUEL MARTÍNEZ ANTÓN

This dissertation explores novel insights into conic optimization, bridging a
diverse set of topics ranging from linear optimization over slices of cones to
applications in complex network design, facility location, leak detection, or
real algebraic geometry. The central concept of the work is the mathemat-
ical notion of cone, which is explored from its geometric origins to its use
in modern optimization theory. The work is grounded in the study of conic
optimization problems, where a linear function is minimized over a slice of a
cone. This generalizes linear programming and encompasses a broad range
of optimization problems.

One of the main purposes of this thesis is to introduce a new family
of cones, generalized power cones, and study the conic optimization prob-
lem of minimizing a linear function over these cones. A detailed analysis is
conducted on the minimal representations of these cones, providing a pro-
cedure for constructing minimal representations using second–order cones
when the defining parameters are rational. The construction is grounded in
the concept of mediated graphs, a combinatorial structure that plays a crucial
role in deriving the minimal representations.

The methodology involves the development of theoretical results on
the properties of generalized power cones, the analysis of mediated graphs,
and the exploration of complexity results for the feasibility problem over p–
order cones. New complexity bounds are derived, improving upon existing
results and leading to a better understanding of the computational challenges
in conic optimization.
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The findings have direct applications in several domains. A significant appli-
cation is found in facility location problems, where the geometry of general-
ized power cones is applied to devise an optimization model based on New-
ton’s universal law of gravitation. Additionally, a novel approach to leak
detection in pipeline networks is presented, formulated as a mixed integer
p–order cone program. The solutions to these problems are computationally
efficient and demonstrate the practical utility of the proposed approaches.

In conclusion, the dissertation contributes to both theoretical advance-
ments in conic optimization and practical methodologies for real-world ap-
plications, offering a unified perspective on optimization, algebraic geome-
try, and combinatorics.
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R[x] polynomial ring in n variables
R[x]d polynomials in n variables, degree at most d
Pn,2d nonnegative polynomials in n variables, degree at most 2d
Σn,2d sum of squares in n variables of degree at most 2d
Supp(p) support
New(p) newton polytope
p(A, β) AGI-form
Θp circuit number
Cn,2d sonc in n variables of degree at most 2d

Graph Theory
G = (V, E) undirected graph or network
G = (V, A) directed graph
δ+(v) set of outgoing arcs
deg+(v) outdegree
δ−(v) set of ingoing arcs
deg−(v) indegree
L+(G) Laplacian
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Chapter I

Preface

»—Ven —decían—, célebre Ulises, honra
de los griegos, y escucha nuestras voces.
Nadie ha pasado jamás sin quedarse a oír
la encantadora dulzura de nuestro canto, y
quien lo escucha se va no solo embelesado,
sino también más sabio [. . . ]
»Cantaron estas palabras muy
musicalmente, y, como quería seguir
oyéndolas, indiqué por señas a mis
hombres que me soltaran.

— Homero. Odisea, Canto XII

What could they have in common...

• Minimizing a linear (even convex) function over a slice of a cone.

• A family of graphs whose vertices are averages of other vertices.

• Hilbert’s 17th problem.

• Facility locations problems.

• Newton’s law of universal gravitation.

• Formulae in the first–order theory of the reals.

• Complex network design.

• Leak detection.

Throughout the present dissertation, the reader will figure out novel insights
into conic optimization which will bridge the above topics in a ride from theory
to applications.
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The core of this thesis lies on the concept of cone. Conic structures
are ubiquous in the field of mathematics from the Ancient Greeks geome-
ters to the abstract category theory. The primitive notion of cone is a three-
dimensional geometric shape that tapers smoothly from a flat base to a point
called the apex that is not contained in the base.

A cone is formed by a set of line segments or rays connecting a common
point, the apex, to all of the points on a base. In the case of line segments, the
cone does not extend beyond the base, while in the case of rays, it extends in-
finitely far. The first masterpiece that revolves around cones is the Greek text
Conics by Apollonius of Perga —inheritor of the conics of Menaechmus—,
one of the greatest works of Greek mathematics, along with Euclid’s Elements,
The Works of Archimedes, Ptolemy’s Almagest, Arithmetica of Diophantus, and
Synagogue or Mathematical Collection of Pappus. Beginning from the earlier
contributions of Euclid, Archimedes and Menaechmus on the topic, Apol-
lonius proved that from a single cone, the three types of conic or quadratic
curves can be obtained by varying the inclination of the plane that slices the
cone. This fact would be established forever in the collective imagination as
the Apollonius cone.

Afterwards, with the development of linear algebra and the formaliza-
tion of analytic geometry, a cone becomes in a subset of a real vector space
that is closed under positive scalar multiplication. This meant a broad gen-
eralization of the traditional cone in the three-dimensional Euclidean space.

The concept of cone has even come down to category theory. Here,
given a category C , the base of a cone is a diagram —a functor from a small
category to C —, the apex is an object A of that category, and the rays are
arrows from A that commute with the diagram. This is the key to define
limits and being able to retrieve forgotten algebraic structures via adjunction.

Besides cones, the other large topic of this dissertation is optimization.
In its most general and abstract form, an optimization (or decision) problem
can be defined as the pursuit of a best element, with regard to some criteria,
from some set of available alternatives. When we talk about mathematical
optimization, this "set of available alternatives" is a (partially or fully) ordered
set; the "criteria" is that order; and "a best element" becomes in an optimal
(minimal or maximal) element within the ordered set.

Recall, let (X,≥) be an ordered set.
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FIGURE 1.1: From Apollonius to Lorentz: the Lorentz or
second–order cones represent the multidimensional

generalization of the classical Apollonius cone, and they are the
heart of this dissertation. Here, its boundary in 3D is drawn.

1. An element x ∈ X is called minimal, if there not exist y ∈ X such that
y ≤ x and x ̸= y.

2. An element x ∈ X is called minimum, if y ∈ X implies x ≤ y.

Likewise, the maximal and maximum elements can be defined.

Let F be a set, (D,≤) be an ordered set, and f : F → D be a map.
Consider in F the order, ≤ f , induced by f , i.e., for all x, y ∈ F , x ≤ f y if and
only if either f (x) < f (y) or x = y. We define the optimization problem P ,

minimize f (x) subject to x ∈ F ,

as to find a minimal element in (F ,≤ f ) (respectively, a maximal if maximize
is used instead of minimize). The set F is called the feasible set. The map f is
called the objective function. Any x ∈ F is called a feasible solution and x⋆ ∈ F
stands for a minimal element in (F ,≤ f ) and is called an optimal solution. A
value f (x⋆) is called an optimal value. If x⋆ is the minimum, then it is the
optimal solution. If F ̸= ∅, the problem is said to be feasible; otherwise, it
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will be infeasible.

We are going to focus on the case D = R is the field of the reals equipped
with the usual order and the feasible region F is a subset of the Euclidean
space Rn. With this status, the concept of mathematical programming arises.
When the objective function f is an affine form and the feasible set is de-
fined by g(x) ≥ 0, where g is also affine, the problem is known as a linear
programming problem. Linear programming, developed in the 1940s, has
become one of the cornerstones in applied mathematics and operations re-
search today. Its success is based on its geometric intuition, its numerous
applications as a subproblem of more complex ones, and its use in modeling
problems of all kinds. The constraint inequality "g(x) ≥ 0" is an inequality
between vectors; as such, it requires a definition, and the definition is well
known: "≥" must be a partial order compatible with the vector space struc-
ture. In the linear programming case, ≥, is the componentwise order but
what happens if one changes the vector partial order? Optimization meets
cones!

The cones that are convex, closed, which has nonempty interior, contain
the zero, and do not contain straight lines; are so-called proper cones and
they are closely related with vector partial orders. On the one hand, every
proper cone K define a vector partial order ≥K as

x ≥K y if and only if x − y ∈ K, and

x >K y if and only if x − y ∈ K◦.

On the other hand, every vector partial order ≥ has associated a pos-
itive cone defined as the set of vectors x greater or equal to zero, x ≥ 0,
which is a proper cone. Hence, when we are doing linear optimization over
an ordered vector space we are minimizing a linear function over a slice of
its positive cone. Then, what is conic optimization? Given a proper cone K, it
is linear optimization over the ordered vector space defined by the cone, i.e.,

minimize f (x) subject to g(x) ≥K 0.

Therefore, it can be defined as the problem of minimizing a linear (even
convex) function over a slice of a cone. Its development dating back to the
1990s, but it has especially reached a greater degree of maturity in the early
years of this century.
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Notice that, although we are doing linear optimization, —because of
f and g are affine forms—, unless ≥K is the componentwise order, i.e., K is
the nonnegative orthant, then the conic problem is not a linear programming
problem, then it becomes in a nonlinear programming problem. The most
famous proper cones in conic optimization are the following ones and we
refer them as the big five:

• nonnegative orthant, which induces componentwise order;

• second–order or Lorentz cone, which is the traditional ice-cream cone;

• cone of positive semidefinite matrices, which induces Loewner order;

• power cone, based on the weighted geometric mean; and

• exponential cone.

Within the wide world of nonlinear optimization, in the last few decades a
kind of problems have taken relevance: convex optimization problems. That
is due to the vast number of results and the development of algorithms that
exploits convexity to solve them efficiently and with guarantees of optimal-
ity. A convex optimization problem is one in which the objective function is
a convex function and the feasible set is a convex set. That makes conic pro-
gramming a special sort of convex optimization. In fact, there is a folkloristic
belief that all practically relevant convex optimization problems admits a for-
mulation as conic programs involving the big five.

One of the main goals of this thesis is to introduce a new family of
proper cones: generalized power cones; and to deal with the conic optimiza-
tion problem of minimizing a linear function over a slice of this cone. For that
purpose, we analyze minimal representations of generalized power cones as
simpler cones. We derive some new results on the features of the represen-
tations, and we provide a procedure to construct minimal representations by
means of second–order cones in case of the parameters that define the cone
are rational. The construction is based on the identification of the cones with
a graph, the mediated graph.

We provide a unified definition of mediated graphs, a combinatorial
structure with multiple applications in mathematical optimization. We study
some geometric and algebraic properties of this family of graphs and analyze
extremal mediated graphs under the partial order induced by the cardinality
of their vertex sets. That is the optimization problem where the objective
function is the cardinality of the vertex set and the feasible sets are subsets
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FIGURE 1.2: A hierarchy of convex optimization problems.
LP: linear program, QP: convex quadratic program,

SOCP: second–order cone program,
SDP: semidefinite program, CP: conic program.

of the family of mediated graphs. The solutions of these problems will be
optimal mediated graphs and we derive mixed integer linear formulations
to compute these challenging graphs.

This geometric graphs can be classified according to the space in which
they are embedded. In case that is the entire Euclidean space the optimal
graphs will be crucial in conic optimization. But, in case the space is a lattice
set then they are strong implications in Hilbert’s 17th problem, a legacy of
real algebraic geometry which nowadays study the condition for a nonnega-
tive multivariate polynomial is decomposable as sum of squares of polyno-
mials.

Afterwards, we explores novel complexity results for the feasibility prob-
lem over p–order cones, a generalization of second–order cones, extending
the foundational work of Porkolab and Khachiyan (1997). By leveraging the
intrinsic structure of p–order cones, we derive refined complexity bounds
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that surpass those obtained via standard semidefinite programming refor-
mulations. Our analysis not only improves theoretical bounds but also pro-
vides practical insights into the computational efficiency of solving such prob-
lems. In addition to establishing complexity results, we derive explicit bounds
for solutions when the feasibility problem admits one. For infeasible in-
stances, we analyze their discrepancy quantifying the degree of infeasibility.

Then, we move from theory to applications. First, we examine spe-
cific cases of interest, highlighting scenarios where the geometry of p–order
cones or problem’s structure yields further computational simplifications.
These findings contribute to both the theoretical understanding and practical
tractability of optimization problems involving p–order cones.

We introduce a new measure in covering location theory based on New-
ton’s law of universal gravitation which can be formulated as a mixed integer
generalized power cone program. Furthermore, we provide a mathematical
optimization-based framework to determine the location of leak detection
devices along a network. Assuming that the devices are endowed with a
known coverage area, we analyze two different models. The first model aims
to minimize the number of devices to be located in order to (fully or partially)
cover the volume of the network. In the second model, the number of devices
is given, and the goal is to locate them to provide a coverage volume as broad
as possible. Unlike other approaches in the literature, in our models, it is not
assumed that the devices are located on the network (vertices or edges) but
in the whole space and that the different segments in the networks may be
partially covered, which allows for more flexible and realistic coverage. We
also derive a method to construct initial solutions as well as a math-heuristic
approach for solving the problem for larger instances.

Eventually, we report the results of an extensive battery of experiments
to show the validity of our approaches.

The remainder of the present dissertation is structured as follows:

Chapter II: Background

This chapter gathers all the recommended background that could be use-
ful for the reader to explore this thesis. It also sets the notation, definitions,
properties, and results that will be used throughout. The topics covered
range from the basics of linear algebra, geometry, topology, and complexity,
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through real algebraic geometry and convexity, to graph theory, and conic
and combinatorial optimization.

Chapter III: Mediated Graphs

The content of this chapter is based on the paper

BLANCO, V. & MARTÍNEZ-ANTÓN, M. (2025). Optimal Mediated Graphs:
The role of Combinatorics in Conic Optimization. Preprint available in:

arXiv:2502.03288.

In Section 3.1, we formally introduce the concept of mediated graphs and es-
tablish some fundamental geometric and algebraic properties derived from
its definition. Section 3.2 is dedicated to studying optimal (extremal) graphs
within the class of mediated graphs under a partial order that we define,
based on the cardinality of the vertex set. The identification and computa-
tion of these optimal graphs form the core of this part. In Sections 3.2.1 and
3.2.2, we introduce and analyze minimal and maximal mediated graphs, re-
spectively. These sections present the main contributions of this chapter: the
development of integer linear programming (ILP) formulations to compute
these graphs.

Chapter IV: Conic Algebraic Geometry

What is conic algebraic geometry? The term is inheritor of convex algebraic
geometry. Blekherman et al. (2012) define convex algebraic geometry as an
evolving subject area arising from a synthesis of ideas and techniques from
optimization, convex geometry, and algebraic geometry. The central objects
of study in this rapidly developing field are convex sets with algebraic struc-
ture. Such sets occur naturally, and have been analyzed independently, in
convex geometry, real algebraic geometry, optimization, and analysis, but
only recently has a unified perspective that systematically takes advantage
of the interactions between algebra and convexity emerged. This viewpoint
provides rich connections across the mathematical sciences and novel tools
for applied mathematics and engineering.

The main contributions of this doctoral thesis taking into account this
novel and powerful framework are a synthesis of ideas and techniques from op-
timization, convex geometry, and algebraic geometry, specially conic geometry.
That is why, we locate the work within the field of conic algebraic geometry
understood as a subfield of the general convex algebraic geometry.
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This chapter is splitted in two main sections. The first of them, Section 4.1:

Minimal Representations of Generalized Power Cones, is based on the pa-
per

BLANCO, V. & MARTÍNEZ-ANTÓN, M. (2024). On minimal extended
representations of generalized power cones. SIAM Journal on Optimization,

34(3), 3088-3111. https://doi.org/10.1137/23M1617205.

Section 4.1.1 is devoted to set the notation and the definition of the main
concepts; and seeing possible extensions of the general (p, α)–power cone
by means of simpler β–power cones and analyzing the complexity between
them. In Section 4.1.2, we will show the optimal extended representation of
rational α–power cone using second–order cones, for this purpose we will in-
troduce the idea of α–mediated graph as a special kind of mediated graph, its
relationship with these extended representations and address the problem of
finding minimal α–mediated graphs (MαMGP) via combinatorial program-
ming. In Section 4.1.3, we show the implications of the developed theory for
conic optimization.

The second large section of the chapter, Section 4.2:

Polynomial Optimization, is due to the implications of discrete minimal me-
diated graphs for Hilbert’s 17th problem, thus real algebraic geometry, and
polynomial optimization. Part of this content can be found in

BLANCO, V. & MARTÍNEZ-ANTÓN, M. (2025). Optimal Mediated Graphs:
The role of Combinatorics in Conic Optimization. Preprint available in:

arXiv:2502.03288.

Section 4.2.1 is due to show how obtain a minimal second–order cone repre-
sentation of a special cone of sparse polynomials supported on circuits based
on continuous minimal mediated graphs and the work of Magron and Wang
(2023). Moreover, its implication for unconstrained polynomial optimiza-
tion. Eventually, in Section 4.2.2, we prove a novel exact and explicit sum
of binomial squares decomposition of the above mentioned kind of sparse
polynomial, and characterize the intersection of the cone of these polynomi-
als and the cone of sum of squares by means of the optimal solution of our
combinatorial optimization problem and the results in Iliman and De Wolff
(2016a); Hartzer et al. (2022).
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Chapter V: Complexity

This chapter is due to derive different complexity results for the p–order fea-
sibility problem. The content is based on the paper

BLANCO, V., MAGRON, V., & MARTÍNEZ-ANTÓN, M. (2025). On the
Complexity of p–Order Cone Programs. Preprint available in:

arXiv:2501.09828.

In Section 5.1, we state the notation and main results use to derive the com-
plexity results in this chapter. In this section, we also prove the complexity
results that can be derived for the problem by rewriting the problem as a
semidefinite programming problem. In Section 5.2, we provide the upper
bounds for the feasible solutions and the discrepancy for the p-order feasi-
bility problem. Section 5.3 is devoted to prove the complexity bounds for
the p–order feasibility problem. Exploiting the geometry of p–order cones
we apply a similar strategy as the one by Porkolab and Khachiyan (1997) to
derive new complexity bounds for the problem. We also analyze some par-
ticular cases for the value of p, namely, p = 2, p nonnegative even integer,
and p of the form r

r−1 with r nonnegative integer. Finally, in Section 5.4, we
extend our complexity results to problems involving several p–order cone
constraints.

Chapter VI: Applications

This chapter is the end of the road from theory to practice. It is divided in
sections according to the nature of how the theory is applied in each case.

In Section 6.1, we emphasize how the complexity bounds are applied to op-
timization problems that involve p–order cones. The content can be found
in

BLANCO, V., MAGRON, V., & MARTÍNEZ-ANTÓN, M. (2025). On the
Complexity of p–Order Cone Programs. Preprint available in:

arXiv:2501.09828.

The goal of Section 6.2, Gravitational Covering Location Problem, is to pro-
pose a novel location problem to optimally locate a given number of facilities
in the Euclidean space, and decide their coverage radii based on different fea-
tures to maximize the overall coverage of a given set of users. The radii will
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represent an attraction measure based on Newton’s law of universal gravita-
tion. We propose a generalized power cone program to solve it. The content
can be seen in

BLANCO, V. & MARTÍNEZ-ANTÓN, M. (2024). On minimal extended
representations of generalized power cones. SIAM Journal on Optimization,

34(3), 3088-3111. https://doi.org/10.1137/23M1617205.

Eventually, Section 6.3:

Network Covering: A Leak Detection Problem, is based on

BLANCO, V. & MARTÍNEZ-ANTÓN, M. (2024). Optimal coverage-based
placement of static leak detection devices for pipeline water supply

networks. Omega, 122, 102956.
https://doi.org/10.1016/j.omega.2023.102956.

It provides a mathematical optimization-based framework to determine the
location of leak detection devices along a network. Assuming that the de-
vices are endowed with a known coverage area.

In Section 6.3.1, we introduce the problem under analysis and illustrate
some of the solutions that can be obtained. Section 6.3.2 is devoted to analyze
the problem of locating a single device, which will be helpful in the devel-
opment of approximation algorithms for the multi-device case. In Section
6.3.3, the general case is analyzed. We provide mixed integer conic program-
ming formulations for the maximal and partial set covering location prob-
lems and a deep study of them. We also provide a method to construct initial
solutions for the problem based on the geometric properties of the solutions
and a math-heuristic approach based on solving, iteratively, single-device in-
stances.

Chapter VII: Computational Experience

After all theoretical and practical development, in this chapter, we report the
results of an extensive set of experiments showing the validity and practical
utility of our approaches. The computational experiments and results can be
found in

BLANCO, V. & MARTÍNEZ-ANTÓN, M. (2025). Optimal Mediated Graphs:
The role of Combinatorics in Conic Optimization. Preprint available in:

arXiv:2502.03288.
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BLANCO, V. & MARTÍNEZ-ANTÓN, M. (2024). On minimal extended
representations of generalized power cones. SIAM Journal on Optimization,

34(3), 3088-3111. https://doi.org/10.1137/23M1617205.

BLANCO, V. & MARTÍNEZ-ANTÓN, M. (2024). Optimal coverage-based
placement of static leak detection devices for pipeline water supply

networks. Omega, 122, 102956.
https://doi.org/10.1016/j.omega.2023.102956.

They are divided in sections depending on the approach whose performance
is tested. In Section 7.1, for maximal mediated graphs, we compare our
optimization-based method with respect to the enumerative approach pro-
posed by Hartzer et al. (2022). For minimal mediated graphs, we analyze
the performance of different domain formulations for which we derive inte-
ger linear optimization models. In Section 7.1.3, we show the computational
performance of our specific mathematical programming model for compute
minimal second–order cone representations. In Section 7.2.1, we have run
a series of experiments to analyze the performance of solving the proposed
gravitational covering location problem with an optimal second–order cone
representation of the generalized power cone with respect to the usual naive
representation. Finally, the results of our computational experiments on real-
world urban pipeline networks are reported in Section 7.2.2.

Chapter VIII: Conclusion

This PhD dissertation ends in this chapter with the conclusions of the carried
out research, and future open lines of work.



41

Chapter II

Background

— Pues nada, Telva: ¡no la encuentro
a usted en las listas del concejo..!
— ¡Ay, don Rosendo..! ¡Si non me
paez mal..!: Si non toi entre les
«listes»... ¡a lo mejor metiéronme
entre les tontes..!

— Alfonso. Pinón y Telva

2.1 Basics

The theoretical foundation on which the present dissertation rests is the so-
called Zermelo-Fraenkel set theory, with Choice, ZFC. In this theory, the
primitive starting concepts are the set and the membership, accompanied by
the Zermelo-Fraenkel axiomatic system along with the axiom of choice. Based
on this theoretical framework, all the constructions and results of this thesis
can be deduced.

Given two sets X and Y, one has the following set operators:

• union, X ∪ Y := {x | x ∈ X ∨ x ∈ Y};

• intersection, X ∩ Y := {x | x ∈ X ∧ x ∈ Y};

• subtraction, X\Y := {x | x ∈ X ∧ x /∈ Y};

• Cartesian product, X × Y := {(x, y) | x ∈ X ∧ y ∈ Y}; and

• exponentiation XY := { f : Y → X | f a mapping}.

Given a set X, the notation |X| stands for the cardinality of X. The set 2X :=
{0, 1}X is the power set of X and it is equivalent to the set of all subsets of

X. Let n ∈ N, the set Xn := X× n)· · · ×X ∼= X{1,...,n}. Here, ∼= stands for
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the bijection equivalence relation, i.e., X ∼= Y if X and Y are bijective sets.
In fact, if Y is a finite set, then we can express each element in XY as a tuple
indexed in Y, i.e., (xy)y∈Y. Specially, each element of Xn can be expressed as
(x1, . . . , xn).

Besides, one can define relationships in any set X being the most signi-
ficative the equivalences and orders.

The notation described below will be followed in general. There may
be some deviation where appropriate.

Let N be the set of positive integer (natural) numbers, Z the ring of integer
numbers, Q the field of rational numbers, and R the field of real numbers. The
notation Z+, Q+, and R+ stand for the subset of nonnegative numbers in
each case. Let m, n ∈ N, Rm×n denotes the set of m × n real matrices. Let
x ∈ Rn, R[x] denotes the ring of real n-variate polynomials.

2.1.1 Linear Algebra

We write vectors in bold lower case throughout this thesis. Upper-case let-
ters will be used to represent matrices. Greek letters will typically be used
to represent scalars. We work with real vector spaces, mainly, given a natu-
ral number n, the n-dimensional real vector space Rn of vectors with n real
components. But also we work with the real vector space Sn of n × n real
symmetric matrices and the real vector space Rd[x] of all n-variate real poly-
nomials with degree at most d ∈ Z+.

Recall, every real vector space is a real affine space considering the map-
ping (x, y) 7→ y − x for every pair of vectors x, y. Hence, whenever a vector
space is discussed its affine structure will be taken into account and every
vector might be seen as an affine point.

A vector is always considered as a column vector, unless otherwise
stated. A set of vectors x1, . . . , xm is said to be linearly dependent if there are
scalars λ1, . . . , λm, not all zero, such that the linear combination

λ1x1 + · · ·+ λmxm = 0.

Otherwise, the set of vector is said to be linearly independent. Likewise, a set
of affine points x0, x1, . . . , xm is said to be affinely dependent if there are scalars
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λ1, . . . , λm, not all zero, such that the linear combination

λ1(x1 − x0) + · · ·+ λm(xm − x0) = 0.

Otherwise, the set of points is said to be affinely independent. In Rn, the vector
inequality x ≥ y means xj ≥ yj for j = 1, 2, ..., n (likewise for the strict order
>). 0 represents a vector whose entries are all zeros where it dimension may
vary according to other vectors in expressions. Addition of vectors and mul-
tiplication of a vector with a scalar are standard. The superscript, T, denotes
transpose operation. The inner product in Rn is defined as follows:

⟨x, y⟩ := xTy =
n

∑
j=1

xjyj for x, y ∈ Rn.

For natural numbers m and n, Rm×n denotes the vector space of real matri-
ces with m rows and n columns. For A ∈ Rm×n, we assume that the row index
set of A is {1, 2, . . . , m} and the column index set is {1, 2, . . . , n}, but it might
be any finite sets. The ith and jth component of A is denoted by aij. If I is a
subset of the row index set and J is a subset of the column index set, then AI

denotes the submatrix of A whose rows belong to I, AJ denotes the subma-
trix of A whose columns belong to J, AI J denotes the submatrix of A induced
by those components of A whose indices belong to I and J, respectively. If a
matrix A has the same index set, I, of cardinality n for rows and columns, A
is said to be an n × n square matrix. If U is a subset of I, then AU stands for
the submatrix of A whose rows and columns belong to I. The identity matrix
is denoted by I. The trace of A, denoted by Tr(A), is the sum of the diagonal
entries in A. For matrices Ai ∈ Rmi×ni for i ∈ I, BlockDiag(Ai)i∈I represents
a matrix in R∑i∈I mi×∑i∈I ni in which the matrices Ai are arranged in diagonal
and every other entry is zero. Addition of matrices and multiplication of a
matrix with a scalar are standard. The inner product in Rm×n is defined as
follows:

⟨A, B⟩ := Tr(ATB) =
m

∑
i=1

n

∑
j=1

aijbij for A, B ∈ Rm×n.

A square matrix A ∈ Rn×n is symmetric if aij = aji for i, j = 1, . . . , n; i.e,
AT = A. The set of n × n real symmetric matrices is denoted as Sn and is a real
vector space of dimension (n+1

2 ) = 1
2(n + 1)n.
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Real quadratic forms can always be represented in terms of symmetric matri-
ces, i.e., q(x) = ∑n

i=1 ∑n
j=1 aijxixj = xT Ax, where aij = aji. They often identify

a symmetric matrix with the corresponding quadratic form. If the quadratic
form xT Ax takes only nonnegative values, we say that the matrix A is posi-
tive semidefinite (PSD), and it is denoted by A ⪰ 0. Similarly, if it takes only
positive values (except at the origin, where it necessarily vanishes), then A is
positive definite denoted by A ≻ 0.

Given a block-partitioned matrix[
A B
BT C

]

where A is square and invertible, the Schur complement of A is the matrix
C − BT A−1B. Similarly, if C is square and invertible, its Schur complement
is the matrix A − BC−1BT. Many of the properties of the Schur complement
follow quite directly from the two factorizations:[

A B
BT C

]
=

[
I 0

BT A−1 I

] [
A 0
0 C − BT A−1B

] [
I A−1B
0 I

]

=

[
I BC−1

0 I

] [
A − BC−1BT 0

0 C

] [
I 0

C−1BT I

]
.

Since the factorizations above are congruence transformations, this implies
that the following conditions are equivalent:

[
A B
BT C

]
⪰ 0 ⇐⇒

A ⪰ 0

C − BT A−1B ⪰ 0
⇐⇒

C ⪰ 0

A − BC−1BT ⪰ 0.

A monomial in the n variables x1, . . . , xn (abbreviated as x) is a formal
product xα := xα1

1 · · · xαn
n , where α = (α1, . . . , αn) ∈ Zn

+. A polynomial in x
with coefficients in R or a real polynomial is a finite linear combination of the
form p := ∑α∈A cαxα where A ⊂ Zn

+ is a finite set and cα ∈ R for α ∈ A. An
exponent α is in the support, Supp(p), of p if cα ̸= 0. The degree of p is the max-
imum ℓ1–norm of the vectors α in the support of p. The polynomial ring R[x]
is the set of all polynomials in x with coefficients in R. It is endowed with the
two binary operations of addition and multiplication of pairs of polynomials.
This commutative ring with identity is also a infinite-dimensional real vector
space. Hence, the set of all n-variate real polynomials with degree at most d ∈ Z+
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denoted by Rd[x] is a real vector space of dimension (n+d
n ).

2.1.2 Geometry and Topology

A Euclidean space is an affine space over the reals such that the associated
vector space is an Euclidean vector space, it means a finite-dimensional inner
product space over the real numbers. It follows that Rn and Sn are Euclidean
spaces regarding the inner products defined in the previous section. Because
of the inner product, Rn becomes in a normed space where the norm is in-
duced by the standard inner product:

∥x∥2 :=
√

xTx

and it is called the Euclidean or ℓ2–norm. Any norm ∥ · ∥ makes Rn for a
complete metric space with the distance defined as d(x, y) := ∥x − y∥ and
therefore Rn is also a topological space.

In the present dissertation we are interested in a well-known general-
ization of the Euclidean norm. Given p ∈ R+ ∪ {∞} with p ≥ 1, the Hölder
or ℓp–norm in Rn is defined as:

∥x∥p :=


(

n

∑
j=1

|xj|p
) 1

p

if p < ∞

max
j=1,...,d

|xj| if p = ∞.

The ℓp–norms are pairwise equivalent, what implies the induced topology is
invariant under selection of the parameter p. A (closed) ℓp–ball with center
x ∈ Rn and radius R ∈ R+ is the set

BR(x) = {y ∈ Rn : ∥x − y∥p ≤ R}.

If the inequality is strict we get the open ℓp–ball defined as

B◦
R(x) := {y ∈ Rn : ∥x − y∥p < R}.

For every p, the latter sets form a basis for the standard topology in Rn.
Hence, a subset X of Rn is open if can be written as union of open balls. Oth-
erwise, a subset X ⊂ Rn will be closed if its complementary Rn\X is open.
A subset will be bounded if it is content in some ball. A closed and bounded
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FIGURE 2.1: ℓp–norm balls with p ∈
{

1, 3
2 , 2, 4, 10, ∞

}
.

subset is said to be compact. Let x ∈ X ⊂ Rn is said to be an interior point of
X if there exists a ball centered in x content in X. Otherwise, the point x is
said to be exterior. The set of all interior points of X is known as the interior
of X, it is denoted as X◦ or int(X), and it is the largest open set content in X.
Let x ∈ Rn be a point, x is called a closure point of X if every ball centered in
x intersects X. The set of all closure points of X is known as the closure of X,
it is denoted as X or cl(X), and it is the smallest closed set that contains X.
The set X\X◦ is called the boundary or frontier of X and is denoted as ∂X. For
instance, the open ball B◦

R(x) is the interior of the (closed) ball, whereas the
latter is the closure of the former, i.e., cl(B◦

R(x)) = BR(x). In both cases, the
boundary ∂BR(x) = {y ∈ Rn : ∥x − y∥p = R} is the sphere of center x and
radius R.

Moreover, in the Euclidean space Rn it can be defined the so-called
Minkowski sum of two subsets X and Y as the set

X ⊕ Y := {x + y ∈ Rn | x ∈ X, y ∈ Y}.
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2.1.3 Complexity Estimates

For complexity estimates, we use the bit complexity model. For a nonzero
integer b ∈ Z\{0}, we denote by τ(b) := ⌊log2(|b|)⌋+ 1 the bit size of b, with
the convention τ(0) := 1. For a rational number a = b

c ∈ Q, with b ∈ Z, c ∈
Z\{0} and gcd(b, c) = 1, we denote max{τ(b), τ(c)} by τ(a). For the sake
of simplicity, all derived complexity estimates are provided while assuming
integer input data. It is straightforward to establish similar estimates while
assuming rational input data.

For two mappings g, h : Nn → R>0, the expression "g(v) = O(h(v))"
means that there exist integers b, N ∈ Z+ such that when all coordinates of v
are greater than or equal to N, g(v) ≤ bh(v).

2.2 Real Algebraic Geometry

2.2.1 Nonnegative Polynomials and Sums of Squares

Studying nonnegativity of real, multivariate polynomials is a key problem in
real algebraic geometry. Since deciding nonnegativity is well-known to be
a hard problem both in theory and practice, one is interested in certificates
of nonnegativity, i.e., a special structure of real polynomials, which implies
nonnegativity and it is easier to test. The classical as well as most common
certificate of nonnegativity are sums of squares (SOS) (see, e.g., Marshall, 2008;
Reznick, 2000). Let n and d be two nonnegative integers we consider in R[x]2d

the proper cones:

Pn,2d := {p ∈ R2d[x] | p(x) ≥ 0 for all x ∈ Rn} , and

Σn,2d :=

{
p ∈ R2d[x]

∣∣∣∣∣ p =
k

∑
i=1

σ2
i , σi ∈ Rd[x]

}
,

defined as the cone of nonnegative polynomials and the cone of sum of squares poly-
nomials, respectively. Nonnegativity of real polynomials and sums of squares
has been an active field of research, mainly, due to their relation with poly-
nomial optimization. In the last two decades, polynomial optimization has
made a significant impact on both continuous and discrete optimization fun-
damentally due to its strong connection with semidefinite programming (see
Blekherman et al., 2012; Lasserre, 2009). One of the central questions in real
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algebraic geometry and optimization is understanding the relationship be-
tween these two cones.

Since sum of squares implies nonnegativity, i.e., Σn,2d ⊆ Pn,2d; a natu-
ral question is understanding when the converse holds. These studies start
when Hilbert (1888) proved that there must be nonnegative polynomials that
cannot be represented as sum of squares, in fact, he showed that Σn,2d ⊊ Pn,2d

unless (n, 2d) ∈ {(1, k), (k, 2), (2, 4) : k ∈ N}; that are univariate polynomi-
als, quadratic polynomials, and bivariate quartics. But, it was not until 1967,
almost 80 years later, when Motzkin (1967) offered the first example of non-
negative polynomial that is not sum of squares:

M(x, y) = x4y2 + x2y4 + 1 − 3x2y2,

in its dehomogenized form. Its nonnegativity follows from monomial sub-
stitution (x4y2, x2y4, 1) into the arithmetic-geometric inequality (AGI) that
states

d

∑
j=1

λjtj −
d

∏
j=1

t
λj
j ≥ 0, (AGI)

if tj, λj ≥ 0 and
d

∑
j=1

λj = 1, it means, for nonnegative values of variables t

the weighted arithmetic mean is always greater than the weighted geometric
mean, regardless of the weights. As early as 1891, Hurwitz (1891) proved
that polynomials of the shape:

H2d(x) =
2d

∑
j=1

x2d
j − 2d

2d

∏
j=1

xj

are always sums of squares and, with them, he demonstrated the validity of
the (AGI) using monomial substitution. From the study of polynomials de-
rived from the (AGI), Reznick (1989) answered the form of a necessary and
sufficient condition based on the Newton polytope (New(p) := Conv(Supp(p)))
of nonnegative forms derived from the monomial substitution into (AGI)
(AGI-forms).

Given a finite set A ⊂ (2Z)n an affine independent set, and a lattice
point β in the convex hull of A. The corresponding AGI-form is given by

p(A, β)(x) := ∑
α∈A

λαxα − xβ, (2.1)
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where the λ ∈ RA
+ is the vector of barycentric coordinates of β (see Sec-

tion 2.3). In recent years, Iliman and De Wolff (2016a) generalized the con-
cept of AGI-forms to circuit polynomials and connected this with polynomial
optimization (Iliman and De Wolff, 2016b).

A polynomial p ∈ R[x] is called a circuit polynomial (circuit for short) if
it is of the form

p(x) := ∑
α∈A

cαxα + cβxβ,

where A ⊂ (2Z)n is an affine independent set, cα > 0 for α ∈ A, and β ∈
Conv(A)◦ ∩ Z.

Let p ∈ R[x] be a circuit, the circuit number Θp is defined as

Θp = ∏
α∈A

(
cα

λα

)λα

. (2.2)

The nonnegativity of the circuit p can be checked by its circuit number: p is
nonnegative if and only if either |cβ| ≤ Θp and β /∈ (2Z)n, or cβ ≥ −Θp and
β ∈ (2Z)n. Let n and d be two nonnegative integers we consider in R[x]2d

the cone of sum of nonnegative circuit (SONC) polynomials:

Cn,2d :=

{
p ∈ R2d[x]

∣∣∣∣∣ p =
k

∑
i=1

qi, qi is a nonnegative circuit

}
.

On the other hand, let A ⊂ (2Z)n be an affine independent set. A
subset L of Zn is said to be an A–mediated set if A ⊆ L and every x ∈ L\A
is an average of two distinct even points in L, i.e., for all x ∈ L\A there exist
y ̸= z ∈ L ∩ (2Z)n such that 2x = y + z.

Reznick (1989) proved that an AGI-form p(A, β) is a sum of squares if
and only if there is an A-mediated set L that contains β. Moreover, he pro-
vided an algorithm to compute the A-mediated set which contains every A-
mediated set. He called it: maximal mediated set and denoted it as A∗. Iliman
and De Wolff (2016a) generalized the necessary and sufficient condition for
nonnegative circuit polynomials, and Hartzer et al. (2022) generalized them
for SONC with the following result.

Theorem 2.1. Let A = {0, α(1), . . . , α(n)} ⊂ (2Z)n be an affine independent set,
B ⊂ Conv(A)◦ ∩ Zd be a finite set, and p = λ0 + ∑n

i=0 aixα(i) + ∑β∈B bβxβ be a
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SONC supported on A ∪ B such that for all β ∈ B, either bβ < 0 or β /∈ (2Z)n.
Then, p is sum of squares if and only every β ∈ B satisfies β ∈ A∗.

2.2.2 First–Order Theory of the Reals

The decision problem for the first-order theory of the reals is the problem of
determining if expressions of a certain form are true or false. Although a
more general form is allowed, all allowable expressions can be reduced to
the following form.

Definition 2.2. Given k, ω, d ∈ Z+, a standard formula in the first-order theory
of the reals is an expression of the form

(Q1x1 ∈ Rn1) . . . (Qωxω ∈ Rnω)P(y, x1, . . . , xω), (SF)

where:

• y ∈ Rk is a free variables vector;

• each Ql (l = 1, . . . , ω) is one of the quantifiers ∀ or ∃;

• P(y, x1, . . . , xω) is a quantifier free boolean formula with m atomic predicates
of the form

gj(y, x1, . . . , xω)◁j 0, j = 1, . . . , m;

where ◁j ∈ {<,>,≤,≥,=, ̸=}, and gj is a real polynomial of degree at most
d.

Note that the above formula is in prenex form, i.e., all quantifiers in (SF)
appear in front. Formulae with no free variables are called sentences. We say
y ∈ Rk is a solution of (SF) if the sentence obtained by substituting y into (SF)
is true.

Next, we show three key results of James Renegar from his work on
the computational complexity and geometry of the first-order theory of the
reals (Renegar, 1992a,b). The first of them provides an upper bound for at
least one solution of (SF).

Proposition 2.3. If a formula (SF) has only integer coefficients, each of bit size at
most B, then every connected component of the set of its solutions intersects the ball
{y ∈ Rk | ∥y∥2 ≤ R}, where R satisfies log R ≤ B(md)2O(ω)k ∏ω

l=1 nl .

The following result is a quantifier elimination theorem. It provides
upper bounds on the complexity of finding an equivalent formula (with the
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same solutions) that has no quantifiers; the numbers of logical operators, and
polynomials; and the degree of the polynomials in the equivalent quantifier
free formula.

Theorem 2.4. There is an algorithm which, given a formula (SF), finds an equiva-
lent quantifier free formula of the form

I∨
i=1

Ji∧
j=1

(hij(y)◁ij 0),

where:

• I ≤ (md)2O(ω)k ∏ω
l=1 nl ,

• Ji ≤ (md)2O(ω)k ∏ω
l=1 nl ,

• deg hij(y) ≤ (md)2O(ω)k ∏ω
l=1 nl .

The algorithm requires (rd)2O(ω)k ∏ω
l=1 nl operations and (rd)O(k+∑ω

l=1 nl) evaluations
of the input formula. If the coefficients of the atomic polynomials gj, j = 1, . . . , r,
are integers of bit size at most B, then the algorithm works with numbers of bit size
(B + k)(md)2O(ω)k ∏ω

l=1 nl . This bound also holds for the bit size of the coefficients of
polynomials hij.

The last one is a general decision theorem. Set an upper bound on the
complexity of the decision problem of the first-order theory of the reals.

Theorem 2.5. There is an algorithm for the decision problem of the first-order theory
of the reals that requires (md)2O(ω)k ∏ω

l=1 nl operations and (md)O(∑ω
l=1 nl) evaluations

of the input formula. When restricted to sentences involving only polynomials with
integer coefficients of bit size at most B, the procedure works with numbers of bit size
B(md)2O(ω)k ∏l nl .

Another important result in algebraic computation is the following in-
equality which is a well-known bound on nonzero roots of univariate poly-
nomials (see, e.g., Mignotte, 1982).

Proposition 2.6. Let p(x) =
d

∑
k=0

akxk be a univariate polynomial with integer

coefficients, and α be a nonzero root of p. Then |α| ≥ 1
1+h , where h := max

0≤k≤d
{|ak|}

is the height of p.
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2.3 Convex Geometry

Here, we summarize some standard definitions, properties, and results of
convex sets and cones. For more background, in-depth details, and proofs,
the reader is referred to Barvinok (2002); Rockafellar (1970).

A subset C of Rn is called convex if for all x, y ∈ C we have λx + (1 −
λ)y ∈ C for all real 0 ≤ λ ≤ 1, i.e., C is closed under taking segments.
For vectors x1, . . . , xk ∈ Rn a linear combination λ1x1 + · · · + λkxk is said
to be a convex combination if λi ≥ 0 for i = 1, . . . , k and λ1 + · · · + λk = 1.
Equivalently, a subset C of Rn is convex if it is closed under taking convex
combinations.

Proposition 2.7. Let C and D be convex sets in the same space. Then C∩D, C+D,
and C × D are convex.

Let X ⊆ Rn be an arbitrary subset. The convex hull, Conv(X), of X is the
smallest convex set containing X. This one coincides with the intersection of
all convex sets containing X. Equivalently, Conv(X) is the set of all convex
combinations of points in X,

Conv(X) =

{
∑
x∈F

λxx ∈ Rn

∣∣∣∣∣ F ⊆ X is a finite set, ∑
x∈F

λx = 1, and λx ≥ 0

}
.

Notice that a point in the convex hull of X can be written in several
convex combinations of points in X. Besides, it is unclear how many points
are needed to write it down. Carathéodory’s theorem yields an upper bound
on the number of points of X, which is enough to represent any point in its
convex hull. It was proved in Carathéodory (1907).

Theorem 2.8 (Carathéodory’s theorem). Let X be a subset of Rn. Then any point
in the convex hull of X can be written as a convex combination of at most n+ 1 points
in X.

If X is a finite subset of Rn its convex hull is called a polytope. Especially, when
X is an affinely independent set, the convex hull of X is called a simplex. We
call standard simplex, ∆n, in Rn

+ to the convex hull of the set {e1, . . . , en} ⊂ Rn
+,

i.e.,
∆n := {(λ1, . . . , λn) ∈ Rn

+ | λ1 + · · ·+ λn = 1}. (2.3)
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A direct consequence of Carathéodory’s theorem 2.8 is that if a point y
lies in the convex hull of a set X ⊆ Rn, then y lies in some simplex generated
by finitely many points of X.

Any simplex generated by a set X ⊂ Rn possesses the property that for
any point y ∈ Conv(X) there is only a convex combination that writes down
y. Hence, one can define the vector of barycentric coordinates of y in Conv(X)

as the only vector λ ∈ RX
+ such that y = ∑

x∈X
λxx and ∑

x∈X
λx = 1.

Another important type of convex set is the hyperplane. Let a be a
nonnull vector of Rn, and b be a real number. The set

H := {x ∈ Rn | aTx = b}

is a hyperplane in Rn. Relating to the hyperplane, positive and negative closed
half-spaces are given by

H+ := {x ∈ Rn | aTx ≥ b} and H− := {x ∈ Rn | aTx ≤ b}.

A half-space can be also seen as the solution set of a linear inequality aTx ≤ b
(also valid for ≥). A set defined by the intersection of finitely many half-
spaces (or linear inequalities) is called a polyhedron,

P := {x ∈ Rn | Ax ≤ b},

where A is a nonnull matrix of Rm×n, and b is a vector of Rm. A bounded
polyhedron is a polytope.

The result below is a suitable variant of the fundamental theorem of
linear inequalities (see, e.g., Schrijver, 1998).

Proposition 2.9. Consider a system of linear inequalities:

aT
i x ≤ bi, i ∈ M = {1, . . . , m},

and let C ⊂ Rn be a convex set. If P = C ∩ {x ∈ Rn : aT
i x ≤ bi, i ∈ M}

is nonempty, then there exists a subset I ⊆ M such that |I| ≤ min{m, n} and
∅ ̸= C ∩ {x ∈ Rn : aT

i x ≤ bi, i ∈ I} ⊆ P.

Convex sets are endowed with a well-defined notion of dimension. Let
C ⊆ Rn be a convex set and let Aff(C) be its affine hull, i.e., the affine linear
subspace spanned by C. Then the dimension of C is defined by dim C :=
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dim Aff(C). A compact convex set that is full dimensional in Rn is called a
convex body.

Let C ⊆ Rn be a closed convex set. A subset F ⊆ C is called a face of
C if for all x, y ∈ C and any 0 ≤ λ ≤ 1, if we have λx + (1 − λ)y ∈ F, then
x, y ∈ F. A point x ∈ C is called an extreme point of C if {x} is a face of C, i.e.,
if x = λy + (1 − λ)z for some y, z ∈ C and 0 ≤ λ ≤ 1, then y = z = x. The
following result is the finite-dimensional version of Krein-Milman theorem.
It is also known as Minkowski’s theorem.

Theorem 2.10. Let C ⊂ Rn be a compact convex set. Then C is the convex hull of
its extreme points.

For the case of C as a polytope, the extreme points are known as the
vertices of the polytope.

The theorem of Carathéodory (2.8) was published in 1907. Another cru-
cial result in convex geometry is Helly’s theorem. Eduard Helly discovered
it in 1913 (Danzer et al., 1963) but was first published by Radon (1921), us-
ing Radon’s theorem. A second proof was published by König (1922), and
Helly’s own proof eventually appeared in Helly (1923).

Theorem 2.11 (Helly’s theorem). Suppose C is a family of at least n + 1 convex
sets in Rn, and C is finite or each member of C is compact. Then if each n + 1
members of C have a common point, there is a point common to all members of C.

The above theorem states that if a finite collection of convex sets in Rn

has an empty intersection, then a subcollection of n + 1 sets with an empty
intersection must exist.

A function f : Rn → R is a convex function if

f (λx + (1 − λ)y) ≤ λ f (x) + (1 − λ) f (y) for all x, y ∈ Rn, 0 ≤ λ ≤ 1.

A function f is convex if and only if its epigraph {(x, t) ∈ Rn × R : f (x) ≤ t}
is a convex set. A function f is concave if − f is convex.

The following result is a generalization of von Neumann’s saddlepoint
theorem. It is crucial in the intimate relationship between convexity and op-
timization.

Theorem 2.12 (Minimax theorem). Let X ⊆ Rn and Y ⊆ Rm be compact convex
sets and f : X×Y → R be a continuous function that is convex in its first argument
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and concave in the second. Then,

max
y∈Y

min
x∈X

f (x, y) = min
x∈X

max
y∈Y

f (x, y).

Von Neumann’s original theorem was motivated by game theory in order
to prove the existence of equilibria in the context of two-player zero-sum
games (v. Neumann, 1928). In this scenario, X and Y are standard simplices,
and the function f is a bilinear form.

2.3.1 Conic Geometry

A cone K is a subset of a real vector space S that is closed under positive
scalar multiplication; that is, K is a cone if x ∈ K implies λx ∈ K for every
positive scalar λ > 0. In this section, we focus on convex cones that contain
the 0 defined over Rn. Nevertheless, notice that this content is still valid even
if we replace Rn by any real vector space S, or even by a vector space over
any ordered field. This observation will be useful when we state the basis of
conic optimization.

For vectors x1, . . . , xk ∈ Rn a linear combination λ1x1 + · · · + λkxk is
said to be a conic combination if λi ≥ 0 for i = 1, . . . , k.

Definition 2.13 (Convex cone). A subset K of Rn is said to be a convex cone if it
is closed under conic combinations.

Equivalently, a convex cone is a convex set that is closed under multi-
plication by nonnegative scalars.

A closed convex cone K ⊆ Rn is called pointed if K does not contain
straight lines, i.e., K ∩ (−K) = {0} and it is solid if it is full-dimensional
(dim K = n), i.e., it has a nonnegative interior (K◦ ̸= ∅). A cone that is
convex, closed, pointed, and solid is called a proper cone.

Definition 2.14 (Dual cone). Given a cone K ⊆ Rn, its dual cone is the cone

K∗ := {y ∈ Rn | ⟨y, x⟩ ≥ 0 for all x ∈ K}.

Notice that, generally, the dual cone is often defined as a subset of the
dual space S∗ where S is the real vector space that contains K,

K∗ := {y ∈ S∗ | ⟨y, x⟩S ≥ 0 for all x ∈ K},
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where ⟨y, x⟩S := y(x) is the pairing between an element of the vector space
and one of the dual. In the definition of the dual cone for S = Rn we used
the natural identification of the dual space (Rn)∗ with Rn via the standard
inner product. Whether K is a closed convex cone in a real finite dimensional
vector space, then (K∗)∗ = K. A cone K is said to be self-dual if K = K∗. The
dual of a proper cone is also a proper cone. We call x an interior point of cone
K if and only if for any point y ∈ K∗, ⟨y, x⟩ = 0 implies y = 0.

Definition 2.15 (Recession cone). Let X be a nonempty set in a vector space S.
The recession cone of X is defined as:

recc(X) := {y ∈ S | ∀x ∈ X, ∀λ ≥ 0, x + λy ∈ X}.

Note that if X is the intersection of a proper cone K and a polyhedron
{x ∈ Rn : aT

i x ≤ bi, i = 1, . . . , m} where ai ∈ Rn, and bi ∈ R for i =

1, . . . , m. Then, the recession cone is equivalent to

K ∩
m⋂

i=1

Hi, (2.4)

where Hi is the half-space {x ∈ Rn : aT
i x ≤ 0} for i = 1, . . . , m. If C is

a nonempty closed convex subset of a finite-dimensional Hausdorff space
(e.g., Rn), then recc(C) = {0} if and only if C is bounded.

Polyhedral Cones

As we have defined the convex hull we can define the conic hull. Let X ⊆ Rn

be an arbitrary subset. The conic hull, Cone(X), of X is the smallest convex
cone containing X. Equivalently, Cone(X) is the set of all conic combinations
of points in X,

Cone(X) =

{
∑
x∈F

λxx ∈ Rn

∣∣∣∣∣ F ⊆ X is a finite set, and λx ≥ 0

}
.

Proposition 2.16. Let K ⊆ Rn be a convex cone. The following statements are
equivalent:

1. K is the conic hull of a finite set of vectors X ⊂ Rn, i.e., K = Cone(X).

2. K is the intersection of a finite number of half-spaces that have 0 on their
boundary.
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3. There is some matrix A ∈ Rm×n such that K = {x ∈ Rn : Ax ≥ 0}.

The last two statements are the same, and the equivalence between the first
two definitions was proved by Weyl (1934) (Mirkil, 1957).

Definition 2.17. A convex cone K of Rn is called a polyhedral cone if it satisfies
any of the conditions in Proposition 2.16.

One of the most relevant polyhedral cones is the nonnengative orthant.
We denote by Rn

+ the n–dimensional nonnegative orthant Rn
+ := {x ∈ Rn :

x ≥ 0}; that is, the set of all vectors in Rn with nonnegative entries. This is a
proper polyhedral cone and its dual cone is Rn

+, therefore it is self-dual.

Order Cones

Order cones play a crucial, maybe the main, role in the present dissertation.
We start defining the second–order (also known as Lorentz) cone (see Fig-
ure 1.1).

Definition 2.18 (Second–order cone). The second–order cone (SOC) is defined
as

Kn,1
2 := {(x, z) ∈ Rn × R+ | ∥x∥2 ≤ z},

where ∥·∥2 denotes the ℓ2 or Euclidean norm in Rn.

The dual of the second–order cone is itself, therefore it is self-dual, and
it is a proper cone.

If we rotate the second–order cone Kn,1
2 through an angle of forty-five

degrees in the (z, xn)–plane, we obtain the rotated quadratic cone, that we can
define, in a rescaled version, as

Kn,2
2

(
1
2

)
:= {(x, z) ∈ Rn × R2

+ | ∥x∥2
2 ≤ z1z2}.

Notice that (x, z) ∈ Kn,2
2

(
1
2

)
if and only if ((2x, z1 − z2), z1 + z2) ∈ Kn+1,1

2 .
Thus, both cones are equivalents after a rotation and rescaling.

A generalization of second–order cones appears when we replace the
euclidean norm with the ℓp–norm as the base norm to define the cone.

Definition 2.19 (p–order cone). Given 1 ≤ p ≤ ∞, the p–order cone (pOC) is
defined as

Kn,1
p := {(x, z) ∈ Rn × R+ | ∥x∥p ≤ z},
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where ∥·∥p stands for the ℓp or Hölder norm in Rn.

Let p be a value between 1 and ∞, both includes, it is defined the con-
jugate q of p as the number with satisfies 1

p + 1
q = 1, by convention 1 and ∞

are conjugates. The dual of the p–order cone is the q–order cone being q the
conjugate of p, also it is a proper cone.

Notice that K0,1
p equals to R+.

FIGURE 2.2: Boundary of the three-dimensional p–order cone
(p = 10), i.e., K2,1

10 .

Cone of Positive Semidefinite Matrices

We denote by Sn
+ the set of all positive semidefinite matrices in Sn. This is a

proper cone, called the positive semidefinite matrix cone (PSD). The dual of the
cone is itself, therefore, it is self-dual.

This family of cones is a matrix generalization of nonnegative orthants
and also contains the family of second–order cones.

Let (x, z) ∈ Rn+1 be a vector, the arrow-shaped matrix Arw(x, z) ∈ Sn+1

is defined as:

Arw(x, z) :=

[
zIn x
xT z

]
.
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Note that by the Schur complement, (x, z) ∈ Kn,1
2 if and only if Arw(x, z) ⪰ 0.

Generalized Power Cones

Definition 2.20 ((p, α)–power cone). Given 1 ≤ p ≤ ∞, α ∈ ∆d, the (n + d)–
dimensional (p, α)–power cone is defined as

Kn,d
p (α) := {(x, z) ∈ Rn × Rd

+ | ∥x∥p ≤ zα},

where ∥·∥p denotes the ℓp–norm in Rn, ∆d is the standard simplex, and for any
z ∈ Rd

+ and α ∈ ∆d, zα is the weighted geometric mean of z with weights α.

Some particular cases of the (p, α)–power cones are especially interest-
ing. Specifically, we present the following:

• Kn,1
p (1) = Kn,1

p is the (n + 1)–dimensional p–order cone for p ≥ 1.

In case p = 2, Kn,1
2 (1) = Kn,1

2 (1) is the second–order cone.

• K1,d(α) := K1,d
1 (α) is the α–power cone.

• Kn,2
p (α) := Kn,2

p (α, 1 − α) is the (d + 2)–dimensional (p, α)–power cone,
for any p ≥ 1 and 0 ≤ α ≤ 1. In case d = 1, K1,2(α) := K1,2

1 (α) is the
α–power cone.

• Kn,2
2

(
1
2

)
is the rotated quadratic cone. In case n = 1, we obtain the

three-dimensional rotated quadratic cone

K1,2
(

1
2

)
= {(x, y, z) ∈ R3 | x2 ≤ yz, y, z ≥ 0}.

Notice that the latter coincides exactly with the cone S2
+.

Other Important Cones

A symmetric matrix X ∈ Sn is copositive if xTXx ≥ 0 for all x ≥ 0. The cone of
all copositive matrices, denoted by C∗

n , is a proper cone in Sn.

The exponential cone is a convex set of R3 defined as the closure (cl) in R3 of
the set of points that satisfy y exp

(
x
y

)
≤ z, and y > 0, i.e.,

Kexp := cl
{
(x, y, z) ∈ R3 | x ≥ y exp

(
z
y

)
, y > 0

}
.
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FIGURE 2.3: Boundary of the three-dimensional rotated
quadratic cone, K1,2 ( 1

2

)
. Equivalently, the 2 × 2 positive

semidefinite matrices, S2
+.

The relative entropy cone

REn :=
{
(ν, ζ, δ) ∈ Rn

+ × Rn
+ × Rn | νi log

(
νi

ζi

)
≤ δi, ∀i = 1, . . . , n

}
.

Two other important cases are the hyperbolicity cone associated with a given
hyperbolic polynomial and the cone of multivariate polynomials that are sums of
squares. This latter cone will play an important role later.

2.4 Conic Programming

Here, we summarize some standard definitions and properties of mathemat-
ical optimization with a focus on conic and mixed integer programming. For
more background and in-depth details, the reader is referred to Anjos and
Lasserre (2011); Ben-Tal and Nemirovski (2001a); Blekherman et al. (2012);
Boyd and Vandenberghe (2004); Lee and Leyffer (2011).

Mathematical programming is a language for formally describing tons of
optimization problem classes. A mathematical programming problem or math-
ematical program (MP) consists of: parameters, encoding the problem input;
decision variables, encoding the problem output; one objective function to be
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minimized; and a set of constraints describing the feasible set (some of these
constraints may be bounds or integrality requirements on the decision vari-
ables). The objective function and constraints are described by mathematical
expressions whose arguments are the parameters and the decision variables.
Let I = {1, . . . , n} and J = {1, . . . , m} for some nonnegative integers n and
m; and Z ⊆ I be a subset of I. In general, an MP formulation is as follows:

minimize f (x) (MP)

subject to gj(x)◁j 0, ∀j ∈ J;

xi ∈ Z, ∀i ∈ Z;

where x ∈ Rn is the vector of decision variables; f : Rn → R is the objective
function; gj : Rn → R are real functions and ◁j ∈ {≤,=} for j ∈ J. The
set of expressions gj(x)◁j 0 for j ∈ J is called the set of constraints and each
of them is a constraint. The set of constraints, along with the domain of the
variables, shape the feasible set. If f , g1, . . . , gm are affine forms and Z = ∅,
(MP) is a linear program (LP). If some of f , g1, . . . , gm is a nonlinear function
and Z = ∅, (MP) is a nonlinear program (NLP), and if f is a convex function,
Z = ∅, and the feasible set {x ∈ Rn : gj(x)◁j 0, j ∈ J} is convex, (MP) is a
convex program. If f , g1, . . . , gm are affine forms and Z ̸= ∅, (MP) is a mixed
integer linear program (MILP), and if Z = I it is an integer liner program (ILP).
If some of f , g1, . . . , gm is a nonlinear function and Z ̸= ∅, (MP) is a mixed
integer nonlinear program (MINLP), and if f is a convex function, Z ̸= ∅, and
the feasible set is convex (without consider integrality in the variables), it is
a mixed integer convex program. If f , g1, . . . , gm are polynomials in R[x] and
Z = ∅, (MP) is a polynomial optimization problem (POP).

A fundamental type of convex program is one whose objective function
f is linear and the feasible set is a slice of a proper cone, i.e., the intersection
between an affine subspace and a proper cone.

Dantzig (1948) carried out an analysis of military operations and pro-
posed that the interrelationships between the activities of a large organiza-
tion should be viewed as a type of linear program and proposed the simplex
algorithm to solve them. It was soon recognized that such models could be
used in many other contexts, and this brought about the great interest in the
theoretical as well as the computational aspects of this field (Vajda, 2009). Ac-
cording to George Dantzig, duality for linear optimization was conjectured
by v. Neumann (1928) after himself introduced the problem.
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2.4.1 From Linear to Conic Programming

Conic optimization is a branch of convex optimization. The idea is to gener-
alize linear programming, where the associated feasible sets are polyhedra,
to the case where the vector of decision variables belongs to a slice of a cone.

Linear Programming

Linear programming is the problem of minimizing a linear function subject
to linear constraints.

Definition 2.21 (Linear programs (LP)). Let A ∈ Rm×n, b ∈ Rm, and c ∈ Rn.
The standard form linear programming (LP-P) primal problem and its dual
problem (LP-D) are

minimize cTx (LP-P)

subject to Ax = b,

x ≥ 0.

maximize bTy (LP-D)

subject to ATy ≤ c.

Geometrically, an (LP-P) has a natural interpretation, its feasible set is
the intersection of an affine subspace defined by the constraints Ax = b and
the nonnegative orthant, thus it is a polyhedron. Hence, linear programming
corresponds to the minimization of a linear function over a polyhedron. No-
tice that (LP-D) also corresponds to the maximization of a linear function
over a polyhedron. There are very natural and direct algebraic relationships
between them.

Weak duality: For any couple of feasible solutions x, y of (LP-P) and
(LP-D), respectively, it always holds that

cTx − bTy = xTc − (Ax)Ty = xT(c − ATy) ≥ 0, (2.5)

where the last inequality follows from the constraints x ≥ 0 and ATy ≤ c.
Thus, from any feasible dual solution, one can obtain a lower bound on the
value of the primal. Conversely, primal feasible solutions give upper bounds
on the value of the dual.

Strong duality: If both primal and dual problems are feasible, then they
achieve the same optimal value (zero duality gap), and there exist optimal fea-
sible solutions x⋆ and y⋆ such that cTx⋆ = bTy⋆.
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Complementary slackness: Strong duality combined with (2.5) implies
that at optimality we must have

x⋆i (c − ATy⋆)i = 0, i = 1, . . . , n.

That is, there is a correspondence between primal variables and dual inequal-
ities in the sense that whenever a primal variable is nonzero, the correspond-
ing dual inequality must be tight.

Second–Order Cone Programming

Second–order cone programming (SOCP) is the problem of minimizing a linear
function subject to linear and quadratic constraints.

Definition 2.22 (Second–order cone programs (SOCP)). Let Ai ∈ Rm×ni , b ∈
Rm, and ci ∈ Rni for i ∈ K = {1, . . . , k}. The standard form second–order cone
programming (SOCP-P) primal problem and its dual problem (SOCP-D) are

minimize
k

∑
i=1

cT
i xi (SOCP-P)

subject to
k

∑
i=1

Aixi = b,

xi ∈ Kni−1,1
2 , i ∈ K.

maximize bTy (SOCP-D)

subject to ci − AT
i y ∈ Kni−1,1

2 , i ∈ K.

Geometrically, an (SOCP-P) has a natural interpretation, its feasible set
is the intersection of an affine subspace defined by the constraints A1x1 +

· · ·+ Akxk = b and a Cartesian product of second–order cones. Notice that
(SOCP-D) also corresponds to the maximization of a linear function over a
slice of a Cartesian product of Lorentz cones.

Remark 2.23. Note that in the standard form (SOCP-P) each decision variable be-
longs to one, and only one, second-order cone within the product ∏k

i=1 Kni−1,1
2 . In

practice, the same variable usually appears in several SOC constraints (this fact can
be fixed by adding more linear constraints), but a more general (and compact) form
of SOCP will be as follows. Let A ∈ Rm×n, b ∈ Rm, c ∈ Rn, and πi : Rn → Rni

be projections, for i = 1, . . . , k; (SOCP-P) can be formulated as

minimize cTx

subject to Ax = b,

πi(x) ∈ Kni−1,1
2 , i = 1, . . . , k.
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In case ni = 1 for i = 1, . . . , k; then every Kni−1,1 = K0,1
2 = R+. Hence,

∏k
i=1 Kni−1,1

2 becomes in the nonnegative orthant which implies SOCP gen-
eralizes LP.

As SOCP has been defined we can define p–order cone programming (pOCP).

Definition 2.24 (p–order cone programs (pOCP)). Let 1 ≤ p ≤ ∞, Ai ∈
Rm×ni , b ∈ Rm, and ci ∈ Rni for i ∈ K = {1, . . . , k}. The standard form p–order
cone programming (pOCP-P) primal problem and its dual problem (pOCP-D)
are

minimize
k

∑
i=1

cT
i xi (pOCP-P)

subject to
k

∑
i=1

Aixi = b,

xi ∈ Kni−1,1
p , i ∈ K.

maximize bTy (pOCP-D)

subject to ci − AT
i y ∈ Kni−1,1

q , i ∈ K.

where q is the conjugate of p.

Semidefinite Programming

Semidefinite programming is a broad generalization of linear programming,
where the decision variables are symmetric matrices. A semidefinite program-
ming (SDP) problem corresponds to the optimization of a linear function sub-
ject to linear matrix inequality constraints. A linear matrix inequality (LMI) has
the form

A0 +
m

∑
i=1

Aixi ⪰ 0,

where Ai ∈ Sn for i = 0, . . . , m are given symmetric matrices.

Definition 2.25 (Semidefinite programs (SDP)). Let C, Ai ∈ Sn for i = 1, . . . , m;
and b ∈ Rm. The standard form semidefinite programming (SDP-P) primal
problem and its dual problem (SDP-D) are

minimize ⟨C, X⟩ (SDP-P)

subject to ⟨Ai, X⟩ = bi, i = 1, . . . , m

X ⪰ 0.

maximize bTy (SDP-D)

subject to
m

∑
i=1

Aiyi ⪯ C.

Geometrically, an (SDP-P) has a natural interpretation, its feasible set is
the intersection of an affine subspace defined by the constraints ⟨Ai, X⟩ = bi
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for i = 1, . . . , m; and the cone of positive semidefinite matrices, this kind
of slice of Sn

+ is defined as a spectrahedron. Hence, semidefinite program-
ming corresponds to the minimization of a linear function over a spectrahe-
dron. Equivalently, a spectrahedron can be also defined as the intersections
of finitely many LMI’s. Hence, (SDP-D) also corresponds to the maximiza-
tion of a linear function over a spectrahedron.

When X is a diagonal matrix, (SDP-P) becomes (LP-P) so SDP generalizes LP.

Moreover, we have seen (x, z) ∈ Kn,1
2 if and only if Arw(x, z) ⪰ 0, so the con-

straints xi ∈ Kni−1,1
2 for i = 1, . . . , k are equivalent to BlockDiag(Arw(xi)) ⪰

0 so SDP also generalizes SOCP.

Complexity: Porkolab and Khachiyan (1997) worked on the complex-
ity of semidefinite programming obtaining very celebrated bounds related
to this problem via the first–order theory of the reals. They dealt with the
semidefinite feasibility problem which is defined by the existence of a real n × n
symmetric matrix X ∈ Sn

+ which is solution for

⟨Ai, X⟩ ≤ bi, i = 1, . . . , m; X ⪰ 0, (FSDP)

where A1, . . . , Am ∈ Sn are integral n× n symmetric matrices, b1, . . . , bm ∈ Z.
Their result claims the following.

Theorem 2.26. Let τ be the maximal bit size of the input data. The feasibility of
(FSDP) can be tested in mnO(min{m,n2}) arithmetic operations over τnO(min{m,n2})-
bit numbers.

On the other hand, to know complexity bounds of the interior point
method for linear, second–order cone, and semidefinite programming the
reader is referred to (Ben-Tal and Nemirovski, 2001a, § 6.6).

Conic Programming

Conic programming (CP) is a general class of convex optimization problems
that unifies linear, order, and semidefinite programming. Next, we describe
the conic framework followed by the mathematical formulation.

The starting point should be the geometric interpretation. As we have
been seeing, one can define a general class of optimization problems where
the feasible sets are the intersection of an affine subspace and a proper cone.
Consider two real vector spaces S and T, and a linear map A : S → T. Recall
that the adjoint map of A is defined as the unique linear map A∗ : T∗ → S∗
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that satisfies
⟨A∗y, x⟩S = ⟨y,Ax⟩T , ∀x ∈ S, y ∈ T.

Definition 2.27 (Conic programs (CP)). Let S and T be a real vector spaces, A :
S → T be a linear map, K ⊆ S be a proper cone, b ∈ T, and c ∈ S∗. The standard
form conic programming (CP-P) primal problem and its dual problem (CP-D)
are

minimize ⟨c, x⟩S (CP-P)

subject to Ax = b,

x ∈ K.

maximize ⟨y, b⟩T (CP-D)

subject to c −A∗y ∈ K∗.

Rapidly, from an algebraic point of view, we notice that the weak duality
property holds for conic programs.

Weak duality: For any couple of feasible solutions x, y of (CP-P) and
(CP-D), respectively, it always holds that

⟨c, x⟩S − ⟨y, b⟩T = ⟨c, x⟩S − ⟨y,Ax⟩T

= ⟨c, x⟩S − ⟨A∗y, x⟩S

= ⟨c −A∗y, x⟩S ≥ 0.

Despite the formal similarities, there are several differences between
linear and general conic programming. Beyond the weak duality, there is no
strong duality in the general case, i.e., there may be a nonzero duality gap
between optimal values of the primal-dual pair. Moreover, optimal solutions
may not be attained, even if there is zero duality gap.

Strong duality:

1. Let either (CP-P) or (CP-D) be infeasible, and furthermore the other be
feasible and has a nonempty interior. Then the other is unbounded.

2. Let (CP-P) and (CP-D) be both feasible, and furthermore one of them
has a nonempty interior. Then there is no duality gap at optimality
between them, i.e.,

inf{⟨c, x⟩S | Ax = b, x ∈ K} = sup{⟨y, b⟩T | c −A∗y ∈ K∗}.
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3. If there is a pair of feasible solutions x ∈ K◦ and y ∈ (K∗)◦ of (CP-P)
and (CP-D), respectively. Then, they achieve the same optimal value
(zero duality gap), and there exist optimal feasible solutions x⋆ and y⋆

such that ⟨c, x⋆⟩S = ⟨y⋆, b⟩T.

2.4.2 Mixed Integer Conic Programming

We focus on conic optimization problems where the decision variables are
real numbers and also some of them could be integers. Opening the door to
a class of optimization problems known as mixed integer conic programming
(MICP).

Definition 2.28 (Mixed integer conic programs (MICP)). Let K ⊆ Rn be a
proper cone, N = {1, . . . , n}, Z ⊆ N, A ∈ Rm×n, b ∈ Rm, and c ∈ Rn. The
standard form mixed integer conic programming (MICP) problem is

minimize cTx (MICP)

subject to Ax = b

x ∈ K,

xi ∈ Z, ∀i ∈ Z.

When K = Rn
+ is the nonnegative orthant (MICP) becomes a mixed

integer linear program (MILP), if K = Kn−1,1
2 is the second–order cone or a

cartesian product of them (MICP) is a mixed integer second–order cone program
(MISOCP). If instead of the Lorentz cone is the p–order cone then (MICP)
is a mixed integer p–order cone program (MIpOCP). Eventually, if the vector of
decision variables is a real symmetric matrix in Sn and K = Sn

+ is the PSD
then (MICP) is a mixed integer semidefinite program (MISDP).

Location Theory: A Significant Application

One of the branches of operations research that has seen significant develop-
ment since the 1960s is location theory (see Nickel and Puerto, 2006). Due to its
growing importance, it has been recognized by the American Mathematical
Society with the code 90B85.

A location problem arises whenever a decision-maker needs to deter-
mine the placement of a facility or resource, taking into account a given
set of users. Although the development of location analysis dates back to



68 Chapter II. Background

the 1960s, its origins are much older, tracing back to the time of the An-
cient Greeks. Wesolowsky (1993) states that Greek geometers had already
provided at least three solutions to the location problem that is now known
as the Weber problem. More recently, according to Kuhn (1967), it has been
argued that location analysis originated in the 17th century with the Fermat’s
problem: given three points in the plane, find a fourth point that minimizes
the sum of its distances to the three given points.

During the 17th century, various solutions were proposed to solve this
problem. Evangelista Torricelli was the first to introduce a geometric ap-
proach to finding this fourth point, now known as the Fermat–Torricelli point
(see, e.g., Laporte et al., 2019). However, in the last century, the Weber problem,
introduced by Weber (1909), is considered to mark the beginning of modern
location analysis (Smith et al., 2009). This foundational problem consists of
finding a point in the plane that minimizes the sum of weighted Euclidean
distances to a set of fixed demand points.

As the Weber problem as many other folkloristic location problems such
as p–median problem (Cooper, 1963); Euclidean minimax problem (Hakimi, 1964),
set covering location problem (Toregas et al., 1971); maximal covering location
problem (Church and ReVelle, 1974); and ordered median problem (Blanco et al.,
2014, 2016; Puerto, 2020); admits a formulation as mixed integer conic pro-
gramming problem (MICP).

2.5 Graph Theory

Here, we summarize some standard definitions and properties of graph the-
ory and combinatorial optimization. For more background and in-depth de-
tails, the reader is referred to Bondy and Murty (1976).

Many real-world situations can conveniently be described using a di-
agram consisting of a set of points along with lines joining certain pairs of
these points. For example, the points could represent people, with lines
joining pairs of friends; or the points might be communication centres, with
lines representing communication links. Notice that in such diagrams one is
mainly interested in whether or not two given points are joined by a line; the
manner in which they are joined is immaterial. A mathematical abstraction of



2.5. Graph Theory 69

situations of this type gives rise to the concept of a graph. Graph theory is fun-
damental in understanding the structure and interrelationships within com-
plex systems and has been proven to be a very powerful tool to analyze so-
cial or telecommunication networks (see, e.g., Barnes, 1969; Ramírez-Arroyo
et al., 2020). Nevertheless, graph theory holds fundamental importance be-
yond its practical applications, as its ability to translate abstract mathemat-
ical ideas into concrete visual forms provides a rich framework for explor-
ing deep mathematical concepts related to structure, symmetry, and con-
nectivity, offering insights in different more theoretical disciplines. For in-
stance, graph-theoretic approaches are used to explore knot theory (Mura-
sugi, 1989), the study of surfaces (Boykov and Kolmogorov, 2003), knowl-
edge bases (Basu and Blanning, 1997), or probabilistic methods (Erdős and
Rényi, 1960; Gilbert, 1959).

A graph G is an ordered triple G = (V, E, ψ) consisting of a nonempty
set V of vertices, a set E, of edges, and an incidence map ψ : E → P2(V) that
associates each edge of G with an unordered pair of (not necessarily distinct)
vertices of G (here, P2(V) stands for the set of all subsets of V with cardinality
at most 2). If e ∈ E is an edge and u, v ∈ V are vertices such that ψ(e) =

{u, v}, then e is said to join u and v; the vertices u and v are called the ends of
the edge e.

Graphs are so named because they can be represented graphically, and
it is this graphical representation which helps us understand many of their
properties. Each vertex is indicated by a point, and each edge by a line joining
the points which represent its ends. Most of the definitions and concepts in
graph theory are suggested by the graphical representation. The ends of an
edge are said to be incident with the edge, and vice versa. Two vertices which
are incident with a common edge are adjacent, as are two edges which are
incident with a common vertex. An edge with identical ends is called a loop,
and an edge with distinct ends a link. A graph H = (V′, E′, ψ′) is a subgraph
of G (written H ⊆ G) if V′ ⊆ V, E′ ⊆ E, and ψ′ is the restriction of ψ to E′.
Suppose that V′ is a nonempty subset of V. The subgraph of G whose vertex
set is V′ and whose edge set is the set of those edges of G that have both ends
in V′ is called the subgraph of G induced by V′ and is denoted by G[V′]; we
say that G[V′] is an induced subgraph of G.

A graph is finite if both its vertex set and edge set are finite, and is simple
if it has no loops and no two of its links join the same pair of vertices. Here-
inafter, we study only simple finite graphs, and so the term "graph" always
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means "simple finite graph". Notice that if the graph is simple then ψ is in-
jective so we can identify E with the image of ψ(E) ⊆ P2(V) hence in this
work a graph is completely determined by the ordered pair (V, E). A walk in
G is a finite nonnull sequence W = w0w1 · · ·wk, whose terms fulfill there is
an edge {wi−1, wi} ∈ E for i = 1, . . . , k. We say that W is a walk from w0 to
wk, or a (w0, wk)–walk. If, in addition, the vertices w0 · · ·wk are distinct, W is
called a path. Two vertices u and v of G are said to be connected if there is a
(u, v)–path in G. Connection is an equivalence relation on the vertex set V.
Thus there is a partition of V into nonempty subsets V1, . . . , Vω such that two
vertices u and v are connected if and only if both u and v belong to the same
set Vi. The subgraphs G[V1], . . . , G[Vω] are called the components of G. If G
has exactly one component, G is connected; otherwise G is disconnected.

If instead of having the edges in P2(V) they belong to V × V, i.e., they
are ordered couples; then the graph is called directed and the edges are called
arcs. Let G = (V, A) be a directed graph or digraph, where V is the vertex set
and A ⊂ V × V is the arc set of G. For each v ∈ V, we denote by δ+(v) :=
{w ∈ V : (v, w) ∈ A} the set of its outgoing arcs, and deg+(v) := |δ+(v)| is
the outdegree. Analogously, δ−(v) := {w ∈ V : (w, v) ∈ A} denotes the set
of ingoing arcs of v, and deg−(v) := |δ−(v)| its indegree. Any directed graph
has associated three matrices that allow to characterize the graph, namely the
adjacency, the degree, and the laplacian matrix. The adjacency matrix of G is
defined as Adj(G) := (avw)v,w∈V , where avw = 1 if (v, w) ∈ A, and zero
otherwise. The degree matrix of G is the diagonal matrix of order |V| × |V|
defined as D+(G) := (dvw)v,w∈V , where dvv = deg+(v). Finally The Laplacian
matrix of G is defined as L+(G) := D+(G)− Adj(G).

With each digraph D we can associate an (undirected) graph G on the
same vertex set. Corresponding to each arc of D there is an edge of G with
the same ends. This graph is the underlying graph of D. Conversely, given
any graph G, we can obtain a digraph from G by specifying, for each link, an
order on its ends. Such a digraph is called an orientation of G. A directed
graph is weakly connected if the underlying graph is a connected graph. A
directed graph is strongly connected if it contains a directed path (a path which
respects the orientation) from u to v for every pair of vertices (u, v).

Besides, if one assigns weights to the edges of the graph we obtain a
network. A network G is an ordered triple G = (V, E; Ω) such that (V, E) is a
graph and Ω : E → R+ is the edge-weight map e 7→ ωe ∈ R+ which assign a
nonnegative weight to each edge in the graph.
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Given a subset M ⊆ Rn, we say that G = (V, A) is an M-geometric
graph (same for digraph or network) if its vertex set, V, is embedded in M,
i.e., V ⊂ M; and each edge e = {oe, fe} ∈ E can be identified with the seg-
ment in Rn, with extremes oe and fe in V or with the vector of Rn associated
with them, i.e., fe − oe.

2.5.1 Combinatorial Optimization

In combinatorial optimization, the goal is to find the best solution from a finite
set of possible solutions, often structured as graphs. Some of the most pop-
ular and used optimization problems belong to this family, as the shortest
path problems, minimum cost spanning trees, traveling salesperson prob-
lem, or maximum flow. Algorithms proposed to efficiently solve these prob-
lems (see, e.g., Dijkstra, 1959; Prim, 1957; Kruskal, 1956; Ford and Fulker-
son, 1956) are based on exploiting the properties of the graph structures be-
hind them. In more complex combinatorial problems, with tons of vertices or
edges, sophisticated interconnections, multilayered, etc., it is even more cru-
cial to understand the structures of the graphs to be constructed as a solution
of a decision problem.

Conic optimization plays a fundamental role in combinatorial optimiza-
tion and graph theory, where conic structures have been used to formulate
stronger relaxations (Bie and Cristianini, 2006; Chuong, 2022); construct new
supervised classification tools (Blanco et al., 2020b; Wang et al., 2018); derive
efficient algorithms for challenging combinatorial problems (Alizadeh, 1995;
Blanco and Puerto, 2022; Blanco and Martínez-Antón, 2024b; Dhyani Bhatt
et al., 2021); or detect graph properties or invariants, as those induced by
semidefinite programming (SDP) for problems such as the maximum sta-
ble set problem (Gaar et al., 2022); graph partitioning (Orecchia and Vish-
noi, 2011); and the max-cut problem (Gaar and Rendl, 2020; Goemans and
Williamson, 1995). Beyond SDP, second–order cone programming (SOCP)
and p–order cone formulations (pOCP) have also been leveraged to strengthen
or find good quality bounds for classical combinatorial optimization prob-
lems or to model robust versions of these problems (see, e.g., Ben-Tal and Ne-
mirovski, 2001b; Buchheim and Kurtz, 2018; Burer and Chen, 2009; Liu et al.,
2022; Muramatsu and Suzuki, 2003, among many others). Conic duality has
been instrumental in identifying hidden combinatorial structures, such as ex-
ploiting Laplacian eigenvalues in spectral graph theory to design more effi-
cient clustering and community detection algorithms (Qing and Wang, 2020).
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Chapter III

Mediated graphs

Ich will neue Dinge sehen und sie
erforschen. Ich will dunkles Wasser
probieren, sprühende Bäume und wilde
Winde sehen.
Quiero ver cosas nuevas e investigarlas.
Quiero probar agua oscura y ver árboles
chispeantes y vientos salvajes.

— Egon Schiele

In this chapter, we provide a new link between conic optimization and graph
theory by introducing and analyzing a new family of geometric graphs. De-
spite its impact in the computation of explicit SOS decomposition of non-
negative polynomials or SOC representation of general p–order and power
cones, it has not been previously formally introduced, the so-called family of
mediated graphs.

We formally analyze the family of mediated graphs, which will be de-
fined as geometric directed graphs embedded in abelian groups, where al-
most all its vertices (tails) are the midpoint of two other vertices (heads) in the
graph, and an arc joins each tail with its heads.

Literature Review

The underlying structure of these graphs is closely related to the concept of
mediated set that was introduced by Reznick (1989) as a tool to provide a nec-
essary and sufficient condition for an AGI-form to be decomposed as a sum
of squares of polynomials. Since then, the notion of mediated set has been
modified to be adapted to different problems (see, e.g., Hartzer et al. (2022);
Magron and Wang (2023); Wang (2024)). Magron and Wang (2023) also ex-
ploit this structure to provide an SOC representation of sums of nonnegative
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circuits cones (SONC). Dressler et al. (2017) and Wang (2022) propose the use
of mediated sets to represent convex semialgebraic sets using SONC. Sum of
squares (SOS) decompositions were addressed by Reznick (1989); Iliman and
De Wolff (2016a,b) using also mediated sets. Recently, in Wang (2024), these
sets have been applied to provide optimal SOC representations of weighted
geometric mean inequalities. The usefulness of the graph structure of a medi-
ated set was already observed by Blanco and Martínez-Antón (2024a) for the
same problem, where the authors provide explicit minimal SOC extended
representations of generalized power cones (GPC). It allows us to formulate,
exactly and efficiently, a generalized power cone programming (GPCP) problem
as an SOCP with a direct impact in solving optimization problems involv-
ing these cones. Another recent contribution on mediated sets can be found
in Powers and Reznick (2021).

The remainder of this chapter is organized as follows. In Section 3.1,
we formally introduce the concept of mediated graphs and establish some
fundamental geometric and algebraic properties derived from their defini-
tion. Section 3.2 is dedicated to studying optimal (extremal) graphs within
the class of mediated graphs under a partial order that we define, based on
the cardinality of the vertex set. The identification and computation of these
optimal graphs form the core of this work. We motivate the need for their ef-
ficient computation by highlighting their connection to the existence of SOS
decompositions of circuit polynomials and minimal SOC representations of
more complex conic structures. In Sections 3.2.1 and 3.2.2, we introduce and
analyze minimal and maximal mediated graphs, respectively. These sections
present the main contributions of this work: the development of integer lin-
ear programming (ILP) formulations to compute these graphs. Besides, in
Chapter VII, Section 7.1, we report the results of an extensive set of experi-
ments demonstrating the validity and practical utility of our approaches. For
maximal mediated graphs, we compare our optimization-based method with
the enumerative approach proposed in Hartzer et al. (2022). For minimal me-
diated graphs, we analyze the performance of different domain formulations
for which we derive integer linear optimization models. Finally, we draw
some conclusions and indicate some potential future research on the topic in
the last chapter.
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3.1 Definition and Properties

We start by introducing the main definition in this work.

Definition 3.1 (Mediated graph). Let M ⊆ Rn and A ⊂ M be a finite set.
An M-geometric digraph G = (V, A) is said an A-mediated graph if A ⊂ V,
δ+(v) ̸= ∅, and if w ∈ δ+(v), then 2v − w ∈ δ+(v), for all v ∈ V\A.

The family of A-mediated graphs on M will be denoted as MM
A . The

mention of the domain M will be omitted in the notation unless it is neces-
sary to avoid confusion.

The definition of mediated graph implies that every vertex in V, except
those in A, is the midpoint of two of its out-adjacent vertices. Every point in
V\A is said to be a mediated vertex.

Remark 3.2. Note that every nonempty mediated graph G = (V, A) can be reduced
to a graph G′ = (V, A′), whose outdegree deg+(v) = 2 for all v ∈ V\A and
deg+(a) = 0 for all a ∈ A which is also a mediated graph. Thus, hereinafter, we
assume without loss of generality, that, in every A-mediated graph, each vertex has
outdegree 2, except for those in A which have outdegree 0. Moreover, we assume
A ̸= ∅, since the only ∅-mediated graph is the empty graph.

Remark 3.3. The domain where the vertex set of a mediated graph is defined has been
taken as a subset of Rn, but note that the only condition we need to define a mediated
graph is 2v − w ∈ M for any v, w ∈ M. Hence, in a more general and abstract
way, we can define a mediated graph in any domain M, being M a Z–module (i.e.,
and abelian group).

In the following example, we illustrate the geometrical shapes of some
mediated graphs.

Example 3.4. Let A = {(0, 0), (7, 0), (0, 7)} (red dots) in Figure 3.1 we show two
different A-mediated graphs in two different domains. In the left picture, we show a
A-mediated graph constructed on M = R2. Note that, apart from the points in A,
four more vertices appear in the graph (blue dots), namely (0.5, 0.5), (1, 1), (2, 2),
and (3.5, 3.5), all of them midpoints of two other vertices in the graph. The arrows
indicate the arcs in the graph, each of them directed from the vertex to the two other
vertices for which it is a midpoint. In the right picture, we show an example of a A-
mediated graph with domain M = Z2. In this case, the graph consists of 10 vertices
(3 of them those in A), but the coordinates of the points are now integer numbers.
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In this case, the vertices not in A are: (1, 0), (1, 1), (1, 2), (2, 0), (2, 4), (4, 0), and
(4, 1).

FIGURE 3.1: Two versions of A-mediated graphs but with
different vertex domains: R2 (left) and Z2 (right).

Although mediated graphs have been proven to be useful in different
fields, in this chapter we provide a general framework for them, as well as
explore some of their properties.

First, we derive some geometric and algebraic properties of a mediated
graph, whose proof is straightforward, but allows us to understand the close-
ness properties of the family MA.

Proposition 3.5. Let A ⊂ M be a finite set of points in M, and G = (V, A) ∈
MA. Then, the following properties are verified:

1. G ∈ MM′
A for any M ⊆ M′.

2. G ∈ MA′ for all A ⊆ A′ ⊂ M.1

3. M∅ = {(∅, ∅)}.

4. If A′ ⊂ M and (V′, A′) ∈ MA′ , then (V ∪ V′, A ∪ A′) ∈ MA∪A′ .

5. V ⊂ Conv(A).

6. If A is affinely independent and V ∩ Conv(A)◦ ̸= ∅, then deg−(a) ≥ 1 for
all a ∈ A.

7. The submatrix L+(G)V\A of the Laplacian matrix of G is invertible, and the
entries of its inverse are nonnegative.

1without considering the isolated vertices in A′\A
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Proof. Since 1-6 are straightforward, we will only prove 7. It is just needed
to see if the matrix satisfies the hypothesis of (Reznick, 1989, Lemma 4.3).
Since, for all v ∈ V\A, deg+(v) = 2, thus the entries of the main diagonal
of the matrix are equal to two; and it is clear that the entries out of the main
diagonal only take values in {0,−1}. Each row is in the shape (cvw)w∈V\A
with v ∈ V\A, therefore it has as −1’s as heads of v in V\A so at most two.
Eventually, assume that there exists a principal submatrix in which each row
has exactly two −1’s. This implies that there exists U ⊆ V\A such that for
all v ∈ U its two heads belong to U. So, the graph (U, A ∩ (U × U)) is an
∅-mediated graph, then U = ∅ by statement 3.

In the family of mediated graphs MA, we will analyze those graphs
whose vertex set contains a finite set B ⊂ M. These subsets play a main role
in this work.

MA(B) := {(V, A) ∈ MA : B ⊂ V} . (3.1)

When B be a singleton, i.e., B = {b} for some b ∈ M, MA(b) := MA({b}).

In what follows, we analyze under which conditions the family MA(B)
is not empty.

Definition 3.6 (Binary support). Let n be a nonnegative integer number. We
denote by Ω(n) the set of strictly positive coefficients in the binary decomposition of
n, namely, if n = ∑

⌊log2(n)⌋
i=0 bi2i, then

Ω(n) := {i ∈ {0, . . . , ⌊log2(n)⌋} : bi = 1} .

We adopt (Wang, 2024, Corollary 28) for mediated graphs to provide a
first nonemptyness sufficient condition for MA(b).

Lemma 3.7. Let A ⊂ Rn be an affine independent set and b ∈ Conv(A)◦. Then,
there exists nonempty graph G = (V, A) in MA(b) with

|V| = ∑
a∈A

|Ω(sa)|+ |A| − 1,

where s = (sa)a∈A ∈ NA, gcd(s) = 1, and 1
∥s∥1

s are the barycentric coordinates
of b with respect to A.

In the following result, we generalize the previous result for any set
A and any set B (not necessarily singleton). Notice that, by Carathéodory’s
theorem 2.8, for every point b ∈ Conv(A), there is at least one subset C ⊆ A
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affinely independent (a.i.), strictly containing the point b. Hence, we can
define

A(b) := arg min
C⊆A a.i.

{
∑
c∈C

|Ω(sc)|+ |C| :

s = (sc)c∈C ∈ NC , gcd(s) = 1, b =
1

∥s∥1
∑
c∈C

scc

}
. (3.2)

We denote by sb := (sb
a)a∈A(b) ∈ NA(b), where gcd(sb) = 1 and 1

∥sb∥1
sb

are the barycentric coordinates of b with respect to A(b).

Theorem 3.8. Let A,B ⊂ Rn be finite subsets and B ⊂ Conv(A). Then, there
exists a nonempty graph G = (V, A) ∈ MA(B) such that:

|V| ≤ νA(B) := ∑
b∈B

 ∑
a∈A(b)

|Ω(sb
a)|+ |A(b)|

− |B|. (3.3)

Proof. By Lemma 3.7, there exists GA(b) = (VA(b), AA(b)) in MA(b)(b) ⊆
MA(b) (the inclusion is obtained from Proposition 3.5.2) with

|VA(b)| = ∑
a∈A(b)

|Ω(sb
a)|+ |A(b)| − 1.

By Proposition 3.5.4, there must be a graph G = (V, A) ∈ MA(B) where
V =

⋃
b∈B

VA(b), thus |V| ≤ ∑
b∈B

|VA(b)|.

Note that the nonemptyness of MA(B) is not assured in general, even
if B ⊂ Conv(A) ∩ M. In the following result, we show a counterexample of
this situation.

Example 3.9. Let us consider M = (2Z)2, A = {(0, 0), (4, 2), (2, 4)} and b =

(2, 2) ∈ Conv(A) ∩ (2Z)2. Note that there is no choice to construct a A-mediated
graph that contains b, and then MA(b) = ∅.

In view of the possible nonexistence of mediated graphs, Powers and
Reznick (2021) provide a lower bound for the dilation constant k ∈ N such
that MkA(B) is nonempty for all A ⊂ M, where kA := {ka ∈ (2Z)n : a ∈
A} and B ⊂ Conv(kA) ∩ Zn in the case M = (2Z)n.
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Theorem 3.10. Let A ⊂ (2Z)n be an affine independent set. Then, for every integer
k ≥ {2, |A| − 2}, there exists a (kA)-mediated graph, G = (Conv(kA) ∩ Zn, A)

such that δ+(v) ⊂ (2Z)n for every vertex v ∈ Conv(kA) ∩ Zn.

3.2 Optimal Mediated Graphs

The family of A-mediated graphs can be endowed with a partial order in-
duced by the cardinality of their vertex sets. Specifically, given G = (V, A),
G′ = (V′, A′) ∈ MA:

G ⪯ G′ if and only if either |V| < |V′| or G = G′. (3.4)

Based on this partial order, the family of A-mediated graphs for a given finite
set A ⊂ M has two distinguished elements that arise when minimizing and
maximizing the number of vertices in the graph. Since the enumeration of
this family of graphs can be, in general, cumbersome, we develop approaches
to construct these optimal graphs using mathematical optimization tools. The
study and construction of these so-called minimal and maximal mediated
graphs are motivated by their implications in different problems in convex
algebraic geometry and then, in its application to efficiently represent useful
convex optimization problems.

We separately analyze minimal and maximal mediated graphs for dif-
ferent reasons. On the one hand, minimal mediated graphs (MinMG, for
short) have already been proven to be useful structures to derive the most ef-
ficient and simple SOC or SOS decompositions of other more complex convex
sets, with a high impact in practical conic optimization problems (see, e.g.,
Blanco et al., 2014; Blanco and Martínez-Antón, 2024a; Magron and Wang,
2023; Wang, 2024). Furthermore, MinMG can be analyzed in discrete and con-
tinuous domains referring to the cardinality of Conv(A) ∩ M, finite and in-
finite, respectively. On the other hand, the known applications of maximal
mediated graphs (MaxMG, for short) are related to the existence of SOS de-
composition of circuit polynomials (Hartzer et al., 2022; Iliman and De Wolff,
2016a; Reznick, 1989). Clearly, the construction of MaxMG is only possible in
discrete domains.

In this section, we analyze some properties of MinMG and MaxMG and
propose different approaches for their construction.
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3.2.1 Minimal Mediated Graphs

Note that the unique minimal mediated graph of MA is the edgeless graph
with vertex set A. Thus, we analyze here MinMG restricted to the family
MA(B) for a nonempty set B ⊂ Conv(A) ∩ M (see (3.1)). In what follows,
we formally introduce this subgraph.

Definition 3.11 (Minimal mediated graph). Let A,B ⊂ M be finite sets. We
say that G = (V, A) ∈ MA(B), is a minimal A–mediated graph for B if there
not exists G′ = (V′, A′) ∈ MA(B) such that |V′| < |V|.

We denote by MinMGA(B) the family of minimal A-mediated graphs
for B. Notice that a minimal mediated graph is a minimal element in the
poset (MA(B),⪯). Some properties can be derived for this family of medi-
ated graphs

Theorem 3.12. Let A ⊂ M and B ⊂ M. Then, any minimal mediated graph
G ∈ MA(B) has at most |B| weak connected components.

Proof. Let us first analyze the case when B = {b}. In case MA(b) = ∅ is
clear. We prove the lemma by contraposition for nonempty MA(b). Suppose
the graph G = (V, A) ∈ MA(b) is not weakly connected. Thus, one can
construct the graph, G′ = (V′, A′) where:

V′ := {v ∈ V : there exists a path from b to v}
A′ := A ∩ (V′ × V′).

Note that G′ is an A–mediated graph with b ∈ V′. Given v ∈ V′\A, by
definition, there exists a path in G from b to v. If w and 2v − w are the heads
of v in G, then w, v − w ∈ V′, and then (v, w), (v, 2v − w) ∈ A′. Since,
clearly, b ∈ V′, G′ ∈ MA(b). As G is not weakly connected, V′ ⊊ V, then
|V′| < |V|, contradicting the minimality of G.

Let us now analyze the general case. If G = (V, A) ∈ MA(B) which
is not weakly connected, it is enough to consider the graph G′′ = (V′′, A′′)
defined by

V′′ := {v ∈ V : there exists a path from B to v}, (3.5)

A′′ := A ∩ (V′′ × V′′)

which, analogously to the singleton case, is MA(b), with |V′′| < |V|, contra-
dicting the minimality of G.
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The following result is straightforward from the construction in the pre-
vious result and provides us information about the indegrees of the vertices
in a minimal mediated graph.

Corollary 3.13. If G ∈ MA(B) is a minimal mediated graph, then deg−(v) ≥ 1
for all v ∈ V\B.

The following result is a straightforward consequence of Theorem 3.8
giving us an upper bound for the cardinality of a minimal mediated graph.

Corollary 3.14. Let A,B ⊂ Rn and G = (V, A) ∈ MinMGA(B). Then,

|V| ≤ νA(B).

Computing MinMGA(B) requires determining both the vertices in Conv(A)

and the arcs that verify the mediated condition at minimum cardinality. For
particularly structured sets A, and singleton sets B, Wang (2024) propose a
brute-force algorithm and heuristic approaches to compute MinMGA(B) fo-
cused on deriving minimal SOC representations of weighted geometric mean
inequalities. Blanco and Martínez-Antón (2024a) provide a mixed integer lin-
ear programming model (MILP) to compute this set. In both cases, M = Rn

for a given dimension n ≥ 1. This framework will be named the continuous
domain minimal mediated graph since the vertices are to be found in the con-
tinuous region Conv(A). On the other hand, in case M is a lattice (as Zn or
(2Z)n), we call this framework the discrete domain minimal mediated set. The
main difference stems in that the search of the vertices and links in the con-
tinuous domain case is to be done among infinitely many vectors, whereas in
the discrete domain case, the search is done in a finite set of points. By anal-
ogy with facility location theory, this is exactly the same difference between
the family of continuous location problems and discrete location problems.

In what follows, we analyze minimal mediated sets for these two fam-
ilies of domains and derive mathematical optimization models that allow us
to compute the minimal mediated graphs, avoiding, in general, the enumer-
ation of all potential minimal subgraphs.

Minimal Mediated Graphs in Rn

The problem of deriving mathematical optimization models for the contin-
uous case was already addressed by Blanco and Martínez-Antón (2024a) for
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the vertex sets of dilations of the standard simplex and a single interior lat-
tice point. Below we state the result for the general continuous domain case,
which is a straightforward extension of the formulation provided in the men-
tioned paper.

Theorem 3.15. Let A ⊂ Rn be a finite set of points, and B ⊂ Conv(A). The
following mixed integer linear programming model allows to compute MinMGA(B)
for M = Rn.

(C-MinMGP)

Minimize |A|+ |B|+ ∑
v∈V\(A∪B)

zv (3.6)

subject to yvw ≤ zv, ∀v ∈ V\A, w ∈ V , (3.7)

yvw ≤ zw, ∀v ∈ V\A, w ∈ V , (3.8)

2xv ≥ xw + xu − ∆(2 − yvw − yvu), ∀v ∈ V\A, w ̸= u ∈ V , (3.9)

2xv ≤ xw + xu + ∆(2 − yvw − yvu), ∀v ∈ V\A, w ̸= u ∈ V , (3.10)

∥xv − xw∥1 ≥ ε(zv + zw − 1), ∀v ̸= w ∈ V , (3.11)

∑
w∈V

yvw = 2zv, ∀v ∈ V\A, (3.12)

xv = v, zv = 1 ∀v ∈ A ∪ B, (3.13)

yvw ∈ {0, 1}, ∀v ∈ V\A, w ∈ V ,

zv ∈ {0, 1}, ∀v ∈ V ,

xv ∈ Rn, ∀v ∈ V ,

where V is any index set satisfying: A,B ⊂ V , and |V| = νA(B). The parameters
∆ := max{∥a∥∞ : a ∈ A}, and ε is a small enough tolerance value.

Proof. In the above formulation, the following variables are used:

zv =

1 if v is a vertex of the minimal mediated graph,

0 otherwise;

yvw =

1 if (v, w) is an arc of the minimal mediated graph,

0 otherwise;

xv ∈ Rn : Coordinates of the vertices in the MinMG in case zv = 1, ∀v ∈ V .

Constrains (3.7) and (3.8) determines that an arc in the mediated graph is
possible just in case the two extremes are vertices of the graph. Constraints
(3.9) and (3.10) assures the correct construction of a mediated graph, that is, if
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(v, w), (v, u) are arcs in the mediated graph, then, v is the midpoint of w and
u. Constraints (3.11) assures that each vertex, seen as a embedded coordinate
in Rn, is activated only once. Constraint (3.12) is derived from Remark 3.2
where mediated graph is simplified to one with exactly two outgoing arcs
from each proper mediated vertex. Finally, Constraints (3.13) set as vertices
of the mediated graph those in A ∪ B. The minimality is assured by the
minimization criterion on the number of mediated vertices (3.6).

Note that the ℓ1 or Manhattan norm constraints are nonlinear but they can
be standardly rewritten as linear constraints. Thus, the model (C-MinMGP)
results in a MILP.

Minimal Mediated Graphs in Discrete Domains

The computation of discrete domain minimal mediated set, as far as we
know, has not been previously addressed, and although the above model
could be adapted (by enforcing that the x-variables can only take feasible
values in the finite set of points inside Conv(A) ∩ Zn or Conv(A) ∩ (2Z)n,
it would not exploit the discrete nature of the problem, and will result in an
inefficient approach to compute MinMG. In what follows, we describe an
alternative integer linear programming model (ILP) that we propose for the
problem.

Theorem 3.16. Let A,B ⊂ Zn be two finite sets points with B ⊂ Conv(A). The
following integer linear programming model allows to compute a mediated graph in
MinMGA(B).

(D-MinMGP)

Minimize |A|+ |B|+ ∑
v∈V\(A∪B)

xv (3.14)

subject to yvw ≤ xv, ∀v, w ∈ V , (3.15)

yvw ≤ xw, ∀v, w ∈ V , (3.16)

yv(2v−w) ≥ yvw, ∀v ̸= w ∈ V if 2v − w ∈ V , (3.17)

yvw = 0, ∀v ̸= w ∈ V if 2v − w ̸∈ V , (3.18)

∑
w∈V

yvw = 2xv, ∀v ∈ V\A, (3.19)

xv = 1, ∀v ∈ A ∪ B, (3.20)

xv ∈ {0, 1}, ∀v ∈ V , (3.21)

yvw ∈ {0, 1}, ∀v, w ∈ V . (3.22)
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where V is the (finite) set of potential positions for the mediated vertices.

Proof. Defining the binary variables that completely identify a mediated graph
in MA(B):

xv =

1 if v is a mediated vertex in MinMGA(B),
0 otherwise;

yvw =

1 if (v, w) is an arc in MinMGA(B),
0 otherwise.

These variables are adequately defined by constraints (3.15)-(3.22). Con-
straints (3.15) and (3.16) ensure that no arcs are possible unless the extreme
vertices are part of the graph. Constraints (3.17) and (3.18) imply the verifica-
tion of the mediated condition: if (v, w) is an arc in the mediated graph, then,
(v, 2v − w) is also an arc in case all the extreme are feasible vertices. Con-
straint (3.18) states that all the mediated vertices (except those in A) must
have exactly two ongoing arcs. Constraints (3.20). The domain of the vari-
ables are given in Constraints (3.21) and (3.22). The minimality is assured by
the minimization criterion on the number of mediated vertices (3.14). Note
that the elements in A are excluded from the sum of the variables since they
are always in the mediated graph, and then, its size is incorporated into
the objective function as a constant (that can be avoided when solving the
model).

Remark 3.17. The ILP model (D-MinMGP) has O(|V|2) variables and O(|V|2)
linear constraints. For large sizes of V the problem can be computationally costly.
Some strategies can be applied to the model in order to facilitate the solution proce-
dure:

• Constraints (3.15) are not necessary. They are already induced by Constraints
(3.19). Note that in case xv = 0, all the outgoing arcs from v are not allowed
in the solution.

• Constraints (3.16) can be strengthened by aggregating all the constraints for
a given w, i.e., one can replace Constraints (3.16) by

∑
v∈V

yvw ≤ |V|xw, ∀w ∈ V .
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• The y-variables are not required to be defined for the case yvv for v ∈ V .
Note that loops are not allowed in a mediated graph. The same applies for the
x-variables for v ∈ A ∪ B, that are already fixed to one in our model.

Remark 3.18. Note that the ILP (D-MinMGP) allows to compute a single minimal
mediated graph in the discrete domain case. It might be possible that more than one
mediated graph achieves this minimum cardinality. One could obtain the whole list
of mediated graphs in MinMGA(B) by iteratively solving the problem and adding
constraints to filter the previously obtained mediated graphs until the optimal solu-
tion achieves an objective value strictly larger than the minimum cardinal. Specifi-
cally, if solving for the first time the problem we obtain a minimum cardinality of ν,
with sets of arcs (provided by the solutions in the y-variables) A(1), one can add the
constraints:

|A|+ |B|+ ∑
v∈V\(A∪B)

xv ≤ ν,

∑
v,w∈V

yvw ≤ |A(1)| − 1

and solve the problem again. Thus, in the kth iteration, when the set of arcs A(k) is
obtained, we would add the constraint:

∑
v,w∈V

yvw ≤ |A(k)| − 1

In case the problem is infeasible, then the list of elements in MinMGA(B) is al-
ready obtained, otherwise, a new constraint is incorporated, and the problem is solved
again.

Example 3.19. Let us consider the set A = {(0, 0), (7, 0), (0, 7)} and B = {(1, 1)}.
In Figure 3.2 we show the five elements in MinMGA(B) in case M = Z2. They
were obtained in the same order as they as plotted by cutting off the solutions previ-
ously obtained. All of them have ten vertices. Observe that although the first and the
second; and the third and the fourth mediated graphs are symmetric with respect to
the line {x1 = x2}, the three obtained proper mediated graphs have a very different
combinatorial structure.
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FIGURE 3.2: The entire set MinMGA(B) of Example 3.19.

3.2.2 Maximal Mediated Graphs

In what follows, we analyze maximal mediated graphs, i.e., those mediated
graphs for A that have maximum vertex cardinality. Note that in the con-
tinuous case, the set of potential vertices for the mediated graph is not fi-
nite. Thus, in this section, we focus on maximal mediated graphs for discrete
domains. Note that in discrete domains, the number of vertices of any A-
mediated graph can be at most |Conv(A) ∩ M| < ∞ ensuring the existence
of maximal elements.

Definition 3.20 (Maximal mediated graph). Let A ⊂ M be a finite set of points.
G = (V, A) ∈ MA, is a maximal A–mediated graph, if there not exists G′ =
(V′, A′) ∈ MA such that |V′| > |V|.

We denote by MaxMGA the family of maximal A–mediated graphs. Notice
that a maximal mediated set is a maximal element in the poset (MA,⪯).

The first observation that we address is the unification of notation of
maximal mediated sets. The maximal A–mediated set was defined as the
A–mediated set that contains every A–mediated set (Hartzer et al., 2022; Ili-
man and De Wolff, 2016a; Reznick, 1989), i.e., maximality understood by the
order induced by the set inclusion. Indeed, this kind of set are maximum
for this order in the set of all A–mediated sets. In what follows we state the
equivalence between our definition of maximal mediated graph and those of
maximal mediated sets in the literature.

Theorem 3.21. G = (V, A) ∈ MA is a maximal mediated graph if and only if V
is the maximal mediated set. Furthermore, if G = (V, A) and G′ = (V′, A′) are
maximal, then V = V′.

Proof. Let G be a maximal mediated graph. If there is an A–mediated set V′

such that V′ ⊈ V, then V ⊂ V ∪ V′. Since, V ∪ V′ is an A–mediated set there
is an A–mediated graph G′ = (V ∪ V′, A′). However, G′ ≻ G and that is not
possible by the maximality of G. So, V is the maximal mediated set.
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On the other hand, let V be the maximal A–mediated set. Assume there
is G′ = (V′, A′) ⪰ G, that implies either |V′| > |V| or G′ = G. However, the
first condition cannot be true for the maximality of V so G′ = G. Hence, G is
maximal.

In what follows, we provide our mathematical optimization formula-
tion that we propose to compute the maximal mediated graph for a set A.

Theorem 3.22. Let A ⊂ Zn be a finite set of points. The following integer linear
programming model allows to compute a mediated graph in MaxMGA.

(D-MaxMGP)

Maximize |A|+ ∑
v∈V\A)

xv (3.23)

subject to ∑
v∈V

yvw ≤ |V|xv, ∀w ∈ V , (3.24)

∑
w∈V

yvw ≤ |V|xv, ∀v ∈ A, (3.25)

yv(2v−w) ≥ yvw, ∀v ̸= w ∈ V if 2v − w ∈ V , (3.26)

yvw = 0, ∀v ̸= w ∈ V if 2v − w ̸∈ V , (3.27)

∑
w∈V

yvw = 2xv, ∀v ∈ V\A, (3.28)

xv = 1, ∀v ∈ A ∪ B, (3.29)

xv ∈ {0, 1}, ∀v ∈ V , (3.30)

yvw ∈ {0, 1}, ∀v, w ∈ V . (3.31)

where V = Conv(A) ∩ Zd.

Proof. Note that the formulation is similar to the one provided in Theorem
3.16. Instead of maximizing the number of vertices in the obtained mediated
graph, this cardinality is maximized.
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Chapter IV

Conic Algebraic Geometry

Dime: ¿no ves aquel caballero que hacia
nosotros viene sobre un caballo rucio
rodado, que trae puesto en la cabeza un
yelmo de oro?
—Lo que yo veo y columbro —respondió
Sancho— no es sino un hombre sobre un
asno pardo como el mío, que trae sobre la
cabeza una cosa que relumbra.
—Pues ese es el yelmo de Mambrino
—dijo don Quijote—.

— Miguel de Cervantes. El ingenioso
hidalgo don Quijote de La Mancha,

Capítulo 21

The use of conic structures in mathematical optimization problems has been
widely extended within the last few years. The development of interior point
methods with specialized barriers has given room to efficiently solve prob-
lems involving cones with high practical interest. The incorporation of ex-
act techniques to solve conic optimization problems in different off-the-shelf
optimization solvers has allowed practitioners to use these tools to make de-
cisions in different fields. This is the case of facility location (Blanco, 2019;
Blanco and Gázquez, 2023; Blanco et al., 2014, 2016; Xue and Ye, 2000); su-
pervised classification (Blanco et al., 2020a,b); network covering (Blanco and
Martínez-Antón, 2024b); power control (Chiang et al., 2007); portfolio selec-
tion (Krokhmal and Soberanis, 2010; Lu, 2006; Vinel and Krokhmal, 2014);
geometric programming (Avriel and Williams, 1971; Nestorenko et al., 2022;
Ota et al., 2019), among many others. Thus, a lot of theoretical results have
emerged to understand the geometry of cones (Hien, 2015; Kian et al., 2019;
Lu et al., 2020; Roy and Xiao, 2022). In terms of efficiency of optimization
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problems involving cones, different polyhedral approximations have been
proposed (Ben-Tal and Nemirovski, 2001b; Lubin et al., 2018; Krokhmal and
Soberanis, 2010; Vinel and Krokhmal, 2014) to take advantage of linear pro-
gramming solvers to compute approximate solutions to conic optimization
problems. Nevertheless, in the early 2000s, Glineur et al. (2000) states that in-
terior points approaches have a better performance than the linear program-
ming approximations proposed by Ben-Tal and Nemirovski (2001b). More
recently, in view of the impressive developments of integer programming
solvers, in Vielma et al. (2008); Vinel and Krokhmal (2014), linear approxi-
mations are recommended for both conic programs with continuous and/or
integer variables.

In practice, among the vast variety of cones, some of them have been ex-
tensively analyzed since most of the cones can be rewritten in terms of these
basic cones (Lu et al., 2020). These cones are the power cone and the ex-
ponential cone, whose efficient representation and incorporation also allow
the incorporation of many other cones such as the second–order cone, the p–
order cone, and PSD, etc. As already stated by one of the most popular conic
optimization solvers, Mosek.

4.1 Minimal Representations

of Generalized Power Cones

Second–order cones (SOC) are fundamental structures in conic optimization,
that have been proven to be useful in different applied disciplines such as en-
gineering design (Blanco and Martínez-Antón, 2024b; Góez and Anjos, 2019;
Mohammadisiahroudi et al., 2024); robust optimization (Zhen et al., 2022);
financial modeling (Brar and Hare, 2020; Lu, 2006); or machine learning (Ku-
cukyavuz et al., 2023; López and Maldonado, 2016; Maldonado and López,
2014), among many others (see, e.g., Lobo et al., 1998; Alizadeh and Goldfarb,
2003). Recently, an SOC representation of a specific cone of sparse nonneg-
ative polynomials has been proposed by Averkov (2019) and Magron and
Wang (2023). The SOC (also known as the Lorentz cone) in Rn+1 is defined
as Kn,1

2 = {(x, z) ∈ Rn+1 : ∥x∥2 ≤ z}. The natural extension of these cones
are the p–order cones, where the Euclidean norm is replaced by the ℓp or
Hölder norm. These cones have been recommended in different applications
where measuring with non-Euclidean-based distances is recommended. For
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instance, in Blanco et al. (2020b), support vector machines with ℓp–norm-
based margins are analyzed. In their computational experiments, the authors
conclude that some datasets obtain the benefit of these norms with respect to
the classical (Euclidean) classifiers in terms of the obtained accuracies and
the number of nonzero features used for the classification. In multiple cri-
teria and combinatorial optimization, ℓp–based aggregation of the objectives
has been beneficial in terms of fairness (Bektaş and Letchford, 2020; Blanco
and Gázquez, 2023; Kostreva et al., 2004). The incorporation of p–order cones
into any of these optimization problems is performed, for practical purposes,
by rewriting these cones as a finite set of SOCs (Alizadeh and Goldfarb, 2003;
Blanco and Martínez-Antón, 2024a), which are the cones that the available
optimization solvers allow.

In this section, we analyze a general type of power cone, the (p, α) or
generalized power cone (GPC), which, given 1 ≤ p ≤ ∞, α ∈ ∆d, is defined as

Kn,d
p (α) := {(x, z) ∈ Rn × Rd

+ : ∥x∥p ≤ zα},

where ∥·∥p denotes the ℓp–norm in Rn, ∆d is the standard simplex, and for
any z ∈ Rd

+ and α ∈ ∆d, zα is the weighted geometric mean of z with weights
α (see Definition 2.20). This cone has, in particular cases, the p–order cone
and the power cone, and its efficient representation would allow us to solve
optimization problems that naturally appear in different fields.

An extended representation of a cone (or any set, in general) involves
reformulating the set equivalently by lifting it onto a higher-dimensional
space and identifying it with a product of simpler sets. Different represen-
tations may be valid for the same set, and thus, a natural measure of the
quality of a representation is its complexity, which includes the dimension
of the embedding space and the number of factor sets in the representation.
In this section, we derive different extended representations of the (p, α)–
power cone by means of simpler power cones and study its complexity. In
case p and α are rational, we provide extended representations of the cone
as three-dimensional rotated quadratic cones. The main advantage of these
simpler cones is that they are efficiently handled by most off-the-shelf opti-
mization solvers such as Gurobi, CPLEX, or FICO. We deal with the problem
of constructing optimal representations by solving a mathematical optimiza-
tion problem.
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Literature Review

Different authors have already addressed the analysis of representations for
particular cases of these cones. The general case of p–order cones, Kn,1

p , has
been studied in Krokhmal and Soberanis (2010); Vinel and Krokhmal (2014)
where the authors use the so-called tower of variables technique to represent
these cones through three-dimensional p–order cones, K2,1

p . In these pa-
pers, the authors provide different polyhedral approximations for solving p–
order cone programs (pOCP) and their mixed-integer extensions (MIpOCP).
In case p and α have rational entries, the cones can be adequately repre-
sented through three-dimensional rotated quadratic cone, K1,2

(
1
2

)
. Second–

order cone representation with α =
( s

r , r−s
r
)

has been already analyzed in
Krokhmal and Soberanis (2010); Blanco et al. (2014) using either tower of
variables or tree-based representations derived from the binary decomposi-
tion of r and s, with a cardinality of representation of O(log2(r)). In Morenko
et al. (2013), an algorithm is proposed to represent cones where α =

(
r1
2k , r2

2k , r3
2k

)
with cardinality of k. This construction generalizes and improves the pre-
vious representations, where α =

( s
r , r−s

r
)
, since this case is equivalent to

choose α = ( s
2k , r−s

2k , 2k−r
2k ) in this construction. The general multidimensional

version of this cone, i.e., α =
(

r1
2k , . . . , rd

2k

)
was analyzed in Kian et al. (2019)

with a similar strategy, obtaining a representation with cardinality O(k). As
far as we know, the general rational case, α =

( s1
ŝ , . . . , sd

ŝ
)
, has been only

previously analyzed in Wang (2024) where the author proposes a brute-force
enumeration approach as well as some heuristic algorithms for the computa-
tion of a minimal representation of the cone by second–order cones. The au-
thors of this dissertation note that the tower of variables method Ben-Tal and
Nemirovski (2001b) can be generalized to the general rational case to derive
a naive representation with cardinality O(ŝ). In contrast to that approach, we
compute the minimal representation of the general rational case by means of
solving a novel mixed integer linear optimization problem (MILP). The pre-
vious approaches analyzing rational cones and the obtained cardinalities are
summarized in Table 4.1.

It should be made clear that, in Table 4.1, the term cardinality is iden-
tified with the number of rotated quadratic cones K1,2

(
1
2

)
involved in the

representations.

Apart from the particular simplifications, this type of generalized power
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Ref. Cone Methodology Cardinality
Krokhmal and

Soberanis (2010)
K1,2 ( s

r , r−s
r
)

Tower of variables O(log2(r))

Blanco et al. (2014) K1,2 ( s
r , r−s

r
) Binary

decomposition O(log2(r))

Morenko et al.
(2013) K1,3

(
r1
2k , r2

2k , r3
2k

) A successive
algorithm O(k)

Kian et al. (2019) K1,d
(

r1
2k , . . . , rd

2k

) IP model and
heuristic O(k)

Ben-Tal and
Nemirovski (2001b)

K1,d ( s1
ŝ , . . . , sd

ŝ
)

Tower of variables O(ŝ)

Wang (2024) K1,d ( s1
ŝ , . . . , sd

ŝ
) A brute force and

heuristics algorithms O(max{log2(ŝ), d − 1})
Blanco and

Martínez-Antón
(2024a)

K1,d ( s1
ŝ , . . . , sd

ŝ
) Math-optimization

based approach O(max{log2(ŝ), d − 1})

TABLE 4.1: Summary of state-of-the-art
for SOC representations of rational cones.

cone appears, for instance, when modeling attraction between different bod-
ies. According to the law of universal gravitation by Newton (1687), the at-
traction of two objects can be obtained as

F =
Gm1m2

∥x1 − x2∥2
2

where G is the gravity constant, m1 and m2 are the masses of the two bodies,
and x1 and x2 their positions in the space. Thus, given a minimum thresh-
old for the attraction between the two objects, T, the inequality modeling all
the masses and positions with such a minimum attraction can be written as

Gm1m2
∥x1−x2∥2

2
≥ T, or equivalently,

∥x∥2
2 ≤ G

T
m1m2, x ∈ R3, m1, m2 ∈ R+,

where x = x1 − x2. Thus, the region defined by the inequality above is
exactly one of the cones in our family of generalized power cones, specif-
ically K3,2

2

(
1
2

)
. The cones that we analyze here generalize the inequalities

described above. First, by representing objects in higher-dimensional spaces
(Rn) instead of R3. Second, by using different distance measures to the Eu-
clidean norm in Rn. And third, by extending the product of two masses to
the weighted geometric mean of d different factors that affect the attraction
between the bodies. In Chapter VI, Section 6.2 we provide more details on
this generalization and its incorporation to a facility location problem.
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In this section, we analyze this general cone, and apart from providing
constructive approaches to simply represent the cones, we derive a novel ap-
proach to construct minimal representations of the cone as simpler second–
order cones. The main structures that we use for this construction are the
mediated graphs (see Chapter III).

The rest of this section is organized as follows. Section 4.1.1 is devoted
to set the notation and the definition of the main concepts; and seeing pos-
sible extensions of the general (p, α)–power cone by means of simpler β–
power cones and analyzing the complexity between them. In Section 4.1.2,
we will show the optimal extended representation of rational α–power cone
using second–order cones, for this purpose we will introduce the idea of α–
mediated graph as a special kind of mediated graph, its relationship with
these extended representations and address the problem of finding minimal
α–mediated graphs (MαMGP) via combinatorial programming. In Chap-
ter VII, Section 7.1.3, we show the computational performance of our mathe-
matical programming model of MαMGP.

4.1.1 Extended Representations of Generalized Power Cones

In this section, we provide valid extended representations of the (p, α)–power
cone by means of simpler power cones. We analyze the features of the dif-
ferent representations. First of all, we need to know what an extended repre-
sentation is. The formal definition of this representation is stated as follows.

Definition 4.1 (Extended representation). Given a set Q ⊆ Rn, we say that a
finite family E = {Qℓ}LE

ℓ=1 with Qℓ ⊆ Rnℓ , for ℓ = 1, . . . ,LE is an extended
representation of Q if there exist mE ∈ Z+ and projections πℓ : Rn × RmE →
Rnℓ , for ℓ = 1, . . . ,LE , such that:

x ∈ Q if and only if ∃w ∈ RmE such that πℓ(x, w) ∈ Qℓ ∀ℓ = 1, . . . ,LE .

We denote by Ext(Q) the class of families that are extended representations of Q.

For any extended representation E of the set Q, the integer mE in the
above definition will be denoted as the extended dimension of E to represent Q
and the integer LE will be called the cardinality of representation.

Note that this definition differs slightly from the notion of extended for-
mulation of a polytope that has been widely studied in combinatorial opti-
mization (see, e.g., Kaibel and Walter, 2015). The key idea of our notion of
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FIGURE 4.1: Illustrative diagram about extended
representation concept.

extended representation is to lift the original set Q onto a higher-dimensional
space, keeping the components of the original set Q, but allowing a sim-
pler and more suitable representation at the price of adding some new vari-
ables and constraints. A clear illustration of this type of extension is the
one commonly used to reformulate disjunctive linear programming prob-
lems. Let Q := Conv(

⋃k
i=1 Pi) the convex hull of the union of k polytopes

P1, . . . , Pk ⊂ Rn, each of them defined by means of linear inequalities, Pi =

{x ∈ Rn : Aix ≤ bi} with Ai ∈ Rmi×n, bi ∈ Rmi for i = 1, . . . , k. While Q is
difficult to be represented as a set of inequalities in Rn, it can be represented
by the set

Q′ = {(x, x1, . . . , xk, λ1, . . . , λk) ∈ Rn × Rnk × Rk |

x −
k

∑
i=1

xi = 0,

Aixi − biλi ≤ 0, ∀i = 1, . . . , k,
k

∑
i=1

λi = 1,

λi ≥ 0, ∀i = 1, . . . , k}
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(see, e.g., Balas, 1998). Hence, taking the projections

(x, x1, . . . , xk, λ1, . . . , λk) 7−→ (x, x1, . . . , xk),

(x, x1, . . . , xk, λ1, . . . , λk) 7−→ (xi, λi) for i = 1, . . . , k and

(x, x1, . . . , xk, λ1, . . . , λk) 7−→ (λ1, . . . , λk).

Then E := {H0, H1, . . . , Hk, ∆k} is an extended representation of Q where
LE = k + 2, mE = nk + k, H0 is the affine subspace of Rn+nk defined by x =

∑k
i=1 xi, Hi is the polyhedron of Rn+1 defined by ([Ai;−bi], 0) for i = 1, . . . , k;

and ∆k is the standard simplex.

An extended representation can be seen as a generalized intersection of
the sets that are part of the extension, as stated in the following result, whose
proof is straightforward from the definition.

Proposition 4.2. Let Q ⊆ Rn and E = {Qℓ}LE
ℓ=1 with Qℓ ⊂ Rnℓ , for ℓ =

1, . . . ,LE . Then, E ∈ Ext(Q) if and only if there exist mE ∈ Z+ and projections
πℓ : Rn × RmE → Rnℓ , for ℓ = 1, . . . ,LE , such that

Q = projn

(
π−1

( LE
∏
ℓ=1

Qℓ

))
= projn

( LE⋂
ℓ=1

(
π−1
ℓ (Qℓ)

))
∼= projn

( LE⋂
ℓ=1

(
Qℓ × RmE−dℓ

))
,

where projn : Rn × RmE → Rn is the canonical projection over Rn and π =

(π1 × · · · × πLE ).

The constructions derived in this section will be based on nesting se-
quential representations. The correctness of the global extended representa-
tion of this construction is based on the following result.

Proposition 4.3. Let E = {Q1, . . . , QLE } ∈ Ext(Q) and Eℓ = {Qℓ1, . . . , QℓLEℓ
} ∈

Ext(Qℓ), for all ℓ = 1, . . . ,LE . Then,

E ′ :=
LE⋃
ℓ=1

Eℓ ∈ Ext(Q).

Proof. Let us define mE ′ := mE + ∑LE
ℓ=1 mEℓ . For each ℓ = 1, . . . ,LK and s =

1, . . . ,LEℓ , and define π′
ℓs : Rn × RmE′ → Rnℓs as

π′
ℓs := πℓs ◦

(
πℓ × idmEℓ

)
◦
(

idn+mK × projmEℓ

)
where πℓ is the projection of the extended representation E for the set Qℓ, and
πℓs the projection of the extended representation Eℓ for the set Qℓs. There we
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denote by projmEℓ
the projection from R∑

LE
ℓ=1 mEℓ onto the coordinates in R

mEℓ .
The commutative diagram of the constructed projection is as follows:

Rn × RmE′ Rn × RmE × R
mEℓ

Rnℓ × R
mEℓRnℓs

//
(idd+mE×projmEℓ

)

oo πℓs
��

(πℓ × idmEℓ
)

��

π′
ℓs

Thus, with the above definitions, it only remains to prove that

x ∈ Q if and only if ∃w ∈ RmE′ such that π′
ℓs(x, w) ∈ Qℓs

for every ℓ = 1, . . . ,LE and s = 1, . . . ,LEℓ is true.

Considering that E ∈ Ext(Q), it implies that

x ∈ Q if and only if there exists w0 ∈ RmE verifying πℓ(x, w0) ∈ Qℓ

for every ℓ = 1, . . . ,LE . Therefore, since Eℓ ∈ Ext(Qℓ) for every ℓ = 1, . . . ,LE ,
there must then exist wℓ ∈ R

mEℓ with ℓ = 1, . . . ,LE satisfying

πℓs(πℓ(x, w0), wℓ) ∈ Qℓs

for all s = 1, . . . ,LKℓ
.

In sum, taking w := (w0, w1, . . . , wLE ) ∈ RmE′ , by definition of π′
ℓs, we

get that x ∈ Q if and only if π′
ℓs(x, w) = πℓs(πℓ(x, w0), wℓ) ∈ Qℓs for every

ℓ = 1, . . . ,LE and s = 1, . . . ,LEℓ .

Next, we will study different extended representations of the general-
ized power cone. The first result is based on splitting the constraint defining
the (p, α)–power cone in two simple constraints (with a single linking vari-
able), being the obtained constraints of simpler cones, in this case, a p–order
cone and an α–power cone. As a consequence, being able to represent the
original power cone stems from adequately representing (separately) each of
these two cones.

Lemma 4.4. Given 1 ≤ p ≤ ∞, α ∈ ∆d. Then, E := {Kn,1
p ,K1,d(α)} ∈

Ext(Kn,d
p (α)) with mE = 1 and LE = 2.
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Proof. The proof is straightforward.

In what follows, we provide extended representations of p–order cones
and α–power cones.

The first result is a generalized version of the so-called tower of variables,
originally proposed by Ben-Tal and Nemirovski (2001b) for n = 2k. The gen-
eral case has been already proven in Krokhmal and Soberanis (2010), and an
alternative notation/representation of this result can be found in Vinel and
Krokhmal (2014). This allows one to derive a reformulation of a p–order cone
in dimension n + 1 as n − 1 p–order cones in dimension 3 using n − 2 new
variables.

Hereinafter, given n ∈ N and a set X, n copies of X are denoted by X, n). . ., X.

Lemma 4.5. Given 1 ≤ p ≤ ∞. Then, E := {K2,1
p , n−1). . . ,K2,1

p } ∈ Ext(Kn,1
p ) with

mE = n − 2 and LE = n − 1.

Proof. The construction of the three-dimensional cones to represent the p–
order cone can be done using a tree-shaped structure. Recall that the cone
Kn,1

p is defined by an inequality ∥(x1, . . . , xn)∥p ≤ w, or equivalently,

n

∑
j=1

xp
j ≤ wp.

Let T be binary a tree with vertices indexed by the subsets of {1, . . . , n},
2{1,...,n}, and being the root vertex R0 = {1, . . . , n} and its leaves {1}, . . . , {n}.
At each level of the tree, the parent index set is partitioned into two disjoint
sets until the singleton vertices are reached.

For each nonleave vertex, v ∈ 2{1,...,n}, in the tree we denote by c1(v)
and c2(v) its unique children vertices. Then, the following constraints equiv-
alently represent the constraint defining the cone:

wv ≥ ∥(wc1(v), wc2(v))∥p, ∀v ∈ T (nonleave vertices)

where vertex w{i} is identified with the original variable xi, and the root ver-
tex variable w{1,...,n} is identified with the variable w. Thus, there are as many
constraints as nonleave vertices in the tree (n − 1) and as many variables as
nonroot and nonleave vertices in the tree (n − 2).
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The proof of the above result is constructive and allows an easy rep-
resentation of the p–order cone by means of a binary tree. In Figure 4.2 we
show a tree for n = 7, which results in the following representation of the
p–order cone K7,1

p :

w ≥ ∥(w{1,2,3}, w{4,5,6,7})∥p,

w{1,2,3} ≥ ∥(w{1,2}, x3)∥p,

w{1,2} ≥ ∥(x1, x2)∥p,

w{4,5,6,7} ≥ ∥(w{4,5,6}, x7)∥p,

w{4,5,6} ≥ ∥(w{4,5}, x6)∥p,

w{4,5} ≥ ∥(x4, x5)∥p

{1, 2, 3, 4, 5, 6, 7}

{1, 2, 3}

{1, 2}

{1} {2}

{3}

{4, 5, 6, 7}

{4, 5, 6}

{4, 5}

{4} {5}

{6}

{7}

FIGURE 4.2: Tree for the tower of variables construction of
Lemma 4.5 for n = 7.

In the next result, we show that each of the three-dimensional cones
that are part of the extended representation of the p–order cone can be repre-
sented as a family of 1

p –power cones and a half-space.

We denote by Hn+1 :=

{
(x, w) ∈ Rn × R :

n

∑
i=1

xi ≤ w

}
.

Lemma 4.6. Given 1 ≤ p ≤ ∞. Then, E :=
{
K1,2

(
1
p

)
, n). . .,K1,2

(
1
p

)
,Hn+1

}
∈

Ext(Kn,1
p ) with mE = n and LE = n + 1.

Proof. The proof is based on that, for w > 0, the inequality defining the cone
Kn,1

p , ∥x∥p ≤ w is equivalent to:

n

∑
j=1

xp
j

wp−1 ≤ w
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Let q be the conjugate of p, i.e., 1
p + 1

q = 1. Since p − 1 = p
q , we get that be

above equation is equivalent to:

n

∑
j=1

xp
j

w
p
q
≤ w,

which can be split into the following inequalities by adding auxiliary vari-
ables t1, . . ., tn ≥ 0:

n

∑
j=1

tj ≤ w, (4.1)

xp
j ≤ tjw

p
q , ∀j = 1, . . . , n; (4.2)

where (4.1) define the half-space Hn+1. Constraints (4.2) can be rewritten as:

xj ≤ t
1
p
j w

1
q .

Thus, (xj, (tj, w)) ∈ K1,2
(

1
p

)
, for j = 1, . . . , n.

In case w = 0, the proof is straightforward.

Finally, by Proposition 4.3, and the previous lemmas 4.4, 4.5, and 4.6
we get that one can construct an extended representation of the (n + d)-
dimensional (p, α)–power cone by means of power cones and half-spaces.

Corollary 4.7. Given 1 ≤ p ≤ ∞, α ∈ ∆d. Then,

E :=
{
K1,2

(
1
p

)
, 2(n−1). . . ,K1,2

(
1
p

)
,H2+1, n−1). . . ,H2+1,K1,d(α)

}
∈Ext(Kn,d

p (α))

with mE = 3n − 3 and LE = 3n − 2.

Here, the original cone Kn,d
p (α) is first represented by a p–order cone

and a α–power cone. Then, the p–order cone is represented by n − 1 three-
dimensional p–order cones. Finally, each of these cones is represented as
simpler three-dimensional 1

p –power cones.

The above representation of the (p, α)–power cone requires embedding
the cone in a higher-dimensional space with 3n − 3 extra dimensions and
using 3n − 2 sets in the representation (power cones and half-spaces). In
the following results, we provide alternative representations reducing the
cardinality of the representations.
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Theorem 4.8. Given 1 ≤ p ≤ ∞, α ∈ ∆d. Then,

E :=
{
K1,d(α),Hn+1,K1,d+1

(
1
p

,
1
q

α

)
, n). . .,K1,d+1

(
1
p

,
1
q

α

)}
∈Ext(Kn,d

p (α))

with mE = n + 1 and LE = n + 2.

Proof. For the first extension, it is enough to apply Lemma 4.6 replacing w by
zα in the proof. Hence, we have that{

Kn,d
1 (α),K1,d+1

(
1
p

,
1
q

α

)
, n). . .,K1,d+1

(
1
p

,
1
q

α

)}
∈ Ext(Kn,d

p (α)).

To represent the cones Kn,d
1 (α) in the extension, i.e., elements (t, z) ∈ Rn ×Rd

such that ∥t∥1 ≤ zα, we split the constraint as:

∥t∥1 ≤ w, (4.3)

w ≤ zα. (4.4)

where (4.3) define the half-space Hn+1 and (4.4) the cone K1,d(α). Thus,
{K1,d(α), Hn+1} ∈ Ext(Kn,d

1 (α)) with extended dimension 1 (a single extra
variable to link the constraints).

Applying Proposition 4.3, we get the desired result.

The above result provides an alternative extension requiring embed-
ding the cone into a n + 1 extra-dimensional space by means of n + 2 sets
(cones and half-spaces).

Finally, we provide the simplest extended representation of the cone.

Theorem 4.9. Given 1 ≤ p ≤ ∞, α ∈ ∆d. Then,

E :=
{
K1,2

(
1
p

)
, n). . .,K1,2

(
1
p

)
,Hn+1,K1,d(α)

}
∈ Ext(Kn,d

p (α))

with mE = n + 1 and LE = n + 2.

Proof. The proof is straightforward from Proposition 4.3, and lemmas 4.4
and 4.6.

In Figure 4.3 we illustrate the extended representation of the cone derived
from the above result. A summary of the results derived above is shown in
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Kn,d
p (α)

[ mE = 1
LE = 2

]


Kn,1
p

[ mE1 = n
LE1 = n + 1

]


K1,2
(

1
p

)
·
· n)

·
K1,2

(
1
p

)
Hn+1

K1,d(α)

FIGURE 4.3: Extended representation of Theorem 4.9.

Table 4.2. Note that unless n = 1, the representation in Theorem 4.9 is strictly
stronger than the one in Corollary 4.7.

Result mE LE K1,d(α) K1,d+1
(

1
p , 1

q α
)

K1,2( 1
p ) Hn+1 H2+1

Corollary 4.7 3n − 3 3n − 2 1 − 2(n − 1) − n− 1
Theorem 4.8 n + 1 n + 2 1 n − 1 −
Theorem 4.9 n + 1 n + 2 1 − n 1 −

TABLE 4.2: Summary of main results from Section 4.1.1.

Remark 4.10. Note that one can analogously represent more general cones in the
form:

Kp(α)[ f , g, h] :=
{
(x, z, t) ∈ Rn1 × Rn2 × Rn3 : ∥ f (x)∥p ≤ h(z)α + g(t)

}
where f : Rn1 → Rn, g : Rn3 → R, and h : Rn2 → Rd

+ are linear functions, by
adding to the representations above n + d + 1 extra variables and linear equations
(hyperplanes).

4.1.2 Optimal SOC Representations

The extended representations derived in the previous section allow one to
reduce the representation of the complex cone Kn,d

p (α) by means of simpler
power cones K1,d′(β) for β ∈ ∆d′ . For the sake of simplification, in the rest
of the section, we denote d′ = d, and β = α. The main implications of these
representations come from the fact that one can restrict the variables of an op-
timization problem to belong to a (p, α)–power cone, but formulate the con-
straints as constraints in the form x ≤ zα for some α ∈ ∆d. In case the com-
ponents of α are rational, i.e., α ∈ Qd, or equivalently, α = ( s1

ŝ , . . . , sd
ŝ ) ∈ ∆d

with s1, . . . , sd ∈ Z+, gcd(s1, . . . , sd) = 1, and ŝ = ∑d
j=1 sj; one can go further

and derive representations by means of second–order cones. In this section,
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we present a mathematical optimization-based approach to construct a min-
imal SOC extended representation of rational power cones (in terms of the
cardinality of representation and extended dimension). The mathematical
optimization model that we propose to construct a minimal SOC extended
representation of the cone is based on mediated graphs. In this case, we are
interested in a kind of mediated graphs entire determined by α.

Definition 4.11 (α–mediated graph). Let α = 1
ŝ (s1, . . . , sd) ∈ ∆d be a vector,

Aα := {ŝej : j = 1, . . . , d − 1} ∪ {0} ⊂ Rd−1, and bα := (s1, . . . , sd−1) ∈ Rd−1.
An α–mediated graph is an Aα–mediated graph G = (V, A) ∈ MAα

(bα).

We denote by Mα := MAα
(bα) the set of all α–mediated graphs.

In Figure 4.4 we show a toy example of α–mediated graph for α = (1
6 , 2

6 , 3
6).

In this case, Aα = {(6, 0), (0, 6), (0, 0)} (red dots) and bα = (1, 2) (green
dot). The set of mediated vertices in the plot is V\Aα = {(1, 2), (2, 4), (4, 2)}
(blue dots). Note that bα = (1, 2) ∈ V and for each of the elements v in
V\Aα there exist two different points in V (the arrows in the plot from each
of the elements in V\Aα) such that v is the average of those vectors. For
instance (1, 2) = 1

2((0, 0) + (2, 4)); (2, 4) = 1
2((0, 6) + (0, 0)); and (3, 2) =

1
2((0, 4) + (6, 0)).

(0, 0)

(1, 2) (4, 2)

(2, 4)

(0, 6)

(6, 0)

α = (1, 2, 3)/6

FIGURE 4.4: An
( 1

6 , 2
6 , 3

6

)
–mediated graph.
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Given an α–mediated graph, G = (V, A), we know all the vertices belong to
the convex hull, Conv(Aα), of Aα. Furthermore, by definition, if (v, u), (v, w)

are arcs in G, then µv = 1
2(µ

u + µw), where µv ∈ ∆d are the barycentric
coordinates of v with respect to Aα.

The following result states the correspondence between the SOC ex-
tended representations and the mediated graphs.

Theorem 4.12. There exists a one-to-one correspondence between Mα and the set
of extended representations by second–order cones of K1,d(α).

Proof. Let us first prove any α–mediated graph G = (V, A) induces an ex-
tended representation of K1,d(α) = {x ≤ zα} using (rotated) second–order
cones K1,2(1

2). Let us consider the vector of variables w = (wv)v∈V ∈ RV
+

indexed in V where wbα
:= x, wŝei := zi for i = 1, . . . , d − 1, and w0 := zd.

Now, we will see the following projections πj : RV → R3

πv(w) :=
(

wv, wδ+(v)

)
∈ R3, ∀v ∈ V\Aα

where δ+(v) is the set of outgoing arcs of v in G, define an SOC extended
representation of the cone K1,d(α).

Let us consider (x, z) ∈ K1,d(α), that is, x ≤ zα. As already mentioned,
there always exists wv ∈ R+ verifying wv ≤ zµv

for v ∈ V\Aα\{bα}, and

wv ≤ ∏
u∈δ+(v)

w
1
2
u .

On the other hand, if πv(w) =
(

wv, wδ+(v)

)
∈ K1,2

(
1
2

)
, ∀v ∈ V\Aα. In

particular, πbα
(w) =

(
x, wδ+(bα)

)
∈ K1,2

(
1
2

)
and then,

∏
u∈δ+(bα)

w
1
2
u ≤ ∏

u∈δ+(bα)

z
1
2 µu

= z

1
2 ∑

u∈δ+(bα)

µu

= zα.

Thus, (x, z) ∈ K1,d(α).

Note that the above proof is fully reversible, so any second–order cone
extended representation for K1,d(α) can be identified with an element in Mα.
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The above result does not just relate mediated graphs with SOC represen-
tations of K1,d(α), this makes the problem of finding a minimal α–mediated
graph equivalent to the problem of finding a minimal SOC representation.
Moreover, the cardinality of representation is the cardinality, |V\Aα| = |V| −
d, of the set of mediated vertices V\Aα.

Remark 4.13 (Bounds for the cardinality of an α–mediated graph). Wang
(2024) proves two lower bounds for the number of vertices in a minimal α–mediated
graph, one based on the dimension of the vertices (d) and other in the sum of the
elements s1, . . . , sd, i.e., ŝ. Being this way, the maximum of both values, max{d −
1, ⌈log2(ŝ)⌉}, a suitable lower bound for the number of mediated vertices.

On the other hand, as Aα is affinely independent and bα ∈ Conv(Aα) we
are in conditions to use Lemma 3.7. Thus, we can overestimate the size of the repre-
sentation for the cone by using the binary decomposition of the elements s1, . . . , sd.

Then, an upper bound for the minimum size of an α–mediated graph is
d

∑
i=1

|Ω(si)|+

|Ω(2⌈log2(ŝ)⌉ − ŝ)|+ d − 1. The representations which reach this upper bound are
the most common when p–order cones are reformulated in several applications in the
literature (see, e.g., Blanco and Gázquez, 2023; Blanco and Martínez-Antón, 2024b;
Blanco et al., 2014).

Now we can apply directly Theorem 3.15 and (C-MinMGP) to solve
both problems, finding a minimal α–mediated graph and finding a mini-
mal SOC extended representation of K1,d(α). Nevertheless, (C-MinMGP)
is too generic to deal with the now-called minimal α–mediated graph problem
(MαMGP in short). Hence, we present a concrete mathematical optimiza-
tion model to construct minimal α–mediated graphs, and then also to obtain
minimal SOC representations of power cones.

Given α ∈ ∆d, the goal of the MαMGP is to construct a minimal α–
mediated graph. The MαMGP has the flavor of a continuous location prob-
lem, where a set of services (the mediated vertices) is to be located in a given
space, taking into account a given set of users (the elements in Aα) located at
certain coordinates in the space.

We would like first to highlight that the minimal α–mediated graph
may not be unique; that is, it may exist different α–mediated graphs with
minimum cardinality. A counterexample is shown in the following example.

Example 4.14. Let us consider α = 1
74(13, 17, 44) ∈ ∆3. In Figure 4.5 we plot

three different minimal α–mediated graphs with the same cardinality (10). The three
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mediated graphs provide different extended representations of the cone with the same
cardinality. Specifically:

x2 ≤ w1z3

w2
1 ≤ w2w3

w2
2 ≤ w4w5

w2
3 ≤ w5z2

w2
4 ≤ w3w6

w2
5 ≤ xw6

w2
6 ≤ w4z1

x2 ≤ w1z3

w2
1 ≤ w2w3

w2
2 ≤ xw4

w2
3 ≤ w5z2

w2
4 ≤ w5z1

w2
5 ≤ w4w6

w2
6 ≤ w2z2

x2 ≤ w1z3

w2
1 ≤ w2w3

w2
2 ≤ xw4

w2
3 ≤ z1z2

w2
4 ≤ w1w5

w2
5 ≤ w6z2

w2
6 ≤ w2w4

Observe that the three minimal representations are different and nonequivalent, in
the sense that there are no possible permutations in the indices of the w-variables that
transform one representation in another.

α=(13,17,44)/74 α=(13,17,44)/74 α=(13,17,44)/74

FIGURE 4.5: Counterexample on the uniqueness of
minimal α-mediated graph, α = 1

74 (13, 17, 44).

For the sake of describing the problem, we denote by IA = {0, 1, . . . , d}
the index sets for the elements in Aα ∪ {bα}, where 0 is assumed to be the
index associated to bα. Observe that the size of the mediated graph is un-
known and to be determined by our model. Thus, unlike what happens
in other location problems, the problem not only consists of filling the co-
ordinates of a given number of vectors adequately, but this number is to be
decided. Then, we overestimate the size of the mediated graph by d + Λα

(where Λα is the upper bound described in Remark 4.13 minus d), and de-
note by IM = {d + 1, . . . , d + Λα} the index set for the enlarged mediated
graph. Once, all these Λα coordinates are decided, and in order to account
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for a minimal size set of coordinates, we will group in a single element each
of the equal-coordinates vectors, transforming the set of Λα coordinates into
one that formally represents the unknown vertices of the α–mediated graph.
That is, if vd+1, . . . , vd+Λα

are the coordinates of the enlarged mediated ver-
tices, we compute the effective vertex set, V, by removing repeated elements
from the multiset. Additionally, for the sake of simplification, we denote by
I = IA ∪ IM = {0, . . . , d + Λα}, the whole sets of coordinates involved in the
problem.

We use the following set of variables in our model:

• To assure the correct construction of the mediated graph G = (V, A),
we consider the following binary variables that account for the active
arcs in the graph:

yij =

1 if (vi, vj) ∈ A,

0 otherwise,

for all i ∈ IM ∪ {0}, j ∈ I, i ̸= j.

• In order to account for the number of effective mediated elements in
the overestimated set, we use the standard variables in facility location
to activate vertices:

zj =

1 if vertex vj is an active vertex in the mediated graph,

0 otherwise

for all j ∈ I.

Note that the amount ∑j∈IM
zj provides the number of different medi-

ated vertices, and then, its cardinality.

Since all the elements in Aα ∪ {bα} must be vertices of the graph, we
fix z0 = · · · = zd = 1 in our model.

• We consider continuous variables in [0, ŝ] to model the coordinates of
the vertices in the mediated graph:

vjk ∈ [0, ŝ] : kth coordinate of the jth vertex in the mediated graph.

for j ∈ I, k = 1, . . . , d − 1. The first d vertices have fixed coordinates
to the elements in Aα ∪ {bα} that must be part of the mediated graph.
Thus, we fix their values to v0 = bα, vj = ŝej (for j = 1, . . . , d − 1), and
vd = 0.
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With the above variables, the mixed integer linear program (MILP) that we
propose to find a minimal α–mediated graph, and furthermore, a minimal
extended representation of the cone, is the following:

(MαMGP)

minimize ∑
j∈IM∪{0}

zj (4.5)

subject to ∑
j∈I

yij = 2zi, ∀i ∈ IM ∪ {0}, (4.6)

yij ≤ zj, ∀i ∈ IM ∪ {0}, j ∈ I, (4.7)

vi ≥
1
2
(vj + vk)− ŝ(2 − yij − yik), ∀i ∈ IM ∪ {0}, j ̸= k ∈ I, (4.8)

vi ≤
1
2
(vj + vk) + ŝ(2 − yij − yik), ∀i ∈ IM ∪ {0}, j ̸= k ∈ I, (4.9)

∥vi − vj∥1 ≥ ε(zi + zj − 1), ∀i, j ∈ I(i ̸= j), (4.10)

v0 = bα,

vi = ŝei, ∀i ∈ IA \ {0, d},

vd = 0,

z0 = · · · = zd = 1,

yij ∈ {0, 1}, ∀i ∈ IM ∪ {0}, j ∈ I, i ̸= j,

zj ∈ {0, 1}, ∀j ∈ I,

vi ∈ Rd−1, ∀i ∈ IM.

The objective function (4.5) in the above problem accounts for the number
of (active) vertices in the mediated set of the α–mediated graph. Constraints
(4.6) ensures that there are exactly two outgoing arcs from each active vertex
in the mediated graph. Constraints (4.7) ensure that only active vertices can
be chosen to construct arcs in the mediated graph. Constraints (4.8) and (4.9)
are the requirements for the mediated graph, i.e., the arcs are constructed as
averages of the end vertex coordinates. With Constraints (4.10) we assure
that in case two mediated vertices are active, then their coordinates must be
different (since their ℓ1 distance between them must be greater than ε, and
zero otherwise). The rest of the constraints are the variable fixing equations
and the domains for each of the variables.

The above formulation is an MILP, which can be hard to solve for gen-
eral instances of the problem since the number of binary variables to de-
cide is Λα + (Λα + d − 1)Λα. We incorporate different valid inequalities that
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strengthen the linear relaxation and break symmetries of the problem.

Specifically, in case vj is not an active vertex, we fix its coordinates to

the arbitrary vector (ŝ, d−1). . . , ŝ), by adding the following constraints:

ŝ(1 − zj) ≤ vjk ≤ ŝ(1 + zj), ∀j ∈ I, k = 1, . . . , d − 1. (4.11)

Note that in case zj = 0, these constraints enforce that vj = (ŝ, d−1). . . , ŝ), oth-
erwise, the constraint is redundant (0 ≤ vjk ≤ 2ŝ, which is always satisfied).
Observe that in case the vertex is not activated, the assignment of coordi-
nates to the vertex is not relevant, and any value is possible. Thus, fixing it to
a given value allows to reduce the exploration of the branch-and-bound tree.

The second set of valid inequalities that we consider are the following:

zj ≤ zj−1, ∀j ∈ I\{0}

These constraints force the non-activated vertices to be assigned to the last
indices in I. Thus, given κ = ∑j∈I zj, the vertices in the mediated graph
have coordinates v0, . . . , vd+κ, being the remainder, vd+κ+1 = · · · = vd+Λα

=

(ŝ, d−1). . . , ŝ) by constraints (4.11).

Observe that there are still a lot of symmetries in the problem since any
permutation of the coordinates of the active mediated vertices is an alter-
native solution with the same objective value. We break symmetries in our
model by enforcing the active vertices to be sorted in nondecreasing order
with the following valid inequalities:

vjk ≥ v(j−1)k, ∀j ∈ IM\{d}.

where k ∈ {1, . . . , d − 1} is a chosen coordinate to sort the elements in the
mediated set.

Example 4.15. Taking α = 1
6(1, 2, 3), the minimal α–mediated graph that we ob-

tained solving the optimization problem above is the one drawn in Figure 4.4. Note
that this graph induces a minimal SOC extended representation of the power cone
K1,3(α) = {x6 ≤ z1z2

2z3
3} with cardinality 3 (the number of extra mediated vertices
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in the graph). The constraints induced by the graph are:

x2 ≤ w1z3 (4.12)

w2
1 ≤ w2z2 (4.13)

w2
2 ≤ w1z1 (4.14)

One can easily check that the obtained representation is valid by combining the above
constraints:

x6w2
(4.12)
≤ w3

1z3
3w2

(4.13)
≤ z2z3

3w1w2
2

(4.14)
≤ z2z3

3w2
1z1

(4.13)
≤ z1z2

2z3
3w2 ⇒ x6 ≤ z1z2

2z3
3

Remark 4.16. The representations that have been already applied in the literature,
specially in the representation of p–order cones, and that allow us to derive an upper
bound for the cardinality of the optimal mediated graphs (Remark 4.13) can be easily
constructed using binary decomposition (see Blanco et al. (2014) for further details).
The special mediated graphs obtained in such are characterized by verifying that
each mediated vertex is linked in the mediated graph with at most one other mediated
vertex. This condition can be easily enforced in our model with the linear constraints:

∑
i∈IM

yij ≤ zj, ∀j ∈ IM.

4.1.3 Optimization over Generalized Power Cones

Minimal representations of generalized power cones and minimal mediated
graphs in Rn have a direct impact on the solution of conic optimization prob-
lems. More specifically, generalized power cone programming (GPCP).

Definition 4.17 (Generalized power cone program). Given 1 ≤ p ≤ ∞, α ∈
∆d, F ∈ Rm×n, G ∈ Rm×d, h ∈ Rm, c ∈ Rn, and d ∈ Rd. The standard form
generalized power cone programming (GPCP) problem is

minimize cTx + dTz (GPCP)

subject to Fx + Gz = h,

∥x∥p ≤ zα,

x ∈ Rn,

z ∈ Rd
+.
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The above problem, although it belongs to the family of conic problems,
requires to be equivalently reformulated as a second–order cone (or even
semidefinite) program to be numerically solved in practice (e.g., using the
available off-the-shelf solvers). With solutions of (C-MinMGP) or (MαMGP),
one can build a minimal extended reformulation of an GPCP into an SOCP.
On the one hand, let α = 1

ŝ (s1, . . . , sd) ∈ ∆d, Aα = {ŝej : j = 1, . . . , d −
1} ∪ {0} ⊂ Rd−1, and bα := (s1, . . . , sd−1) ∈ Rd−1. On the other hand, let
1 < p = r

s < ∞, and Ap = {0, r}. Then, each couple of mediated graphs
Gp = (Vp, Ap) ∈ MAp(s) and Gα = (Vα, Aα) ∈ MAα

(bα) are in one-to-one
correspondence to the following SOCP extended reformulation of (GPCP):

minimize cTx + dTz

subject to Fx + Gz = h,
d

∑
j=1

tj ≤ ηbα
,

ξ js = xj, ξ jr = tj, ξ j0 = ηbα
, j = 1, . . . , n,

ηŝei = zi, η0 = zd, i = 1, . . . , d − 1

ξ2
jv ≤ ∏

u∈δ+p (v)

ξ ju j = 1, . . . , n; v ∈ Vp\Ap

η2
v ≤ ∏

u∈δ+α (v)

ηu, v ∈ Vα\Aα,

t, z, ξ, η ≥ 0.

The number of SOC constraints in the reformulation is n(|Vp| − 2) + |Vα| −
d, the number of variables is n|Vp| + |Vα|, and the number of linear con-
straints is O(m + n|Vp| + |Vα|) taking into account the ones hiding in the
SOC constraints. According with Blanco et al. (2025), assuming that the
coefficients of the input data (F, G, h, c, d) have bit size at most τ, then the
feasibility of (GPCP) can be tested in m(n|Vp| + |Vα|)O(n|Vp|+|Vα|) arithmetic
operations over τ(n|Vp|+ |Vα|)O(n|Vp|+|Vα|)-bit numbers. An ε-optimal solu-
tion of (GPCP) can be obtained through binary search in (τ + N)m(n|Vp|+
|Vα|)O(n|Vp|+|Vα|) arithmetic operations, where N = 2−ε ∈ Z+. So finding
minimal mediated graphs is highly recommended to reduce the computa-
tional complexity of (GPCP).

On the other hand, note that the solution of (MαMGP) allows to con-
struct the minimal mediated graph, and then, the explicit SOCP representa-
tion of the problem. Specifically, let (v⋆

p, z⋆p, y⋆
p) be the solution of (MαMGP)
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for
( s

r , r−s
r
)
, defining V⋆

p := {v⋆pj ∈ R : z⋆pj = 1} and A⋆
p := {(v⋆pi, v⋆pj) ∈

R2 : y⋆pij = 1}, then the mediated graph G⋆
p := (V⋆

p , A⋆
p) ∈ MinMGAp(s).

Likewise, let (v⋆
α, z⋆α, y⋆

α) be the solution of (MαMGP) for α, defining V⋆
α :=

{v⋆
αj ∈ Rd−1 : z⋆αj = 1} and A⋆

α := {(x⋆αi, x⋆αj) ∈ Rd−1 × Rd−1 : y⋆αij = 1},
then the mediated graph G⋆

α := (V⋆
α , A⋆

α) ∈ MinMGAα
(bα). Hence, the SOCP

defined by G⋆
p and G⋆

α is a minimal SOCP (also SDP) extended reformulation
of (GPCP).

4.2 Polynomial Optimization

Needless to say, conic optimization provides by itself a fundamental frame-
work for addressing a broad class of convex optimization problems, and that
is particularly useful, through convenient relaxations via the Moment-SOS
hierarchy (Lasserre, 2001), to optimize multivariate polynomials restricted
on feasible regions defined by semialgebraic sets. At the core of this method-
ology lies the ability to certify polynomial nonnegativity using SOS decom-
positions, which translates nonnegativity conditions into semidefinite con-
straints. This approach is particularly powerful in several applications, as
optimal control, probability, or dynamical systems where ensuring stability,
safety, and optimality often relies on verifying polynomial inequalities (Hen-
rion et al., 2020; Parrilo, 2003; Parrilo and Lall, 2003; Pauwels et al., 2017).

4.2.1 Optimization over SONC Cones

The following result is a rewriting of a lemma in Magron and Wang (2023).

Lemma 4.18. For an affine independent set A ⊂ Rn and a lattice point β ∈
Conv(A)◦ ∩ Zn, there exists an A–mediated graph Gβ

A = (Vβ
A, Aβ

A) ∈ MA(β)

such that the denominators of coordinates of points in Vβ
A are odd numbers and the

numerators of coordinates of points in Vβ
A\{β} are even numbers.

Proof. The proof is straightforward from (Magron and Wang, 2023, Lemma
8) and Definition 3.1.

Because of the above lemma and Remark 3.3, in this section, we consider the
abelian group

M =

{(
r1

s1
, . . . ,

rn

sn

)
∈ Qn | ri ∈ (2Z), si ∈ Z\(2Z), i = 1, . . . , n

}
.
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For a polynomial p = ∑
α∈A

pαxα, let Λ(p) := {α ∈ A : α ∈ (2Z)n and pα > 0}

and Γ(p) := Supp(p)\Λ(p). Then, we can write p as p = ∑
α∈Λ(p)

cαxα +

∑
β∈Γ(p)

dβxβ. For each β ∈ Γ(p), let

Cp(β) := {T ⊆ Λ(p) : (T , β) is a circuit}. (4.15)

Specially, if p is SONC, then it has a decomposition

p = ∑
β∈Γ(p)

∑
T ∈Cp(β)

f β
T + ∑

α∈Ã
cαxα, (4.16)

where pβ
T is a nonnegative polynomial supported on T ∪ {β} and

Ã :=

α ∈ Λ(p) : α /∈
⋃

β∈Γ(p)

⋃
T ∈Cp(β)

T

 .

Theorem 4.19. Let p = ∑
α∈Λ(p)

cαxα + ∑
β∈Γ( f )

dβxβ ∈ R[x]. For every β ∈ Γ(p)

and for every subset T ∈ Cp(β), let Gβ
T = (Vβ

T , Aβ
T ) ∈ MM

T (β). Let V :=
∪β∈Γ(p) ∪T ∈Cp(β) Vβ

T and G = (V, A) ∈ MΛ(p)(Γ(p)). Then, p is SONC if
and only if p can be written as p = ∑

v∈V\Λ(p)
(avxuv − bvxwv)2 + ∑

α∈Ã
cαxα, with

2uv, 2wv ∈ δ+(v), and av, bv ∈ R.

Proof. The proof follows from Lemma 4.18, Proposition 3.5, and (Magron and
Wang, 2023, Theorem 12).

A convex cone K ⊆ Rn has a Q–lift of size k if it can be written as the
projection of a slice of Qk, that is, there is L being the intersection of an affine
subspace and Qk and a linear map π : Qk → Rd such that K = π(L).

Given sets of lattice points A ⊆ (2Z)n and B ⊂ Conv(A) ∩ Zn such
that A∩ B = ∅, define the SONC cone supported on A,B as

SONCAB :=

{
(c, d) ∈ RA

+ × RB : ∑
α∈A

cαxα + ∑
β∈B

dβxβ ∈ SONC

}
. (4.17)

The following theorem was proved in Magron and Wang (2023).
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Theorem 4.20. Let A ⊆ (2Z)n and B ⊂ Conv(A) ∩ Zn such that A∩ B = ∅.
Then, the convex cone SONCAB has an (S2

+)
k-lift for some k ∈ N.

The map π : (S2
+)

k → RA
+ × RB is given in terms of the sum of signo-

mial squares decomposition of Theorem 4.19. A polynomial p is a SONC sup-
ported on A∪B if and only if for some G = (V, A) ∈ MA(B),p can be writ-
ten as p = ∑

v∈V\A
(avxuv − bvxwv)2 + ∑

α∈Ã
cαxα, with 2uv, 2wv ∈ δ+(v), and

av, bv ∈ R. This is equivalent to the existence of PSD matrices Qv, Qα ∈ S2
+

for v ∈ V\A, and α ∈ Ã such that

p = ∑
v∈V\A

[xuv , xwv ]Qv

[
xuv

xwv

]
+ ∑

α∈Ã
[x

1
2 α, 0]Qα

[
x

1
2 α

0

]
. (4.18)

Hence, let k = |V\A|+ |Ã|, the linear map π : (S2
+)

k → RA
+ × RB that maps

an element (Q1, . . . , Qk) ∈ (S2
+)

k to the the coefficient vector of p via the
equality (4.18) yields an (S2

+)
k-lift for SONCAB.

The above lifting allows to tackle the following unconstrained polynomial
optimization problem for a given polynomial p ∈ R[x]:

inf{p(x) : x ∈ Rn} = sup{ξ : p(x)− ξ ≥ 0, x ∈ Rn} (4.19)

via SOCP, based on the minimal mediated graph defined by the support of
the polynomial p. One can replace the nonnegativity constraint in (4.19) by
the following one to obtain a SONC relaxation with optimal value denoted
by ξSONC:

sup{ξ : p(x)− ξ ∈ SONC} (4.20)

This is a conic optimization problem over the SONC cone and yields a lower
bound for the optimal value ξ⋆ of (4.19), i.e., ξSONC ≤ ξ⋆. By Theorem 4.20,
the SONC optimization problem (4.20) can be formulated as an SOCP where
the number of linear constraints is in the order of the dimension of Rd[x]
where d is the degree of p, i.e., (n+d

n ); and the number of SOC constraints is in
the order of the objective value of (C-MinMGP) for A = Λ(p) and B = Γ(p).

4.2.2 SOS decomposition of Nonnegative Circuits

Given a mediated graph G = (V, A) ∈ MA(B), the construction of a sum of
squares (SOS) decomposition —in fact, Sum of Binomial Squares (SOBS)— is
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based on mediated graphs in the intersection of MA(β) and the set of sub-
mediated graphs of G for each β ∈ B. In this shape each range of mediated
graphs Gβ = (Vβ, Aβ) ∈ MA(β) that is subgraph of G for β ∈ B defines an
SOS decomposition of p = ∑

β∈B
pβ as p = ∑

β∈B
σβ where pβ = σβ is an SOS

decomposition of pβ whose number of squares is |Vβ| − (d + 1).

However, the author of the present thesis realize this claim on the num-
ber of squares just follows directly from (Iliman and De Wolff, 2016a, Theo-
rem 5.2) in the extremal case, when the coefficient of β in pβ is ±Θpβ

, because
of the interior case is derived from a convexity argument from the extremal
cases. Whereas the theoretical result of the characterization of the intersec-
tion of SONC and SOS by means of the combinatorial structure of the New-
ton polytope is correct, we consider it necessary to demonstrate an explicit
SOS decomposition of SONC polynomials that use the original support and
coefficients of the polynomial.

First, we define the global minimizer of a nonnegative circuit s⋆p ∈ Rn

as the unique vector satisfying

n

∏
k=1

(
es⋆pk
)α(j))k−α(0)k

= e⟨s
⋆
p,
−−−−−→
α(0)α(j)⟩ =

λjc0

λ0cj
(4.21)

for all j = 1, . . . , n, where A = {α(0), . . . , α(n)}.

Theorem 4.21. Let A = {α(0), . . . , α(n)}, and p(x) =
n

∑
j=0

cjxα(j) + cxβ be a

nonnegative circuit polynomial and G = (V, A) ∈ MA(β) be a mediated graph.
Then,

1. if β /∈ (2Z)n,

p(x) = cββ
c0

λ0
e⟨s

⋆
p,α(0)⟩

1

∑
m=0

Θp + (−1)mc
2Θp

 x
β′
2√

e⟨s
⋆
p,β′⟩

+ (−1)m x
β′′
2√

e⟨s
⋆
p,β′′⟩

2

+
c0

λ0
e⟨s

⋆
p,α(0)⟩ ∑

γ∈V\(A∪{β})
cβγ

 x
γ′
2√

e⟨s
⋆
p,γ′⟩

− x
γ′′
2√

e⟨s
⋆
p,γ′′⟩

2

;
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2. if β ∈ (2Z)n and c < 0,

p(x) = (Θp + c)
(

x
β
2

)2

+
c0

λ0
e⟨s

⋆
p,α(0)⟩ ∑

γ∈V\A
cβγ

 x
γ′
2√

e⟨s
⋆
p,γ′⟩

− x
γ′′
2√

e⟨s
⋆
p,γ′′⟩

2

;

where γ′, γ′′ ∈ δ+(γ), cβγ ≥ 0 is the entry (β, γ) in (L+(G)V\A)−1 for every
γ ∈ V\A.

Proof. For the first part, notice that the polynomial p can be written as a con-
vex combination of the extremal nonnegative circuit with its support

p(x) =
1

∑
m=0

Θp + (−1)mc
2Θp

[
n

∑
j=0

cjxα(j) + (−1)mΘpxβ

]
(4.22)

Now, note s⋆p is the solution of


α(1)− α(0)

...
α(n)− α(0)

 s⋆p =


log
(

λ1c0
λ0c1

)
...

log
(

λdc0
λ0cn

)
.

 (4.23)

This linear system has a unique solution by affine independence of

α(0), α(1), . . . , α(n). In this way, we have the extremal case p∗m(x) =
n

∑
j=0

cjxα(j)+

(−1)mΘpxβ for m = 0, 1. Evaluating in
(

es⋆p ◦ x
)

, where ◦ stands for the
Hadamard product, it becomes

p∗m
(

es⋆p ◦ x
)
=

c0

λ0
e⟨s

⋆
p,α(0)⟩

[
n

∑
j=0

λjxα(j) + (−1)mxβ

]
. (4.24)

Now, p∗1
(

es⋆p ◦ x
)

is a positive multiple of a simplicial AGI-form so by Reznick’s
SOS decomposition of AGI-forms Reznick (1989) and the fact of β /∈ (2Z) it
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easy to see that

p∗m
(

es⋆p ◦ x
)
=

c0

λ0
e⟨s

⋆
p,α(0)⟩

cββ

(
x

β′
2 + (−1)mx

β′′
2

)2

+ ∑
γ∈V\(A∪{β})

cβγ

(
x

γ′
2 − x

γ′′
2

)2
 .

(4.25)

where cβγ ≥ is the entry (β, γ) of (L+(G)V\A)−1 for every γ ∈ V\A (Prop-
erties 3.5.7). So, gathering the terms

p(es⋆p ◦ x) =
c0

λ0
e⟨s

⋆
p,α(0)⟩

1

∑
m=0

Θp + (−1)mc
2Θp

[
cββ

(
x

β′
2 + (−1)mx

β′′
2

)2
]

+
c0

λ0
e⟨s

⋆
p,α(0)⟩ ∑

γ∈V\(A∪{β})
cβγ

(
x

γ′
2 − x

γ′′
2

)2

, (4.26)

it just remains to undo the transformation to achieve the desired result.

To prove the second part, notice that the polynomial p can be written as

p(x) =
n

∑
j=0

cjxα(j) − Θpxβ + (Θp + c)xβ = p∗1(x) + (Θp + c)
(

x
β
2

)2
. (4.27)

Now, use the same argument for p∗1(x) in the proof of the first part and yield
the result.

In both cases, the number of squares is |V| − n. Then, let A ⊂ (2Z)n

be an affine independent set, B ⊂ Zn ∩ Conv(A)◦ be a finite set, and let
p ∈ R[x] be a SONC supported on A ∪ B. Given a mediated graph G =

(V, A) ∈ MA(B), the construction and a range of mediated graphs Gβ =

(Vβ, Aβ) ∈ MA(β) that are subgraphs of G for β ∈ B then p = ∑
β∈B

pβ where

pβ nonnegative circuit polynomial supported on A ∪ {β} can be written as
p = ∑

β∈B
σβ where pβ = σβ is the SOS decomposition of Theorem 4.21. Notice

that the involved binomials can be
(

sγx
γ′
2 − tγx

γ′′
2

)
and

(
sβx

β′
2 + tβx

β′
2

)
for γ ∈ V\A, γ′, γ′′ ∈ δ+(γ), sγ, tγ ∈ R+ if β /∈ (2Z)n; and

(
x

β
2

)
if

β ∈ (2Z)n so the number of squares of the decomposition is less or equal
to |V| + |B| − n − 1, being equality if the coefficient of β in pβ is different
from ±Θpβ

for every β ∈ B. The number of squares decreases in one unit
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for each β ∈ B that satisfies the equality. Hence, let (x⋆p, y⋆
p) be the solu-

tion of (D-MinMGP) for A and B, defining V⋆
p := {γ ∈ Zn : x⋆pγ = 1} and

A⋆
p := {(γ, γ′) ∈ Zn × (2Z)n : y⋆pγ,γ′ = 1}, then by Theorem 3.16, the me-

diated graph G⋆
p := (V⋆

p , A⋆
p) ∈ MinMGA(B). Thus, we can apply Theorem

4.21 to each pβ with G⋆
p providing an SOS decomposition of p which reduces

the number of squares and the support of the decomposition, expanding the
sparsity and reducing the rank of the associated positive semidefinite Gram
matrix of p.

Intersection of SONC and SOS Cones

The main application of maximal mediated graphs is the certification of a
SONC (sums of nonnegative circuit) polynomial to be sum of squares (SOS)
decomposable. In case the polynomial is SOS, one can incorporate the con-
straints induced by such a polynomial as SDP constraints in a nonlinear
optimization problem, and then, efficiently handle by the available solvers.
Nevertheless, certifying the SOS condition is known to be NP-hard (Iliman
and De Wolff, 2016a). Our approach allows for an efficient and automated
methodology to check, in practice this condition. In what follows, we pro-
vide further details about the application of our methodology to this prob-
lem.

FIGURE 4.6: Nonnegative, SOS, SOBS, and SONC polynomials.
A characterization of the intersections between them.
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Let A ⊂ (2Z)n be a finite affine independent set, and B ⊂ Zn ∩ Conv(A)◦

be a finite set. Hartzer et al. (2022) showed a complete characterization of the
polynomials supported on A∪B that lie in the intersection of SONC and SOS
cones. That result can be adapted in terms of the solution of (D-MaxMGP).

Corollary 4.22. Let p ∈ R[x] be a SONC supported on A∪B and x⋆ the solution
of (D-MaxMGP) for A. Then, p is SOS if and only if either x⋆β = 1 or β ∈ (2Z)n

and its coefficient is positive for every β ∈ B.

Proof. The result is straightforward from (Hartzer et al., 2022, Theorem 3.9)
and Theorem 3.22.

Figure 4.6 summarizes the interactions between these four fundamental
cones of polynomials.
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Chapter V

Complexity

VLADIMIR. — Tu aurais dû être poète.
ESTRAGON. — Je l’ai été. (Geste vers ses
haillons.) Ça ne se voit pas?

Silence.
— Samuel Beckett. En attendant Godot

In this chapter, we derive different complexity results for the p–order fea-
sibility problem by means of the required number of arithmetic operations
and on which numbers (in bits). In Table 5.1 we summarize the main results
derived in this chapter, indicating the numbered Lemma or Theorem where
the result is stated and proved. In the first part of the chapter we derive
the complexity results by rewriting the problem equivalently as an SDP fea-
sibility problem, and then, applying the complexity result in Porkolab and
Khachiyan (1997) (Theorem 2.26). Nevertheless, in this chapter we explicitly
exploit the structure of the cone Kn,1

p , avoiding the rewriting of this cone as
a subset of the semidefinite cone, but still following the same paradigm of
Porkolab and Khachiyan (1997). Thus, we get improved complexity bounds
for the general case (Theorem 5.14), but, additionally, we analyze particular
cases for the value of p, where the complexity can be further improved, as the
case when p is even (Theorem 5.13), when p is in the form r

r−1 with r even
(Corollary 5.15), or the very special case of the SOCP (Theorem 5.11).

Additionally, we use the geometric and algebraic structure of p–order
cone to derive bounds on either the log–modulus of feasible solutions, or the
discrepancy otherwise, and bounds on the number of arithmetic operations
and bit size of the involved numbers for the feasibility problem. In case the
p–order cone problem is feasible we derive bounds for Euclidean norm of a
solution (x, z) to the system. In case the problem is infeasible, we compute
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p No. arithmetic operations

Theorem 5.2 r
s ∈ Q>1 m(n log r)O((n log r)2)

Theorem 5.14 r
s ∈ Q>1 min{[r(m + n)]O(n), m(rn)O(n2)}

Theorem 5.13 r ∈ 2N m(r min{m, n})O(n)

Corollary 5.15 r
r−1 , r ∈ 2N m(r min{m, n})O(min{m,n2})

Theorem 5.11 2 (SOCP) m min{m, n}O(min{m,n})

TABLE 5.1: Summary of our complexity results for the p–order
feasibility problem

bounds for the minimal violation of the linear system involved in the feasi-
bility problem. Table 5.2 summarizes the results we obtained in this line. In
the first part we detail the logarithmic upper bound for a feasible solution to
the problem. In the second part, we detail the logarithm of the bound for the
logarithm of the minimal violation (the so-called log–discrepancy).

p log–modulus

Lemma 5.5 r ∈ 2N τ(min{m, n}r)O(n)

Theorem 5.6 r
s ∈ Q>1 τ(nr)O(n min{m,n})

Theorem 5.7 r
r−1 , r ∈ 2N τ(r min{m, n})O(min{m,n})

p log–discrepancy

Theorem 5.8 r
s ∈ Q>1 −τ(rn)O(n min{m,n})

Theorem 5.8 r
r−1 , r ∈ 2N −τ(r min{m, n})O(min{m,n})

TABLE 5.2: Summary of the bounds on feasible solutions and
discrepancies for p–order cone feasibility problems.

The complexity results obtained in this chapter have a direct impact in
the complexity of solving p–order cone optimization problems, i.e., minimiz-
ing a linear function subject to some linear constraints and the requirements
that some of the variables belong to Kn,1

p . Using the feasibility algorithm as
an oracle, one can apply any binary search technique to derive, up to some
tolerance ε > 0, the optimal value for the optimization problems. Some com-
plexity results in this line will be derived for some interesting families of opti-
mization problems involving ℓp–norms, as the norm minimization problem,
support vector machines, continuous location problems, robust least squares,
or robust linear optimization.
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The rest of the chapter is organized as follows. In Section 5.1, we state the no-
tation and main results use to derive the complexity results in this chapter. In
this section we also prove the complexity results that can be derived for the
problem by rewriting the problem as a semidefinite programming problem.
In Section 5.2, we provide the upper bounds for the feasible solutions and
the discrepancy for the p–order feasibility problem. Section 5.3 is devoted
to prove the complexity bounds for the p–order feasibility problem. Exploit-
ing the geometry of p–order cones we apply a similar strategy as the one
by Porkolab and Khachiyan (1997) to derive new complexity bounds for the
problem. We also analyze some particular cases for the value of p, namely,
p = 2, p nonnegative even integer, and p of the form r

r−1 with r nonnegative
integer. In Section 5.4, we extend our complexity results to problems involv-
ing several p–order cone constraints. Finally, in Chapter VI, Section 6.1 we
emphasize how the complexity bounds are applied to optimization problems
that involve p–order cones.

5.1 p–Order Feasibility Problem

The main question that we address in this chapter is on the complexity of the
p–order feasibility problem which is defined as follows.

Definition 5.1 (p–order feasibility problem). The p–order feasibility problem
consists of determining whether there exists a real vector (x, z) ∈ Rn+1 such that

Fx + Gz ≤ H,

(x, z) ∈ Kn,1
p . (Fp)

where F ∈ Zm×n, G, H ∈ Zm for m ∈ N.

We will denote by f T
i the ith row of matrix F, for i = 1, . . . , m, and

G = (g1, . . . , gm), and H = (h1, . . . , hm).

Note that when n = 1 the ℓp–norm becomes | · | and the feasibility problem
(Fp) is trivial. Therefore we assume throughout the chapter that n ≥ 2.

The special case of the SOCP (p = 2) can be seen as a particular case
of the semidefinite feasibility problem by a direct identification of the Lorentz
cone with a subcone of the SDP cone using the Schur complement. Thus,
the complexity of the 2–order feasibility problem can be analyzed using the
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results in Porkolab and Khachiyan (1997) (Theorem 2.26) for the semidefinite
feasibility problem (FSDP)

On the other hand, in Section 4.1, we derived minimal SOC reformu-
lations of the p–order cone. Thus, combining these results and those for the
SDP feasiblility problem, the complexity results obtained for the SOCP can
be extended to any p ∈ Q>1 by applying an explicit and minimal semidefi-
nite extended representation of (Fp), and then use Theorem 2.26, as we prove
in the following result.

Theorem 5.2. Let p = r
s ∈ Q, with r > s ∈ N and gcd(r, s) = 1. Then (Fp) can

be tested in m(n log r)O((n log r)2) arithmetic operations over τ(n log r)O((n log r)2)–
bit numbers.

Proof. Let us first analyze the case p = 2, and then we extend the result
for any p. Recall by the Schur complement, (x, z) ∈ Kn,1

2 if and only if
Arw(x, z) ⪰ 0. Thus, (Fp), with p = 2, is equivalent to〈

Arw
(

1
2

fi,
gi

n + 1

)
, Arw(x, z)

〉
≤ hi i = 1, . . . , m, Arw(x, z) ⪰ 0. (5.1)

Based on the identification of (F2) as (5.1), to rewrite this feasibility prob-
lem as (FSDP) one must note that in the condition Arw(x, z) ⪰ 0 are hidden
1
2 n(n + 1) extra linear constraints. Hence, by Theorem 2.26, if the integer co-
efficients of (Fp) have at most bit size τ, its feasibility can be tested in mnO(n2)

arithmetic operations over τnO(n2)–bit numbers. Continuing with the gen-
eral case. Recall (x, y, z) ∈ K1,2

(
1
2

)
if and only if (2x, y − z, y + z) ∈ K2,1

2 . As

we already mentioned K2,1
2 is a subset of S3

+. But, if we consider the three-
dimensional rotated second order cone it is easy to see that K1,2

(
1
2

)
= S2

+.

In Blanco and Martínez-Antón (2024a) (Section 4.1), the authors derived
a minimal three-dimensional rotated second order cone (S2

+) extended rep-
resentation based on a minimal mediated graphs. In the case of the p–order
cone with p = r

s , r > s, and gcd(r, s) = 1 this graph G = (V ∪ {0, r}, A) satis-
fies V ⊂ (0, r), |V| = ⌈log r⌉, s ∈ V, and it is defined by the sets of outgoing
arcs δ+(v) = {u, 2v − u} ⊂ V ∪ {0, r} for all v ∈ V. With all of this, (Fp) is
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equivalent to

Fx + Gz ≤ H,
d

∑
j=1

tj − z ≤ 0,

BlockDiag
(
Wjv

)
j=1,...,n

v∈V
⪰ 0,

where Wjv =

[
wju wjv

wjv wj,2v−u

]
∈ S2, with j = 1, . . . , n; v ∈ V, and u, 2v − u ∈

δ+(v); and wj0 = z, wjs = xj, and wjr = tj. Again, in the semidefinite
constraint are hidden O((n log r)2) affine constraints thus, by Porkolab and
Khachiyan (1997), its feasibility can be tested in m(n log r)O((n log r)2) arith-
metic operations over τ(n log r)O((n log r)2)–bit numbers.

In the previous result, the complexity of (Fp) is obtained by rewriting
the problem as a particular case of (FSDP) and then apply the results for the
general case. As already announced, better complexity bounds can be ob-
tained by explicitly exploiting the structure of Kn,1

p .

5.2 Bounding Solutions and Discrepancies

In this section, we derive some results related to the known answer to (Fp).
Specifically, in case the problem is certified to be feasible we derive upper
bounds on the log–modulus of at least one feasible solution. In case the prob-
lem is infeasible, we analyze its discrepancy, that is the minimum violation of
the feasibility. We also derive lower bounds to this value in case the system
is infeasible.

The first result that we address is the one of representing ℓp–norm based
constraints in the first order formula language.

Lemma 5.3. Let p = r
s with r > s ∈ N and gcd(r, s) = 1. Then, the following

statements are equivalent:

1. ∥x∥p = z,
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2. (x, z) satisfies the following first order formula:

∃t ∈ Rn

{
n∧

j=1

[
(xr

j=zr−sts
j) ∨ (−xr

j=zr−sts
j)
]

,

n

∑
j=1

tj = z, t1 ≥ 0, . . . , tn ≥ 0

}
. (5.2)

And also the following statements:

1. ∥x∥p ≤ z,

2. (x, z) satisfies the following first order formula:

∃t ∈ Rn

{
n∧

j=1

[
(xr

j ≤ zr−sts
j) ∧ (−xr

j ≤ zr−sts
j)
]

,

n

∑
j=1

tj ≤ z, t1 ≥ 0, . . . , tn ≥ 0

}
. (5.3)

Proof. The proof follows by rewriting equivalently the inequality/equation
∥x∥p ◁ z as a standard formula (SF) as detailed in Lemma 4.6.

Lemma 5.4. Given a positive p ∈ Q with conjugate q one has

min
(x,z)∈Kn,1

p

{ f Tx + gz : z = R} = R(g − ∥ f∥q), (5.4)

min
(x,z)∈Kn,1

p

{ f Tx + gz : z ≤ R} = min{0, R(g − ∥ f∥q)}. (5.5)

Proof. To show the first identity, observe that

min
(x,z)∈Kn,1

p

{ f Tx + gz : z = R} = R(g − ∥ f∥q) + min
(x,z)∈Kn,1

p

{ f Tx + ∥ f∥q z : z = R}

= R(g − ∥ f∥q),

where the last equality follows from the fact that ( f , ∥ f∥q) belongs to the
boundary of Kn,1

q = (Kn,1
p )∗.

For the second identity, note that if ( f , g) ∈ Kn,1
q , then min

(x,z)∈Kn,1
p

{ f Tx + gz :

z ≤ R} = 0. Otherwise g − ∥ f∥q < 0, which means that the minimum on the
left-hand side of (5.5) is negative and hence it is attained at a vector (x, R).
Then (5.5) becomes a consequence of (5.4).
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In what follows, we analyze the bounds on the feasible solutions of (Fp). We
first analyze the case p = r ∈ 2N.

Lemma 5.5. Let p = r ∈ 2N. Then, there exists a feasible solution (x, z) of (Fp)
such that ∥(x, z)∥2 ≤ R, where log R = τ(min{m, n}r)O(n).

Proof. In this case the problem (Fp) is equivalent to the quantifier free for-
mula:

{ f T
1 x + g1z − h1 ≤ 0, . . . , f Txm + gmz − hm ≤ 0,

xr
1 + · · ·+ xr

n ≤ zr, z ≥ 0}. (5.6)

Observe that this formula consists of m+ 2 polynomial inequalities of degree
at most r in (n + 1) free variables. If the integer coefficients appearing in (5.6)
have height at most 2τ, then Proposition 2.3 implies that any feasible solution
satisfies ∥(x, z)∥2 ≤ R, where log R ≤ τ(mr)O(n).

By Proposition 2.9, there is a set I ⊆ M of size at most min{m, n + 1}
such that the system

f T
i x + giz = hi, i ∈ I, ∥x∥p ≤ z,

is feasible, and any of its solutions solve the original problem (Fp). For this
reason, we can obtain a better bound by replacing m with min{m, n + 1},
namely log R ≤ τ(min{m, n}r)O(n).

The next result that we prove is the general case, which is the analog
of (Porkolab and Khachiyan, 1997, Theorem 3.1) for (FSDP).

Theorem 5.6. Let p = r
s ∈ Q, with r > s ∈ N and gcd(r, s) = 1. Then:

1. There exists a feasible solution (x, z) of (Fp) such that ∥(x, z)∥2 ≤ R, where
log R = τ(nr)O(n min{m,n}).

2. Moreover, if the feasible set of (Fp) is bounded, then the above bound holds for
any feasible solution of (Fp).

Proof. Suppose that the problem (Fp) is feasible, and let us define:

ΩR := {(x, z) ∈ Kn,1
p : z = R},

Θ(R) := min
(x,z)∈ΩR

max{ f T
1 x + g1z − h1, . . . , f T

mx + gmz − hm}.
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For any R ≥ 0 and considering ∆m as in (2.3),

Θ(R) = min
(x,z)∈ΩR

max
λ∈∆m

m

∑
i=1

λi( f T
i x + giz − hi)

= max
λ∈∆m

min
(x,z)∈ΩR

[(
m

∑
i=1

λi f T
i

)
x +

(
m

∑
i=1

λigi

)
z −

m

∑
i=1

λihi

]

= max
λ∈∆m

R

 m

∑
i=1

λigi −
∥∥∥∥∥ m

∑
i=1

λi fi

∥∥∥∥∥
q

−
m

∑
i=1

λihi

 .

The second equality follows from von Neumann’s minimax theorem 2.12 and
the last one follows the first identity (5.4) from Lemma 5.4.

Now, consider the formula

Φ(R) := ∀λ ∈ ∆m

R

 m

∑
i=1

λigi −
∥∥∥∥∥ m

∑
i=1

λi fi

∥∥∥∥∥
q

−
m

∑
i=1

λihi ≤ 0 ∧ R ≥ 0

 .

By Theorem 5.3, Φ(R) can be rewritten in the standard form (SF) as follows

∀λ ∈ Rm ∃(t, w) ∈ Rn+1

{{[
λ1 ≥ 0, . . . , λm ≥ 0,

m

∑
i=1

λi = 1

]
=⇒[

n

∑
j=1

tj = w,
n∧

j=1

[[(
m

∑
i=1

λi fij

)r

= wstr−s
j

]
∨
[
−
(

m

∑
i=1

λi fij

)r

= wstr−s
j

]]
,

R

(
m

∑
i=1

λigi − w

)
−

m

∑
i=1

λihi ≤ 0, t1 ≥ 0, . . . , tn ≥ 0

]}
∧ (R ≥ 0)

}
.

Then, for any R ∈ R, the following statements are equivalent:

• (Fp) has a feasible solution in ΩR,

• Θ(R) ≤ 0,

• R satisfies Φ(R).

By our original assumption, (Fp) is feasible, and hence there is a nonnegative
R that satisfies Φ(R). Next, Φ(R) is a standard formula (SF) of degree at
most r with k = 1 free variable and ω = 2 quantifiers. Furthermore, Φ(R)
consists of O(m + n) atomic polynomials inequalities in O(m + n) variables.
The expression

(
∑m

i=1 λi fij
)r involves integer coefficients of height at most 2τ,

thus the expansion yields coefficients with bit size at most B = r(τ + log(m)).
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Now from Proposition 2.3 it follows that Φ(R) can be satisfied by a
positive number R such that

log R = r(τ + log(m))(O(m + n)r)O(mn) = τ((m + n)r)O(mn). (5.7)

By Proposition 2.9, there is a set I ⊆ M of size at most min{m, n + 1} such
that the system

f T
i x + giz = hi, i ∈ I, ∥x∥p ≤ z,

is feasible, and any solution solves the original problem (Fp). For this rea-
son, we can obtain a better bound by replacing m with min{m, n + 1}. Since
∥(x, z)∥2 ≤

√
n + 1 ∥(x, z)∥∞ ≤

√
n + 1R, part 1 of the theorem follows.

To show part 2, consider the formula Φ′(R) := ∀R′ ∈ R{Φ(R′) =⇒
(R′ ≤ R)}. Note that Φ′(R) can be written in prenex form as

∀R′ ∈ R, ∃λ ∈ Rm, ∀(t, w) ∈ Rn+1

{{[
λ1 ≥ 0, . . . , λm ≥ 0,

m

∑
i=1

λi = 1

]
∧

[ n∨
j=1

(tj < 0)

 ∨ (w < 0) ∨
(

n

∑
j=1

tj ̸= w

)
n∨

j=1

[[(
m

∑
i=1

λi fij

)r

̸= wstr−s
j

]
∧
[
−
(

m

∑
i=1

λi fij

)r

̸= wstr−s
j

]]

∨
(

R′
(

m

∑
i=1

λigi − w

)
−

m

∑
i=1

λihi > 0

)]}
∨ (0 ≤ R′ ≤ R)

}
.

It is easy to see that Φ′(R) is satisfied if and only if

R ≥ max{z : (x, z) feasible for (Fp)}.

Hence, we can apply Proposition 2.3 to Φ′(R) to conclude that, similarly to
(5.7), log R = τ((m + n)r)O(mn). It remains to show that m can be replaced by
min{m, n + 1}. To this end, note that if the solution set of (Fp) is bounded,
then there exists a system f T

i x + giz ≤ hi, i ∈ I, ∥x∥p ≤ z with at most
n+ 1 inequalities whose solution is still bounded. This is because the solution
of problem (Fp) is bounded if and only if the recession cone of (Fp) is trivial,
namely —see (2.4)—,

Kn,1
p ∩

m⋂
i=1

Hi = {0}, (5.8)
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where Hi is the halfspace {(x, z) ∈ Rn+1 : f T
i x + giz ≤ 0}. With Ω1 =

{(x, z) ∈ Kn,1
p : z = 1}, (5.8) is equivalent to the emptiness of the intersection

of the (m + 1) convex sets Ω1, H1, . . . , Hm ⊂ Rn+1. By Helly’s theorem 2.11
there exists at most (n + 2) sets among Ω1, H1, . . . , Hm ⊂ Rn+1 whose in-
tersection is still empty. The claim follows since Ω1 must be one of these
sets.

If the conjugate q of p is an even integer, for instance when q = p = 2,
the bound of Theorem 5.6 can be improved as stated in the following result.

Theorem 5.7. Let r ∈ 2N and p = r
r−1 . Then

1. Any solution (x, z) of (Fp) satisfies ∥(x, z)∥2 ≤ R, where

log R = τ(r min{m, n})O(min{m,n}).

2. Moreover, if the feasible set of (Fp) is bounded, then the above bound holds for
any feasible solution of (Fp).

Proof. First let us notice that q = (1 − 1
p )

−1 = ( r
r − r−1

r )−1 = r ∈ 2N. The
idea is then to adapt the proof of Theorem 5.6 by considering the formula
Φ(R) in the following standard form (SF):

∀λ ∈ Rm ∃w ∈ R

{{[
λ1 ≥ 0, . . . , λm ≥ 0,

m

∑
i=1

λi = 1

]
=⇒[

n

∑
j=1

(
m

∑
i=1

λi fij

)r

= wr, R

(
m

∑
i=1

λigi − w

)
−

m

∑
i=1

λihi ≤ 0, w ≥ 0

]}
∧ (R ≥ 0)

}
.

One advantage given by the assumption on p is that the variable t is not
needed anymore, so Φ(R) is a standard formula (SF) of degree at most r with
k = 1 free variable and ω = 2 quantifiers. Furthermore, Φ(R) consists of
O(m) atomic polynomials inequalities in O(m) variables. The expansion of(

∑m
i=1 λi fij

)r with integer coefficients of height at most 2τ yields coefficients
with bit size at most B = r(τ + log(m)).

From Proposition 2.3 it follows that Φ(R) can be satisfied by a positive
number R such that

log R = r(τ + log(m))(O(m)r)O(m) = τ(mr)O(m). (5.9)
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In the two parts of Theorem 5.6 we can replace m with min{m, n + 1}, yield-
ing the desired result.

Let R be the bound defined as

R(p, n, m, τ) :=


τ(r min{m, n})O(n) if p = r ∈ 2N,

τ(r min{m, n})O(min{m,n}) if p = r
r−1 , r ∈ 2N,

τ(rn)O(n min{m,n}) otherwise,

(5.10)

and let Kn,1
p (R) = {(x, z) ∈ Kn,1

p : z ≤ R}. The discrepancy of (Fp) is the
optimal value of the following optimization problem:

θ∗ := min{θ : f T
i x + giz ≤ hi + θ, i ∈ M, (x, z) ∈ Kn,1

p (R)}. (5.11)

Since Kn,1
p (R) is compact, the minimum in (5.11) is always attained. In addi-

tion θ∗ ≤ 0 if and only if (Fp) is feasible.

The result below is the analog of (Porkolab and Khachiyan, 1997, Theorem
4.2).

Theorem 5.8. Let p = r
s ∈ Q, with r > s ∈ N and gcd(r, s) = 1. Assume that

(Fp) is infeasible. Then − log θ∗ = τ(rn)O(n min{m,n}). If r ∈ 2N and s = r − 1
then − log θ∗ = τ(r min{m, n})O(min{m,n}).

The proof of Theorem 5.8 is postponed at the end of Section 5.3.2.

5.3 On the Complexity of the p–Order Feasibility

Problem

The result below is the analog of (Porkolab and Khachiyan, 1997, Lemma
5.2).

Theorem 5.9. If p = r
s ∈ Q, with r > s ∈ N and gcd(r, s) = 1, then the

feasibility of (Fp) can be tested in ((m+ n)r)O(n) arithmetic operations over τ((m+

n)r)O(n)–bit numbers.
If p = r ∈ 2N then the feasibility of (Fp) can be tested in (mr)O(n) arithmetic
operations over τ(mr)O(n)–bit numbers.
If p = r

r−1 with r ∈ 2N then the feasibility of (Fp) can be tested in (mr)O(m)

arithmetic operations over τ(mr)O(m)–bit numbers.



132 Chapter V. Complexity

Proof. By Theorem 5.3, the sentence

∃(x, z, t) ∈ R2n+1

{
m∧

i=1

( f T
i x + giz ≤ hi), t1 ≥ 0, . . . , tn ≥ 0,

n∧
j=1

[
(xr

j ≤ zr−sts
j)∧(−xr

j ≤ zr−sts
j)
]

,
n

∑
j=1

tj ≤ z

}
(5.12)

states that (Fp) is feasible. From Theorem 2.5 it follows that the validity of the
above sentence can be determined in ((m + n)r)O(n) operations over τ((m +

n)r)O(n)-bit numbers.

If p = r ∈ 2N the formula becomes

∃(x, z) ∈ Rn+1

{
m∧

i=1

( f T
i x + giz ≤ hi),

n

∑
j=1

xr
j ≤ zr, z ≥ 0

}
. (5.13)

From Theorem 2.5 it follows that the validity of the above sentence can be
determined in (mr)O(n) operations over τ(mr)O(n)-bit numbers.

Eventually, if p = r
r−1 with r ∈ 2N, consider the sentence

∃R ∈ R Φ(R), (5.14)

where Φ(R) is the formula defined in the proof of Theorem 5.7. This sen-
tence also states that (Fp) is feasible. Observe that (5.14) consists of O(m)

polynomial inequalities of degree at most r in O(m) variables and has inte-
ger coefficients of bit size at most B = r(τ + log(rm)). The last part of the
lemma follows again from Theorem 2.5.

For r = p = q = 2, Theorem 5.9 directly implies the following corollary
when considering the self-dual second–order cone.

Corollary 5.10. The feasibility of an SOCP can be tested in mO(min{m,n}) arithmetic
operations over τmO(min{m,n}).

As we will see in the next section, the bound of Corollary 5.10 can be
improved even further.

5.3.1 Complexity Bounds on SOCP

The result below is the analog of (Porkolab and Khachiyan, 1997, Theorem
5.1).
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Theorem 5.11. The feasibility of an SOCP can be tested in m min{m, n}O(min{m,n})

arithmetic operations over τ min{m, n}O(min{m,n})–bit numbers.

Proof. If m ≤ n then the result follows directly from Corollary 5.10. Let us
assume that m ≥ n.

Given a set I ⊂ M = {1, . . . , m}, let us consider the following optimization
problem

θ(I) := min{θ : f T
i x + giz ≤ hi + θ, i ∈ I, (x, z) ∈ Kn,1

2 (R)}, (5.15)

where R = R(2, n, m, τ) (5.10). In particular, we have θ(M) = θ∗, the latter
quantity has been defined in (5.11). Denote by (x(I), z(I)) the unique least
norm solution of the system f T

i x+ giz ≤ hi + θ(I), i ∈ I, (x, z) ∈ Kn,1
2 (R), and

let V(I) = {i ∈ I : f T
i x(I) + giz(I) > hi + θ(I)} the index set of constraints

violated by (x(I), z(I)). A set I is called a basis, if V(J) ̸= V(I) for any proper
subset J ⊂ I. A basis J is a basis for I, if J ⊆ I and V(J) = V(I). Any basis
for M is called optimal. In particular, if S is an optimal basis, then

V(S) = V(M) = ∅, and consequently, θ(S) = θ(M) = θ∗. (5.16)

From Helly’s theorem, it follows that D := max{|I| : I is a basis} ≤ n + 1.
Given an optimal basis S, we can apply Corollary 5.10 to f T

i x + giz ≤ hi, i ∈
S, (x, z) ∈ Kn,1

p and determine the feasibility of the original system that de-
fine the SOCP in nO(n) operations over τnO(n)-bit numbers. Clarkson (1995)’s
algorithm finds an optimal basis by performing expected N = O(Dm +

D3
√

m log m log m) ≤ mpoly(n) violation tests. Each of these checks whether
j ∈ V(I) for a sample set I of cardinality O(D2 log D) and an index j ∈ M\I.
Note that the inclusion j ∈ V(I) can be written as the sentence

V j
I := ∀(x, z), (y, w) ∈ Rn+1 ∀θ, ρ ∈ R

{{(xTx ≤ z2, z ≥ 0) ∧ (yTy ≤ w2, w ≥ 0) ∧ SI(x, z, θ)

∧ [SI(y, w, ρ) =⇒ (θ ≤ ρ)] ∧ [SI(y, w, θ) =⇒ (∥(x, z)∥2
2 ≤ ∥(y, w)∥2

2)]}
=⇒ ( f T

j x + gjz > hj + θ)}, (5.17)

where SI(x, z, θ) is the quantifier free formula{∧
i∈I

( f T
i x + giz ≤ hi + θ) ∧ (∥(x, z)∥2

2 ≤ R2)

}
.
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Each violation test can thus be represented by a sentence in prenex form with
O(|I|) ≤ O(n) polynomial inequalities of degree 2 in O(n) variables. Note
also that the coefficient of these polynomial inequalities are integers of bit
size B ≤ max{τ, log R} = τ min{m, n}O(min{m,n}). Now from Theorem 2.5 it
follows that each violation test can be accomplished in nO(n) operations over
τnO(n)-bit numbers. But the expected number of violation tests is bounded
in mpoly(n). Hence, we conclude that for all n and m, testing the feasibility
of a SOCP requires expected mnO(n) operations over τnO(n)-bit numbers.

Remark 5.12. Our complexity bound from Theorem 5.11 heavily relies on the result
by Renegar (1992a) (Theorem 2.5). This latter result has been previously improved,
e.g., in (Basu et al., 2007, Theorem 14.14), where the authors obtain a similar al-
gebraic complexity but a slight improvement in terms of bit size for the output and
integers appearing in the intermediate computations. In particular the intermediate
integers have bit sizes that are linear in the input bit size but does not depend on the
number of polynomial (in)equalities. However in our case this does not yield any im-
provements because log R still depends polynomially on the number of (in)equalities.

In what follows we analyze the complexity bounds for other special
cases for the values of p in (Fp).

Theorem 5.13. The feasibility of (Fp) where p = r ∈ 2N is a positive even number
can be tested in m(r min{m, n})O(n) arithmetic operations over τ(r min{m, n})O(n)-
bit numbers.

Proof. It is enough to follow the proof of Theorem 5.11, while relying on
Corollary 5.10 instead of Theorem 5.9, selecting R = R(p, n, m, τ) (5.10), and
replacing the sentence (5.17) by the following one

V j
I := ∀(x, z), (y, w) ∈ Rn+1 ∀θ, ρ ∈ R{{(

n

∑
k=1

xr
k ≤ zr, z ≥ 0

)
∧
(

n

∑
k=1

yr
k ≤ wr, w ≥ 0

)
∧ SI(x, z, θ)

∧ [SI(y, w, ρ) =⇒ (θ ≤ ρ)] ∧ [SI(y, w, θ) =⇒ (∥(x, z)∥2
2 ≤ ∥(y, w)∥2

2)]

}

=⇒ ( f T
j x + gjz > hj + θ)

}
.
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5.3.2 Complexity Bounds on General (Fp)

Once it is shown the complexity of SOCP, the proof can be modified to derive
the complexities of more general cases.

Theorem 5.14. Let p = r
s ∈ Q, with r > s ∈ N and gcd(r, s) = 1. The feasibility

of (Fp) can be tested in min{[r(m + n)]O(n), m(rn)O(n2)} arithmetic operations
over τ min{[r(m + n)]O(n), (rn)O(n2)}–bit numbers.

Proof. It is enough to follow the proof of Theorem 5.11, while relying on
Corollary 5.10 instead of Theorem 5.9, selecting R = R(p, n, m, τ) (5.10), and
replacing the sentence (5.17) by

V j
I := ∀(x, z), (y, w) ∈ Rn+1, ∀θ, ρ ∈ R{{(∥x∥p ≤ z, ∥y∥p ≤ w) ∧ SI(x, z, θ)

∧ [SI(y, w, ρ) =⇒ (θ ≤ ρ)] ∧ [SI(y, w, θ) =⇒ (∥(x, z)∥2
2 ≤ ∥(y, w)∥2

2)]}
=⇒ ( f T

j x + gjz > hj + θ)}.

By Theorem 5.3 the membership of (x, z) in Kn,1
p can be expressed by

the formula (5.3) where ◁ stands for ≤. Then V j
I is a sentence involving 2

quantifiers, O(n) polynomial inequalities of degree at most r in O(n2) vari-
ables. The value of B remains unchanged. So for fixed dimension, Clarkson
(1995)’s algorithm yields a better bound.

The result below is the analog of (Porkolab and Khachiyan, 1997, Theorem
5.4).

Corollary 5.15. Given r ∈ 2N, the feasibility of (Fp) with p = r
r−1 can be tested in

m(r min{m, n})O(min{m,n2}) arithmetic operations over τ(r min{m, n})O(min{m,n2})-
bit numbers.

Proof. This is a direct consequence of Theorem 5.14 and Theorem 5.9.

Theorem 5.16. Given an optimal basis S of (5.11), in (rn)O(n min{m,n}) operations
over τ(rn)O(n min{m,n})-bit numbers we can find a system of univariate polynomial
inequalities with integer coefficients such that θ∗ is the only real solution of the
system. In particular, θ∗ is a root of a nontrivial polynomial p(θ) ∈ Z[θ] such that
log height(p) = τ(rn)O(n min{m,n}).

Proof. Assume without loss of generality that the given basis S coincides with
M. In particular, m ≤ n + 1. From von Neumman’s minimax theorem and



136 Chapter V. Complexity

(5.5), it follows that for R ≥ 0

θ∗ = min
(x,z)∈Kn,1

p (R)
max
λ∈∆m

m

∑
i=1

λi( f T
i x + giz − hi)

= max
λ∈∆m

min
(x,z)∈Kn,1

p (R)

{(
m

∑
i=1

λi f T
i

)
x +

(
m

∑
i=1

λigi

)
z −

m

∑
i=1

λihi

}

= max
λ∈∆m

min

0, R

 m

∑
i=1

λigi −
∥∥∥∥∥ m

∑
i=1

λi fi

∥∥∥∥∥
q

−
m

∑
i=1

λihi

 .

Consider the formula Λ(θ) defined as

∀λ ∈ ∆m

min

0, R

 m

∑
i=1

λigi −
∥∥∥∥∥ m

∑
i=1

λi fi

∥∥∥∥∥
q

−
m

∑
i=1

λi(hi + θ) ≤ 0

 ,

where R = R(p, n, m, τ) (5.10). This formula states that θ ≥ θ∗, and it can be
written as follows

∀λ ∈ Rm ∃(t, w) ∈ Rn+1

{[
λ1 ≥ 0, . . . , λm ≥ 0,

m

∑
i=1

λi = 1

]
=⇒{[

t1 ≥ 0, . . . , tn ≥ 0,
n

∑
j=1

tj = w,

n∧
j=1

[[(
m

∑
i=1

λi fij

)r

= wstr−s
j

]
∨
[
−
(

m

∑
i=1

λi fij

)r

= wstr−s
j

]] ]

∧
[(

m

∑
i=1

λi(hi + θ) ≥ 0

)
∨
(

R

(
m

∑
i=1

λigi − w

)
−

m

∑
i=1

λi(hi + θ) ≤ 0

)]}}
.

Now θ∗ is the only real solution of Λ∗(θ) := ∀θ′ ∈ R{Λ(θ)∧ [Λ(θ′) =⇒ (θ ≤
θ∗)]}. By consecutively applying Theorem 2.4 to Λ(θ) and Λ∗(θ), the latter
formula can be transformed into a quantifier free formula Λ∗∗(θ). This re-
quires [r(m+n)]O(mn) ≤ (rn)O(n min{m,n}) operations with max{τ, log R}[r(m+

n)]O(mn) ≤ τ(rn)O(n min{m,n})-bit numbers. The formula Λ∗∗(θ) is composed
of univariate polynomial relations p(θ)◁ 0, where ◁ ∈ {≤,<,=, ̸=,>,≥}.
Since θ∗ is the only real solution of Λ∗∗(θ), this formula can be transformed
into an equivalent system of polynomial inequalities, which must contain a
polynomial p such that p(θ∗) = 0.
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Theorem 5.17. Given r ∈ 2N, let p = r
r−1 . Then we can replace the bounds of

Theorem 5.16 by (r min{m, n})O(min{m,n}) and τ(r min{m, n})O(min{m,n}).

Proof. It is enough to follow the proof of Theorem 5.16 by relying on Theorem
5.7 instead of Theorem 5.6, and writing the formula Λ(θ) as

∀λ ∈ Rm ∃w ∈ R

{[
λ1 ≥ 0, . . . , λm ≥ 0,

m

∑
i=1

λi = 1

]
=⇒{[

n

∑
j=1

(
m

∑
i=1

λi fij

)r

= wr, w ≥ 0

]
∧[(

m

∑
i=1

λi(hi + θ) ≥ 0

)
∨
(

R

(
m

∑
i=1

λigi − w

)
−

m

∑
i=1

λi(hi + θ) ≤ 0

)]}}
.

Remark 5.18. The minimal polynomial of an algebraic number α is the primitive
irreducible polynomial p ∈ Z[x] such that p(α) = 0 and the leading coefficient
of p is positive. The height of α is the height of its minimal polynomial. Theorem
5.17 and the well-known Mignotte’s inequality recalled in Proposition 2.6 show that
log height(θ∗) = τ(r min{m, n})O(min{m,n}).

Theorem 5.16 and Theorem 5.17 immediately imply Theorem 5.8.

Proof of Theorem 5.8. Since the problem (Fp) is infeasible, one has θ∗ > 0. The-
orem 5.16 and Theorem 5.17 imply that the positive algebraic number θ∗ is
a root of a nontrivial polynomial p ∈ Z[x] with integer coefficients of bit
sizes τ(rn)O(n min{m,n}) and τ(r min{m, n})O(min{m,n}), respectively. Proposi-
tion 2.6 implies that θ∗ ≥ 1

1+height(p) , yielding the desired result.

Remark 5.19. If p = r ∈ 2N, then one can write the formula Λ(θ) from the proof
of Theorem 5.16 as

∀(x, z) ∈ Rn+1

{ ∧
i∈M

[ f T
i x + giz − (hi + θ) ≤ 0],

b

∑
j=1

xr
j ≤ zr, z ≥ 0, ∥(x, z)∥2

2 ≤ R2

}
, (5.18)

with log R ≤ τ(min{m, n}r)O(n). The bounds of Theorems 5.8 and 5.16 become
(min{m, n}r)O(n) and τ(min{m, n}r)O(n).
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5.4 Generalization to Several p–Order Cone

Constraints

In this section, we generalize our results to the case of more than one p–order
cone constraints. Namely, given d ∈ N and n1, . . . , nd ∈ N, we consider the
norm constraints (xk, zk) ∈ Knk,1

p , k = 1, . . . , d. With n := n1 + · · · + nd, let
(x, z) := (x1; . . . ; xd; z1; . . . ; zd) ∈ Rn+d be the full vector of variables. Given
p = r

s ∈ Q, with r > s ∈ N and gcd(r, s) = 1, we consider the p–order
feasibility problem that consists of determining whether there exists a real
vector (x, z) ∈ Rn+d such that

F1x1 + G1z1 + · · ·+ Fdxd + Gdzd ≤ H,

(xk, zk) ∈ Knk,1
p , k = 1, . . . , d, (5.19)

where Fk ∈ Zm×nk , Gk, H ∈ Zm for m ∈ N∗. We assume that all tuples (xk, zk)

are independent. The above problem involves n+ d variables and m+ d con-
straints. If this independence assumption does not hold then one can always
introduce additional variables satisfying it and encode the dependencies via
linear equality constraints.

The result of Theorem 5.9 can be generalized as follows.

Theorem 5.20. Let us consider (5.19) and assume that all tuples (xk, zk) are inde-
pendent.
If p = r

s ∈ Q, with r > s ∈ N and gcd(r, s) = 1, then the feasibility of
(5.19) can be tested in [(m + n + d)r]O(n+d) arithmetic operations over τ[(m +

n + d)r]O(n+d)–bit numbers.
If p = r ∈ 2N then the feasibility of (5.19) can be tested in [(m + d)r]O(n+d) arith-
metic operations over τ[(m + d)r]O(n+d)–bit numbers.
If p = r

r−1 with r ∈ 2N then the feasibility of (5.19) can be tested in [(m +

d)r]O(md2) arithmetic operations over τ[(m + d)r]O(md2)–bit numbers.

Proof. We sketch the proof by emphasizing the main differences with respect
to the single constraint case.

• Thanks to the independence assumption, Equation (5.4) in Lemma 5.4
can be generalized as follows:

min
(xk ,zk)∈K

nk ,1
p :

k=1,...,d

{
d

∑
k=1

( f T
k xk + gkzk) : z1 = R1, . . . , zd = Rd

}
=

d

∑
k=1

Rk(gk − ∥ fk∥q),
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where ∥ · ∥q is the dual of the ∥ · ∥p norm, i.e., q is such that 1
p +

1
q = 1.

• Lemma 5.5 becomes ∥(x, z)∥2 ≤ R, where log R = τ[(min{m, n} +

d)r]O(n+d).

• In Theorem 5.6, Θ(R) is replaced by Θ(R1, . . . , Rd) defined as

min
(xk ,zk)∈ΩRk

:

k=1,...,d

max

{
d

∑
k=1

(
f T
1kxk + g1kzk

)
− h1, . . . ,

d

∑
k=1

(
f T

mkxk + gmkzk

)
− hm

}
,

where ΩRk = {(x, z) ∈ Knk,1
p : z = Rk}.

For any R1, . . . , Rd ≥ 0 and considering ∆m as in (2.3),

Θ(R1, . . . , Rd) = min
(xk ,zk)∈ΩRk

:

k=1,...,d

max
λ∈∆m

m

∑
i=1

λi

(
d

∑
k=1

(
f T
ikxk + gikzk

)
− hi

)

= max
λ∈∆m

min
(xk ,zk)∈ΩRk

:

k=1,...,d

[
d

∑
k=1

((
m

∑
i=1

λi f T
ik

)
xk +

(
m

∑
i=1

λigik

)
zk

)
−

m

∑
i=1

λihi

]

= max
λ∈∆m

 d

∑
k=1

Rk

 m

∑
i=1

λigik −
∥∥∥∥∥ m

∑
i=1

λi fik

∥∥∥∥∥
q

−
m

∑
i=1

λihi

 .

Then Φ(R) is replaced by Φ(R1, . . . , Rd) defined as

∀λ ∈ ∆m

{
d

∑
k=1

Rk

 m

∑
i=1

λigik −
∥∥∥∥∥ m

∑
i=1

λi fik

∥∥∥∥∥
q

−
m

∑
i=1

λihi ≤ 0

∧ (R1 ≥ 0, . . . , Rd ≥ 0)

}
.
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By Theorem 5.3, Φ(R) can be rewritten in the standard form (SF) as
follows

∀λ ∈ Rm, ∃(tk, wk)
d
k=1 ∈ Rn+d

{{[
∧m

i=1λi ≥ 0,
m

∑
i=1

λi = 1

]
=⇒[

n1

∑
j=1

t1j = w1, . . . ,
nd

∑
j=1

tdj = wd,
d∧

k=1

nk∧
j=1

tkj ≥ 0,

d∧
k=1

nk∧
j=1

[[(
m

∑
i=1

λi fikj

)r

= ws
ktr−s

kj

]
∨
[
−
(

m

∑
i=1

λi fikj

)r

= ws
ktr−s

kj

]]
,

d

∑
k=1

Rk

(
m

∑
i=1

λigik − wk

)
−

m

∑
i=1

λihi ≤ 0

]}
∧ (R1 ≥ 0, . . . , Rd ≥ 0)

}
.

yielding ∥(x, z)∥2 ≤ R, with log R = τ[(n + d)r]O(min{m,n+d}(n+d)d).

• As in Theorem 5.7, Φ(R) can be rewritten in the standard form

∀λ ∈ Rm ∃w ∈ Rd

{{[
λ1 ≥ 0, . . . , λm ≥ 0,

m

∑
i=1

λi = 1

]
=⇒[

d∧
k=1

n

∑
j=1

(
m

∑
i=1

λi fikj

)r

= wr
k, w1, . . . , wd ≥ 0

d

∑
k=1

Rk

(
m

∑
i=1

λigik − wk

)
−

m

∑
i=1

λihi ≤ 0

]}
∧ (R1 ≥ 0, . . . , Rd ≥ 0)

}
,

yielding ∥(x, z)∥2 ≤ R, with log R = τ[(min{m, n}+ d)r]O(min{m,n+d}d2).

Similarly, we can extend the results of Theorem 5.11, Theorem 5.13, Corollary
5.15 and Theorem 5.14, respectively.

Theorem 5.21. Let us consider (5.19) and assume that all tuples (xk, zk) are inde-
pendent.
If p = 2, the feasibility of (5.19) can be tested in m[min{m, n}+ d]O(min{n+d,md2})

arithmetic operations over τ[min{m, n}+ d]O(min{n+d,md2})–bit numbers.
If p = r ∈ 2N, the feasibility of (5.19) can be tested in m[r min{m, n}+ d]O(n+d)

arithmetic operations over τ[r min{m, n}+ d]O(n+d)–bit numbers.
If r ∈ 2N and p = r

r−1 , the feasibility of (5.19) can be tested in either [r(m +

d)]O(md2) arithmetic operations over τ[r(m + d)]O(md2)-bit numbers or m[r(n +
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d)]O((n+d)n) arithmetic operations over τ[r(n+ d)]O(min{m,n+d}d2+(n+d)n)–bit num-
bers.
If p = r

s ∈ Q, with r > s ∈ N and gcd(r, s) = 1, the feasibility of (5.19) can
be tested in either [r(m + n + d)]O(n+d) arithmetic operations over τ[r(m + n +

d)]O(n+d)-bit numbers or m[r(n + d)]O((n+d)n) arithmetic operations over τ[r(n +

d)]O((min{m,d}+n)(n+d)d)–bit numbers.

We also emphasize that in the case of considering several cone constraints
with distinct values of pi =

ri
si
∈ Q, with ri > si ∈ N and gcd(ri, si) = 1,

complexity estimates are obtained in a similar way as above, by simply re-
placing r by max{r1, . . . , rd}.
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Chapter VI

Applications

Prometeo robó el fuego a los Dioses y se lo
dio a los hombres.
Por ello, fue encadenado a una roca y
torturado por toda la eternidad.

— Apolodoro, Biblioteca, libro I, 7

This chapter is the end of the road from theory to practice. It is divided in
sections according to the nature of how the theory is applied in each case.

In Section 6.1, we emphasize how the complexity bounds are applied to
optimization problems that involve p–order cones.

The goal of Section 6.2 is propose a novel location problem to optimally
locate a given number of facilities in the Euclidean space, and decide their
coverage radii based on different features to maximize the overall coverage
of a given set of users. The radii will represent an attraction measure based
on Newton’s law of universal gravitation. We propose a generalized power
cone program to solve it.

Eventually, Section 6.3 yields a mathematical optimization-based frame-
work to determine the location of leak detection devices along a network.
Assuming that the devices are endowed with a known coverage area.

6.1 Complexity Bounds for Some Significant

p–Order Cone Programs

The complexity of the feasibility problem studied in Chapter V has a direct
impact in the complexity of solving, with some tolerance ε > 0, optimization
problems involving p–order cones. For instance, if the objective function of
the problem ranges in [lb, ub], by binary search approaches, the complexity
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of solving the optimization problem equals log2(
ub−lb

ε ) times the complexity
of the feasibility oracle. In what follows, we provide detailed complexity
results for some optimization problems of interest in different fields.

6.1.1 Norm Minimization

We start with the classical application, ℓp–norm minimization problem (p-NMP),
that is defined in standard form as

minimize ∥x∥p (p-NMP)

subject to Ax ≤ b,

where A ∈ Zm×n and b ∈ Zm. Geometrically, this program stands for the
vector closest to zero (0) in the half-space of the normed space (Rn, ∥ · ∥p)

defined by Ax ≤ b. This problem has an extended representation to a p–
order cone program by means of an auxiliary variable z ∈ R as below:

minimize z (6.1)

subject to Ax ≤ b,

(x, z) ∈ Kn,1
p .

The feasibility problem associated to (6.1) corresponds to an instance of (Fp),
with fi = ai being the ith column of A, i = 1, . . . , m; g1 = · · · = gm = 0, and
h1 = b1, . . . , hm = bm.

Corollary 6.1. Let us assume that the coefficients of the input data A, b have bit size
at most τ, and let N ∈ Z+, ε = 2−N.

If p = r
s ∈ Q with r > s ∈ N and gcd(r, s) = 1, the feasibility of

(6.1) can be tested in min{[r(m + n)]O(n), m(rn)O(n2)} arithmetic operations over
τ min{[r(m + n)]O(n), (rn)O(n2)}–bit numbers. If the problem is feasible, then ac-
cording to the proof of Theorem 5.6, there exists a solution (x, z) satisfying z ≤ R,
with log R ≤ τ(rn)O(n min{m,n}), yielding an upper bound for (p-NMP).
An ε–optimal solution of (p-NMP) can be obtained through binary search in (τ +

N)min{[r(m + n)]O(n), m(rn)O(n2)} arithmetic operations.

For the Euclidean norm minimization (2-NMP), feasibility can be tested in
m min{m, n}O(min{m,n}) arithmetic operations over τ min{m, n}O(min{m,n}) bit-
numbers, and we get an upper bound of bit size τ min{m, n}O(min{m,n}) for the
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problem (2-NMP). An ε–optimal solution of (2-NMP) can be obtained through bi-
nary search in (τ + N)m min{m, n}O(min{m,n}) arithmetic operations.

Proof. The two feasibility estimates follow directly from Theorem 5.14 and
Theorem 5.11, respectively. As mentioned at the beginning of this section,
the optimization cost of the binary search procedure depends on the available
lower and upper bounds on the minimum. In the case of norm minimization,
we can obviously select 0 as a lower bound, and an upper bound bit size
according to the one involved in the proof of Theorem 5.6.

Our complexity results can be similarly applied to minimize sum or
maximum of norms, see § 2.2 from Alizadeh and Goldfarb (2003) for the
corresponding formulations as SOCPs in the case of Euclidean norms.

6.1.2 Support Vector Machines

A slightly different version of the norm minimization problem appears in
supervised classification problems, in the so-called ℓp–Support Vector Ma-
chines (see, e.g., Blanco et al., 2020b). Given a training sample

{(x1, y1), . . . , (xm, ym)} ⊆ Qm × {−1,+1},

the goal is to construct an hyperplane-based classifier separating the two
classes (−1 and 1) by maximizing the ℓp–norm separation between them.
The problem is stated as:

minimize ∥ω∥p + C
m

∑
i=1

ξi (ℓp-SVM)

subject to yi(ω
Txi + b) ≥ 1 − ξi, ∀i = 1, . . . , m,

ω ∈ Rn, b ∈ R,

ξ ≥ 0.

where ω and b are the coefficients of the separating hyperplane (H = {ωTz+
b : z ∈ Rn}), and ξ are the missclassification errors. The parameter C > 0
allows one to find a trade-off between the margin separation and the miss-
classification.
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Note that this problem can be rewritten in the shape of the above norm min-
imization problem problem as follows:

minimize z + C
m

∑
i=1

ξi

subject to yi(ω
Txi + b) + ξi ≥ 1, ∀i = 1, . . . , m,

ω ∈ Rn, b ∈ R,

ξ ≥ 0,

(ω, z) ∈ Kn,1
p

The complexity of testing feasibility of the above problem is very similarly to
the case of norm minimization, stated in Corollary 6.1.

Corollary 6.2. Assume that the coefficients of the input data (C, xi) are rational
numbers with bit size at most τ, and let N ∈ Z+, ε = 2−N.
If p = r

s ∈ Q with r > s ∈ N and gcd(r, s) = 1, then the feasibility of prob-
lem (ℓp-SVM) can be tested in min{[r(m + n)]O(n), m(rn)O(n2)} arithmetic op-
erations over τ min{[r(m + n)]O(n), (rn)O(n2)}-bit numbers. An ε–optimal solu-
tion of (ℓp-SVM) can be obtained through binary search in (τ + N)min{[r(m +

n)]O(n), m(rn)O(n2)} arithmetic operations.
If p = 2, it can be tested in m min{m, n}O(min{m,n}) arithmetic operations over
τ min{m, n}O(min{m,n})-bit numbers.
An ε–optimal solution of (ℓp-SVM) can be obtained through binary search in (τ +

N)m min{m, n}O(min{m,n}) arithmetic operations.

6.1.3 Robust Least Squares

Least squares problems consist of finding the coefficient of a linear hyperplane
that minimize the sum of the squares differences between the predicted and
the observed values. Then, given a dataset {(x1, y1), . . . , (xk, yk)} ∈ Rn × R,
with input data X and response data y, a least square problem can be formu-
lated as:

min
ω∈Rn

∥Xω − y∥2
2

In case the data are uncertain, in robust least squares (Bertsimas and Copen-
haver, 2018; El Ghaoui and Lebret, 1996) allows to derive solutions to the
system by incorporating uncertainty sets for the parameters X and y in the
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above problem. Specifically, assuming that

UX = {X̃ ∈ Rn×k : ∥X̃∥p ≤ νX}
Uy = {ỹ ∈ Rk : ∥ỹ∥p ≤ νy}

the robust least squares method is stated as the following problem:

min
ω∈Rn

X̃∈UX ,ỹ∈Uy

∥(X + X̃)ω − (y + ỹ)∥2
2

Bertsimas and Copenhaver (2018) proved that the above problem can be re-
formulated as follows:

min
ω∈Rn

∥Xω − y∥2
2 + νX∥ω∥q + νy

where ∥ · ∥q is the dual of the ∥ · ∥p norm, i.e., q is such that 1
p +

1
q = 1. Thus,

the above problem can be reformulated as a p–OCP:

minimize ∥Xω − y∥2
2 + νXz + νy

subject to ω ∈ Rn,

z ∈ R,

(ω, z) ∈ Kn,1
q ,

which can be solved with a similar complexity as the one in Corollary 6.2
from the previous subsection.

6.1.4 Continuous Locations Problems

One of the foundational problems in facility location is the Weber problem
(Weber, 1909; Fekete et al., 2005). Given a set of points X = {x1, . . . , xd} ⊂
Rn, the goal is to find a point x ∈ Rn minimizing the sum of the (λ-weighted)
distances to the points in X . Using ℓp–norms, the problem is stated as:

min
x∈Rn

d

∑
i=1

λi∥x − xi∥p (Weber)
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which can be equivalently rewritten as a standard conic pOCP as follows:

minimize
d

∑
i=1

λizi

subject to wi = xi − x, ∀i = 1, . . . , d,

wi ∈ Rn, ∀i = 1, . . . , d,

x ∈ Rn,

(wi, zi) ∈ Kn,1
p , ∀i = 1, . . . , d.

A generalized version of the Weber problem is the continuous ordered median
location problem (COMP). Given weights ω1, . . . , ωd —one can assume with-
out loss of generality that they are in [−1, 1]—; in the COMP, the distances
from the points to the new points are sorted in nondecreasing order, and the
ω-weights are assigned to the sorted sequence of distances, i.e., the COMP
can be formulated as:

min
x∈Rn

d

∑
i=1

ωiλ(i)∥x − x(i)∥p (COMP)

where x(i) ∈ {x1, . . . , xd} such that

∥x − x(1)∥ ≥ ∥x − x(2)∥ ≥ · · · ≥ ∥x − x(d)∥.

This unified framework allows, by adequately choosing the ω-weights, to
model different problem of interest, as constructing the point minimizing the
maximum of the distances from X to the new point —ω = (1, 0, . . . , 0), the
sum of the m largest distances (ω = (1, m. . ., 1, 0, . . . , 0)—; and many other
measures. In case ω1 ≥ . . . ≥ ωd ≥ ωd+1 := 0, it is known (Blanco et al.,
2014) that this problem is convex and it can be rewritten as
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minimize
d

∑
i=1

(ui + vi)

subject to wi = xi − x, ∀i = 1, . . . , d,

ui + vk ≥ ωiλkzk, ∀i, k = 1, . . . , d,

wi ∈ Rn, ∀i = 1, . . . , d,

x ∈ Rn,

u, v ∈ Rn,

(wi, zi) ∈ Kn,1
p , ∀i = 1, . . . , d.

As a straightforward consequence of Theorem 5.21, we obtain the following
result.

Corollary 6.3. Let p = r
s ∈ Q, with r > s ∈ N, gcd(r, s) = 1, and let N ∈

Z+, ε = 2−N. Assuming that the coefficients of the input data (xi, λi) have bit
size at most τ, then the feasibility of (COMP) can be tested in (r(d2 + nd))O(nd)

arithmetic operations over τ(r(d2 + nd))O(nd)–bit numbers. An ε–optimal solution
of (COMP) can be obtained through binary search in (τ + N)(r(d2 + nd))O(nd)

arithmetic operations. If p = 2, it can be tested in (nd)O(nd) arithmetic operations
over τ(nd)O(nd)–bit numbers, furthermore a ε–optimal solution of (COMP) can be
obtained by binary search in (τ + N)(nd)O(nd) arithmetic operations.

Note that this complexity can be directly extended to mixed-norm con-
tinuous location problems where the distance to each of the points is mea-
sured with a different ℓp–norm. In this case, we can obtain complexity es-
timates by considering the worse case scenario, as mentioned at the end of
Section 5.4. Similar results can also be obtained for the multiple-allocation
multiple-facility counterpart of the above problem that is described in (Blanco
et al., 2016).

6.1.5 Robust Linear Optimization

It has been shown by Ben-Tal and Nemirovski (1999) that the robust coun-
terpart of a linear program with ellipsoidal uncertainties can be formulated
as an SOCP. We use the notation from § 3.2 in Alizadeh and Goldfarb (2003).
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Let us consider the robust linear optimization problem:

minimize ĉT x̂ (Robust-LP)

subject to Âx̂ ≤ b,

x ∈ Rn,

where the constraint data Â ∈ Rm×n and b ∈ Zm are not known exactly. To
ease the presentation, the above problem can be rewritten as

minimize cTx

subject to Ax ≤ 0, (6.2)

xn+1 = −1,

x ∈ Rn+1,

where A = [Â, b], c = (ĉ, 0), x = (x̂, xn+1).

In Ben-Tal and Nemirovski (1999), the authors consider the case where
the uncertainty set is the Cartesian product of ellipsoidal regions, one for
each row aT

i of A centered at some given row vector aT
i ∈ Zn+1, namely

in the set {ai ∈ Rn+1 : ai = ai + Biu, ∥u∥2 ≤ 1}, where Bi is a positive
semidefinite matrix. Then they show that the robust counterpart of (6.2) is

minimize cTx

subject to ∥Bix∥2 ≤ −aT
i x, i = 1, . . . , m, (6.3)

xn+1 = −1,

x ∈ Rn+1.

Thanks to Theorem 5.21, the complexity of testing feasibility of (6.3) (resp. op-
timizing) can be readily estimated, yielding the following result.

Corollary 6.4. Assume that Bi ∈ Z(n+1)×(n+1) is positive definite for each i =

1, . . . , m. Let τ be the maximal bit size of the input data (c, B−1
i , ai), and let N ∈

Z+, ε = 2−N. The feasibility of (Robust-LP) can be tested in (mn)O(mn) arithmetic
operations over τ(mn)O(mn)–bit numbers. An ε–optimal solution of (Robust-LP)
can be obtained through binary search in (τ + N)(mn)O(mn) arithmetic operations.

Proof. For each i = 1, . . . , m, let us introduce auxiliary variable y(i) := Bix, so
that x = B−1

i y(i), and zi := −aT
i B−1

i y(i). Then each inequality constraint
∥Bix∥2 ≤ −aT

i x is equivalent to ∥y(i)∥2 ≤ zi. We have to consider the
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(m − 1)n linear equality constraints B−1
i y(i) = B−1

j y(j), for all i ̸= j. The cor-

responding SOCP involves nsocp = nm variables (y(1), . . . , y(m)) and msocp =

m + (m − 1)n linear equality constraints. The number d of cone constraints
is equal to m. By Theorem 5.21, the feasibility of the resulting SOCP can be
tested in msocp[min{msocp, nsocp} + m]O(min{nsocp+m,msocpm2}) arithmetic oper-
ations over τ[min{msocp, nsocp}+ m]O(min{nsocp+m,msocpm2})-bit numbers. The
desired result follows after noticing that min{msocp, nsocp}+ m = mn + m +

min{0, m − n} = O(mn) and nsocp + m = mn + m ≤ msocpm2.

A similar complexity estimate can be obtained if some Bi is not invert-
ible. In this case, for any x in the kernel of Bi, the corresponding cone con-
straint is replaced by a linear inequality constraint 0 ≤ −aT

i x. In the worse
case scenario, the whole feasible set is the union of 2m feasible regions ob-
tained by splitting the ambient space into the range and kernel of the matrices
B1, . . . , Bm. For the sake of simplicity, we restrict ourselves to the case of ellip-
soidal uncertainties but the extension to ℓp–ball based uncertainties might be
derived similarly using the robust reformulations in Bertsimas et al. (2004).

6.2 Gravitational Covering Location Problem

The goal of the problem that we propose is to optimally locate a given num-
ber of facilities in Rn, and decide their coverage radii based on different fea-
tures to maximize the overall coverage of a given set of users.

This problem belongs to the family of covering location problems, that
arise whenever a decision-maker aims to cover a given demand in case the
facilities have a limited coverage area. In several practical situations, the
services to be located are unable to satisfy the demand outside their cover-
age area but the demand covered by the services wants to be maximized.
Church and ReVelle (1974) introduce the maximal covering location prob-
lem (MCLP) as the problem of finding the positions of k services on a given
space, each of them endowed with a given coverage area, maximizing the
covered demand of the users. The MCLP has attracted significant attention
from both researchers and practitioners (Wei and Murray, 2015). Specifically,
this type of problem has been applied in different fields, such as in the loca-
tion of emergency services (Toregas et al., 1971), leak detection (Blanco and
Martínez-Antón, 2024b), mail advertising (Dwyer and Evans, 1981), archae-
ology (Bell and Church, 1985), among many others. The interested reader is
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referred to García and Marín (2019) for further details and recent advances in
covering location.

To formulate the problem we first describe the parameters and decision
variables that we use in our mathematical optimization model.

We are given a set of demand points {ai}i∈I ⊂ Rn indexed by the set I.
We assume that |J| facilities are to be located in Rn, indexed by the set J.

We assume that each demand point is allowed to be serviced by a facil-
ity if it belongs to a coverage area induced by a ℓp–norm ball centered at the
facility’s coordinates. The radius of each facility has to be determined based
on different features, such as the capacity of the facility, the satisfaction level,
or the distance to certain points of interest. In particular, a demand point
located at a ∈ Rn can be covered by a facility located at x ∈ Rn only if
∥x − a∥p ≤ Gmα1

1 · · ·mαd
d , where m1, . . . , md are the different features affect-

ing the coverage radius, and G ∈ R+, α = (α1, . . . , αd) ∈ ∆d are the aggre-
gation parameters for these values. Note that the shape of this coverage area
extends the notion of attraction between two bodies (in this case the demand
points and the facilities) stated in the law of universal gravitation by Newton
(1687), where the attraction of two objects can be obtained as:

Gm1m2

∥x1 − x2∥2
2

where G is the gravity constant, m1 and m2 are the masses of the two bodies,
and x1 and x2 their positions in the space.

Observe that the assumption of the dependence of the coverage radii
with different features has a practical interest in real-world situations where
the decision-makers may decide to give a different service to the users based
on their characteristics (certain profile of users of interest, preferred commu-
nities, serve minorities instead of just those closer to the facility, etc). Thus,
the consideration of attraction-function measures, as the one generalizing
Newton’s law, would provide insights into the convenience of locating the
service in different places, as well as which users are more favorable to the
coverage. Specifically, one facility may sacrifice to cover certain users which
are closer at the price of covering others that are further but provide better
coverage.

The values of the features for the coverage radius could depend only on the
demand point (i.e., certain characteristics of the specific demand point) or
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only on the facility (as the capacity level), or both (as the interest of a demand
point for a given facility or vice versa). The values of these features are un-
known, and determining their values informs the decision-maker about the
importance that should be given to each of them in the coverage of demand
points. A budget B is available to invest in the features.

In addition, each demand point i ∈ I is endowed with a weight ωi ∈ R+,
which models the population of the region identified with the demand point
or the profit for covering it.

The goal of the gravitational maximal covering location problem is to de-
termine the optimal positions of the facilities indexed in J that maximize the
overall profit for covering the demand I such that the cost for the values of
the different features does not exceed the given budget.

FIGURE 6.1: Solution of gravitational covering location
problem for two facilities with three features in the Euclidean
plane. Each radii is different for each pair demand-facility and
is determined by the solution following the Newton’s law of

universal gravitation.

To derive our mathematical programming formulation for the problem, we
use the following sets of decision variables:

yij =

1 if demand point i is accounted as covered by facility j,

0 otherwise

for all i ∈ I, j ∈ J.

xj ∈ Rn : Coordinates of the placement of the facilities, ∀j ∈ J.
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mijk ∈ R+: Value of feature k affecting the coverage of demand point i by
facility j for i ∈ I, j ∈ J, and k = 1, . . . , d.

The gravitational covering location problem can be formulated as the
following GPCP:

maximize ∑
i∈I

∑
j∈J

ωiyij (6.4)

subject to ∥xj − ai∥p ≤ Gijm
α1
ij1 · · ·mαd

ijd + M(1 − yij), ∀i ∈ I, j ∈ J, (6.5)

∑
j∈J

yij ≤ 1, ∀i ∈ I, (6.6)

∑
i∈I

∑
j∈P

d

∑
k=1

mijk ≤ B, (6.7)

xj ∈ Rn, ∀j ∈ J,

yij ∈ {0, 1}, ∀i ∈ I, j ∈ J,

mijk ∈ R+, ∀i ∈ I, j ∈ J, k = 1, . . . , d.

The objective function (6.4) in the above model is the overall weighted cover-
age of the solution. Constraints (6.5) enforce that in case the demand point i
is covered by facility j, ai must belong to the coverage area determined by the
different features. Otherwise, the value of the parameter M > maxi,i′∈I ∥ai −
ai′∥p makes this constraint redundant. Constraints (6.6) state that each de-
mand point can be accounted as covered by at most one facility. Constraint
(6.7) is the budget constraint. Finally, the domains of the variables are de-
tailed.

Observe that constraints (6.5) can be written as conic constraints in the
shape of those in Remark 4.10, i.e., Constraints (6.5) are equivalent to:

(x, y, m) ∈ Kp(α)[ fij, gij, hij], ∀i ∈ I, j ∈ J,

where fij(x) = xj − ai, hij(m) = Gij ·
(
mij1, . . . , mijd

)
, and gij(y) = M(1− yij)

Note that one can incorporate more sophisticated expressions for the
m-variables in the form of linear or conic constraints keeping a similar struc-
tured problem.
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6.3 Network Covering: A Leak Detection Problem

The design of leak detection systems on water supply networks has attracted
great interest due to the economic and environmental impact associated with
the systematic loss of this resource. Needless to say, the important role water
plays in our social and economic life system, such as in agriculture, manu-
facturing, the production of electricity, and sustaining human health.

In urban networks, where the supply pipelines network is buried, an
average of 20% to 30% of the supply water is periodically lost (El-Zahab and
Zayed, 2019). This average exceeds 50% in places with less technological
development where poor maintenance makes the system more vulnerable.
It is also known (El-Zahab and Zayed, 2019) that ∼70% of the amount of
wasted water is provoked by losses caused by leaks in modern networks.
Pipe internal roughness or friction factors are the main causes of leakage of
a water pipeline network (Walski, 1987; El-Abbasy et al., 2014), and as the
pipelines get older, they become more susceptible to damage. In developed
countries, it is expected that the annual disbursements for water leaks in their
supply networks would be close to 10 billion USD, of which 2 billion would
go to costs for damages due to water loss and 8 billion to social effects costs.
Additionally, the International Institute of Water Management forecasts that
33% of the world’s population will experience water scarcity by 2025 (Seckler
et al., 1998). Thus, the efficient management of water supplies is and will be
one of the main concerns of water authorities throughout the world.

Most of the efforts related to the management of water supply networks
have focused on the detection of leaks once they occur. Rapid detection of the
leak location is then crucial to minimize the impact of the leaks. Hamilton
and Charalambous (2013) suggests three different phases in the leak detec-
tion problem: localization, location and pinpointing. In the localization phase,
the goal is to detect if a leak has occurred within a certain network segment
after a suspected leak. There are several proposed machine learning based
methodologies to estimate leak probabilities or to classify the event leak/no
leak based on historic leakage datasets (El-Abbasy et al., 2016; Li et al., 2011).
In the location phase, the uncertain area where the leak is localized is nar-
rowed to ∼ 30cm. Finally, in the pinpointing phase, the exact position of
the leak is to be determined with a pre-specified accuracy of ∼ 20cm by us-
ing hydrophones and/or geophones (Fantozzi et al., 2009; Royal et al., 2011).
Previously to the determination of the position of the leak, a vast amount
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of literature have being devoted to modeling the determination of false/true
leak alarms by the different available devices (Cody et al., 2020a,b).

Another line of research on this topic is the design of control devices
and methods for the accurate and quick detection of leakages. This is the
case of the design of devices that accurately detect the leak within a restricted
area (Khulief et al., 2012). Nevertheless, these devices are expensive and the
adequate placement of the limited units must be strategically determined.
One of the most popular approaches is by partitioning the network in district-
metered areas where the flow and the pressure are monitored (leaks can be
detected by a decrease of flow and pressure) by means of leak-detection de-
vices at each of this areas (see, e.g., Puust et al., 2010). However, one still
has to decide the number of devices and their exact locations in each of the
district-metered areas.

There are different types of devices designed to help in the different leak
detection phases which are classified into static and dynamic devices. Static
devices, such as sensors or data loggers, are usually located on the network,
at utility holes, or directly on the ground, attached to the network. They
keep a data transmission flow with a central server to detect and localize
leaks. In contrast, dynamic devices are portable and used in the location
and pinpointing phases on more specific areas where the leak was suspected
to occur. Whereas static devices can be automated, dynamic ones must be
controlled on-site by humans. Different technologies have been designed for
the two different types of devices (see, e.g., Li et al., 2015, for further details).

Most of the research on static leak detection systems is focused on the
adequate estimation of the signals transmitted from the devices to the central
server to detect an actual leak (Mohamed et al., 2012; Tijani et al., 2022). A
few works analyze the optimal placement of a given number of static devices
on a finite number of potential placements based on the capability of each of
the potential places to detect a leak (Venkateswaran et al., 2018), or in the use
of historic data to place the devices at the more convenient places (Casillas
et al., 2013).

The models that we propose belong to the family of continuous cover-
ing location problems. In this type of problem, the goal is to find the position
of one or more services (in this case, the leak detection devices), each of them
endowed with a coverage area, i.e., a limited region where the service/signal
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can be provided. Covering Location Problems are usually classified into (par-
tial) set covering location problems, (P)SCLP, and maximal covering location prob-
lems, MCLP. The goal of the (P)SCLP is to determine the minimum num-
ber of services (or equivalently the minimum set-up cost for them) to cover
(part of) a given demand. In MCLP the number of services is known and the
goal is to place them to cover as much demand as possible. These problems
have been widely studied in the literature in case the given demand points
to cover are finite and planar, and the coverage areas are Euclidean disks (see
García and Marín, 2019; Murray and Tong, 2007; Murray, 2021; Pelegrín and
Xu, 2023, for further information on this problems). Several extensions of
these problems have been studied, by imposing connectivity between the
services in higher dimensional spaces and different coverage areas (Blanco
and Gázquez, 2021), multiple types of services (Blanco et al., 2023a), under
uncertainty (Hosseininezhad et al., 2013), regional demand (Blanquero et al.,
2016), or with ellipsoidal coverage areas (Tedeschi and Andretta, 2021).

We provide versions of the PSCLP and the MCLP, where instead of cov-
ering demand points, the goal is to cover lengths/volumes of the water sup-
ply pipeline networks, and the services to be located are the devices to detect
leaks. The goal is either to find the number of devices and their optimal
placement to fully or partially cover the whole length of the network (in the
case of the PSCLP) or to find the placements of a given number of devices to
maximize the length of the network which is covered by the devices. We as-
sume that the coverage areas of the devices are ℓp–norm based balls and that
covering a part of the network with these shapes implies that the device is
able to detect a leak there. As far as we know, this problem has never been in-
vestigated before despite its practical applications. Murray and Tong (2007)
analyze planar covering problems with generalized types of demand, as line
segments or polygons, but where partial coverage is not allowed. In our ap-
proach, a part of the different elements taking part of the network is allowed
to be covered, being the overall coverage maximized or lower bounded in
our models.

We derive mathematical programming formulations for our model. First,
we analyze the simple case when a single device is to be located. Next, we
extend the model to the case of the simultaneous location of more than one
device. We propose MINLP formulations for the problems, that are reformu-
lated as MISOCP. We analyze some properties of the model that allow us to
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develop a strategy to construct initial solutions by solving an ILP. We also de-
sign a math-heuristic approach to approximately the problem by solving, se-
quentially, the single-device versions of the problem. We have tested all our
approaches in real-world urban water networks. In addition to analyzing
the computational performance of our algorithms, we provide managerial
insights about the locations obtained with our approaches, compared to the
application of the classical algorithms in the literature, namely vertex and
edge-restricted covering problems. mathematical optimization, the corner-
stone of the developments in this section, has been already recognized as a
very powerful tool to analyze real-world pipeline networks (see, e.g., Blanco
et al., 2022, 2023b).

The rest of the section is organized as follows. In Section 6.3.1, we in-
troduce the problem under analysis and illustrate some of the solutions that
can be obtained. Section 6.3.2 is devoted to analyzing the problem of locat-
ing a single device, which will be helpful in the development of approxima-
tion algorithms for the multi-device case. In Section 6.3.3, the general case
is analyzed. We provide mixed integer conic programming formulations for
the maximal and partial set covering location problems and a deep study of
them. We also provide a method to construct initial solutions for the prob-
lem based on the geometric properties of the solutions and a math-heuristic
approach based on solving, iteratively, single-device instances. The results of
our computational experiments on real-world urban pipeline networks are
reported in Chapter VII, Section 7.2.2.

6.3.1 Length-Coverage Location of Devices

In this section, we introduce the problem under study and fix the notation
for the rest of the subsections.

Let G = (V, E; Ω) be an undirected geometric network with a set of
vertices V, a set of edges E, and nonnegative edge weights Ω. The graph
represents an urban water pipeline network, where the weights are the di-
ameter or roughness of each of the pipelines in the network, which together
with its length will allow us to compute the covered volume of the network.
We assume that the geometric graph is embedded in Rn, i.e., V ⊆ Rn and
each (undirected) edge e = {oe, fe} ∈ E is identified with a segment in Rn,
with ends oe and fe in V. Abusing notation, we identify edge e ∈ E either
with the segment induced by its ends, i.e., e ≡ [oe, fe] or with the vector of
Rn associated with them, i.e., e ≡ fe − oe.
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A device located at x ∈ Rn is endowed with a ℓp–ball coverage area in the
form:

BR(x) = {y ∈ Rn : ∥x − y∥p ≤ R}

where R ∈ R+ is the given coverage radius, and 1 ≤ p ≤ ∞. Note that each
of the devices can be endowed with a different radius and a different norm,
based on their technical specifications.

For each edge e ∈ E, and a finite set of positions for the devices X ⊂ Rn,
we denote by CovWLengthG(e,X ) the weighted length of the edge covered
by the devices. Let us denote by TotWLengthG the total weighted length of
the network, i.e., TotWLengthG = ∑

e∈E
ωe∥oe − fe∥p with ωe ∈ Ω.

We analyze in this section two covering location problems to determine
the position of the leak detection devices, namely the partial set network length
covering location problem (PSNLCLP) and the maximal network length covering
location problem (MNLCLP). In both cases, the goal is to place the different
types of devices in the space to accurately detect a leak on the network.

Partial Set Network Length Covering Location Problem (PSNLCLP)

The goal of this problem is to determine the minimum number of devices
and their positions in Rn in order to cover at least 100γ% of the weighted
length of the network, for a given γ ∈ (0, 1].

The PSNLCLP can be mathematically stated as:

min
X⊆Rn :

∑e∈E CovWLengthG(e,X )≥γTotWLengthG

|X |

The number of devices in the objective function can be replaced by the
overall set-up costs for them, in whose case, the model read:

min
X⊆Rn :

∑e∈E CovWLengthG(e,X )≥γTotWLengthG

∑
X∈X

fX

being fX a given set-up cost for the device X ∈ X .

For the sake of simplicity, in this section, we analyze the first model,
although all the results are also valid for the second one.
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Maximal Network Length Covering Location Problem (MNLCLP)

In this problem the number of devices to locate is given, an integer k ≥ 1, and
the goal is to find their positions to maximize the weighted-covered length
of the network. While the MNLCLP consists of solving

max
X⊆Rn :
|X |=k

∑
e∈E

CovWLengthG(e,X )

Both in the PSNLCLP and the MNLCLP, one can provide different cover-
age for the different devices that want to be located. In the PSNLCLP, it is
assumed that the number of available devices is unlimited (although min-
imized), but one can assume that different types of devices with different
specifications are available. In the MNLCLP, since exactly k of them are to be
located, different radii can be specified for each of them.

In the following example, we illustrate the two problems described
above analyzed in a real network (see Section 7.2.2).

Example 6.5. Let us consider the network drawn in Figure 6.2. There, each edge
has a different weight indicating the diameter of the pipeline (as larger the weight
thicker the line in the plot). Devices with identical Euclidean disk coverage areas
of radius 0.5 are to be located (the network has been scaled to fit in a disk of radius
5). In Figure 6.3 we show the solutions of the PSNLCLP for γ = 0.75 (right) and
the solution of MNLCLP for k = 5 (left). There, the centers are highlighted as red
stars, the covered segments of the network are colored in blue, and the coverage of the
devices are the red disks.

Note that the flexible approach that we propose does not force the devices to be
located at the vertices or edges of the network, being able to cover a larger amount of
the volume of the network with a smaller number of devices.

Example 6.6. The two problems that we introduce here are defined in a very general
framework (n-dimensional spaces, networks with no further assumptions, and gen-
eral coverage shapes). In Figure 6.4 we show solutions for the MNLCLP for the same
instance that in Example 6.5, with k = 5 but in case the coverage areas are induced
by ℓ1–norm (left) and ℓ∞–norm (right) balls.

Remark 6.7. As already mentioned, most covering location problems on networks
assume that the centers must be located either on the edges or the vertices of the net-
work (see, e.g., Berman and Wang, 2011; Berman et al., 2016). Here, this condition
is no longer assumed, allowing the centers to be located at any place in the space
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FIGURE 6.2: Pipeline urban network of Example 6.5.

FIGURE 6.3: Solutions of MNLCLP (k = 5) and
PSNLCLP (γ = 0.75) of the network of Example 6.5.

FIGURE 6.4: Solutions of MNLCLP with k = 5 for coverage
areas defined by ℓ1–norm (left) and ℓ∞–norm (right) balls.

where the network lives. This flexibility allows positions for the devices providing
a larger coverage of the network. In Figure 6.5 we show the solutions of the edge-
restricted (left) and vertex-restricted (right) versions of the MNLCLP, where one can
observe that the optimal positions of the devices are different from those obtained for
the MNLCLP.

We have compared the covered lengths of the three problems (MNLCLP, edge-restricted
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FIGURE 6.5: Solutions of the edge-restricted and
vertex-restricted versions of MNLCLP for k = 5 for the network

of Example 6.5.

MNLCLP, and vertex-restricted MNLCLP) for different values of k (2, 5, and 8), and
different radii R (0.1, 0.25, and 0.5). In Figure 6.6 we show a bar diagram with the
average deviations (for each k) of the two restricted versions with respect to the cov-
ered length of the general approach that we propose. As can be observed, the solutions
of the unrestricted MNLCLP are able to cover more than 6% than the edge-restricted
problem and more than 20% than the vertex-restricted problem. Since undetected
leaks may produce fatal consequences in an urban area and leak detection devices are
expensive, the use of the solutions of our models is advisable in this situation.

6.3.2 The Single-Device Maximal Network Length Covering

Location Problem

In this section, we first analyze the MNLCLP in case k = 1 (a single device).
We provide a mathematical programming model for the problem that will be
useful for the general construction of the multi-device instances of MNLCLP
and PSNLCLP derived in this section.

Let e ∈ E be an edge in the network and x ∈ Rn a given location for
a device. In case the coverage area of the device in x, BR(x), does not touch
the edge, then the covered length is clearly zero. Otherwise, since BR(x) is a
compact and convex body in Rn, ∂BR(x), the boundary of the ball, will touch
the segment in two points (that may coincide in case the segment belong to a
tangent hyperplane of the ball). These points belong to the segment [oe, fe],
that can be parameterized as:

y0
e = λ0

e oe + (1 − λ0
e ) fe and y1

e = λ1
e oe + (1 − λ1

e ) fe
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FIGURE 6.6: Average length coverage deviations between the
solutions of MNLCLP and the edges/vertices-restricted

versions of the problem.

for some λ0
e , λ1

e ∈ [0, 1]. We can assume without loss of generality that y0
e is

closer to oe than y1
e , so we restrict the λ-values to λ0

e ≤ λ1
e .

With the above parameterization, the length of the edge covered by x is
(λ1

e − λ0
e )Le (here, Le stands for the length of the edge e).

To derive our mathematical programming formulation for the problem,
we use the following sets of decision variables:

ze =

1 if edge e intersects the device’s coverage area,

0 otherwise

x : Coordinates of the placement of the device.

y0
e , y1

e : Intersections points of ∂BR(x) with the edge e

λ0
e , λ1

e : Parameterization values in the segment of intersection points y0
e

and y1
e , respectively.
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The single-device MNLCLP can be formulated as the following mathematical
programming model, that we denote as (1-MNLCLP):

maximize ∑
e∈E

ωeLe(λ
1
e − λ0

e ) (6.8)

subject to ∥x − ys
e∥pze ≤ R, ∀e ∈ E, s ∈ {0, 1}, (6.9)

ys
e = λs

eoe + (1 − λs
e) fe, ∀e ∈ E, s ∈ {0, 1}, (6.10)

λ0
e ≤ λ1

e , ∀e ∈ E, (6.11)

λ1
e ≤ ze, ∀e ∈ E, (6.12)

λ0
e , λ1

e ≥ 0, ∀e ∈ E, (6.13)

ze ∈ {0, 1}, ∀e ∈ E, (6.14)

x ∈ Rn. (6.15)

Constraints 6.9 enforce that in case the device coverage area intersects the
edge, the intersection points must be in the coverage area of x. This constraint
can be equivalently rewritten as:

∥x − ys
e∥p ≤ R + ∆(1 − ze), ∀e ∈ E, s ∈ {0, 1}

where ∆ a big enough constant with ∆ > max
{
∥z1 − z2∥p : z1, z2 ∈ {oe, fe :

e ∈ E}
}

. Constraints (6.10) are the parameterizations of the intersection

points. Constraints (6.11) force that y0
e is closer to oe than y1

e . In case the
device does not intersect an edge, by Constraints (6.12) fix to zero the coeffi-
cients of the parameterization, adding a value of zero to the covered lengths
in the objective function. (6.13)-(6.15) are the domains of the variables.

(1-MNLCLP) is a MIpOCP problem because of the discrete variables z
and the p–order cone constraints (6.9). These can be efficiently reformulate
as a MISOCP that can be solved using the off-the-shelf software (Blanco and
Martínez-Antón, 2024a).

Generating Feasible Solutions of MNLCLP

The single-device version of the MNLCLP is already a challenging combina-
torial problem since it requires computing a feasible group of edges which is
able to be covered by the device (in addition to the computation of the cov-
ered volume). In what follows, we analyze some geometric properties and
algorithmic strategies for this problem, that will result in an ILP formula-
tion to generate good quality initial feasible solutions to this problem. The
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same ideas will be extended to generate solutions also for the multi-device
problem.

The following result, whose proof is straightforward from Constraints
(6.9) provides a geometric characterization of the potential position for the
device to be located given that the touched set of edges is known.

Lemma 6.8. Let z̄ ∈ {0, 1}E be a feasible solution for 1-MNLCLP. Denote by C :=
{e ∈ E : z̄e = 1}, the edges (total or partially) covered by the device. Then, we get
that

x ∈
⋂
e∈C

(e ⊕ BR(0)), (Cov)

The above result states that the position of the device, x, must belong to the
intersection of the extended segments induced by the edges in the cluster C.
In Figure 6.7 (left picture) we illustrate the shape of e ⊕ BR(0) for a given
edge e ∈ E. In Figure 6.7 (right picture) we show the intersection of three of
these types of sets, where a device covering the three segments is allowed to
be located.

FIGURE 6.7: Shape of extended edges (left) and the intersection
of three of these compatible shapes (right).

As already mentioned, the main combinatorial decision of our models is to
determine the sets of edges that are allowed to be touched by the same device,
i.e., S ⊂ E, such that

⋂
e∈S

(e ⊕ BR(0)) ̸= ∅. Defining the set C as

C :=

{
S ⊂ E :

⋂
e∈S

(e ⊕ BR(0)) ̸= ∅

}
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each element S ∈ C will be called a compatible subset for the device. In general,
unless the radius is big enough, not all the subsets of E belong to C.

In the following result, we describe a polynomial set (in |E|) of valid inequal-
ities for our model that avoid those noncompatible sets in our models.

Lemma 6.9. The following inequalities are valid for the 1-MNLCLP:

∑
e∈S

ze ≤ n, ∀S ⊂ E with |S| = n + 1 and
⋂
e∈S

(e ⊕ BR(0)) = ∅ (6.16)

Proof. It is straightforward to see, by Constraints (6.9), that the following con-
dition is verified by any solution of (6.8)-(6.15):

∑
e∈S

ze ≤ |S| − 1, ∀S ⊂ E :
⋂
e∈S

(e ⊕ BR(0)) = ∅,

Thus, by Helly’s theorem 2.11, since the sets taking part of the intersections
above, (e ⊕BR(0)), are compact and convex for any e ∈ E, the result follows.

Corollary 6.10. Let z̄ ∈ {0, 1}E be a solution of the system of Diophantine inequal-
ities (6.16). Then, z̄ is a feasible solution for the 1-MNLCLP.

In the classical MCLP, the above observation allows us to replace the
nonlinear covering constraints —in the shape of (6.9)— with inequalities in
the shape of (6.16), and the continuous variables which are involved in these
constraints can be forgotten (see, e.g., Blanco and Gázquez, 2021; Blanco et al.,
2023a). In our model, the latter is no longer possible as in classic MCLP since
the λ-values are also needed to compute the covered volume of the network.

Thus, we propose the following integer linear programming formulation to
obtain valid compatible subsets for the models,

maximize ∑
e∈E

ωeLeze (6.17)

subject to ∑
e∈S

ze ≤ n, ∀S ⊂ E(|S| = n + 1) :
⋂
e∈S

(e ⊕ BR(0)) = ∅, (6.18)

ze ∈ {0, 1}, ∀e ∈ E. (6.19)

The above mathematical programming model is an edge-based version
of the classical 1-MCLP, which is known to be NP-hard. The main advantage
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of this representation is that one can use techniques from integer linear pro-
gramming to strengthen or solve it, using the available off-the-shelf solvers.

The main bottleneck of this formulation is the computation of the inter-
sections of n + 1 sets in the form e ⊕ BR(0) which are empty, in whose case
the corresponding inequality is added to the pool of constraints. The general
methodology that can be applied for any dimension and any ℓp–norm, is by
applying a relax-and-cut approach based on solving the problems above by
removing Constraints (6.18), separating the violated constraints and incorpo-
rating them on-the-fly in an embedded branch-and-cut algorithm.

In what follows, we focus on the planar Euclidean case, which is the
most useful case in practice, and for which the formulations can be further
simplified.

Observe that for n = 2, Constraints (6.16) are equivalent to:

ze + ze′ ≤ 1,∀e, e′ ∈ E : (e ⊕ BR(0)) ∩ (e′ ⊕ BR(0)) = ∅,

ze + ze′ + ze′′ ≤ 2,∀e, e′, e′′ ∈ E : (e ⊕ BR(0)) ∩ (e′ ⊕ BR(0)) ∩ (e′′ ⊕ BR(0)) = ∅,

ze ∈ {0, 1},∀e ∈ E.

Thus, in order to incorporate these types of constraints one needs to check
two and three-wise intersections of objects in the form e ⊕ BR(0). Although
these shapes can be difficult to handle in general, the planar Euclidean case
can be efficiently handled by analyzing the geometry of these bodies like
Minkowski sums of segments and disks.

The following results are instrumental for the development of the algo-
rithm that we propose to generate the above sets of constraints. From now
on, ∥ · ∥ denotes the Euclidean norm in R2.

Lemma 6.11. Let e, e′ be two segments in R2 and δ(e, e′) := min{∥x − x′∥ : x ∈
e, x′ ∈ e′}. Then, if δ(e, e′) > 0, there exist x ∈ e and x′ ∈ e′ with δ(e, e′) =

∥x − x′∥ such that either x ∈ {oe, fe} or x′ ∈ {oe′ , fe′}.

Proof. The result follows by observing that the minimum distance between
two segments is always achieved by choosing one of the extremes of the seg-
ments.

Lemma 6.12. Let e be a segment in R2 and y ∈ R2 be a point. Let z be the
intersection point between the line, r, induced by e and its orthogonal line passing
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through the point y. Then, δ(e, y) := min{∥x − y∥ : x ∈ e} can be computed as:

δ(e, y) = ∥y − (min{max{0, µ}, 1}( fe − oe) + oe)∥,

where µ denotes the parameterization value of z in r pointed at oe.

Proof. Let z be the intersection point between the line, r, induced by e and
its orthogonal line passing through the point y. We denote by µ the pa-
rameterization of z in the ray induced by the segment pointed at oe. Thus,
∥y − z∥ = min{∥y − w∥ : w ∈ r}. Since z ∈ r, one can parameterize z as
z = (1 − µ)oe + µ fe for some µ ∈ R. Let us analyze the different possible
values for µ:

• If µ ∈ [0, 1], one gets that:

∥y − (µ( fe − oe) + oe)∥ = ∥y − z∥ = min{∥y − w∥ : w ∈ r}
≤ min{∥y − w∥ : w ∈ e} = δ(e, y).

• If µ < 0, will show that δ(e, y) = ∥y − oe∥. Let λ ∈ [0, 1] and x =

(1 − λ)oe + λ fe ∈ e. Then:

∥y − oe∥2 = ∥y − z∥2 + ∥z − oe∥2

= ∥y − z∥2 + ∥µ( fe − oe) + oe − oe∥2

= ∥y − z∥2 + |µ|2∥( fe − oe)∥2

≤ ∥y − z∥2 + |(µ − λ)|2∥( fe − oe)∥2

= ∥y − z∥2 + ∥µ( fe − oe) + oe − (λ( fe − oe) + oe)∥2

= ∥y − z∥2 + ∥z − x∥2

= ∥y − x∥2.
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• In case µ > 1, let us see that δ(e, y) = ∥y − fe∥. Let λ ∈ [0, 1] and
x = λ( fe − oe) + oe be in e:

∥y − fe∥2 = ∥y − z∥2 + ∥z − fe∥2

= ∥y − z∥2 + ∥µ( fe − oe) + oe − fe∥2

= ∥y − z∥2 + ∥µ( fe − oe) + oe − fe + oe − oe∥2

= ∥y − z∥2 + |µ − 1|2∥( fe − oe)∥2

≤ ∥y − z∥2 + |(µ − λ)|2∥( fe − oe)∥2

= ∥y − z∥2 + ∥µ( fe − oe) + oe − (λ( fe − oe) + oe)∥2

= ∥y − z∥2 + ∥z − x∥2

= ∥y − x∥2.

Summarizing, we get that the point in e closest to y is in the form (1− λ)oe +

λ fe with

λ =


0 if µ < 0,

µ if 0 ≤ µ ≤ 1,

1 if µ > 1.

that is, λ = min{max{0, µ}, 1}, being then

δ(e, y) = ∥y − (min{max{0, µ}, 1}( fe − oe) + oe)∥.

Given a set of edges, E, and a radius R, using the above results, we develop
algorithms to compute the two and three-wise intersections of sets in the
form e⊕BR(0), for e ∈ E. The pseudocodes are shown in Algorithms 1 and 2.
The set M, which is initialized to the empty set, will contain, the pairs (e, e′) of
E × E with (e ⊕BR(0))∩ (e′ ⊕BR(0)) = ∅ by checking the distance between
the segments, δ(e, e′). On the one hand, in case, δ(e, e′) = 0, both segments
intersect so also their Minkowski sums. On the other hand, if δ(e, e′) ̸= 0, we
denote by re and re′ the lines containing the segments e and e′, respectively,
and by y0 their intersection point. By Lemma 6.11 there exist x, x′ ∈ R2

with δ(e, e′) = ∥x − x′∥, being x ∈ {oe, fe} or x′ ∈ {oe′ , fe′}. Thus, four
distances are enough to compute δ(e, e′), namely δ1 := δ(oe′ , e), δ2 := δ( fe′ , e),
δ3 := δ(oe, e′) and δ4 := δ( fe, e′), being δ(e, e′) = min{δ1, δ2, δ3, δ4}. In case
δ(e, e′) > 2R, then (e ⊕ BR(0)) ∩ (e′ ⊕ BR(0)) = ∅, and the tuple (e, e′) is
added to M.
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For the three-wise intersections, the set M is again initialized to the empty set.
Then, for each triplet (e1, e2, e3) whose pairwise intersection is nonempty (by
Algorithm 1), we solve the following mathematical optimization problem:

ε⋆(e1, e2, e3) := min ε (6.20)

s.t. yi = (1 − λi)oei + λi fei , i = 1, 2, 3, (6.21)

∥x − yi∥ ≤ R + ε, i = 1, 2, 3, (6.22)

x ∈ R2, (6.23)

λ1, λ2, λ3 ∈ [0, 1], (6.24)

ε ∈ R. (6.25)

The above problem is polynomial-time solvable since it is an SOCP. Further-
more, its objective value provides a way to check for the emptiness of the
three-wise intersection problem.

Lemma 6.13. Let e1, e2, e3 ∈ E with (ei ⊕ BR(0)) ∩ (ej ⊕ BR(0)) ̸= ∅ for all
i, j ∈ {1, 2, 3}. Then, (e1 ⊕ BR(0)) ∩ (e2 ⊕ BR(0)) ∩ (e3 ⊕ BR(0)) ̸= ∅ if and
only if ε⋆(e1, e2, e3) ≤ 0.

6.3.3 A General Model for PSNLCLP and MNLCLP

In this section, we provide a general methodology to deal with the optimal
location of devices in both the PSNLCLP and the MNLCLP. In the single-
device problem analyzed in the previous section, the coverage of an edge
can be directly computed by parameterizing the intersection of the bound-
ary of the ball with the edge. Nevertheless, in the multi-device problem, the
covered length does not coincide with the sum of the coverages of every sin-
gle device separately, since the same part of a segment may be covered by
two or more devices, but the covered length must be accounted for only once
(otherwise the optimal placement for a set of devices is the collocation of all
of them in the more weighted edge).

We illustrate the situation in the following toy example.

Example 6.14. Let us consider a planar network with a single edge e and four de-
vices with Euclidean ball coverage areas as drawn in Figure 6.8. The four devices
touch the edge. The covered length of the edge is highlighted with thicker segments
in the picture. Clearly, this length cannot be computed by adding up separately each
of the covered lengths of the devices.
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Algorithm 1: A complete set of 2-wise incompatible edges.
Data: Set of edges, E, and radius R.
M = ∅
for (e, e′) ∈ E × E do

Set: ē = fe − oe.
Set: ē′ = fe′ − oe′ .
Compute the intersection point of the lines oe + ⟨ē⟩ and oe′ + ⟨ē′⟩: y0.
Calculate µ0, µ′

0 such that y0 = µ0ē + oe and y0 = µ′
0ē′ + oe′ .

if µ0 or µ′
0 /∈ [0, 1] then

1. Compute the intersection point of the lines oe + ⟨ē⟩ and oe′ + ⟨ē⊥⟩: y1.
Calculate µ1 such that y1 = µ1ē + oe.
Set: δ1 = ∥oe′ − (min{max{0, µ1}, 1}ē + oe)∥.

2. Compute the intersection point of the lines oe + ⟨ē⟩ and fe′ + ⟨ē⊥⟩: y2.
Calculate µ2 such that y2 = µ2ē + oe.
Set: δ2 = ∥ fe′ − (min{max{0, µ2}, 1}ē + oe)∥.

3. Compute the intersection point of the lines oe + ⟨ē′⊥⟩ and oe′ + ⟨ē′⟩: y3.
Calculate µ3 such that y3 = µ3ē′ + oe′ .
Set: δ3 = ∥oe − (min{max{0, µ3}, 1}ē′ + oe′)∥.

4. Compute the intersection point of the lines fe + ⟨ē′⊥⟩ and oe′ + ⟨ē′⟩: y4.
Calculate µ4 such that y4 = µ4ē′ + oe′ .
Set: δ4 = ∥ fe − (min{max{0, µ4}, 1}ē′ + oe′)∥.

if min{δ1, δ2, δ3, δ4} > 2R then
Add (e, e′) to M.

Result: M = {(e, e′) ∈ E × E : (e ⊕ BR(0)) ∩ (e′ ⊕ BR(0)) = ∅}.

Algorithm 2: A complete set of 3-wise incompatible edges (which are
pair-wise compatible).
Data: Set of edges, E, and radius R.
L = {(e1, e2, e3) ∈ E × E × E : (e1 ⊕ BR(0)) ∩ (e2 ⊕ BR(0)) ̸= ∅,
(e ⊕ BR(0)) ∩ (e3 ⊕ BR(0)) ̸= ∅, (e2 ⊕ BR(0)) ∩ (e3 ⊕ BR(0)) ̸= ∅}.
M = ∅.
for (e1, e2, e3) ∈ L do

Compute ε⋆(e1, e2, e3).
if ε⋆(e1, e2, e3) > 0 then

Add (e1, e2, e3) to M.

Result: M ={
(e1, e2, e3) ∈ E3 : (e1 ⊕ BR(0)) ∩ (e2 ⊕ BR(0)) ∩ (e3 ⊕ BR(0)) = ∅

}
.

In what follows, we derive a mathematical programming model that over-
comes this situation.

Observe that the positions of the intersection points of the coverage ar-
eas of k devices with an edge (segment) e provide a partition of the edge in
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fe

oe

FIGURE 6.8: Example of interaction between the coverages of
different devices.

at most 2k + 1 subsegments of e. Each of those subsegments is either fully
covered or noncovered by the device. Let λ0

1e, λ1
1e, . . . , λ0

ke, λ1
ke the parameter-

izations of the intersection points of the k devices with respect to e (here λ0
je

and λ1
je stand for the parameterizations of the intersection of the coverage

area of jth device with segment induced by the edge e).

We assume that the devices not intersecting the edge have both lambda
values equal to zero. Sorting the λ0 and λ1 values one gets two sorted se-
quences in the form:

Λ0
e := λ0

(1)e ≤ · · · ≤ λ0
(k)e

Λ1
e := λ1

(1)e ≤ · · · ≤ λ1
(k)e

Merging both lists one gets all the partitions of the segment e by the
different intersection points:

Λe := λi1
(1)e ≤ · · · ≤ λ

i2k
(2k)e

where i1, . . . , i2k ∈ {0, 1}.

For each ℓ ∈ {1, . . . , 2k − 1}, the intervals [λiℓ
(ℓ)e, λ

iℓ+1
(ℓ+1)e] along with

[oe, λi1
(1)e] and [λi2k

(2k)e, fe] induce a subdivision of the segment e into 2k + 1
pieces (some of them probably singletons). Furthermore, in case any of the
extreme points, oe and fe, are covered by a device, the corresponding sub-
segment will be a singleton ([oe, oe] = {oe} or [ fe, fe] = { fe}), whose length
is zero. Otherwise, in case any extreme subsegment is not covered, still its
contribution to the objective function is zero. Thus, in our formulation, it is
enough considering the 2k − 1 intermediate subsegments in the subdivision.

Given the sequence Λe for the k given devices located at x1, . . . , xk, one
can easily determine which of the subsegments in the partitions are covered
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by the facilities as stated by the following straightforward observation.

Lemma 6.15. A subsegment in the form s = [λiℓ
(ℓ)e, λ

iℓ+1
(ℓ+1)e] is covered by a set of

devices if and only if s ⊆ [λ0
je, λ1

je] for some j = 1, . . . , k with λ0
je < λ1

je.

With the above observations, we derive mathematical programming
formulations for the multi-device versions of PSNLCLP and MNLCLP.

We denote by K = {1, . . . , k} the index set for the devices to locate and
by Q = {1, . . . , 2k − 1} the index sets for the intermediate subsegments in
the partition induced by the Λ sequences. We assume that the jth device is
endowed with a ℓp–norm-based coverage area with radius Rj ∈ R+.

We use the following decision variables in our models:

zje =

1 if edge e intersect the jth device’s coverage area,

0 otherwise
∀j ∈ K, ∀e ∈ E.

xj1, . . . , xjn ∈ Rn : Coordinates of the jth device, ∀j ∈ K.

λ0
je, λ1

je : Parameterization in the segment of the two intersection

points of ∂BRj(xj) with segment e, ∀j ∈ K, ∀e ∈ E.

weℓ =

1 if the ℓth subsegment of edge e is covered by some device,

0 otherwise,

for ℓ ∈ Q, ∀e ∈ E.

ξs
jeℓ =

1 if λs
je is sorted in ℓth position in the list of Λe,

0 otherwise,

for j ∈ K, ∀ℓ ∈ Q ∪ {2k}, ∀e ∈ E.

With the above set of variables, the amount:

Le

[
∑
j∈K

1

∑
s=0

λs
jeξ

s
je(ℓ+1) − ∑

j∈K

1

∑
s=0

λs
jeξ

s
jeℓ

]

determines the length of the ℓth subsegment in case it is covered by any of
the devices in K. Note that in case such a subsegment is [λs

je, λs′
j′e], the above
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expression becomes Le(λs′
j′e − λs

je) which is the desired amount.

Thus, the overall volume coverage of the network can be computed as:

∑
e∈E

∑
ℓ∈Q

ωeweℓLe

[
∑
j∈K

1

∑
s=0

λs
jeξ

s
je(ℓ+1) − ∑

j∈K

1

∑
s=0

λs
jeξ

s
jeℓ

]

In order to adequately represent the decision variables in our model,
the following constraints are considered:

1. Coverage constraints:

∥(λs
jee + oe)− xj∥pzje ≤ Rj, ∀j ∈ K, ∀e ∈ E, s = 0, 1 (6.26)

These constraints enforce that in case an edge is accounted as touched
by the jth device (zje = 1), the two intersection points (λ0

jee + oe) and
(λ1

jee + oe) belong to BRj(xj) ∩ e. This constraint can be reformulated
as:

∥(λs
jee + oe)− xj∥pzje ≤ Rj + ∆(1 − zje), ∀j ∈ K, ∀e ∈ E, s = 0, 1

where ∆ a big enough constant with ∆ > max
{
∥z1 − z2∥p : z1, z2 ∈

{oe, fe : e ∈ E}
}

.

2. Directed parameterization:

λ0
je ≤ λ1

je, ∀j ∈ K, ∀e ∈ E. (6.27)

In case the coverage area of a device j touches the segment e, the seg-
ment is oriented in the parameterization.

3. Zero parameterizations for untouched edges:

λ1
je ≤ zje, ∀j ∈ K, ∀e ∈ E. (6.28)

In case the jth device does not touch the segment induced by an edge
e, the covered length of such an edge by the device will be zero. By
(6.26), in that case, the device is not restricted to touching the segment,
but to assure that no length is accounted for, we fix both λ-values in the
fictitious intersection to zero.



6.3. Network Covering: A Leak Detection Problem 175

4. Λ-sorting constraints:

∑
j∈K

(ξ0
jeℓ + ξ1

jeℓ) = 1, ∀e ∈ E, ∀ℓ ∈ Q ∪ {2k}, (6.29)

∑
ℓ∈Q∪{2k}

ξs
jeℓ = 1, ∀j ∈ K, ∀e ∈ E, s = 0, 1 (6.30)

∑
j∈K

(λ0
jeξ

0
jeℓ + λ1

jeξ
1
jeℓ) ≤ ∑

j∈K
(λ0

jeξ
0
je(ℓ+1) + λ1

jeξ
1
je(ℓ+1)), ∀e ∈ E, ∀ℓ ∈ Q.

(6.31)

These constraints allow us to adequately define the variables ξ. Con-
straints (6.29) and (6.30) assure that for each e each λe-value is sorted
in exactly a single position in Q and that each position is assigned to
exactly one λe value. Constraint (6.31) enforces that the ξ-variables sort
the λ-values in non-decreasing order.

5. Coverage of subsegments:

weℓ ≤ ∑
j∈K

(
∑
i≤ℓ

ξ0
jei + ∑

i>ℓ

ξ1
jei − 1

)
, ∀e ∈ E, ∀ℓ ∈ Q, (6.32)

The coverage of a subsegment ℓ ∈ Q is assured by the existence of a
device j for which its λ0

je is sorted in a position anterior to ℓ (∑i≤ℓ ξ0
jei =

1) and λ1
je in a posterior position to ℓ (∑i>ℓ ξ1

jei = 1). Thus, in case
both values are 1, the conditions of Lemma 6.15 are verified, and the
subsegment is covered. Otherwise, one of the above sums is zero, and
the constraint is redundant. Indeed, if ∑i≤ℓ ξ0

jei = 0, then, by (6.30),

∑i>ℓ ξ0
jei = 1. Thus, by (6.27) and (6.31), one has that ∑i>ℓ ξ1

jei = 1.
Similarly, if ∑i>ℓ ξ1

jei = 0, one has that ∑i≤ℓ ξ0
jei = 1. In both cases,

∑i≤ℓ ξ0
jei + ∑i>ℓ ξ1

jei − 1 takes value zero, implying that the jth device
does not cover the subsegment.

Apart from the constraints above, we incorporate into our model the follow-
ing valid inequalities that allow us to strengthen it:

1. Touched segments and covered subsegments:

∑
ℓ∈Q

weℓ ≤ 2 ∑
j∈K

zje, ∀e ∈ E.

In case the whole segment is not touched by any device, non of the
subsegments are covered.
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2. Symmetry breaking:

n

∑
i=1

xji ≤
n

∑
i=1

x(j+1)i, ∀j ∈ K, j < k.

Since the devices to be located are indistinguishable, any permutation
of the j-index will result in an alternative optimal solution, hindering
the solution procedure based on a branch-and-bound tree. The above
inequality prevents such an amount of alternative optima.

3. Incompatible edges:

zej + ze′ j ≤ 1, ∀j ∈ K, ∀e, e′ ∈ E,

with min{∥x − x′∥p : x ∈ e, x′ ∈ e′} > 2R.

Edges, which are far enough, are not able to be simultaneously touched
by the same device.

Conic Programming for MNLCLP

Using the variables and constraints previously described, the following conic
programming formulation is valid for the MNLCLP:

maximize ∑
e∈E

∑
ℓ∈Q

ωeweℓLe

[
∑
j∈K

1

∑
s=0

λs
jeξ

s
je(ℓ+1) − ∑

j∈K

1

∑
s=0

λs
jeξ

s
jeℓ

]

subject to (6.26) − (6.32),

λs
je ∈ [0, 1], ∀j ∈ K, ∀e ∈ E, s = 0, 1,

xj ∈ Rn, ∀j ∈ K,

zje ∈ {0, 1}, ∀j ∈ K, ∀e ∈ E,

ξs
jeℓ ∈ {0, 1}, ∀j ∈ K, ∀e ∈ E, ∀ℓ ∈ Q ∪ {2k}, s = 0, 1,

weℓ ∈ {0, 1}, ∀e ∈ E, ∀ℓ ∈ Q.

Conic Programming for PSNLCLP

PSNLCLP seeks to minimize the number of devices to cover at least a por-
tion γ ∈ (0, 1] of the length of the network. Although the above variables
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and constraints can be used to derive similarly a model for this problem, the
number of devices, k, to locate is unknown in this case. We estimate an up-
per bound for this parameter and consider the following binary variables to
activate/desactivate them.

yj =

1 if device j is activated,

0 otherwise.
∀j ∈ K.

Then, the PSNLCLP can be formulated as follows:

min ∑
j∈K

yj

s.t. (6.26) − (6.32), (6.33)

∑
e∈E

∑
ℓ∈Q

ωeweℓLe

[
∑
j∈K

1

∑
s=0

λs
jeξ

s
je(ℓ+1) − ∑

j∈K

1

∑
s=0

λs
jeξ

s
jeℓ

]
≥ γ ∑

e∈E
ωeLe, (6.34)

zje ≤ yj, ∀j ∈ K, ∀e ∈ E; (6.35)

λs
je ∈ [0, 1], ∀j ∈ K, ∀e ∈ E, s = 0, 1,

xj ∈ Rn, ∀j ∈ K,

zje ∈ {0, 1}, ∀j ∈ K, ∀e ∈ E,

ξs
jeℓ ∈ {0, 1}, ∀j ∈ K, ∀e ∈ E, ∀ℓ ∈ Q ∪ {2k}, s = 0, 1,

weℓ ∈ {0, 1}, ∀e ∈ E, ∀ℓ ∈ Q,

yj ∈ {0, 1}, ∀j ∈ K.

In this case, the objective function accounts for the number of activated de-
vices, Constraint (6.34) assures that at least a portion of γ of the coverage
volume is attained, and (6.35) prevents covering edges by devices that are
not activated.

Instead of minimizing the number of devices one may also minimize
the set-up costs by incorporating individual set-up costs for each of the avail-
able devices ( f j for j ∈ K) and replace the above objective function by ∑j∈K f jyj.

To avoid multiple optimal solutions due to symmetry, we also incor-
porate into the model the following constraints that avoid activating the jth
device in case the (j − 1)th device is not activated in the solution.

yj−1 ≥ yj, ∀j ∈ P, j > 1.
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Remark 6.16. The complexity of the PSNLCLP highly depends on the number of po-
tential devices to locate (k), since the number of constraints and variables are affected
by this parameter. We derive a method to compute a reasonable upper bound for that
parameter which is based on computing the minimum number of devices necessary
to cover each edge in Uγ ⊆ E where Uγ is defined as a minimal set verifying that

∑
e∈Uγ

ωeLe ≥ γ ∑
e∈E

ωeLe.

We initialize Uγ = ∅, and sort the sequence {ωeLe}e∈E such that ωe1 Le1 ≥
ωe2 Le2 ≥ · · · ≥ ωei Lei ≥ ωei+1 Lei+1 ≥ · · · . Then, we define Uγ = {e1, . . . , em}
such that:

m

∑
i=1

ωei Lei ≥ γ ∑
e∈E

ωeLe >
m−1

∑
i=1

ωei Lei .

Since the minimum number of devices necessary to cover a single edge e is⌈
Le
2R

⌉
, we can fix k = ∑

e∈Uγ

⌈
Le

2R

⌉
.

The mixed integer conic programming (MICP) models that we develop
for MNLCLP and PSNLCLP have O(k2|E|) variables, O(k|E|) linear con-
straints, and O(k|E| log2(r)) second–order cone constraints (where p = r

s ;
see Section 4.1). Thus, it is advisable in these models to design alternative so-
lution strategies for solving them or to provide initial solutions that alleviate
the search for optimal solutions by providing lower bounds for our problem.
In the following sections, we propose different alternatives taking advantage
of the geometric properties of these problems.

Constructing Initial Feasible Solutions

The geometric properties that we derive in Section 6.3.2 for the single-device
problem can be also extended to the k-device case. Specifically, one can con-
struct solutions of MNLCLP by avoiding the computation of covered lengths
in the models and assuming that once an edge of the network is touched
by the coverage area of a device, the whole is accounted as covered. With
these assumptions, we construct initial solutions to our problem by solving
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the following integer linear programs:

max ∑
e∈E

∑
j∈K

ωeLezje (6.36)

s.t. ∑
j∈K

zje ≤ 1, ∀e ∈ E, (6.37)

∑
e∈S

zje ≤ n, ∀S ⊂ E(|S| = n + 1) :
⋂
e∈S

(e ⊕ BR(0)) = ∅, ∀j ∈ K, (6.38)

zje ∈ {0, 1}, ∀e ∈ E, ∀j ∈ K. (6.39)

In the problem above, the overall weighted length of the covered edges is
to be maximized by restricting edges to be covered by the same device to
those which are feasible for the MNLCLP. The edges are also enforced to be
accounted for at most once in the solution.

The strategies for generating and separating the constraints of the above
problem are identical to those detailed in Section 6.3.2.

As can be observed in our computational experience (Section 7.2.2), the
incorporation of these initial solutions to the original formulation of MNL-
CLP is advisable to derive exact optimal solutions to the problem in less CPU
time.

Math-heuristic Approach

In addition to the exact approaches provided by formulations MNLCLP or
PSNLCLP and the generation of initial solutions in the previous section, we
propose a math-heuristic procedure to obtain good quality approximated so-
lutions for the problems for larger size instances, in less CPU time. The math-
heuristic is based on solving, sequentially, the single-device location problem
(6.8)-(6.15) that was described in Section 6.3.2.

We show in Algorithm 3 a pseudocode for this procedure. As already
mentioned, the approach is based on solving, sequentially, a single-device
location device problem until a certain termination criterion (which depends
on the problem to solve, MNLCLP or PSNLCLP) is verified. In case the prob-
lem is the MNLCLP the algorithm ends when the number of devices in the
pool reaches the value of k. Otherwise, for the PSNLCLP the algorithm ends
when the covered weighted length reaches the desired value.
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At each iteration, a device is located, and the network to be covered in the
next iteration is updated from the previous iteration by removing the seg-
ments that have been covered.

Algorithm 3: Math-heuristic 2.
Data: Network G = (V, E; Ω), number of devices k, and radius R.
V′ = V, E′ = E, Ω′ = Ω
X = ∅
while Termination_Criterion do

Solve x, λ0
e , λ1

e , ze = arg (6.8)-(6.15) for e ∈ E′, ωe ∈ Ω′ and R.
Update Termination_Criterion Add x to X.
for e ∈ E′ do

if ze = 1 then
if λ0

e ∈ (0, 1) then
Add y0

e to V′.
Add {oe, y0

e} to E′.
Add ωe to Ω′.

if λ1
e ∈ (0, 1) then
Add y1

e to V′.
Add {y1

e , fe} to E′.
Add ωe to Ω′.

Remove e from E′

Result: X ∈ Rn×k: Location of the devices.
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Chapter VII

Computational Experience

Batter my heart, three-person’d God.
— John Donne. Holy Sonnet XIV

After all theoretical and practical development, in this chapter, we report
the results of an extensive set of experiments demonstrating the validity and
practical utility of our approaches.

They are divided in sections depending on the approach whose perfor-
mance is tested. In Section 7.1, for maximal mediated graphs, we compare
our optimization-based method with the enumerative approach proposed in
Hartzer et al. (2022). For minimal mediated graphs, we analyze the perfor-
mance of different domain formulations for which we derive integer linear
optimization models. In Section 7.1.3, we show the computational perfor-
mance of our specific mathematical programming model for compute mini-
mal second–order cone representations. In Section 7.2.1, we have run a series
of experiments to analyze the performance of solving the proposed gravi-
tational covering location problem with an optimal second–order cone rep-
resentation of the generalized power cone with respect to the usual naive
representation. The results of our computational experiments on real-world
urban pipeline networks are reported in Section 7.2.2.

7.1 Computing Optimal Mediated Graphs

In this section, we report the results of our computational experience, which
we performed to validate the proposals and compare them with other ap-
proaches in the literature.
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7.1.1 Data

We use the datasets provided by Hartzer et al. (2022) to analyze their pro-
posed algorithm to compute maximal mediated sets and that the authors
made publicly available at https://polymake.org/downloads/MMS/csv/. The
dataset contains simplicial sets, A = {v0, v1, . . . , vn}, in dimensions n ∈
{2, 3, 4, 5, 6, 7, 8, 9} of different sizes, measured by their degrees:

d(A) := min

{
ρ ∈ Z+ :

n

∑
l=1

wl ≤ 2ρ for all w ∈ Conv(A) ∩ (2Z)n

}
.

The authors generated all the simplicial sets and lattices for some of the
dimensions and degrees and sampled these sets for the rest of the dimen-
sions and higher degrees. In total, 8, 941, 852 maximal mediated sets were
computed in Hartzer et al. (2022), distributed by dimension as shown in Ta-
ble 7.1. We randomly select some of these instances to compute the minimal
and the maximal mediated graph using our approach. In the third column of
Table 7.1, we detail the number of random instances selected for each combi-
nation of n and d.

n 2 2 2 3 3 4 4 4 4 4 5 5 6 6 7 7 8 9
d 50 100 150 10 16 6 8 10 14 16 8 16 16 20 4 16 16 16
# 1000 1000 300 500 1000 150 1000 1000 1000 1000 1000 1000 1000 1000 15 1000 1000 300

TABLE 7.1: Size for the samples of the simplices
from Hartzer et al. (2022).

We compute the maximal mediated graphs of the selected random sets
A, as detailed above. We also run the enumeration-and-filtering algorithm
proposed in Hartzer et al. (2022) to compare the efficiency of our approach
with respect to the only previous proposal for this task.

For the minimal mediated graphs, a set of interior points B is required
to obtain proper subgraphs. We then run our model for a random selection of
s ∈ {1, 3, 5} integer points inside the convex hull of the points in A to analyze
the performance on different numbers of points in B.

The models were coded in Python and solved using the optimization
solver Gurobi 12.0 on an Apple M1 Max with 64 GB RAM.
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7.1.2 Results on Maximal Mediated Graphs

We run our MILP model (D-MaxMGP) for all the samples of the instances
provided in Table 7.1. In total 15110 problems were solved. We also run the
algorithm proposed in (Hartzer et al., 2022, Algorithm 4.3).

In Figure 7.1 we show the performance profiles for obtaining the maxi-
mal mediated graph of both our mathematical optimization-based approach
and the algorithm proposed in Hartzer et al. (2022) (named BM and HRWY, for
the initials of the authors’ last names). In the plots, we represent the per-
cent of instances solved in less than each unit of CPU time (in log-scales to
ease the distinction). For a fair comparison, we do not include in those times
the time required to enumerate the points inside the given lattices. It is evi-
dent that the performance of our approach is superior to the one in Hartzer
et al. (2022). Although solving a MILP may require, in the worst case, the
enumeration of the whole set of integer feasible points, the solution methods
for these problems are designed to avoid such an enumeration by branching,
bounding, and reducing the feasible region by cutting off part of the space.

The summary of the obtained results is shown in Table 7.2, where we re-
port, for each value of n and d, the average CPU times (in seconds) with both
our methodology (time_BM) and the enumerative methodology (time_HRWY)
only for those instances that were optimally solved with each procedure. The
percent of instances in each row that were not optimally solved within one
hour with the enumerative methodology is reported in column unsolved_-

HRWY. Our methodology was capable of solving optimally all the instances
within the time limit.

In Figure 7.2 we show, for each dimension n, the average CPU times
(log-scale) to compute the maximal mediated graph with the optimization-
based methodology that we propose (BM) and with the enumerative strategy
proposed in Hartzer et al. (2022) (HRWY). We also represent in the same plot,
the average CPU times to enumerate the points inside the simplex, required
to compute the optimal mediated graph with both methodologies.

In view of the results we conclude that the CPU time required by our
optimization-based methodology to obtain the maximal mediated graphs is
significantly smaller than the enumerative procedure proposed in Hartzer
et al. (2022), and in some cases even able to construct the optimal solutions
when the enumerative approach is not capable to do it.
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FIGURE 7.1: Performance profiles for our approach (orange)
and the one in Hartzer et al. (2022) (blue).
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n d time_BM time_HRWY unsolved_HRWY

2
50 0.05 5.71 0%

100 1.97 373.61 4.30%
150 23.91 818.49 46.67%

3 10 0.00 0.01 0%
16 0.01 0.20 0%

4

6 0.00 0.00 0%
8 0.00 0.00 0%
10 0.00 0.04 0%
14 0.01 0.83 0%
16 0.02 1.63 0%

5 8 0.00 0.02 0%
16 0.04 4.60 0.10%

6 16 0.09 32.05 0.30%
20 2.09 197.51 9.90%

7 4 0.00 0.01 0%
16 3.16 58.28 2.20%

8 16 5.04 130.39 6.80%
9 16 22.51 307.61 17.67%

TABLE 7.2: Summary of our computational experiments for the
maximal mediated graph.

Although the construction involved in the enumerative approach can
be useful for understanding the geometry of the mediated graphs, our ap-
proach has the advantage that it allows to solve then larger instances in
reasonable CPU time. The combination of our approach and the reduction
strategies in the enumerative approach by incorporating conditions in the
form of linear inequalities in our model could result in a better approach,
that will be explored in a forthcoming paper.

7.1.3 Results on Minimal Mediated Graphs

For the minimal mediated graphs, we randomly select 20 random instances
from each row, i.e., or each dimension n. For each of them, we randomly
select s interior points to the simplex A, for s ∈ {1, 3, 5}. These points form
the set B. Then, we consider three different domains for the vertices in the
minimal mediated graph M ∈ {Rn, Zn, (2Z)n}. In total, we solve 270 in-
stances with each of the three optimization models that we propose. We run
the extended approach highlighted in Remark 3.18 to construct the whole set
of minimal mediated graphs for given sets A and B on a specific domain M.
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FIGURE 7.2: Boxplots for the CPU times (in log-scale) required
to compute the maximal mediated graphs with our

methodology (BM), the methodology in Hartzer et al. (2022), and
the CPU time required to enumerate the required points.
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For M = Rn (continuous domain), since the mathematical optimiza-
tion problem is affected by the number of potential mediated vertices in the
graph (upper bounded by νA(B) which can be large), following the sugges-
tion in (Blanco and Martínez-Antón, 2024a), we solve the problems itera-
tively. Specifically, we start by taking V an index set with cardinal 1, and
solve the problem. In case the problem is feasible, we are done, and the so-
lution is a minimal mediated graph. Otherwise, we increase the cardinal of
V and repeat the process until a feasible solution is found. In most of the
cases, the cardinal of the minimal mediated graph is much smaller than the
upper bound and we avoid solving huge integer linear problems. In general,
we empirically tested that checking infeasibility requires much less time than
solving a single but larger integer linear problem.

In Table 7.3 we summarize the results of our experiments. There, the
first two columns indicate the dimension (n) and the number of random
points chosen in the set B. Then, for each domain M ∈ {Rn, Zn, (2Z)n}, and
then, different approaches we report the average sizes of the minimal medi-
ated graph, the CPU time (in seconds) required to compute one minimal me-
diated graph, the average CPU time (in seconds) per extra minimal mediated
graph computed, and the number of minimal mediated graphs obtained. For
the domain (2Z)n, either a single minimal mediated set was found or the
problem was infeasible. Thus, we do not report the value Av. Time Rest for
this domain since all the values are zero.

As expected, as the domain is larger, the problem becomes more chal-
lenging. Although one could also expect that al larger the size of |B| more
difficult the problem, this is not always true, as can be seen for n = 2, where
the problem for s = 3 is more time demanding than the others. The same
happens for the computation of more than one minimal mediated graph in
MinMGA(B).

Regarding the size of the obtained minimal mediated graph, the num-
ber of vertices is slightly larger for (2Z)n than for Zn, and the same happens
for Zn and Rn. Note that although the approaches are different, they all solve
the same problems but in different, but nested, feasible regions. In fact, fea-
sible solutions in the domain (2Z)n, are also feasible for Zn, and those for
Zn are feasible for Rn. This observation also affects the number of graphs in
MinMGA(B), where for the domain Rn larger numbers of minimal mediated
graphs were found.
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Note that the case n = 2 is particular, since in the dataset in Hartzer
et al. (2022), the authors consider simplices with very large extremes com-
pared to the other. Thus, the planar case can be more time-demanding than
the higher dimensional, because of the degree of the simplices that have been
tested.

n |B| # Vertices Time First Sol. Av. Time Rest |MinMGA(B)|
(2Z)n Zn Rn (2Z)n Zn Rn Zn Rn (2Z)n Zn Rn

2
1 5.24 5.24 4.53 0.02 0.15 43.32 0.32 0.01 1.00 1.06 1.29
3 7.83 7.78 7.06 0.04 1.35 55.53 4.86 2.51 1.00 2.94 17.56
5 10.39 10.11 8.94 0.07 0.91 9.78 1.91 0.30 1.00 6.44 17.28

3
1 5.18 5.18 5.18 0.01 0.03 0.01 0.02 0.00 1.00 1.00 1.00
3 8.00 7.73 7.73 0.01 0.06 0.86 0.11 0.29 1.00 1.45 2.64
5 10.55 10.45 10.45 0.01 0.11 16.10 0.07 3.62 1.00 3.36 10.73

4
1 6.00 6.00 5.40 0.01 0.18 13.83 0.26 0.00 1.00 1.00 1.00
3 8.60 8.60 7.80 0.02 0.26 15.32 0.33 0.02 1.00 1.30 1.40
5 10.40 10.40 9.40 0.03 0.33 131.70 0.33 0.01 1.00 1.40 1.40

5
1 7.13 7.13 7.13 0.00 0.12 0.01 0.18 0.00 1.00 1.00 1.00
3 9.39 9.26 9.26 0.01 0.15 0.02 0.20 0.01 1.00 1.10 1.19
5 11.10 11.39 11.39 0.01 0.18 0.05 0.24 0.04 1.00 1.16 1.32

6
1 8.10 8.10 8.10 0.00 0.16 0.03 0.31 0.00 1.00 1.00 1.00
3 10.25 10.25 10.25 0.01 0.32 0.04 0.35 0.01 1.00 1.00 1.00
5 11.85 12.50 12.50 0.01 1.15 0.08 0.64 0.06 1.00 1.20 1.40

7
1 9.00 9.00 8.47 0.01 0.87 14.69 1.68 0.00 1.00 1.00 1.00
3 11.06 11.06 10.41 0.02 1.01 15.66 1.63 0.01 1.00 1.00 1.00
5 13.47 13.47 12.71 0.03 2.11 33.70 2.55 0.13 1.00 1.18 1.82

8
1 10.08 10.08 10.08 0.01 0.81 0.02 1.19 0.00 1.00 1.00 1.00
3 12.08 12.08 12.08 0.01 0.63 0.04 1.13 0.01 1.00 1.08 1.08
5 14.23 14.23 14.23 0.01 1.55 0.06 3.53 0.02 1.00 1.08 1.08

9
1 11.00 11.00 11.00 0.03 3.36 0.04 10.86 0.00 1.00 1.00 1.00
3 13.05 13.05 13.05 0.03 5.30 0.06 11.15 0.01 1.00 1.00 1.00
5 15.10 15.10 15.10 0.03 4.32 0.09 8.43 0.02 1.00 1.00 1.00

TABLE 7.3: Summary of the results of our experiments for the
minimal mediated graph.

In Figure 7.3 we show the performance profiles (in log-scale to ease its
reading) for our experiments on the minimal mediated graph distinguishing
by dimension n, size of the set B, s, and domain. Each of those lines was
constructed by indicating the percent of instances optimally solved in less
than a given number of seconds (in log-scale). The less time-consuming ap-
proach (the superior lines) seems to be the domain (2Z)n for s = 1 (solid
blue lines). In contrast, the more challenging problems were the continuous
domain (green) and some of those in the Zn domain (red).

In conclusion, our approach to compute minimal mediated graphs was
capable of solving all the instances (even the n = 9 ones) in more than rea-
sonable CPU time, both to compute a single mediated graph or all the graphs
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FIGURE 7.3: Performance profile for our experiments on the
minimal mediated graphs. Blue lines represent M = (2Z)n,
green lines M = Rn and red lines M = Zn. Solid lines indicate

the case s = 1, dashed lines s = 3, and dotted lines s = 5.



190 Chapter VII. Computational Experience

in the family MinMGA(B), for all the domains that we consider. Thus, this
novel approach with multiple applications in conic decomposition has been
proven to be useful and can be practically applied to these problems.

Computational Experiments for the MαMGP

We have run a series of experiments to analyze the performance of solv-
ing MαMGP on randomly generated instances. Note that the only input for
MαMGP is the vector α ∈ ∆d. Thus, we randomly generate sequences of d in-
tegers in [1, q], with d ranging in {2, 3, 4} and q ranging in {10, 20, 30, 40}. For
each combination of d and q, we generate 5 instances. Each of these instances
results in a vector α ∈ ∆d normalizing the resulting vector by the sum of its
coordinates. In total, 60 instances were generated.

For each of these instances, we run the model described in Section 4.1.2.
The formulation has been coded in Python 3.8 in a Huawei FusionServer
Pro XH321 (https://supercomputacion.ugr.es/arquitecturas/albaicin/
albaicin at Universidad de Granada) with an Intel Xeon Gold 6258R CPU @
2.70GHz with 28 cores. We used Gurobi 10.0.3 as an optimization solver. A
time limit of 5 hours was fixed for all the instances.

In the results of our preliminary experiments, we observed that in most
of the instances, the minimal cardinality of the mediated graph was reached
in the lower bound. Thus, instead of fixing Λα as the upper bound, which
results in an optimization problem with an overestimated number of vari-
ables, we proceed by fixing, initially Λα to the value of the lower bound, and
in case the problem is infeasible, we increase by one unit this bound, until
the problem is feasible. This strategy dramatically reduces the size of the
optimization problem.

The set of instances used in our experiments is available at the GitHub
repository https://github.com/vblancoOR/extended-representations.

In Table 7.4 we summarize the results of our experiments. For each
value of d (dimension of α) and q (maximum value of s), we report in the
table the minimum, average, and maximum CPU time (in seconds) required
by Gurobi to solve the problem (columns bellow CPU Time); the number of
nodes in the branch and bound approach for solving the feasible problem
(#Nodes); the deviations of the optimal value with respect to both the lower
bound (DevLB) and the upper bound (DevUB). Finally, in column Opt we report
the average optimal value for the problem, i.e., the cardinality of the minimal
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CPU Time (secs)
d q Min Av Max #Nodes DevLB DevUB Opt

2

10 0.02 0.04 0.04 0 0.00% 19.67% 3.8
20 0.06 0.16 0.35 1028 0.00% 27.88% 5.2
30 0.06 0.24 0.61 2659 0.00% 20.48% 5.4
40 0.15 0.3 0.41 2901 0.00% 19.52% 5.8

3

10 0.13 0.43 0.96 1415 0.00% 26.93% 4.6
20 0.89 69.67 179.97 6101 12.38% 26.49% 6.2
30 1.28 2.11 3.67 19319 0.00% 35.67% 6
40 1.38 58.2 281.54 73464 2.86% 29.13% 6.4

4

10 0.69 344.76 850.48 2884667 18.10% 20.08% 6.2
20 397.14 8551.05 18000∗ 63662316 22.14% 22.94% 7.2
30 412.06 6343 18000∗ 4063237 15.87% 30.00% 7.6
40 2.85 815.54 1628.23 2542017 7.14% 15.00% 6.5

TABLE 7.4: Summary of our computational experiments for the
MαMGP.

α–mediated graph minus d. For d = 4 we highlight with an asterisk (∗) in
the Max CPU time column that for one of the instances summarized in that
row reached the time limit in one of the runs, and in that case, the minimum
cardinality of the α-mediated graph might be smaller but Gurobi was not
able to find a feasible solution within the time limit and then, the problem
for a larger value of Λα was successfully solved.

Several observations can be drawn from the obtained results. First,
that the MαMGP is a computationally challenging problem. As the dimen-
sion of α, d, increases, solving the MαMGP becomes more computationally
costly. Additionally, in the planar case (d = 2), the optimal cardinality of
the mediated set in the mediated graph coincides with the lower bound
(max{d − 1, ⌈log2(ŝ)⌉}) (Morenko et al., 2013, Section 3.2), which establishes
an upper bound equal to this lower bound for this case (both representations
are equivalent in terms of complexity). This is no longer the case for d ≥ 3,
but still in 75% of the instances for d = 3 the lower bound coincides with
the optimal value. For d = 4, the situation becomes different, since in only
20% of the instances the solver was able to check that the lower bound is the
optimal cardinality of the mediated set. It can be the case that although the
lower bound is reached, the solver was not able to prove it within the time
limit.
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Finally, one can also observe that the integer linear problem is challeng-
ing and requires branching, being the number of nodes in the branch-and-
bound required to certify optimally really large for some of the instances.

The most interesting observation, that validates the study in Section 4.1,
is that the deviations with respect to a myopic representation of the cones
(as a tree-based mediated graph) are large (see DevUB, i.e., the savings in the
number of mediated vertices, or equivalently, in the number of variables re-
quired to represent the cones as second order cones.

Note that although solving the MαMGP might require a significant amount
of CPU time, the problems requiring the representation of a given power
cone would need to represent the cone several times (as in most continuous
location problems) but the MαMGP is solved just once. It is advisable then
to solve optimization problems restricted to these cones, since the minimal
representation results in a reduction in the CPU time required to solve them,
as can be observed in the following section.

In figures 7.4 and 7.5 we show some of the optimal mediated graphs
obtained in our experiments for the cases d = 3 (in R2) and d = 4 (in R3),
respectively. In the plots, we represent with red dots the elements in Aα,
with a green dot the point bα, and with blue dots the rest of the elements
in the mediated set. The arrows represent the arcs of the mediated graph.
An intriguing question, that will be the goal of our further research, is to
determine the topological structure of the mediated graphs and to exploit it
into the above mathematical optimization problem.

7.2 Continuous Location Problems via Conic

Programming

7.2.1 Results on Gravitational Covering Location Problem

We have run a series of experiments to analyze the performance of solving
this problem with an optimal SOC representation of the generalized power
cone with respect to the usual representation that provides the upper bound
described in Remark 4.13. The chosen inputs are a random generation of four
planar datasets of demand points in plane (n = 2) with |I| ∈ {25, 50, 75, 100}.
The parameters ωi were randomly chosen as integers in [0, 10]. We assume
that the m-variables are bounded in [0, 1] where d = 3; that the budget, B, is



7.2. Continuous Location Problems via Conic Programming 193

α = (4,5,19)/28 α = (4,26,27)/57 α = (5,10,67)/82

α = (5,29,42)/76 α = (5,32,36)/73 α = (13,24,39)/76

α = (10,13,26)/49 α = (12,29,35)/76 α = (33,69,71)/173

FIGURE 7.4: Some examples of minimal α–mediated graphs for
d = 3.
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FIGURE 7.5: Some examples of minimal α–mediated graphs for
d = 4.
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γ(2|I|+ |J|), where γ = 1
4 ; and the constants Gij are all equal to 1. We solved

the problem for |J| ∈ {2, 3, 5}.

We run the experiments for all the combinations of ℓp–norms and α

values described in Table 7.5:

p α

43
31

(
2
26 , 5

26 , 19
26

)
2

(
13
80 , 33

80 , 34
80

)
(

6
60 , 19

60 , 35
60

)
17
3

( 35
180 , 58

180 , 87
180

)
TABLE 7.5: Norms and α used in our computational

experiments.

In total, 144 instances were generated. A time limit of 2 hours was fixed
for all the instances.
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FIGURE 7.6: Average CPU times (left) and number of
constraints (right) of the optimal SOC representations of the
gravitational maximal covering location problem with respect

to UB SOC representantions.

In figures 7.6 and 7.7 we summarize the main results obtained in our
experiments. In Figure 7.6 we represent, for each number of demand points
in the experiments, in the left plot, the average CPU time (in seconds) re-
quired by Gurobi to solve the problem (or 7200 seconds if the time limit was
reached without guarantying optimality), and, in the right plot, the number
of SOC constraints in the formulation, both for the optimal representation
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(Optimal) and the one that provides the upper bound (UB). As can be ob-
served, using the optimal cones is advisable since it reduces, significantly,
the computational resources required to solve the problems. Specifically, the
upper bound representation was able to solve optimally only 9 out of the 144
instances within the time limit (all of them form 25 demand points), whereas
the optimal representation was able to solve 21. The main reason for such a
gain is the number of SOC constraints in the models (on average 30% less of
these constraints in the optimal representation model).

Since most of the instances were not optimally solved within the time
limit, in what follows we compare the quality of the best solution obtained
after two hours. In the obtained results, the optimal model always reaches a
coverage at least as good as the one obtained with the upper bound represen-
tation. In 94 out of the 144 instances (65% of the instances), the optimal rep-
resentation model obtained a strictly better coverage than the upper bound
model.

In Figure 7.7 we represent the percent deviation, in coverage, of the
best solution obtained with the optimal representation with respect to the
one obtained with the upper bound representation for those instances where
the solutions are different. They represent 55% of the instances for |I| = 25,
72% of the instances for |I| = 50, 64% of the instances for |I| = 75, and 69%
of the instances for |I| = 100. Observe that the average gain is impressive
in the quality of the solution. Although the average deviation is 26%, in
some instances the optimal representation obtained solutions with 82% more
coverage than those obtained with the upper bound representation.

7.2.2 Computational Experiments for Network Covering

In this section, we report on the results of a series of computational exper-
iments performed to empirically assess our methodological contribution to
the k-MNLCLP and PSNLCLP presented in the previous sections. We use
six real networks obtained from two different sources: one based on the
networks developed by the University of Exeter’s (UOE) Centre for Water
Systems available in https://emps.exeter.ac.uk/engineering/research/

cws/resources/benchmarks/ and other privately provided by Prof. Ormsbee
from the University of Kentucky (UKY). These networks, which are called
gessler, jilin, richmond, foss, rural and zj, have 14, 34, 44, 58, 60 and 85
edges, respectively. The networks have been scaled to fit in a disk of radius
5. The networks are drawn in Figure 7.8.
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FIGURE 7.7: Average coverage deviations of the optimal
SOC representations of gravitational maximal covering location

problem with respect to UB SOC representantions.

(A) gessler (B) jilin (C) richmond

(D) foss (E) rural (F) zj

FIGURE 7.8: Networks used in our computational experiments.

We have run the different approaches for the MNLCLP and the PSNL-
CLP for disk-shaped coverage areas with radii ranging in {0.1, 0.25, 0.5}. For
the MNLCLP the number of devices to locate, k, ranges in {2, 5, 8}, whereas
for the PSNLCLP the values of γ range in {0.5, 0.75, 1}.

All the experiments have been run on a virtual machine in a physical
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server equipped with 12 threads from a processor AMD EPYC 7402P 24-Core
Processor, 64 Gb of RAM, and running a 64-bit Linux operating system. The
models were coded in Python 3.7 and we used Gurobi 9.1 as optimization
solver. A time limit of 5 hours was set for all the experiments.

In Tables 7.6 and 7.7 we show the average results obtained in our exper-
iments. We report average values of the consumed CPU time (in seconds),
and percent of unsolved instances, and the MIP Gap within the time limit.
Both tables are similarly organized. In the first block (first three columns),
the name of the instance together with its number of vertices and edges is
provided. In the second block (next two columns) we write the values of k
(for the MNLCLP) or γ (for the PSNLCLP) and the radius. The next three
blocks are the results obtained with each of the approaches. For the MNL-
CLP we run the MISOCP formulation, and also the exact and math-heuristic
solution approaches detailed in sections 6.3.3, Constructing Initial Feasible
Solutions (MNLCLP_1, for short) and 6.3.3, Math-heuristic Approach (MNL-
CLP_2), respectively. We do not report results on the Unsolved instances and
MIPGap for the MNLCLP_2 since all the instances were solved within the
time limit with that approach. In Table 7.7 the results are organized similarly
for the PSNLCLP, but we do not generate initial solutions since that strategy
only applies to the MNLCLP, and only the strategy PSNLCLP_2. The flag TL

indicates that all the instances averaged in the row reach the time limit with-
out certifying optimality. The flag OoM indicates that the solver outputs Out
of Memory at some point when solving the instance.

The first observation from the results that we obtain is that both prob-
lems are computationally challenging since they require large CPU times to
solve even the small instances. Actually, the exact MNLCLP was only able
to solve up to optimality, small instances with small values of k, and the ex-
act PSNLCLP only solved a few instances, and in many of them, the solver
outputs Out of Memory when solving them.

The first alternative (and exact) strategy, MNLCLP_1, based on con-
structing initial solutions to the problem, had a slightly better performance
with respect to those instances that were solved with the initial formulation,
both in CPU time and MIPGap. Some of the instances were not able to be
solved with MNLCLP but were able to be solved with the initial solutions
that we construct.

With respect to the heuristic approach, the consumed CPU times are
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tiny compared to the times required by the exact approaches and was able to
construct feasible solutions for all the instances, even for those that the exact
approaches flagged Out of Memory. In terms of the quality of the obtained
solutions, in figures 7.9 and 7.10 we show the average deviations (for each
instance) of the alternative approaches with respect to the original one. This
measure provides the percent improvement of the alternative method with
respect to the best solution obtained by the original formulation of the prob-
lem. We observed that the solutions that we obtained with the two strategies
are significantly better than those obtained with the original formulation for
the MNLCLP within the time limit. Providing initial solutions to the prob-
lem allows us to obtain solutions with 20% more coverage than the initial
formulation, whereas the heuristic approach gets solutions with more than
25% more coverage. In the case of the PSNLCLP, in most of the instances,
the heuristic solutions are even better than those obtained with the exact ap-
proach. Nevertheless, in the instance jilin, the solutions are almost 50%
worse than those obtained with the exact approach.

In Figure 7.11 we plot boxplots for the average of the best weighted cov-
erages obtained by each of the approaches within the time limit for each of
the six instances. Regarding the distribution of the results, one cannot infer
that the results are significantly different. Nevertheless, in terms of the cen-
tral tendencies, there is a clear improvement in the results obtained with the
two alternative methods with respect to the original formulation, especially
for the larger instances (see figures 7.9 and 7.10).

Vertex and Edge-Restricted Models

Finally, we run some experiments to validate our proposal regarding the cov-
erages obtained with our approaches and those obtained by the vertex and
edge-constrained versions of our model. In those models, the devices are al-
lowed to be located only at the vertices or edges of the network instead of
the whole space as in our model. We have run these restricted versions of the
maximal covering model, for the same instances and parameters as in the
previous section.

First, in Figure 7.12 we plot the average deviations of the weighted vol-
ume coverages of these approaches with respect to those obtained with our
model (the best solution obtained with our solution approaches). One can
observe that, in some of the instances, the deviations are close to 40%, that
is, our model obtained solutions covering 40% more volume of the network
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CPU Time (secs) Unsolved GAP (%)

Instance |V| |E| k R MNLCLP MNLCLP_1 MNLCLP_2 MNLCLP MNCLP_1 MNLCLP MNLCLP_1

gessler 12 14

2
0.1 151.53 13.69 0.89 0% 0% 0% 0%

0.25 48.97 11.87 1.34 0% 0% 0% 0%

0.5 26.28 10.59 0.62 0% 0% 0% 0%

5
0.1 TL TL 2.26 100% 100% 86% 84%

0.25 TL TL 2.92 100% 100% 69% 62%

0.5 TL TL 1.61 100% 100% 24% 31%

8
0.1 TL TL 3.54 100% 100% 90% 87%

0.25 TL TL 5.59 100% 100% 74% 69%

0.5 TL TL 2.92 100% 100% 41% 35%

jilin 28 34

2
0.1 167.25 39.10 1.99 0% 0% 0% 0%

0.25 196.56 144.30 3.37 0% 0% 0% 0%

0.5 164.83 152.10 2.45 0% 0% 0% 0%

5
0.1 TL TL 2.95 100% 100% 86% 85%

0.25 TL TL 6.64 100% 100% 72% 64%

0.5 TL TL 3.17 100% 100% 40% 42%

8
0.1 TL TL 6.07 100% 100% 88% 84%

0.25 TL TL 10.34 100% 100% 72% 73%

0.5 TL TL 4.67 100% 100% 70% 37%

richmond 48 44

2
0.1 1180.62 133.99 8.75 0% 0% 0% 0%

0.25 717.09 121.90 7.47 0% 0% 0% 0%

0.5 184.63 244.25 2.32 0% 0% 0% 0%

5
0.1 TL TL 23.22 100% 100% 78% 77%

0.25 TL TL 13.79 100% 100% 62% 59%

0.5 TL TL 3.70 100% 100% 42% 41%

8
0.1 TL TL 33.64 100% 100% 88% 85%

0.25 TL TL 23.89 100% 100% 86% 71%

0.5 TL TL 5.82 100% 100% 71% 56%

foss 37 58

2
0.1 561.98 39.61 2.77 0% 0% 0% 0%

0.25 380.54 38.42 1.99 0% 0% 0% 0%

0.5 196.92 86.40 1.83 0% 0% 0% 0%

5
0.1 TL TL 6.49 100% 100% 82% 80%

0.25 TL TL 5.46 100% 100% 64% 62%

0.5 TL TL 4.31 100% 100% 61% 56%

8
0.1 TL TL 9.33 100% 100% 88% 86%

0.25 TL TL 7.99 100% 100% 87% 71%

0.5 TL TL 9.11 100% 100% 78% 64%

rural 48 60

2
0.1 12263.72 1169.41 16.94 0% 0% 0% 0%

0.25 TL 559.93 15.69 100% 0% 23% 0%

0.5 5054.64 1612.73 13.98 0% 0% 0% 0%

5
0.1 TL TL 26.46 100% 100% 92% 91%

0.25 TL TL 32.19 100% 100% 83% 82%

0.5 TL TL 21.99 100% 100% 79% 77%

8
0.1 TL TL 40.89 100% 100% 97% 94%

0.25 TL TL 49.51 100% 100% 91% 86%

0.5 TL TL 40.66 100% 100% 94% 84%

zj 60 85

2
0.1 TL TL 13.12 100% 100% 49% 65%

0.25 TL 5235.81 7.29 100% 0% 51% 0%

0.5 TL 9603.61 9.33 100% 0% 5% 0%

5
0.1 TL TL 25.56 100% 100% 96% 95%

0.25 TL TL 27.48 100% 100% 90% 89%

0.5 TL TL 18.32 100% 100% 87% 86%

8
0.1 TL TL 37.85 100% 100% 98% 96%

0.25 TL TL 31.05 100% 100% 94% 90%

0.5 TL TL 20.45 100% 100% 91% 85%

TABLE 7.6: Computational results for the MNLCLP
approaches.
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CPU Time (secs) Unsolved GAP (%)

Instance |V| |E| γ R PSNLCLP PSNLCLP_1 PSNLCLP PSNLCLP

gessler 12 14

0.5

0.1 TL 19.15 100% 96%

0.25 TL 6.28 100% 89%

0.5 TL 1.90 100% 75%

0.75
0.1 TL 30.27 100% 98%

0.25 TL 10.94 100% 93%

0.5 TL 3.39 100% 86%

1
0.1 TL 39.76 100% 97%

0.25 TL 13.67 100% 93%

0.5 TL 4.74 100% 89%

jilin 28 34

0.5
0.1 TL 26.40 100% 96%

0.25 TL 13.29 100% 87%

0.5 TL 3.44 100% 67%

0.75
0.1 OoM 54.77 100% -

0.25 TL 20.00 100% 95%

0.5 TL 4.60 100% 88%

1
0.1 OoM 78.69 100% -

0.25 TL 24.36 100% 97%

0.5 TL 7.05 100% 95%

richmond 48 44

0.5
0.1 TL 57.79 100% 94%

0.25 TL 14.49 100% 92%

0.5 TL 3.90 100% 71%

0.75
0.1 OoM 91.99 100% -

0.25 TL 21.33 100% 93%

0.5 TL 5.62 100% 91%

1
0.1 OoM 116.10 100% -

0.25 TL 25.68 100% 94%

0.5 TL 7.67 100% 96%

foss 37 58

0.5
0.1 TL 41.95 100% 96%

0.25 TL 14.21 100% 92%

0.5 TL 6.83 100% 75%

0.75
0.1 OoM 111.96 100% -

0.25 TL 26.74 100% 97%

0.5 TL 11.54 100% 94%

1
0.1 OoM 230.93 100% -

0.25 OoM 61.73 100% -

0.5 OoM 19.59 100% -

TABLE 7.7: Computational results for the PSNLCLP
approaches.
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FIGURE 7.9: Average coverage deviations of the MNLCLP_1
and MNLCLP_2 approach with respect to MNLCLP.

than the restricted versions. As expected, the edge-restricted version cov-
ers more network length than the vertex-restricted model, although, in most
instances, the differences are less than 5%.

The detailed average results for the different values of k and R are
shown in Table 7.8. As can be observed, as larger the number of devices
to be located the larger the deviations with respect to the two restricted mod-
els. Nevertheless, the deviations do not seem to follow a clear pattern with
respect to the radii. For some instances, the deviations are larger for smaller
values of R whereas for others the deviations are larger for the larger values.

In Figures 7.13 and 7.14 we show the best solutions obtained with the
three models for two of the instances (foss with k = 5 and rural with k = 8
both of them with R = 0.5). In the left plot of both figures, we show the
optimal solution of our model. The center and right plots are the solutions
obtained with the edge-restricted and vertex-restricted versions of the MNL-
CLP, respectively. As can be observed, the optimal location of the devices
differs for the different models. Specifically, the MNLCLP takes advantage
of locating devices outside the edges of the network to cover edges with a
high volume, whereas the restricted versions do not have such flexibility. In
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Network k R Dev_Vertex Dev_Edges

gessler

2
0.1 9.94% 1.20%

0.25 9.84% 1.11%

0.5 9.82% 1.10%

5
0.1 11.99% 2.78%

0.25 13.92% 6.22%

0.5 11.66% 4.51%

8
0.1 23.46% 22.10%

0.25 20.47% 19.13%

0.5 21.42% 14.82%

jilin

2
0.1 22.72% 0.97%

0.25 19.88% 1.53%

0.5 20.38% 10.49%

5
0.1 24.89% 16.42%

0.25 18.26% 17.48%

0.5 21.50% 9.88%

8
0.1 49.72% 45.95%

0.25 24.79% 38.00%

0.5 29.79% 11.23%

richmond

2
0.1 12.62% 2.32%

0.25 9.53% 3.53%

0.5 16.67% 9.03%

5
0.1 13.98% 6.72%

0.25 19.83% 9.30%

0.5 14.48% 17.60%

8
0.1 27.39% 32.84%

0.25 23.76% 38.96%

0.5 33.90% 29.89%

Network k R Dev_Vertex Dev_Edges

foss

2
0.1 32.77% 2.14%

0.25 32.82% 2.08%

0.5 26.36% 4.32%

5
0.1 32.80% 22.35%

0.25 36.47% 9.38%

0.5 19.12% 9.55%

8
0.1 60.73% 40.86%

0.25 61.87% 17.85%

0.5 57.66% 32.72%

rural

2
0.1 19.94% 0.67%

0.25 19.42% 0.43%

0.5 6.03% 1.14%

5
0.1 23.77% 22.78%

0.25 20.44% 45.94%

0.5 16.37% 39.60%

8
0.1 40.18% 58.42%

0.25 80.81% 31.23%

0.5 31.41% 30.54%

zj

2
0.1 1.32% 0.97%

0.25 1.31% 0.08%

0.5 5.86% 2.59%

5
0.1 14.70% 9.53%

0.25 5.67% 8.58%

0.5 12.35% 8.18%

8
0.1 69.01% 26.19%

0.25 33.11% 27.69%

0.5 32.38% 27.59%

TABLE 7.8: Average deviations of vertex and edge-restricted
MNLCLP with respect to MNLCLP for the different values of k

and R.
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FIGURE 7.10: Average coverage deviations of the PSNLCLP_1
approach with respect to PSNLCLP.

Figure 7.13, one can observe that, for the foss network, there is a high con-
centration of weighted volume at the edges in the bottom right corner of
the network. Thus, the three models try to locate the devices to cover that
demand. In the MNLCLP, a single device (outside the edges and vertices)
suffices to cover most of the demand, whereas the restricted models require
two or three devices to cover a similar amount of volume. This flexibility di-
rectly affects global coverage. For this network, our model was able to cover
10% and 20% more volume than the edge and vertex-restricted models, re-
spectively. The situation for the rural network (Figure 7.14) is even more
impressive since our model obtained a solution with more than 30% cover-
age than the restricted models.

One can conclude that our model is adequate to locate devices that max-
imize the volume coverage of a network in case they can be located at any
place of the space where the network lives, as in the case of leak detection
devices, since the obtained solutions significantly outperform (in coverage)
the classical vertex and edge-restricted versions of the problem.
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FIGURE 7.11: Weighted coverage comparison between
the solutions of the three approaches MNLCLP, MNLCLP_1,

and MNLCLP_2.
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FIGURE 7.12: Average deviations of the coverages obtained
with the vertex and edge-restricted versions of MNLCLP with

respect to MNLCLP.
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FIGURE 7.13: Solutions of the MNLCLP (left), MNLCLP-edge
restricted (center), and MNLCLP-vertex restricted (right)

for instance foss (k = 5).

FIGURE 7.14: Solutions of the MNLCLP (left), MNLCLP-edge
restricted (center), and MNLCLP-vertex restricted (right)

for instance rural (k = 8).
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Chapter VIII

Conclusion

Yo no robé del Olimpo este fuego, mi amor.
Fue del infierno este invierno buscando
calor.

— Robe. Lo que aletea en nuestras
cabezas, Guerrero

In this closing chapter, we reflect on the conclusions and further research
lines derived from this work. For the sake of the understanding, we will split
these thoughts by the chapters they are referred to.

Chapter III: Mediated Graphs

In this work, we formally introduce the notion of mediated graphs, moti-
vated by their numerous applications in convex algebraic geometry. We take
a first step in analyzing their theoretical properties, focusing particularly on
optimal mediated graphs, which are extremal with respect to the partial or-
der induced by the cardinality of their vertex sets. To efficiently compute
these minimal and maximal graphs across different domains, we propose
mixed integer linear optimization models, strengthened by the theoretical
properties we establish.

Despite these advances, several open questions remain. The structure
of optimal mediated graphs requires further analysis, particularly regard-
ing specific sets A and B where computing minimal mediated graphs may
be simplified. For maximal mediated graphs, a conjecture initially posed
by Reznick (1989) and empirically tested by Hartzer et al. (2022) suggests
that, in dimension two, all simplices are either H-simplices or M-simplices.
The polyhedral analysis of our integer programming formulations could pro-
vide insight into proving this conjecture. Moreover, in applications such as
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sum of squares (SOS) decompositions or second–order cone (SOC) represen-
tations, large mediated graphs might hinder computational efficiency, neces-
sitating relaxed conditions to find approximate structures. The role of integer
linear programming in these approximations remains an open question.

Chapter IV: Conic Algebraic Geometry

Expanding on this framework, we analyze extended representations of gen-
eral cones, particularly generalized power cones, which are crucial for mod-
eling constraints in optimization problems. We study different representa-
tions of these cones, simplifying them into second–order cones when pa-
rameters α and p have rational entries. To construct minimal representa-
tions —those using the fewest additional variables and constraints— we in-
troduce the minimal α–mediated graph problem (MαMGP) and develop a
mixed integer linear programming formulation. Computational experiments
demonstrate that minimal representations are not only mathematically in-
triguing but also practically beneficial, significantly improving optimization
efficiency. The geometric properties of minimal mediated graphs have a di-
rect impact on deriving valid inequalities for MαMGP, which could accelerate
solution times. Further research will focus on identifying particular values
of p and α that allow for easier derivation of minimal representations, as well
as formally proving the conjecture that MαMGP is NP-hard, reinforcing its
significance as a complex combinatorial problem.

Additionally, we exploit both continuous and discrete, minimal and
maximal mediated graph structure to obtain minimal second–order cones
representations of sums of circuits polynomials. This means another efficient
way to tackle unconstrained polynomial optimization. On the other hand,
one can fully characterize the intersection between SOS and SONC cones,
that is SOBS. We yield an explicit sum of binomial squares decomposition for
each polynomial that lies on this intersection.

Chapter V: Complexity

We investigate the complexity of mathematical optimization problems in-
volving ℓp–norms. While these problems can be reformulated as second–
order cone (SOCP) or semidefinite programming (SDP) problems, leverag-
ing the explicit structure of p–order cones —especially SOC— results in im-
proved complexity bounds. Specific choices of p allow for further refine-
ments in complexity analysis.
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Our findings contribute to a deeper understanding of p–order cones and
their role in optimization. Many problems involving ℓp–norm constraints
also include integer or binary variables, modeling on/off or disjunctive con-
straints. While these problems lose convexity, efficiently solving their contin-
uous relaxations has been key to developing branch-and-bound algorithms
for mixed integer second order cone programming (MISOCP). However, mixed
integer p–order cone programming (MIpOCP) problems have so far been
tackled only through reformulations as MISOCP problems. Future research
will explore direct methods to address MIpOCP problems, potentially lead-
ing to more efficient solution techniques.

Chapter VI: Applications

We also examine upper bounds on the norm of feasible solutions and explore
the implications in applications such as ℓp-support vector machines, robust
optimization with ℓp–norm uncertainty sets, and single-facility ordered con-
tinuous location problems. These applications have gained increasing atten-
tion in recent years.

Finally, we examine two different covering location problems. First,
gravitational covering location problem was introduced as a novel location
problem to optimally locate a given number of facilities in the Euclidean
space, and decide their coverage radii based on different features to maxi-
mize the overall coverage of a given set of users. The radii will represent
an attraction measure based on Newton’s law of universal gravitation. For
solving it, we propose a generalized power cone program.

Besides, we introduced a novel network covering problem with direct
applications in optimizing the placement of leak detection devices in urban
pipeline networks. We develop a general framework for two problem vari-
ants: the maximal network length covering location problem, which max-
imizes the network length covered by a given number of devices, and the
partial set network length covering location problem, which minimizes the
number of devices needed to cover a specified percentage of the network. We
propose a method for constructing initial solutions and introduce a math-
heuristic algorithm, which we test on real-world urban water supply net-
works.
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Future research in this area includes incorporating more sophisticated cover-
age shapes for detection devices, such as polyellipsoids or nonconvex shapes
formed by unions of polyhedral and ℓp–norm balls. This would necessi-
tate a deeper study of p–order cone constraints and disjunctive representa-
tions, posing challenges for real-world implementation. Developing efficient
heuristic approaches capable of scaling to large networks remains an essen-
tial direction for further study.

All of our extensive computational results, which were drawn in Chapter VII,
validate the efficiency of our approaches, showing that our framework sig-
nificantly reduces CPU time compared to previous methods and highlighting
the practical performance of our models.
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