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Resumen

Este trabajo se centra en las propiedades y aplicaciones del algebra de
Clifford Gy, asociada al espacio cuadrético no degenerado RP™, y
de su subgrupo mas importante, el grupo espin (ortécrono) Spin;m.
En particular, demostramos que este grupo es el recubridor doble
del grupo de rotaciones (generalizado), SO;m. De hecho, en los
casos euclideo y loretziano, los grupos Spin(n) y Spin*(1,1) son
simplemente conexos, es decir, son los recubridores universales del
grupo de rotaciones SO(n) y del grupo de Lorentz (restringido)
SO*(1,n). Particularizando al caso n = 3, discutimos algunas apli-
caciones del élgebra de Clifford G3 y de sus subgrupos Spin(3) y
$pin*(1,3) = Spin*(1,3) a la relatividad especial, el electromag-
netismo y la mecdnica cudntica.

El trabajo estd estructurado en tres capitulos. En el capitulo 1, par-
tiendo de la identidad v?> = vv = g(v) para todo v € RP"™* (donde g
es una forma cuadratica de signatura arbitraria (p,m,z)), se construye
el dlgebra G, . y su producto fundamental, el producto geométrico.
Este algebra no solo contiene una copia de los nimeros reales y del
espacio vectorial R", sino que también posee una estructura graduada
que permite representar los diferentes subespacios lineales de R". A
partir del producto geométrico se definen dos nuevos productos: el
producto exterior, que se usa para construir dreas, volimenes e hiper-
volimenes orientados; y el producto escalar, que permite, en el caso no
degenerado, medir el tamafio de estos hipervolimenes. Ademas, las
involuciones del dlgebra (anédlogas a la conjugacién de ntiimeros com-
plejos) permiten escribir expresiones algebraicas de forma sencilla y
compacta.

En el capitulo 2, se definen, dentro del dlgebra de Clifford no degen-
erada Gy, los grupos Piny,,, Spin,, ,, y Spin;m, que permiten realizar
transformaciones ortogonales de vectores en el espacio cuadrético RP"

(+)

mediante un homomorfismo de grupos sobreyectivo p : (S)Piny),, —

(S)O,(fnz. La sobreyectividad de esta aplicacion se deduce del teorema
de Cartan-Dieudonné, que conseguimos demostrar de forma sencilla
gracias a las operaciones y propiedades de las dlgebras de Clifford.
Por otro lado, dotando a G, de una topologia natural, esta algebra
adquiere, ademads, una estructura de variedad real analitica, y se ob-
serva que los grupos Piny,,, Spin,, ,, y Spin;“,m estdn contenidos en el
grupo G, de elementos invertibles del dlgebra, que resulta ser un
grupo de Lie. Esta estructura de grupo de Lie nos permite demostrar
que Spin;r,m es arcoconexo y que el homomorfismo p es también un
recubridor doble. Como consecuencia, obtenemos que el grupo de
rotaciones (generalizado) SO;,r,m es conexo.



Como menciondbamos arriba, en los casos euclideo y lorentziano, este
recubridor doble resulta ser también un recubridor universal. La
demostracion de este resultado no se completa hasta el capitulo 3,
donde probamos que el grupo fundamental de SO(3) es Z,. Para
cerrar el capitulo, se muestra que el dlgebra G, contiene una copia
isométrica de R™ "7 y otra isomorfa de Spin; +p (que denotaremos
por $pin; +1,p), lo que nos permite usar el dlgebra de Clifford euclidea,
Gy, para modelar también el espacio lorentziano R y sus transfor-
maciones de Lorentz.

Finalmente, en el capitulo 3 se estudia la estructura y aplicaciones del
algebra de Clifford G; asociada al espacio euclideo R3. La forma par-
ticularmente simple que toma el grupo espin en dimensiones bajas
(n < 4) nos permite demostrar que Spin(3) es simplemente conexo,
lo cual implica, por ser p : Spin(3) — SO(3) un recubridor doble, que
el grupo fundamental de SO(3) es Z;, como anticipabamos arriba. Este
resultado topolégico-algebraico se ilustra fisicamente mediante el truco
del cinturén de Dirac. Para ello, seguimos la explicacién dada en [22].
Ademas, se establece un isomorfismo entre Spin(3) y los cuaterniones
unitarios, deduciéndose la férmula de representaciéon de rotaciones us-
ando cuaterniones.

En cuanto a las aplicaciones en fisica, utilizamos el espacio de paravec-
tores P13 = G ® G} y el grupo $pin”(1,3) C G} para modelar el
espacio-tiempo de Minkowski y las transformaciones de Lorentz, re-
spectivamente. Ademads, el elemento ejees, también llamado el pseu-
doescalar, dota al algebra G3 de una estructura compleja natural, que es
utilizada para definir la dualidad de Hodge. Usando esta operacién,
recuperamos el producto vectorial usual de IR®* como el dual del pro-
ducto exterior, lo que nos permite reescribir de forma compacta las
cuatro ecuaciones de Maxwell como una sola ecuacién en Gs.

Para terminar el capitulo, nos centramos en las aplicaciones en
mecdnica cudntica. En primer lugar, se muestra que las matrices de
Pauli inducen un isomorfismo entre G3 y C>*2, que restringido a los
grupos Spin(3) y $pin™(1,3) da lugar a los isomorfismos

Spin(3) = SU(2), $pin*(1,3) =2 SL(2,C).

El isomorfismo dado por las matrices de Pauli también nos permite
modelar los espinores (de Pauli y de Weyl) como elementos del ideal
minimo por la izquierda G3P3;, donde P; = %(1 — e3) es un idem-
potente primitivo. Por dltimo, partiendo de la representacién de las
transformaciones de Lorentz usando el grupo $pin+(1,3), deducimos
la ecuacion de Dirac, revelando una estrecha conexion entre los es-
pinores de Dirac (y de Weyl) y ciertos elementos de dicho grupo espin.
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Introduction

Throughout history, several number systems have been developed to address increas-
ingly complex mathematical problems, obtaining the following chain of successive ex-
tensions

NcZcQcCcRcC

Among these number systems, the ones which are most important to physics are those
which allow a geometric interpretation of the numbers and of the operations between
them.

The most familiar example the real numbers, R, which can be thought of as ori-
ented segments on a line. In this view, a real number a4 € R encodes both a magnitude
la] > 0 and, if it is non-zero, also a direction along a one-dimensional space (2 and —a
represent opposite directions). Moreover, the operations between real numbers have a
clear geometric interpretation, namely, addition represents translations and multiplica-
tion represents dilations.

When we extend the real numbers by introducing an imaginary unit i satisfying
i> = —1, we obtain the complex numbers C = {x + iy : x,y € R}. A complex number
z = x + iy can be used to represent the vector (x,y) in the plane R?, and again, the
operations between complex numbers can be geometrically interpreted. Addition and
multiplication by a real number still represent translations and dilations, respectively.
Moreover, multiplication by a unit complex number, which are of the form w = cosf +
isin 0, represents a rotation of the plane around the origin by an angle of 6. In this sense,
complex numbers can be viewed as two-dimensional geometric numbers, which allow
a clear correspondence between algebraic manipulations and geometric transformations
in the plane.

Motivated by how the complex numbers are able to model planar geometry and
transformations efficiently, the Irish mathematician and physicist W.R. Hamilton tried to
generalize the complex numbers to a number system which could model 3-dimensional
geometry. The result of his investigation was the invention of the quaternions

H={w+xi+yj+zk:w,xyzecR},

which are obtained by extending the real numbers with three imaginary units i,j, k
satisfying the rules
i =7 =K =ijk=—1.

Quaternions form a four-dimensional number system that is no longer commutative but
retains associativity. The imaginary or pure part q = xi + yj + zk of the quaternion
q = w + q can be used to represent vectors in R?, and addition of pure quaternions and
multiplication of a pure quaternion by a real number again represent translations (vector
addition) and dilations in R?, respectively. Moreover, the rotation of the vector v =
xi+ yj + zk by an angle of 6 around the axis given by the unit vector & = a;i + a2j + azk,

is achieved via the formula qvq*, where g4 = cos§ + asin§ is a unit quaternion and

q* = cos % —asin % is its quaternion conjugate (we will prove this formula in chapter 3).
In order to generalize these “geometric number systems” to arbitrary dimensions
we first have to formalize what we mean by “geometric number”. On the one hand, a

number can be thought of as something that can be added, subtracted and multiplied.



On the other hand, vectors are the basic mathematical objects used to model geometry.
Therefore, the mathematical structure which formalizes the idea of a “geometric number
system” is that of an (associative and unital) algebra, which is a vector space equipped
with a product that is bilinear, associative and has a multiplicative identity. The three
sets we have seen above (IR, C and H) are examples of real algebras, where the scalars of
the vector space are the real numbers.

In this work, we will generalize these geometric numbers to n dimensions, starting
from the real vector space R and defining a suitable “geometric” product between vec-
tors. This will lead to the definition of a Clifford or geometric algebra, after the 19th century
English mathematician W.K. Clifford, who first defined them. Within this algebra there
will be a special group, the Spin group, which generalizes the unit quaternions and allows
us to perform rotations in spaces of any dimension.

The work is divided into three chapters, and the objectives of the TFG proposal are as
follows:

1. Study of previous material on Lie groups and the rotation group SO(n), proving
that it is connected.

2. Construction of Spin(n) as a subgroup of the group of units of the Clifford algebra
G, showing that it is the universal cover of SO(n).

3. Identification of the group Spin(3) with SU(2) and the unit quaternions.
4. Explanation of Dirac’s belt trick.

5. Description of some applications of Spin(n) in particle physics.

In chapter 1, we introduce the Clifford algebra G, associated to the quadratic
space RP"* = (R",q), where g is a quadratic form of arbitrary signature (p,m,z). Just
as complex numbers are constructed from the identity i = —1, defining

v® =vv =q(v) €R

for all v € RP™* = (R",q), leads to the construction of the algebra G, . and its funda-
mental product, the geometric product. We follow [26] for the heuristics of the construction
and [1] for the formal definition. Not only does the algebra Gy, ;. contain a copy of the
real numbers and the vector space R", but it also has a graded structure which lets us
represent the different linear subspaces of R". From the geometric product, we define
two more products: the wedge or exterior product, which is used to construct oriented
areas (bivectors), volumes (trivectors) and hyper-volumes (k-vectors) starting from the vec-
tors in R”; and the dot or scalar product, which is used to measure the size of these
hyper-volumes (when they are non-degenerate). The involutions of the algebra, just like
complex conjugation in C, enable expressing certain algebraic manipulations in a clean
and compact way. In developing the different products and involutions of the algebra,
we mainly follow [20].

In chapter 2 we define, within the non-degenerate Clifford algebra Gp,m, the groups
Piny,,, Spin, , and Spin;m, which are employed to perform orthogonal transforma-
tions of vectors in the quadratic space RP" via a surjective group homomorphism
o : (S)Pin,(fnz — (S)Ol(gj;z. The surjectivity of the above map relies on the Cartan-
Dieudonné theorem (Theorem 2.9), which is proven in a simple way thanks to the al-
gebraic power of Clifford algebras. The main references for this part of the chapter are



[18] and [20]. On the other hand, when a topology is introduced in Gy, (in fact, we give
it a real analytic manifold structure) we shall see that all these groups lie within the Lie
group G, of invertible elements of the algebra. The Lie group structure of G, is used
to show that the group Spin;m is path-connected and that the group homomorphism p
is, in fact, a double covering map. As a consequence, we conclude the connectedness of
the group SO;{,m. The main references followed to proof these results are [20], [11] and
[14]. Secondary references also consulted are [17] and [10].

Furthermore, in the Euclidean and Lorentzian cases the above double covering turns
out to be a universal covering map. The proof of this result is not completed until
chapter 3, when we show that the fundamental group of the rotation group SO(3) is Z,.
In addition, we use two important facts about Lie groups (Lemma 2.52 and Theorem
2.49) which are not proven here, but can be found in [7] and [29], respectively. Hence, in
this chapter we fulfill objectives 1 and 2 of the TFG proposal.

To finish the chapter, following [25] and [19] we show in section 2.4 that the algebra

Gp,m contains both an isometric copy of R"*!7 and an isomorphic image of Spin,, +p

(denoted by $pin; 11,p) allowing the use of the Euclidean algebra G, to model also the
Lorentzian space R and its Lorentz transformations.

In the final chapter (chapter 3), we focus on the structure and applications of the
Clifford algebra G associated with physical space R®. Theorem 2.30 is used to show
that Spin(3) is simply connected, which implies, by means of the double cover p :
Spin(3) — SO(3), that fundamental group of the rotation group SO(3) is Z,, as we
anticipated above. This algebraic-topological result is illustrated physically using Dirac’s
belt trick. The explanation of this trick follows closely the one given in [22] and the im-
ages employed are also taken from that video (except Figure 5, which is taken from [21]).
Moreover, an isomorphism between Spin(3) and the unit quaternions is found, and the
quaternion rotation formula is deduced.

As for the application in physics, following [3] and [19], the paravector space P13 =
G) & G} and the group $pin™(1,3) C GJ are used to model Minkowski spacetime and
Lorentz transformations of four-vectors, respectively. Moreover, we show how the unit
trivector i = ejeje3 (also called the pseudoscalar) provides the algebra G3 with a natural
complex structure, and is used to define the operation of Hodge duality from which we
recover the usual cross product in R® from the wedge product. By (formally) replac-
ing the cross products with wedge products, we are able to compactly rewrite the four
Maxwell’s equations as a single equation in Gs.

Finally, delving into the realm of quantum mechanics, we show, following [19], that
the Pauli matrices give an isomorphism between G; and C2*2, which, when restricted to
the groups Spin(3) and $pin™ (1,3) results in the isomorphisms

Spin(3) 2 SU(2) and $pin'(1,3) =2 SL(2,C).

The Pauli matrices isomorphism also allows us to model two-component column spinors
in C? as members of the minimal left ideal G3P;, where P; = %(1 — e3) is a minimal idem-
potent. Furthermore, following [5] and [6], we derive the Dirac equation starting solely
from the representation of Lorentz transformations using the Spin group $pin™ (1, 3), re-
vealing a deep connection between Dirac (and Weyl) spinors and elements of $pin™ (1, 3).
Therefore, in this chapter we fulfill objectives 3, 4 and 5 of the TFG proposal.
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1 Clifford (geometric) algebras

In this chapter we introduce Clifford algebras, also known as geometric algebras, which can
be thought of as an extension of the real numbers obtained when a “geometric” product
is defined between vectors of R”. This algebra has a rich structure with several operations
that emerge from the geometric product and which will allow us to produce elements
that naturally represent not only vectors (oriented line segments) but also oriented areas,
volumes, and higher-dimensional subspaces of R”. The main references used for this
chapter are [1], [20] and [26].

1.1 Heuristics

The first step to construct a Clifford algebra is to equip R"” with the quadratic form

p ptm
2 2
gx) =) xi— ) 5
i=1 j=p+1

of arbitrary signature (p,m,z), upgrading it to the quadratic space! RP"* := (R",q).
The quadratic form allows us to define the square of any vector v € IRP""* as follows

v? = vv := q(v). (1.1)

From this simple axiom, we will construct the Clifford algebra associated to IRP""* only
by requiring the product to be associative and distributive.

In the following we will denote the metric associated to g by g, i.e., g(x) = g(x, x), and
the canonical basis vectors of R" by ey, ..., e;, which are also an orthonormal (Sylvester)
basis of RP"™*. If we replace v = ¢; + ¢; with i # jin 1.1 and use g(e;, ;) = 0, we obtain

q(e;) +qlej) = qlei +ej,ei +ej) = (e; + ej)2 = e+ ejej +eje; + e]2
and since e? = q(¢;) =: &; we get
eiej = —eje; ViF ] (1.2)

Now, consider a formal product of the basis vectors ey, es,...6o, with 1 < a; <n, k>0
where k = 0 corresponds to the empty product, which equals 1 by definition. Using
associativity and 1.2 we can rearrange the factors according to increasing indices and,
since e? = ¢; is a scalar, each ¢; will appear at most to the first power. For example,

€365€165646365 = 63(—6165)65(—8364)65 = (6163)6%(—636465) = —85616%6465 = —E&3&x5€16465.

Therefore, every product of basis vectors is proportional to one containing at most n
factors and where the factors are arranged according to increasing indices: eg, eg,...ep,
€x,Cuy-Cny Where 1 < g < ap < ... <y <mand 0 <[ < n. We will denote a set of
indices {aq, a2, ...,a;} such that 1 < a3 < ap < .. < ay < nwith 0 <[ < n by a capital
letter A and the product e, ey,...eq, by e4. If | =0 then A = @ and ep = 1.

Since every product is proportional to one of the form ey, it will suffice to know
how to multiply two of such elements in order to multiply any element of the algebra.

1See section A in the Appendix for a review of quadratic spaces.
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Given two sets A,B C {1,..,n}, consider the corresponding elements ¢4 = ey, €q,...€y
and ep = eg,eg,...p,. Their product would have the form esep = ey, eq,..-€q,6p,€,-.-€5,. TO
simplify this product we first rearrange the factors in increasing order.

We start by looking at the element eg,. If ) > B1 we swap e, and eg using 1.2,
acquiring a minus sign. Next, if ¢, > 1 we swap ¢4, , and eg, acquiring another minus
sign. We repeat this until ; = B or there are no more e,, at the left of eg,. We continue
by looking at eg, and repeating the same procedure: we swap e, and eg, using 1.2 and
acquiring a —1 until 4; = B, or there are no more e,, at the left of eg,. Once we have
done this process for all ; € B, the product esep will be ordered with increasing (but
not necessarily strictly increasing) indices. The total number of negative signs acquired
during this process is equal to the number of swaps. Since we had to swap every time
a; > Bj with a; € A and B; € B we conclude that the overall sign acquired is

[s(xp), wheres(a,p) =+1ifa <p, and —1ifa > . (1.3)

xEA
BEB

The product eqep can be further simplified using that e = g(e;) = ¢; is a scalar.
If an element e; is a factor of both e4 and ep, ie., if i € AN B, it means that, after
rearranging the factors, it will appear in e4ep as ei2 =¢; € {1,—1,0}. Therefore, e e will
be proportional to the product e,,...e,, where 7; is either in A or in B, but not in both.
This means that ; is in the symmetric difference of A and B,

AAB:=(AUB)\(ANB)=(A\B)U(B\ A) C{1,..,n}.
We would therefore have

eaep = c(A,B)eans, where c¢(A,B):=]]s(ap) [] eieR
%Ezé i€cANB

The first product in ¢(A, B) takes care of the sign changes due to rearrangement of the
factors according to increasing indices and the second factor accounts for the squares of
the repeated e;.

1.2 Formal definition of the Clifford Algebra

Motivated by the above discussion we make the following definitions.

Definition 1.1. We define the set of Clifford or geometric numbers as the 2"-dimensional real
vector space
G(n) = spang({eataco,)

where QO = {1,...,n} and e, is a different symbol for each subset A C Q,. In other words,
G(n) is the free R-vector space over {es} acq, .

If for every k € {0, ...,n} we define the (})-dimensional subspace

Gk(”) = spaan({eA}Aan:\A\:k)r

where | A| denotes the cardinal of A C (), we can write

G(n) = é G (n).
k=0
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p times m times z times

. N —— ~ .
Definition 1.2. Let (¢1,...,&4) = (1,..,1,—1,...,—1,0,...,0) be the signature of RF"™*. We
define the Clifford or geometric product between basis elements of G(n) by

eaep :=c(A,Bleapnp VA,B C Qy, (1.4)
where
c(AB):=]]s(@p) [] e <R,
xEA i€cANB
BEB

and extend it univocally by bilinearity to all of G(n).

Remark 1.3. We give it the name geometric product because its definition relies on the quadratic
form or, equivalently, on the metric defined on R", which allows us to talk about fundamental
geometric notions such as length or orthogonality.

Proposition 1.4. G(n) with the geometric product becomes an associative R-algebra with iden-
tity element eg.

Proof. The symmetric difference satisfies the following properties:
(i) Associativity: (AAB)AC = AA(BAC).
(ii) Distributivity of N: (AAB)NC = (ANC)A(BNC).
With the above definition, we have

(eaeglec = [[s(ab) ] & [ sdec) T[] ¢ eansac

acA i€cANB  deAAB je(AAB)NC
beB ceC

Let us rewrite this expression in a more symmetric way. First, consider the third factor.
If we let d range not over AAB = (A\ B) U (B\ A) but first over all A and then over all
B, then any d € AN B will appear twice, and will contribute a factor of s(d, c)z. However,
since s(d,c)?> = 1 no change is introduced:

[Is@c)[Isc)= T] sdc) [] sdc)>*= T sdc).

acA beB deANB de ANB de AAB
ceC ceC ceC ceC ceC

On the other hand, we have
(AAB)NC=(ANC)A(BNC)=[(ANC)U(BNC)]\(ANBNC),
ANBNCCANB = (ANB)U[(AAB)NC]=(ANB)U(ANC)U(BNC),
(ANB)N(AAB) =0 = (ANB)N(AAB)NC =0
which imply
H & H & = H & = H E;.
i€ANB  je(AAB)NC i€(ANB)U[(AAB)NC] i€(ANB)U(ANC)U(BNC)

Thus, the product (esep)ec can be rewritten as

[Is@@b)]s(ac)]]sbc) 11 €i EANBAC,
a€A acA beB i€e(ANB)U(ANC)U(BNC)
beB ceC ceC
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from which associativity, (eaeg)ec = ea(epec), clearly follows.

In addition, since empty products are 1 by definition, we have that
epeA = eppa = €A = eapp = eatp VA C (),
s0 ep is the identity element of the algebra. O

Notation 1.5. The algebra G(n) with the geometric product (1.4) will be denoted by Gy, . and
is called the Clifford or geometric algebra associated to IRP™*, after the 19th century English
mathematician W.K. Clifford, who first defined it. Consequently, the subspace G (n) will be
denoted by Glr‘,,m,Z.

Proposition 1.6. If we (canonically) identify R = Gg,m,z and R" = G}m,z via

x GL

pm,z

. M,z 0
iR RPYE = G,

(a,v'e;) = (aeg, v'egsy)
then, the basis elements of Gy, . can be written as
1, es =eyen,. -,

where k € Oy and A = {1 < ay < ap < ... < ag < n}. In particular, we have that G, - is
generated (as an algebra) by the basis vectors ey, ..., e, of R" = G;,mrz, which satisfy the relations

e? =q(e;) and eiej+eje; =0 fori#j. (1.5)

Proof. Proceeding by induction, assume that es, = ey, €q,...5 for all Ay = {a; < ar <
e <war} CQ,with1 <k <n-—1. Then, using Definition 1.2 we have that any set of the
form Ay, 1 := AxU{ag1}, with n > a1 > a; for all a; € Ay, can be written as

CayCaye-CaCayry = €ALCx, = C(Aks {(Xk+1})€AkA{“k+l} =ea,,-

Since the base case e;;; = ¢; is trivial, we obtain the first part of the Proposition. As
a consequence, we have that the smallest subalgebra containing the basis vectors is the
whole algebra Gy, -

Ifi = j, then ee = 6{1-}6{1-} = gie{z‘}A{i} = Ejep = & — q(ei).
For the last part, let us analyze the two cases. If i # j, we can assume without loss of
generality that i > j then

eiej = eiyeqy = (—Degyagy = —epj) = —egiy = —¢jei
U

Notation 1.7. The elements of Gy, 2) are called Clifford numbers. They are also called multi-
vectors. On the other hand, an element of G’;,Im,Z is called a k-vector or a grade-k Clifford number
(also referred to as a grade-k multivector). Instead of saying 0-vectors, 1-vectors, 2-vectors, and

so on, we will often employ the terminology: scalars, vectors, bivectors, etc.
With the above identifications we have that

neq = w(eqep) = ea(nep) =ean YA CQy,
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so scalars commute with every element of the algebra, and in particular with vectors in
R" = Gllg,m,z. On the other hand, since g(e;, ;) = 0 for all i # j, we can condense the
relations 1.5 as

{ei e} = 2g(eie)),
where we have introduced the anticommutator of e; and e;, defined as {a,b} := ab + ba
for all a,b € Gy .. One easily checks that the anticommutator is bilinear. Thus, given

two vectors a,b € R" we can write a = Y_;a'e; and b = Y bjej and we have that
ab+ba={a,b} =Y a'b{e,e} =2) a'big(e,e;) =2g(a,b) (1.6)
1] 1]
From this, we recover the basic identity (1.1) we stipulated at the beginning of this section
v® = g(v,0) = q(v) Vv e R" (1.7)
The following theorem shows that the above property indeed characterizes Clifford
algebras.

Theorem 1.8 (Universal property). Let A be an associative R-algebra with identity 14. If
f:RP™* — Ais a linear map such that

f(0)?=4¢(0)1x4 YoeR", (1.8)
then f extends uniquely to an R-algebra homomorphism f : Gpmz — A

Proof. We follow the proof in [20, Thm. 2.8]. Given A = {a; < ... < a;} C O, with
k € Oy, we know that e4 = eg,...60, and we set a4 = ay,...d,, Where a,, = f(ey,). If
k = 0 we have that e = 1 € R and we set ag := 1 4. Equation (1.8) implies, substituting
v = ¢; + ¢, that

aaj +aja; = 0if i # j, a? = q(e)1 4. (1.9)
If we want to extend f to an algebra homomorphism we must define f : Gpmz — Aby
f (ea) := aa for all A C Q, and extend linearly to G,.. Let us check that f is indeed
an algebra homomorphism, in which case it is uniquely determined by construction. On
the one hand, f(eae) = f(c(A,B)eans) = c(A, B)asap. On the other hand, repeating
the same procedure as in section 1.1, we show that the relations (1.9) imply f(e4)f (ep) =

A

apap = c(A, B)aaap. Finally, from the linearity of f we conclude that f(x +vy) = f(x) +
f(y) and f(xy) = f(x)f(y) for all x,y € Gp,m,z. =

1.3 The wedge and scalar products
The geometric product of two vectors a,b € IR can be written as
ab:%(ab%—ba)—i—%(ab—ba):a*b+aAb (1.10)
where we have defined
axb:= %(ab +ba) =g(a,b) €R, aAb:= %(ab —ba) = —-bAa. (1.11)

as the symmetric and antisymmetric parts of the geometric product, respectively.
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As a consequence, we have that a L b (i.e., g(a,b) = 0) if and only if ab = a Ab =
—bAa = —ba. Hence, if g = 0 is the completely degenerate or trivial metric, then
ab=aAbforalla,be R" so the Clifford and A products of vectors coincide. Motivated
by this fact, we will define a new product between Clifford numbers (which will in
fact extend A, see Remark 1.17) by taking ¢ = 0 or, equivalently, (p,m,z) = (0,0,1) in
Definition 1.2, so

0if ANB #£Q,
A,B) := , P = _
c(A, B) ugg s(a, B) ieIAlB € ]_[%%x s(a, B) otherwise.

Definition 1.9. Introducing the notation (P) = 0 if proposition P is false and (P) = 1 if P is
true, we define the wedge or exterior product between basis Clifford numbers as

ealNeg:=(ANB=0Q)eseg=(ANB=0)[]s(xpleaus VA BCQ, (1.12)

nEA
BeB

and extend it (univocally) by bilinearity to all of G(n).
Proposition 1.10. The wedge product satisfies the following properties:
(i) (aAb) Ac=aA(bAc) (associativity),
(i) 1ANa =a A1 = a (identity element),
forall a,b,c € Gp,z. Moreover, when it acts on the basis vectors ey, ..., e, one has that:

(iii) e; Nej = —ej Ne; foralli,j € Q. In particular, e; N e; = 0.

(iv) eq = eq, New, N\ ... Ney, Where A = {1 < a1 <ay <..<ap <n}with0 <k<n.
Proof. All the properties are obtained particularizing Propositions 1.4 and 1.6 to the
(p,m,z) = (0,0,n) case, since a A\b=ab forall a,b € Gop. O

Proposition 1.11. If v,w € R", then v Aw = —w A v. Therefore, if uy, ..., ux € R" the product
Uy A ... A\ uy is antisymmetric under the exchange of any two adjacent vectors.

Proof. If we write v = v'e;, from property (iii) of Proposition 1.10 we deduce that

AN Zvivjei Nej= Zvivjei Nej —|—Zvivjei Nej= Zvivjei Nej— Zvjviej Ne; = 0.

if i<j j<i i<j j<i
From this, it follows that 0 = (v +w) A (v+w) =vAw+w A . O

Remark 1.12. Properties (i) and (ii) of Proposition 1.10 show that G(n) equipped with the
wedge product forms an associative and unital algebra. In fact, we show below that (G(n), N)
is isomorphic (as algebras) to A(R"), the Grassmann or exterior algebra associated to R". This
justifies the notation for the product defined in Definition 1.9. Moreover, since by construction
(G(n), N) = Gop,n, we also obtain the isomorphism of algebras A(R") = Goy,,. The structure
of the algebra (G(n), \) is therefore independent of the signature (p, m, z).

Corollary 1.13. The algebras (G(n), A\) and A(IR") isomorphic.
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Proof. Since dim A(R") = 2" = dim G(n) and we have by Proposition 1.11 that v Av = 0
for all v € G!(n). Therefore, by the universal property of A(R"), the injection R" —
G(n), e — ey € G'(n) extends to an isomorphism of algebras A(R") — (Gpuz, A). O

Corollary 1.14. From Proposition 1.6 and property (iv) of Proposition 1.10 we have that
€n1Cuy-Cay = €A = €y Ny, N Ny,

where 0 <k < nand A = {1 < a1 < ap < ... < ax < n}. Moreover, since both sides are
totally antisymmetric in their k indices (by (1.5)), we actually have the equality

€6, = € VANWAN €iys

Lo
where the indices (i1, ..., ix) are all distinct but not necessarily in increasing order.

Notation 1.15. Given a sequence of distinct indices (iy, ..., i) with 1 < ij < n we will denote
the product e;,...e;, = e;, A ... ANe; by e;;, i where convenient.

Proposition 1.16. Let ay,...,a; € R". Then

1
AN Nag = i ) sgn(0)ag(1)--Ae(k)-

oESK

Proof. Define f,h : (R")k := R" x ktimes 5 R" Gp,m,z by

1
f(al,..., ak) =ap A A\ ag, h(al,..., llk) = E ZS sgn(a)ag(l)...ag(k).
TedSk

Since both f and & are multilinear and totally antisymmetric, we have that ¢ € {f, I}
satisfies

(i) cp(uillei, s aZ‘ek) = uiﬁ..ai"c])(eiu .., ) (using Einstein’s summation convention),
(ii) |{i1,..,ik}| <k = 4)(€i1,...,€ik) =0,

(iii) If (i1,..,ix) = o(a1, ..., ax) Where o € Sy, then ¢(ej,, ..., e;,) = sgn(o)p(ea,, ..., €x,)-

Therefore, it suffices to show that f and h coincide when acting on (e, ..., €y, ) With
1 <ay <ap <...<ag <n. This is easy since using Corollary 1.14 we have that

1
oy N oo N\ €y = €yl = T Z sgn(a)e%(l)...eaﬂk).
toES

O]

Remark 1.17. The above proposition shows that the product N\ defined in Definition 1.9 indeed
extends the one defined in equation (1.11), which was denoted in boldface by A. Therefore, in the
following we will no longer use the symbol A to denote the wedge product of vectors.

In addition to the wedge product, in (1.11) we also defined the scalar product of
two vectors. We can extend it to arbitrary multivectors by noting that esep is a scalar if
AAB =®,ie, A=B.
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Definition 1.18. We define the dot or scalar product between basis Clifford numbers as
ea-ep:= (A =Beses = (A= B)e} = (A=B)(-1)AAD2TTg(e;) e R (1.13)

i€cA
forall A,B C Qy, and extend it (univocally) by bilinearity to all of G, ..
Using the above definition we see that ¢; - ¢; = (Sijeiz = g(e;, e]-), which implies, using
linearity, that a-b = g(a,b) for all a,b € G;,mrz = RP™*. Thus, it indeed extends the

scalar product in equation (1.11), which was denoted by *. Therefore, we will no longer
use the symbol * to denote the scalar product of vectors.

Apart from products, other important operations in the algebra G . are involutions,
i.e., maps of the form j : G,z — Gpmz with j* = joj = Id.

Definition 1.19. We define the reversion on basis Clifford numbers as

t + _ (_1)k(k—1)/2 (_1)|A|(\A\—1)/26A,

€A = Chjnymy " Capmp_q.y — Cayay..y =

forall A = {1 <wa < ..<ap <n} CQO, and extend it (univocally) by linearity to all of
Gp’mlz.

In the third equality we have used that

(k—1)+(k—2)+...+2+1:%k(k—l), (1.14)

which is the total number of adjacent transpositions needed to go from (ay, ax_1,...,a1)
to (aq,ap, ..., ar).

Proposition 1.20. The reversion satisfies the following properties.
(i) It is an antiautomorphism: (ab)* = b*a® forall a,b € Gp .
(ii) 1t is an involution: (a*)" = a forall a € Gp .
(iii) (x~1)" = («") 7! forall x € G, := {a € Gy : a is invertible }.

Proof. (i) Given a,b € G, wWe can write a = ) 4 aey and b = Y bBep, where the
sums go over all A C (). The product ab becomes

ab = ZaAbBeAeB = ZaAbBc(A,B)eAAB.
A,B A,B

If we set k = |A|, | = |B| and m = |A N B|, from elementary set theory we know
that | AAB| = k+ 1 — 2m. Then, using linearity we can write

(ab)’r _ EIZAbBC(A, B)(EAAB)JF — 2 aAbBc(A, B)(_1)(k+l_2m)(k+l_2m_1)/2€AAB-
A,B A,B

On the other hand,
b'at = bPatelel = bPa? (—1)M AN 2e(B, A)epp .

From Definition 1.3 we deduce that ¢(B, A) = (—1)"*"c(A, B) and since we also
have that

k(k—1)/241(1=1)/2+ kI +m = %(k+l—2m)(k+l—2m—1)(mod2)

and BAA = A/AB, we obtain the desired result (ab)" = ba™.
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(ii) We know from Equation (1.14) that k(k — 1) is even, so (e},)t = (—=1)k"Ve, = ¢y
for all A C ), and the result follows by linearity.

(iii) xx~! = 1 implies that 1 = (xx 1)t = (x"D*xt. Thus, (x 1) = (x*) .
p

O
Corollary 1.21. (v A ... Avg)T = vp A ... Aoy forall v € R™
Proof. Using Proposition 1.16 and property (i) above, we have
| ;1
(1 A Ag)" = T ) sgn(0) (Vg (1) V(i) = T ) sgN(0) V(1) V(1) = Uk A e AL
toEeSy toEeSy
O

The next proposition allows us to combine the three operations that we have intro-
duced in this section.

Proposition 1.22. If uy, ..., uy and vy, ..., vy are vectors then

Uy -01 ... Up-0Of
(ul/\.../\uk) . (01/\.../\Uk)+ =
U -01 ... U0k

Proof. Define f,g: (R")F x (R")F — R by
F(ug, eug), (01, ,08)) = (U Ao Autg) - (O A AD7),
Uy -01 ... Up-0Of
e((uq, ooy ug), (01, .y vg)) =

U 01 ... U0k

Write u; =} ; u;'»ei and v; = }; v;.ei for j =1,..., k. Since both f and g are linear and totally
antisymmetric in the u;’s and the v;’s we have that h € {f, g} satisfies:
(i) h((uiei,...uke;,), (v]fejl,..., vikejk)) = ul ol ol h (e, ... €i,), (¢j,, .- €j,)) (using Ein-
stein’s summation convention),

(ii) ‘{il,..,l'k}‘ or ’{jl/--/jk}‘ <k = h((eil,...,eik), (Ejl,...,e]'k» =0.

(iii) If (il,.., lk) = 0'(&1,..., lxk) and (jl,..,jk) = T(ﬁ1,...,,3k), where o, T € Sk, then
h((eiy, - i), (€jy, - j)) = sgn(c) sgn(T)h((ea,, s, ), (€p,, s €p,))-

Therefore it suffices to show that f and g coincide when acting on ((ea,, ..., €x,), (€p,, -, €g,))
where 1 < 91 < ... < 7 < nwithy € {a, }. If A ={ay,...,ax} and B = {By, ..., Br}, the
result follows from

(€ay--€uy) - (€p,-ep,) = (A= B)fzfék...ei1 = (A =B) det(e,xp ‘E“q)lsp,qgk = det(eap 'elgq)lgp,qsk.

Indeed, if A # B, then there exists a; & B, so ey, # eg; for all B; € B and ey, - eg, = 0 for
all 1 <j < k. Hence, det(eap 'eﬁq)lgp,qgk =0. d
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We note from Proposition 1.22 that, in the Euclidean case, the volume of the paral-
lelepiped formed by the linearly independent (l.i.) vectors uj, ..., uy is given by

\/(1/[1 VARWAN Mk) . (Ml VANWAN Mk)+,

just as the length of the vector v is given by /v-v = Vv -vt. Nevertheless, we shall
see that the product u; A ... A uy still represents a k-dimensional subspace within R"
regardless of the signature of the metric g. We follow [20].

Definition 1.23. Elements of the form uy A up A ... A uy with uq, ..., ux € R" are called k-blades
or simple k-vectors.

Proposition 1.24. If uy, ..., ux € R", then uq A\ ... AN uy € G’;,/mlz. In fact, if by, ..., by is any basis
of R" and we define A := (u;)%giz where uj = Y; ulb;, we have that

UL AN AU = Z det(AK)bK, (1.15)
KCQy:|K|=k

where, if K = {1 < iy < ... < i < n}, bg = by A... \Nb; and AK denotes the k x k matrix
minor obtained from A by deleting the rows not in K.

Proof. Since by Remark 1.12 we know that the structure of (G2, A) is independent of
the signature (p,m,z), we can assume that the metric g is non-degenerate, i.e., z = 0.
In that case, we can always find vectors ay,...,a, such that b; - aj = i (see b and f
isomoprhisms in [9, p. 104]).

Let us show, that ¢/ = det A/ is a solution of the equation

U NN\ U = Z CKbK (1.16)
KCO,:|K|=k

with cX € R. Indeed, call B := uy A ... A u; and assume that equation (1.16) holds. Then
taking | C O, with |J| = k, we would have that

(B-aj)= Y. Kbk-a)) (1.17)
KCO,:|K|=k

On the other hand, using Proposition 1.22 we have that (B - a}L) = det A/ and (bx - a}) =
5I]<. From Equation (1.17) we conclude that

detAl =/,
as we wanted to show. ]
Theorem 1.25. The vectors uy, ..., uy are Li. if and only if uy A ... AN uy # 0.
Proof. Without loss of generality assume that cju; + ... + cxup = 0 with ¢; # 0. Then
UL ANg A oo Aty = (—cl_l(czuz + o cpug)) ANupg A Aty =0

since u; A u; = 0.
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To prove the converse, assume that B := uy Aup A ... A = 0. Write u; =} u;.ei and

consider the matrix A = (u;)E;EZ Using Proposition 1.24 we can expand B as a linear

combination of the basis k-vectors, ek,

0=B= Y det(AN)ex (1.18)
KCO,:|K|=k

If the rank of A is r, we deduce from 1.18 that r < k, since all the k x k minors are
zero. If r = 0 we automatically get that the u; are linearly dependent. If r > 0, we can
assume without loss of generality that d := det(u;.)1§i,]-§r # 0. In that case, we can pick
i € Oy and j € () and consider the (r+1) x (r + 1) matrix

1 1 1

up .. Up U
Bi' =

d e r r r

“1 r Y

i i i

uj rou

We have that det B; j = 0 since the rank of A is r. Expanding det B; ; along the bottom
row for fixed i, we obtain ‘ ' ‘
ujcr + -+ e, + u;d =0, (1.19)

where the ¢; are independent of the choice of i (but dependent on j). Hence, we have
that equation (1.19) holds for all 1 < i < n, and we can write

c1iy + -+ oy +duj =0,
so the vectors uq, ..., uy are li., as we wanted to show. O

Corollary 1.26. At the beginning of the section we saw that if a,b € Gllg,mlz are vectors, then
a L bifand only if ab = a A b. As a consequence of the above theorem, we also have that a||b
(i.e. a = Ab for some A € R) if and only if ab = a - b.

Corollary 1.27. If B = uy A ua A ... A uy # 0 is a non-zero k-blade and v € IR" then
vAB =0 <= v € spang{uy, .., ui}.

Hence, to every non-zero k-blade B = uy A ux A ... N uy # O there corresponds a unique k-
dimensional subspace

B" := {v € R": v A B = 0} = spang{uy, ..., ux }.

Conversely, if U C R" is a k-dimensional subspace of R" we can take a basis uy,us, ..., ux of U
and obtain a non-zero k-blade B := uq A up A ... A uy such that U = B

Remark 1.28. Proposition 1.24 states that every k-blade is a k-vector. However, the converse
is not true in general, e.g., if p +m+z = n > 4 we have that ey Nex +e3 Nes € G%ﬂ,m,z is a
2-vector but not a 2-blade, as we prove below. This is why k-blades are also called simple k-vectors.

Proof. Assume e; A ey +e3 Aes = uy Aup, with uy, up € R” where n > 4. Then we would
have that (e; Aex +e3Aes) A (e1 Aex +e3 Aeq) = 0 since

(ug Aup) A (ug Aup) = —(ug Aug) A (up Aup) =0,
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but
(e Nex+esNeg) AN(eg Nex+e3Ney) =2e1 Nex NesNeg # 0,

since ey, ey, e3,e4 are Li. in R" (n > 4). O

To finish the discussion on wedge products, let B = u; A ... Auy # 0 be a non-zero
blade and by, ..., by any basis of B", so we can write u; = Y, u;-bl- and A = (u;')lgi,jgk-
Extend by, ..., by to a basis by, ..., by, by, ..., by of R™. Using Proposition 1.24 we conclude
that

B = det(A)b1 N A bk.

Therefore, each non-zero k-blade B = uy A ... A uy # 0 contains three pieces of infor-
mation:

(i) the k-dimensional subspace B",
and, once a basis by, ..., by of B is chosen,
(ii) a magnitude relative to by A ... A by, given by |det A|,
(iii) an orientation relative to by A ... A by, given by sgn(det A).
Hence, we see that k-blades represent oriented k-dimensional subspaces with magni-

tude, generalizing the notion of vectors as oriented line segments.

1.4 Two more involutions

In addition to the reversion, we can obtain another involution of the algebra Gy, . by
sending each basis vector to its opposite, ¢; — & := —e;. It extends to Gy, . as follows.

Definition 1.29. The grade involution is defined on basis Clifford numbers by
ea s éa = (—1ey vACO,
and extended by linearity to all of G 2.
Remark 1.30. Given u € Gp,,., we will use the notations @ = (u)” for its grade involution.
Proposition 1.31. The grade involution satisfies the following properties:
(i) It is an automorphism: ab = ab Va,b € Gpm,z
(ii) It is an involution: & = a Va € Gy ..

(iii) (x~') = (%)7" forall x € G, Thus, we can write X" without ambiguity.

Proof. (i) Givena,b € Gy, we can writea =), atey, b= Y8 bBes. And the product
ab becomes
ab=Y a’bPesep =Y abPc(A, B)eans.
A,B A,B

Using linearity we can write

ab =Y a’bPc(A,B)eans = Y atbPc(A, B)(—1)142Ble 5. (1.20)
A,B A,B
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Since |AAB| = |A| + |B| — 2|A N B|, one has that (—1)428l = (—1)I41+IBl. From
this, Equation 1.20 becomes

ZaAbB |A|+|B\ (A B eAAB Z”AbB \AH\B\eAeB
= Zﬂl ‘A‘EAZbB |B|€B Ea éa ZbBég :ﬁfﬂ.
A B

(i) It follows from (&4) = (—1)l4ley = (—1)214ley = e4 forall A C Q.

(iii) xx~! =1 implies that 1 = (xx~!)" = #(x 1) Thus, (x7 1) = (%)L

O
The grade involution splits the algebra into two linear subspaces
G;{mz ={aecGyu,:di=a} = EB Gpmz,
k even
G;,m,z: {aermz ﬂ——ﬂ}— @Gpmzl
k odd
so that Gy = G;{,mlz ® G, 2. The elements of Gpmz and G, ,, . are said to have
even and odd grade, respectively. Moreover, from the binomial theorem we obtain that
dimG},, , = dimG,,,, = 3 dim G, . = 2P 271, since

o—a-n =R (f)ev= 2 (1) -2 ()

Proposition 1.32. The subspace G}, . is a subalgebra of Gy, called the even subalgebra.
dimG},,, = 2"
Proof. Since (ab) = b, we have that

G;_m ZG;_I’H : € G;’J_m z/ G;m ZG;m : & G;’J_m z/

G

psz;mz - G;my G;szpmz - G;mz

From the first inclusion and the fact that 1 = eg € G, ., we conclude that G;m : € Gpmz
is a subalgebra of G, . O

Notation 1.33. When z = 0 (resp., m = z = 0), we will write RP"™ and Gy, (resp., R" and
Gy) instead of RP™0 and Gy o (resp., R0 and G,,0). In the m = z = 0 case, we may also
write R™? when we wish to clearly distinguish the quadratic space R™° from the vector space
R™.

The following proposition gives a useful isomorphism between the even subalgebra
associated to the quadratic space R™"17 and the Clifford algebra associated with RP"™.

Proposition 1.34. G = Gpm-

m+1,p

Proof. Let (e{,...,e;,fl’,...,fr’n) and (ey,...,ems1, f1,-.., fp) be the canonical o.n. bases

: +1, ' 2 1 — 2 2 _ ) -
of RP™ and 915’” P, respectively, so that ¢ = 1 = ¢ and f7 = —1 = f*. Define
¢ : RP™ —>Gm+1p

¢p(e) := fiems1,i=1,...,p, ¢(f]):=eems1,i=1,...,m, (1.21)

by setting
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and extending by linearity to RP". We have that ¢(e;)¢(¢;) = fiemi1fjemi1 = —fifi =

fifi = fi¢ki1fi = —fiems1fiemi1 = —¢(€;)¢(e;) for i # j, and one can verify analogously
that

PR = ~0UDIUD, () = ~9U)olel), fori £ ),
Py = =1=eP U= ¢ =-1=f7

From these relations (proceeding as in (1.6) to obtain (1.7)), it follows that ¢(v)? = g(v)
Vv € RP™, so Theorem 1.8 tells us that we can extend ¢ uniquely to an algebra homomor-
phism ¢ : Gyi1,p — G Using (1.21) and $(e(f]) = fiemr1ejem+1 = ejfi for j <m +1,
we obtain that {ejej,e;f; : i # j} C $(Gpm), and since the bivectors {e;ej, eifj : i # j}
generate G, ,, (as an algebra) we conclude the surjectivity of $. Injectivity follows from

the fact that dim GLLP = 2Pt = dim Gy . O

Finally, combining the grade involution and the reversion we obtain one more invo-
lution of G,z

Definition 1.35. Given a € Gy, we define its Clifford conjugate as @ := (a)".

Proposition 1.36. Clifford conjugation satisfies the following properties:

(i) @ = (a*) for all a € Gy Thus we can write a = &' without ambiguity.
(ii) It is an antiautomorphism: (ab) = ba for all a,b € Gp,m-
(iii) It is an involution: @ = a for all a € Gy .
(i) ' =1 forall x € G,

Proof. We proceed as with the other involutions.

(i) It follows by linearity from (¢4)" = (—1)l4lef, = (—1)IAFHAIIAIZD/2¢, = (¢, ) for
all A C ().

(ii) (ab) = (ab)" = (b)*(a)" = ba.
(iii) Using (i) we get thata = (((a)")) = a.

(iv) From 1 = xx~! it follows that 1 = (x~1)%,so x 1 = 1.
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2 The Spin group

In this chapter, we introduce several subgroups of the non-degenerate Clifford algebra
Gp,m which will allow us to perform orthogonal transformations of the quadratic space
RP"™ = G%,,m. The most important of these subgroups is the (orthochronous) Spin group,
denoted by Spin;,m , which in the Euclidean and Lorentzian cases turns out to be the
universal double cover of the rotation group SO, and the restricted Lorentz group SOfn ,
respectively. We finish the section introducing the paravector space, which allows us to
use the Euclidean algebra G, to handle both the Euclidean space IR"” and the Lorentzian
space R". The main references used for this chapter are [18], [20], [11], [14] and [25].
As secondary references, we have also consulted [10] and [17].

We begin by discussing how orthogonal transformations of IRP”" are represented
within the Clifford algebra Gy,

2.1 Cartan-Dieudonné Theorem

The generalization of reflections and rotations to arbitrary non-degenerate quadratic
spaces’ is obtained through the notion of an isometry or orthogonal transformation, which
is a linear map f : (V,g) — (V,g) such that g(a,b) = g(f(a), f(b)) for all a,b € V. The
last condition is equivalent to q(f(a)) = g(a) for all a € V. Since g is non-degenerate,
one sees that f is automatically injective and, since V is finite dimensional, it is also a
linear automorphism. Thus, we make the following definitions

End(V):={f:V — V: fislinear},
Gl(V) :={f € End(V) : f is bijective},
O(V,g) :={f € End(V) :qof =g} ={f € GL(V) : g0 f = q}.
It is easy to check that they are actually groups. We are interested in the case (V,g) =
RP™, so we will use the notation GL, (R) := GI(R") and O, := O(RP™).

Let us now show how we can represent orthogonal transformations within the Clif-
ford algebra G, ;. Recall that when W is a non-degenerate subspace of V := R we
can write V.= W @& W+ Thus, for every v € R = G,,,, with v*> # 0 we can set
W = spang(v) and write every a € RP" uniquely as a = a| +4a, with 4 € W and
a, € Wt = {v}+. Clifford algebras allow us to find the previous decomposition easily
by noting that

a=avv = (a-v+arv)o !l =(a-v)v+(anv)o L. (2.1)

It is clear that (a-v)v~! = £¥v € spang(v). To show that (a Av)o~! € {v}+ we need the
following proposition.

Proposition 2.1. The linear map Py, : G, ,, — G, ,,, Py(a) = (a- v)o~" satisfies

(i) Py(a) =aforalla || v.
(ii) Py(a) =0 foralla L v.

2Gee section A in the Appendix for a review of quadratic spaces.
33ee Definition A.7 and Proposition A.9 in the Appendix.
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(iii) P2 = PyoP, = P,.

Proof. (i) Follows from linearity and the fact that P,(v) = (v-v)o ! = v?*v~ ! = 0.

(ii) Py(a) = (a-v)o~! =0.
(iii) Since g(v) = v* # 0, we can write a = a + a, as above. Then, using (i) and (i),
Py(Py(a)) = Py(ay) = aj = Py(a).
O

Corollary 2.2. (a Av)v~! € {v}! foralla € Gy, ,,. Thus,ay = (a-v)o 'anda, = (aAv)o~!
foralla € G}Lm.

Proof. 1t suffices to show that P,((a A v)v~1) = 0. Since P,(a) = (a-v)v ™!, using (2.1) we
obtain
Py(a) = Py((a-v)o ' + (aA0)v™t) = Py(Py(a)) + Py((a Av)oY),

and since P2 = P,, we conclude that P,((a Av)v~!) = 0. O

Proposition 2.3. Given v € (RP™)* := {v € RP™ : q(v) # 0}, then the reflection through

the hyperplane {v}*, namely p, : RP™ — RP™, a = a4+ ay — py(a) = a — 2g(a,v)ﬁ =

—a+ay, can be written as p,(a) = vat . In addition, we have that p, € Op,m-

Proof. Using that 9! = ¢/v?> = —v~!, we have that

po(a) =—a+a, = —(a-v)o '+ @A)t = —(a-v—aAv)v
=—(v-atovAa)w ! = —vav ! = dav! = vav
For the second part, we have that for any a € RP" = G},

7(00(a)) = po(a)? = (—1)?vav tvav ™! = va*o ™! = d®vv ™! = @ = q(a).

Moreover, since Oy, is a group, we also have that if vy,..., v € (RP™)*, then
Po; © Po, O+ 0Py, € Op,m/ and

P

Pv, © P, O+ -0 Py, (a) = V102 . .. vkaﬁk’l ... 772’1771’1 = (0102...v)a(v102...0) 1 Va € RP™,

Motivated by this result, we define the following group.

Definition 2.4. P, ,, := {v1v2...v¢ : k > 0, v; € (RP")* = (G;,m)x} C G, where S*
denotes the set of invertible elements of S C Gp,mm. An element x € Py, y, is called a versor, so we
refer to Py, », as the group of versors.

Lemma 2.5. If x € Gy, satisfies xv = vX for all v € RP™, then x € R.
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Proof. We follow the proof in [18, Prop. 2.4.]. Write x = x4 + x_ where x € Gim. Since
Gpm = G;m ® Grj, n and ¥4 = £x4, we have that the condition xv = v¥ for all v € RP"
is equivalent to

X4+0 = F0X4 < UX4y = FX40 (2.2)

for all v € RP™. Since the vectors ey, eq,...eq, With 1 < a3 < ap < ... < ap < n and
0 < k < n form a basis of Gy, we can write x+ = a(jf + elaf where the az-i do not
contain e; as a term. Applying the grade involution yields . = (a3) — e1(af)
+xy = £(ay +e1ay), so (ay) = +ag and (af) = Fai, ie, a5 € Gim and ai € GJ -
Hence, since eje; = —eqe; for all j # 1, we have that

+ + + +
ayep = xeiay, a;er = Feiq;.
Substituting v = e in (2.2) we obtain
+, 2+ + + + . 2 + + 2 4+
eray +eta; = x(ayer +eiayer) = £(xejay Fejay) = era, —ejag,

SO af = 0. This implies that x+ = a;, which do not contain e; as a term, so we can write
Xy = bat + ezbfE where the bijE do not contain e; nor e; as terms. Proceeding as above,
one shows by induction that x4+ do not contain any of the e,...,e, as terms. Hence,
xieG%mE]Randx:er%—x,e]R. O

Proposition 2.6. The map p : P, — Oy, given by x — p(x) := py, where
px(a) :=xa¥™' VacRP™,
defines a group homomorphism with kernel R* = R\ {0}.

Proof. Given x,y € P, we have that

1

pxy(a) = (xy)a(xy) " = xya(%§) " = xyag ' ' = (px 0 py,)(a)

for all a € RP™, so p is a group homomorphism.

In order to prove that ker p = R* we first show that R* C P}, ;. Since p+m =n # 0,
we can take v € G},,m such that [0?| = 1, and we have that tv € ((G;,m)X for all + € R*.

Therefore, t = +tv> = % (tv)v € Py,m, depending on the sign of v? = +1. Next, we show
that R* C kerp. Take t € R*, then

oi(v) =toFt=ttlo =0
for all v € R". To prove the other inclusion assume that x € kerp C Pym, ie.,
-1

X0X T =0 << XU = 0UX

for all v € RP™, Lemma 2.5 tells us that x € IR. Moreover, since x € Ppm C G;,m, we
conclude that x € R*. O

The following important theorem tells us that p : Py, ,u — Oy, is actually surjective.

Theorem 2.7 (Cartan-Dieudonné). Let g be a non-degenerate metric on a n-dimensional vector
space V. Then every element f € O(V, g) can be written as a product of k reflections

f=po 0 0py,
where k < n and v; € V such that q(v;) = g(v;,v;) # 0.
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A complete proof can be found in [1, p. 129]. Here, we restrict ourselves to proving
a weaker version of the theorem (which is sufficient for our purposes) where the bound
k < n is relaxed to k < 2n. The proof takes advantage of the geometric algebra G,,,, and
is based on the following lemma (we follow [20, pp. 66-67]).

Lemma 2.8. If x,y € (RP™)* and x* = y? then we have that either
(i) x —y € (RP™)*, in which case px_y(x) =y, or
(ii) x +y € (RP™)*, in which case pyxiy(X) = —y.
Proof. Reasoning by contradiction, assume that
(x—yP=x—xy—yx+y* =0, (x+y’=2"+xy+yx+y> =0,

which implies (summing both equations) that x> + y*> = 0. This is possible only if
x? = y? = 0, since by hypothesis x?> = y2. However, x,y € (RP"")*, so x? # 0 # y>.
For the “in which case” part of the lemma assume that x — y € (RP")*, then

— 1

(x=y)x(x—y) ' =P -yx)(x—y) " = - -yx)(x—y) " = —yly-x)(x-y) " =y,

where we have used that x> = y? by hypothesis. The result for x + y is obtained by
replacing y <+ —y in the previous calculation. O

Theorem 2.9 (Cartan-Dieudonné, weaker version). Every isometry f € Oy, with n =
p + m, can be written as a product of k reflections

f=po, 0 0py,

where v; € (RP™)* and k < 2n. Moreover, if p = 0 or m = 0, then we recover the optimal
bound k < n.

Proof. Let {o1,...,0,} =:{001,...,00,1} be any orthonormal basis of R”" and f € O, .
If we set f; := f(0;) for all 1 < i < n, we have that {fi,..., f,} is another orthonormal
basis, since f? = f(0;)> = o} = 1 and f;- f; = g(f(0:), f(0;)) = g(0j,0;) = 0 for all
1 < i # j < n In particular, 03 = fZ # 0, so applying Lemma 2.8 we have three
possibilities:

(i) 01 = f1 (which implies that 01 + f; € (RP™)*).
(i) 0o — f1 € (RP™)*. Then, taking v; = 07 — f1 we have that py, (01) = f1.
(iii) 01 # f1, but oy + f1 € (RP™)*. Then, taking v; = 01 + f1 and v, = f; we have that

0o, © 00, (01) = po, (—f1) = —=fi(—=f)fi ' = f1,

Since py, © v, = Poyw,, the above result is equivalent to saying that there exists a versor
61 € {1,001 — f1, fi(o1 + f1)} such that pg, (01) = f;. Furthermore, since pg, € Oy, if we
call 01; := pg, (0;) for all 1 < i < n, we obtain that the set

0o, ({01, 02,... ,On}) = {01,1, 012, 01,n}
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is again orthonormal with fi2 = 0% = oii # 0 for all i and 017 = fi. In particular,

1
fi=05=01, #0.
Proceeding by induction, take k € {1,...,n — 1} and assume that there exists an
orthonormal set {0k1,...,0¢,} with fZ = 0,%/1. # 0 for all i and o; = f; for all j < k. In
particular, sz = o,%,k .1 # 050, by Lemma 2.8, there exists a versor 0,1 € {1, 00 k1 —

fis1s fer1 (01 + fie1) } such that pg,  (0kk+1) = fir1 and the set pg, | ({0ki}) = {0k41,i}
is orthonormal with fi2 = oi,i = oi Yy # 0. Moreover, since f; - fry1 = 0 and fj - ogry1 =
Ok,j - Ok k1 = O for all j < k, we also have that

01, = Poy1 (k) = Qo (fj) = Oker fibiy = fifkrby = f
for all j <k, so actually 0 41; = fjforall j <k +1.

Thus, 0,; = fj = f(0;) for all j < n, where 0,,; = pg,(01-1,) = pg, © - © ps, © Pg, (0;)
forall j < n,so0 f = pg, ©o---0pp ©pp. In addition, since each 0; is of the form 0; =

]_[;le v;; with v;; € (RP")* and 0 < I; < 2, we obtain that

f =pe, 0 0pg =po, 0 0Py,

where v; € (RP™)* and k < 2n.
On the other hand, if p = 0 or m = 0, i.e., if g is definite, then g(v) = v*> = 0 if and
only if v = 0. Therefore, we have that either o; = f; or (0; — £)? # 0 and it suffices to

consider only the first two posibilities (i) and (ii) above. Thus, in this case we can take
0; € {1,0;,— fi},sothat 0 < [; <1land k < n. O

2.2 The Pin and Spin groups

We know that every x € P, verifies that x € G;m, that is, x is invertible, and p,(v) =
xvi ! € RP™ for all v € RP™, i.e. xRP™%~1 C RP™.
Definition 2.10. The Clifford-Lipschitz group, or C-L group for short, is defined as

Py :={x € G}, : xRP"%~1 CRP™}.

That is, the C-L group is the biggest group within G, that leaves RP™ invariant under the
action of p.

Thus, we have the inclusion P, C Pp,m and, in fact, we are going to show that the
other inclusion also holds.

Definition 2.11. We introduce the norm mapping N : Gpm — Gy, defined by
N(x) := xx
forall x € Gpm.

Proposition 2.12. The restriction of N to Py, C Gy, yields a group homomorphism N :
Py — R*.

Proof. Let x € P, . Then xvx~! € RP™ for all v € RP™, so

ol = (xox ) = 7 lox" = xxv = vx'x = vix
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for all v € RP"™. By Lemma 2.5 we have that N(x) = ¥x € R. Moreover, since x € G;,m,
it follows that N(x) € R* with N(x)™! = x 1&g~ = x~1(x~1).

We now observe that if x,y € P,,, then N(xy) = Xyxy = gxxy = N(x)jy =
N(x)N(y), so N is indeed a group homomorphism. O

Corollary 2.13. The map p : Py, — Opm, X 5 px, where py(v) := xvx~! for all v € RP™, is
a well-defined group homomorphism with kernel R*.

Proof. Take x € P,,, and v € RP™, we have that
N(pe(0)) = N(xox™) = N(xIN(@)N() ™ = NxN(x)'N(o) = N(o),

where we have used that N(%) = x'x = #x = I\/lz_x/) = N(x), since N(x) € R*. Therefore,

px(v)? = =N(px(v)) = —=N(v) = v* and px € Op,, and the map is well-defined. That

it is a group homomorphism with kerp = R* is proven as in Prop. 2.6, since P, C

Pym. O
p,m

Theorem 2.14. The group of versors (Def. 2.4) and the C-L group (Def. 2.10) are the same:
Py = Ppm.

Proof. It suffices to show that P, ,, C P, . Take x € P, .. By the above corollary we have
that o, € Op. On the other hand, by Theorem 2.9 we know that p : Py, — Oy, is
surjective, so there exists y € P, such that p» = p,. Hence, p,,-1 =1, so xy~l=2AeR*
and x = Ay € Pp . O

The above theorem tells us that P, is actually the biggest possible group within
Gp,m that leaves RP"™ invariant under the action of p. However, it is more convenient to
work with smaller subgroups of P} .

Definition 2.15. Piny, ,, := {v102... 0 € Py 1 k >0, |v;| = \/|gq(vi)| = 1}.

Proposition 2.16. The restriction p : Piny, — Oy, defines a surjective group homomorphism.

Proof. We know from Proposition 2.6 that p : Py, — Oy, is a group homomorphism,
so its restriction to the subgroup Pin, ,, < P, is also one. On the other hand, for every
v € (RP™)* we have that

0(a) = (tv)a(to) ™ =t vat ™! = vav ! = p,(a)

forallt € R\ {0} and a € R". Therefore, for every v € (R”")* we have that 9 := IU( S
q(v

is a unit vector, i.e., > = q(9) = 41, and ps = p,. Surjectivity now follows from Theorem

2.9. O

Just as the even subalgebra G, plays an important role within Gy, the subgroup
of P, formed by even versors will also be relevant in our discussion of orthogonal
transformations.

Definition 2.17. SPp, := {01... 0k € Py @ kiseven} =Py NGy,

The second equality follows from the fact that x € G;,, if and only if ¥ = x, and

pm

¥=70;...0; = (=1)v;...v; = x if and only if j is even.
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Proposition 2.18. SO, := {f € Opy : det f = 1} = p(SPp, ).

Proof. By the Theorem 2.14, we have that every f € SO, is of the form p, with x € Py ..
On the other hand, for any v € (RP")* we know that p, is the reflection through the

hyperplane {v}+, so det(p,) = —1. Thus, taking x = v1...9; € P,, we have that
det(px) = det(py, 0 - - - 0 py,) = det(py,) ... det(py;) = (=1)/, 50 px € SO, if and only if
X € SPy . O

Since SO,,;, is the (generalized or indefinite) rotation group, the above proposition
tells us that any rotation can be written as the product of an even number of reflections.
The corresponding even subgroup of Piny, , is

Definition 2.19. Spin,, , := {01... 02 € Pinyy 1 k € N} = Pinyn N G,

Proposition 2.20. SO, ,, = p(Spin]g/m).4

Proof. The proof is basically the same as in Prop. 2.18. By Proposition 2.16 we have
that every f € SO, is of the form p, with x € Pin;, ;. On the other hand, for any
v € (RP™)* we know that p, is the reflection through the hyperplane {v}*, so det(p,) =
—1. Thus, taking x = v;...9; € Piny,u we have that det(ox) = det(py 00 py) =
det(po,) - .. det(po;) = (—1)/, 50 px € SO, if and only if x € Spin, . O

Definition 2.21. An isometry f € O,y is called proper if det f = 1, i.e. if f € SOy, and
improper otherwise. The group SOy, of proper isometries is also called the special orthogonal

group.
Next, we prove that Pin coincides with the group of unit versors

Lemma 2.22. p : Piny, ,, — Oy, is a group homomorphism with kernel {+1}.

Proof. Since p : I?iﬁp,m — Op,m is the restriction of p : ﬁp,m — Op,m to P\iﬁp,m c ﬁp,m, itisa
group homomorpism with ker P|I?iﬁp _=kerpNPiny, = R* NPiny, = {£1}. O

Proposition 2.23. Pin, ,, = ﬁ\p,m.

Proof. For very x = vy ...v) € Piny,,, we have that N(x) = N(v1) ... N(vg) = (—1)F0?...02 =
+1, so Piny, ,, C i;i-ﬁp,m. Take x € i;i-ﬁp,m. By the above lemma we have that p, € O . On
the other hand we know that p : Piny,,, — O, is surjective, so there is a y € Piny,,
such that px = py. Hence p,, -1+ = 1, which implies that xy ! = A € {£1} and
x = Ay € Piny . O

Corollary 2.24. Spin,, ,, = {x € SPp,u : N(x) = +1}.

Motivated by the above results, we make the following definitions.

4This statement is an example of Serre’s joke: Pin(n) is to O(n) as Spin(n) is to SO(n), stated in the classic
reference [2, p 3., line 17].
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Definition 2.25. We define the orthochronous Pin and Spin groups as
Pin,, := {x € Piny, : N(x) =1}, Spin,, = {x € Spin,, , : N(x) =1}.

Their images will be denoted by O, ,,, := p(Pin;{/m) C Oy, and SO;m = p(Spin;m) C SOp,m.
Elements of Spin;f’m are called rotors and Spin;;m is also called the rotor group.

The name orthochronous comes from terminology in the Lorentzian case, where a
vector v such that v> > 0 is said to be timelike. The condition N(x) = 1 implies that

x € Piny,, contains an even number of vector factors v; such that N(v;) = —v? = -1,
which implies that o, € O}, involves an even number of timelike reflections. There-

fore, pyx preserves the orientation of the subspace spanned by the timelike basis vectors
span]R(el,...,ep) C RP™ and is said to be orthochronous. Hence, the group SO;;,m =
SOp,m N O, consists of proper and orthochronous isometries.

Theorem 2.26. The map p : (S)Pin;ﬁ,z — (S)O]g,ﬁ,z, x — p(x) 1= py, where py(a) = xax = for
all a € RP™, defines a surjective group homomorphism with kernel {+1, —1}.

Proof. We already know that p : (S)Ping,j;z — (S)O,E,j,]z is a surjective map, and since it is
the restriction of p : Py — Oy, to the subgroup (S)Pin;fnz, we get, from Proposition
2.6, that it is a group homomorphism with ker p| SPintt) = R* N (S)Pin,(fnz O {+1,-1}.

Therefore, if x =vy...7 € kerp\(s)PmH), then
pm

P =xxt = (v1... ) (0p...01) =03 ... 08 = 41,

PintH) —

where we have used that x' = x for all x € R. Hence, x € {+1,—1} and ker p| )
p,m

{+1,-1} 2 7,. O
Corollary 2.27. We have the following group isomorphisms:

Pinym/Z2 = Opm, Spinp,m/Zz = SOyp,m,

Pin,,,/Z> = Oy}, Spin,/Z>=S0,,.
Proof. The isomorphisms follow from the above theorem and the first isomorphism the-
orem. ]

The following proposition tells us that the group(s) (S)Pin;(,%) can be obtained from

the group Spin;m , so it is enough to study the structure of the latter to deduce the
properties of the former.

Proposition 2.28. If m = 0 (but n > 1) we have that
Spin, := Spinn,0 = Spin;:O , Piny, := Pin, o = Spin,, |_| eSpin,, ,
where e is any vector satisfying e* = 1. In addition, if p,m > 1, then
Spinp,m = Spin;m |_| e+e,Spin;,m ,
Pin,,, = Spin | |e-Spin
Pin,,, = Spin; | |ere-Spin, , | |e-Spin; | |e+Spin; , ,

where e and e_ are any vectors satisfying €% = +1.
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Proof. 1If m = 0, then xx = v2...03 = (1)* =1 for all x = v;...vy € Spin, and we
obtain the first equality. Now, let x = v;...v; € Pin, with j odd. Since n # 0, we can
take e € G} = R" such that ¢> = 1. Then, x can be written as x = ey with y = ex € Spin,,.

For the p # 0 # m case, we can take e ,e_ € RP" such that ezi = 41. If x =
01...0; € Piny , we have four possibilities:

(i) jisevenand ¥x =1, i.e, x € Spin;;m

(i) j is even and xx = —1. Calling e;_ := e;e_, we have that ez e, = e3¢ = —1
ande;! =e; . Thus,y=e; x € Spmp o Since jy = xé, ey x = —xx =1, and
X=e4+-VY.

(iii) jis odd and ¥x = 1. Then, y = —e_x € Spin ,since jy = Xé_e_x = xx =1, and
X =e_y.

(iv) jis odd and xx = —1. Then, y = e, x € Spin;:’m, since jy = Xé e x = —Xxx =1,
and x = ey.

O

Corollary 2.29. For n > 1, we have that

SO, =S50, , On=50,| |p.SOn,
where p, is any reflection with e = 1. Moreover, if p,m > 1, then

SOpm = SO; || 0e, 0e- SO,
= SO*m | Jpe. SO;,*m ,
Op,m = SOp,m |_| Pe. Pe_ SOp,m |_| Qe SO;,“,m |_| Pe.. SO;,“m ,

where p., and p,_ are timelike and spacelike reflections (e3. = +1), respectively.
Proof. It suffices to apply the map p to the sets in the above proposition. O

We finish this section with a useful characterization of the Spin group in low dimen-
sions.

Theorem 2.30. If n = p+m < 4, then
Spin;, = {R€G,, : N(R) =RR =1} = {R € Gy : RR=1=R'R}.

Proof. Call A = {R € G, : N(R) = RR = 1}. Since Spm ={x € TpuNG,, :
N(x) = 1} we have that Spm C A. For the other inclusion, take R € Aand v € RP™.
It suffices to show that RoR~ £ = RouR" € RP"™, where we have used that R~! = R
and R € G;;,m, so R = R and R = R'. Note that for n < 4, vectors are the only
elements in G, satisfying ¥ = —x and x* = x. Let us check that RoR" satisfies these
relations. Indeed, (RvR') = RoR' = —RoR' and (RoR")" = (R")'o'RT = RouRT, so
RoR™" = RuR" € RP" and R € Spin ,

The second equality follows from the fact that R € G,
equivalently, Rt =R. O

if and only if R =R, or,
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2.3 Topological and Lie group properties

We have seen above that the surjective homomorphism p : (S)Pinﬁnz — (S)Oﬁnz lets us
represent orthogonal transformations within the geometric algebra G,,;. In this section
we will see that p has also nice topological properties, namely, it turns out to be a (double)
covering map® which is also a universal covering when restricted to the Euclidean and
Lorentzian Spin groups Spin, and Spinfn.

First of all, let us equip Gy, with a natural topology. Recall that G, is a real vector
space of dimension N = 2™ so we can rename its basis vectors as {by, by, ..., by} :=
{ea : A C O, }. Therefore, we have a vector space isomorphism & : Gpm — RN via
x = Y x'b; = ®(x) = (x1,x%,...,xN). If || - ||gy is @ norm in RV, we define a norm
| - || in Gpm by |x|| := |[[®(x)||[gy. With this norm, G, becomes a topological space
homeomorphic to RV.

The homeomorphism & allows us, in fact, to view G, as an (analytic) N-dimensional
manifold, since (G, P) is a global chart. With respect to this analytic manifold struc-
ture, multiplication in G, is also analytic. Indeed, (a,x) — ax is bilinear and, therefore,
analytic. The following proposition shows that the analytic structure in Gy, is inherited
by the group of invertible elements G;,m C Gp,m, becoming a Lie group.

Definition 2.31. A Lie group G is a group which is endowed with a smooth manifold structure®
such that the group operations

GxG—G,(gh)—gh and G—G,g+r g
are also smooth.
Proposition 2.32. G, is a Lie group.

Proof. We want to define an analytic structure on G, and show that the group opera-
tions of multiplication and inversion are also analytic with respect to this structure.

First, consider the map [ : Gy, — End(Gp,n), a = [(a) := l;, where I,(x) := ax for all
x € Gy, which is continuous since it is linear. Moreover, it is injective since I,(x) = 0 for
all x € G, implies, in particular that I,(1) = a = 0. Therefore, -1 exists and is linear
(in particular, continuous), which implies that [ : Gy — [(Gp,) is an homeomorphism.

Fixing the above basis {b,by,...,bn} of Gy, we can identify G, = RN and
End(G,n) = Mn(R), endowing them with a manifold structure (the identifications
serve as global charts).” In addition, we see that a € G,n < L € GLy(R),
and (I,)~! = I,-1. The sufficient condition is clear. For the necessary condition, take
b:=11(1). Thenab =1,(I;'(1)) =1land b=a" 1.

Therefore, [(G,,) = I(Gp,m) N GLN(R) and, since det : My(R) — R is continuous,
we have that GLy(R) = det ' (R*) is open in My(R), so I(Gp,,) is open in [(Gpm)
and G, = [=1(1 (G,)) is open in Gy Since above we have seen that G, is an
analytic manifold with analytic multiplication, we conclude that G, inherits an analytic

5See section B in the Appendix for a review of covering spaces.

®Tt turns out that even if the Lie group is endowed with just a C! differentiable structure, this structure
contains a unique analytic structure (see discussion in [29, p. 110]).

71f we had chosen a different basis, the differentiable structure would be the same, since the change of
charts is linear.
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manifold structure with respect to which, the restriction G;,, X G;,,, = G, (a,x) — ax
is analytic.

Finally, since inversion in GLy(RR) is analytic (M~! = det(M)'adj(M) is a rational
function of the coordinates) and [~ is linear, we also have that a s a=1 = ["1(I(a7 1)) =
I=1(I(a) 1) is analytic. Therefore, G, is an (analytic) Lie group. O

Proposition 2.33. The exponential map exp : Gpm — Gpm,

[e) Ak
A et i=exp(A) = ) -
= k!
is a well-defined analytic map.

Proof. The injection ! : G, — End(Gp,,) from the above proposition allows us to induce
an operator norm, || - ||, in Gy, defined as

Ax
[|Allo := sup{HHxHH cx € Gy \ {0}}.

Since G, is finite-dimensional, all norms in G, are equivalent and the associated
topology is the same for all of them. Therefore, since ||A"[|, < ||A||Z, we have that exp
converges absolutely for all A and, applying Weierstrass M-test, uniformly on compact
sets. Thus, it is well defined and analytic on Gy, since each function A %k is
analytic. O

Proposition 2.34. Let A,B € G, . If [A, B] :== AB— BA =0, then eAT8 = ¢/eB.

Proof. Following [14], since both e and ¢® converge absolutely, we can write

ooAkooBl ooAkBl ool ooln B
LAl X G oL n T A - Y () a

If AB = BA, the binomial theorem
n = (n kpn—k
(A+B) :kg)<k>A B
applies and we obtain the desired result. O

Corollary 2.35. For each A € Gy, e € G, with (el =e A

Proposition 2.36. Given A € Gy, the map R — G, t — e is analytic.

pms

Proof. Again, |[(tA)"|lo < [t|"||A]|} = |t|", so applying Weierstrass M-test once more, we
conclude the analyticity of the map above, since each term in the series is a polynomial
function of ¢. O

Lemma 2.37. Given B G%,m, the map adp : RP™ = G%},m — Gp,m defined by
adg(v) := [B,v] := Buv—vB

for all v € RP™, verifies that adg(IRP™) C RFP™.
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Proof. Expand B = ¥;_: Bieje; and v = ¥ v*e. Since adp is linear, we have that [B,v] =
P i<j j k
Yicjlk Biivk [eiej, ex]. Therefore, it suffices to consider the following two cases:

(i) B = ejej, v = e; with i, ], k all different. Then e;ejer — exeie; = ejejer — ejejer = 0.

(i) B = ejej, v = e;. Then ejeje; — ejeje; = —2efej = —2q(ej)e; € RP™. The case v = ¢
follows from this one, since e;e; = —eje; for all i # j.
j j
O
Proposition 2.38. For every bivector B € G ,,, we have that +e'® € Spin,, forall t € R.
Proof. Since the involutions are continuous (they are linear), we have that (e?)” = eB = ¢B

and (eB)t = 8" = ¢~B. It follows that /B € G, and N(e'P) = etBetB = (etB)tetB =1 for
all t € R. Therefore, it suffices to show that e'BvetB € RP" for all t € R. In order to do
that, we define the function f : R — Gy, f(t) := e'Pve™'B for all t € R. Since the map
t— etB is analytic and also multiplication in G, », and inversion in G, ,;, we have that f
is analytic. If we differentiate with respect to t we obtain that

f'(t) = Be'Bve™® — ¢ByBe™'B = 'B[B,v]eF = ¢'Padp(v)eF,

where we have used that xe* = e*x for all x € G,,;. From here, one easily shows by
induction that f(")(t) = e!Pad}(v)e '8, where ad}; = adg o ---oadp (n times). From the
above lemma, we deduce that f(")(0) = ad"(v) € R" and the series

converges in RP" for all ¢ € R, since RP"" is a linear subspace of G, and, thus, closed
with respect to || - || O

Lemma 2.39. Ifa,b € G},,m and R := ab = a - b+ a A\ b verifies RR' = 1, then R = ee*™\? for
some e € {+1, -1} and A € R.

Proof. R=ab=a-b+aAband Rt =a-b—aAb,soRR" = (a-b)?— (aAb)? and the
condition RR" = 1 reads (a - b)> = 1+ (a A b)?. We can distinguish 3 cases:

(i) (aAb)? > 0. In that case (a-b)? > 1, so either a-b > 1 or a-b < 1. Hence, there
exists a unique ¢ > 0 such that a-b = +cosh¢. Then (aAb)? = (a-b)>—1 =
cosh’¢ —1 = sinh?¢. Since ¢ > 0 we have that sinh¢ > 0, so we can write
aAb = sinh¢j with j := a Ab/sinh¢ and j?> = 1. Therefore, R=a-b+aAb =
+ cosh ¢ + sinh ¢j = de*9i = JetParb/sinhg,

(ii) (aAb)?> = 0. In that case (a-b)> = 1s0 (a-b) = +1and R = +1+aAb =
+(1+£aAb) = Fetl,

(iii) (aAb)? < 0. Inthatcase (a-b)?> < 1,50 —1 < a-b < 1 and there exists a unique 0 €
10, 7t[ such that a -b = cos 6. Then (a Ab)? = (a-b)? —1 = cos?f — 1 = sin’ 0. Since
6 €]0, 7z[ we have that sinf > 0, so we can write a Ab = sinfi withi:=a Ab/siné
and i2 = 1. Therefore, R =a-b+a A b = cosb + sin i = 1 = a7/ sin0

O]
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We are now ready to prove the main results of this section.

Theorem 2.40. Spin;m is path-connected to 1 (hence connected) when p > 2 or m > 2.

Proof. We follow [20, Thm. 6.15].Take x = v1...0vy € Spin;;m. Since xX = v% . U%k =1
we have that there is an even number of v; such that 01-2 = 1 and an even number of v;

such that vjz = —1. In addition, if a,b € (RP™™)* we can write ab = aba~'a = b'a, where
b' = —p,(b) satisfies b'? = q(b)? = b?. Therefore, we can rearrange the factors in x so
that

X=0v1...0pq =a; b ...afbfa;b] ...a;b; =Ry ...RfR{ ...R}

where R = aFb* and (a)? = (bf)? = £1. Since R (RF)t = (aF)2(bF)? = (£1)2 =1,
using Lemma 2.39 we can write R = eteN TN with e € {+1,-1} and AF € R
From Proposition 2.38 we know that e*e "\t* ¢ Spin;m for all t € R, so each R is
path-connected to either +1 or —1 within Spin;r/m. In addition, since p > 2 or m > 2
we can find two orthogonal vectors 11, up such that u% = u% = +1, so that (13 A u2)2 =
(uluz)z = —1land e™" = cost+ ujupsint € Spin;’,m forallt € R, so +1 and —1 are also
path-connected within Spin] . Therefore, x = R} ... R/ R ... R, is path-connected to

1 within Spin;m. O

Theorem 2.41. The map p : (S)Pin;(;;,g — (S)O;,fm = (S)Pin;j;,z /Z; is a double covering,®
which is non-trivial if p > 2 or m > 2.

Proof. To prove this result we will use Proposition B.7 and Lemma B.8. Call X =
(S)Pin;;z and consider the natural action Zy x X — X, 1-x = xand —1-x = —x
for all x € X. Since Z; = {+1,—1} is finite and X C Gpm = R?™ is Hausdorff, it
suffices to check that the homeomorphism /_; = —1x has no fixed points. Assume that
there exists x € X such that [_1(x) = —x = x, then x = 0, but 0 ¢ X since 0 ¢ G, .
Therefore, p : X — X/Z; is a covering map. In addition, p~!([x]) = [x] = {x, —x} for
all x € X, so p is indeed a double covering.

Assume now that p > 2 or m > 2 and that the covering is trivial, i.e., X = | |, V, where
the restriction p : V,, — X/Z, is an homeomorphism for each «. In that case, we have that
1€ Viand —1 € V_; with VN V_; = @, since otherwise p(1) = p(—1) = [1] € X/Z,
and one of the restrictions p|y, or p|y , would not be bijective. Hence, 1 and —1 belong
to different connected components. However, both 1, —1 € Spin;m C (S)Pin;(fnz and, by

the above theorem, we know that Spin;m is path-connected. We have, therefore, arrived
at a contradition, so the covering must be non-trivial. O

Corollary 2.42. SO;,im is (path-)connected when p > 2 or m > 2. In particular, SO, = SO,T, 0
is (path-)connected for n > 2.

Proof. We know from Theorem 2.40 that Spin;;m is path-connected when p > 2 or m > 2

+ + . . . .
om SOp,m is continuous (and surjective).

Hence, SO}, is also path-connected. O

and from the above theorem that p : Spin

8Gee section B in the Appendix for a review of covering spaces.
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Recall that a topological space X is said to be simply connected if it is path-connected
and its fundamental group (based on any point), denoted by 71 (X), is the trivial (one-
element) group.

Corollary 2.43. When p > 2 or m > 2, SO, cannot be simply connected and Spin;m is

pm
[a)

simply connected if and only if 7t1(SO, ,,) = Zs.

Proof. Since p : Spin;r,m — S0, is a double covering, we have that [p~!(xp)| = 2 for all
Xo € SO;’m and we also know that Spin;’m is path-connected when p > 2 or m > 2. The
result follows from part (ii) in Theorem B.13. O

Let us focus now on the cases of interest in physics, namely, the Euclidean and
Lorentzian cases. We will later show (Theorem 3.8 and Corollary 3.10) that Spin, and
Spinf 5 are simply connected, so they are the universal covers of SO3 and SOI 5, Tespec-
tively, and 71 (SO3) = Z, = 711(SOy;). In fact, we have that 711 (SO,) = Z, = m1(SO; )
for all n > 3, so Spin,, and Spinfn are, respectively, the universal covers of SO,, and SOfn
for all n > 3. However, proving the general result would require us to develop notions
from the theory of Lie groups which go beyond the scope of this work. Therefore, we
give here a proof that relies on three results (Lemma 2.52 and Theorems 2.44 and 2.49)
that will not be proven.

Theorem 2.44. Let G be a Lie group, and let H be a closed subgroup of G. Then H has a unique
manifold structure which makes H into a Lie subgroup of G. In particular, H is a Lie group.

Proof. See [29, Thm. 3.42, p. 110]. O
Proposition 2.45. SOy = {A € SOy, : A§ > 0} = {A €SOy, : A§ > 1}.
Proof. If A € Oy, then

1=q(e0) = q(Ae0) = (AD)? = }(A))? = [AQ] > 1,

1
where ¢g = (1,0,...,0) € R Therefore, Ag > 0 if and only if Ag >1and
SO, =UTuU" with U™ =80, N{A}>0}, U =S0;,Nn{AJ <0}, (23)

which are open and non-empty sets (1 € UT and pe,0., € U™). Moreover, from Corollar-
ies 2.29 and 2.42 we have that

SO, =VIUV™ with VF=S0{, V™ =pgp,S0;,, (2.4)

which are connected sets. From (2.3), we can write V* = (VT NUT)U (VT NU"). Then,
from the connectivity of V' and the fact that 1 € VT NU" # @, we conclude that
VTtNU- =@. Therefore, VT C U™.

For the other inclusion, using (2.4) and the previous inclusion we can write
VT =S80, \VF=Ur\vhHuu =Uurnvuu .

From the connectivity of V™ and the fact that U~ # @, we conclude that U" \ V7 =
UM NV~ =@. Therefore, VT = U™, as we wanted to show. O
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Corollary 2.46. SO, and SO;CH_1 are Lie groups.

Proof. We have that SO, = f~'({0} x {1}) and SOY,_; = h ({0} x {1} x [1,00)),
where

f:GLy(R) = R"™" xR, R~ (R'R—1,detR)
h:GL,(R) = R™ xR xR, A (A'gA —y,detA, A))

are continuous functions. Since GL,(R) is a Lie group (in fact, it is the prototypical
example of Lie group), the result follows from Theorem 2.44. O

Definition 2.47. Let M be a (smooth) manifold and G a Lie group acting (smoothly)’ on M. We
say that the action is transitive if for any x1,x, € M, there exists g € G such that g-x1 = x.
The isotropy group at x is the subgroup Gy :=={g € G:g-x = x}.

Remark 2.48. Since the action G x M — M is smooth, the map I, : G — M, g — gx is also
smooth. Hence, Gy = I;1(x) is a closed subgroup of G.

Theorem 2.49. If G x M — M is a transitive action, then G/ Gy is diffeomorphic to M for all
x e M.

Proof. See [29, Thm. 3.62, p. 123]. O
Definition 2.50. The (upper) hyperbolic space in RY" is defined as

H ={x=x%x,...,x") eR":q(x) =1, x° > 1}.
Theorem 2.51. We have the following diffeomorphisms

S0,+1/S0, = 8", SO{,/SO, = H",

where SO, = {< (1) ,(4)1 ) : A €S0,} = SO, and S" is the n-sphere.

Proof. Calling, Go(n) = SO, 11, Mo(n) = S" and Gy (1) = SOY,,, Mi1(n) = H", it suffices
to show, using Theorem 2.49, that the map ae : Ge(n) X Me(n) — Me(n), (A, p) — Ap
defines a smooth and transitive action whose isotropy group at ¢y = (1,0,...,0)" is SO,.

That «. is well-defined follows from the fact that
Je(ae(x)) = ge(x) =1 Vx € M,,

where g/ is the Euclidean/Lorentzian quadratic form. Thus, ac(x) € M, for all x € M.
On the other hand, the fact that matrix multiplication is associative and smooth implies
that it indeed defines an smooth action.

To prove transitivity, it suffices to show that for any xco € Mc(n), there exists L. €
Ge(n) such that Leeg = x¢0, where eg = (1,0,...,0) € Mc(n). Since ge(xe0) = 1, we can
extend to an o.n. basis {Xc0, Xc1,- .., Xen } of Ve(1n), where Vy = R" and V; = R, which
implies that

Qe(xe,i) = QE(ei) (2.5)

9See B.5 for the definition of (continuous) group action. We say that the action is smooth if the topological
space X is a smooth manifold and the homeomorphism I, is also smooth for all g € G.
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foralli =0,1,...,n. Next, let L : Ve — Ve be the unique linear map such that L¢(e;) :=
Xe; foralli =0,1,...,n. Equation (2.5) implies that Ly € Go(n) = SO, and Ly € SO,
since, except changing x., <> —X.,, we may assume that detL. = 1. Finally, since
x1,0 € H" we have that

0 <1< (x10)° = (L)p(eo)” = (L1)g.

Hence, L1 € SOI . = Gi1(n) and we are done.

Let us now calculate the isotropy group at ey. Suppose that L € G, satisfies Ley = ep,

then
e
The condition Lig.L = g implies
(1 0)(1 0)(1 B>_<1 B >_<l 0>
Bt At)\0 +1,)\0 A/ \B' BB+A'A) \0 +1,/°

Therefore B = 0 and A'A = 1,,. Finally, since 1 = detL = det A, we obtain the desired
result. O

Lemma 2.52. Let G be a connected Lie group and H < G a closed subgroup of G. If G/H is
simply connected, then 711(G) = 111(H) /N, where N is a normal subgroup of 7r1(H).

Proof. See [7, Prop. 5, p. 59]. O

Since R" is homeomorphic to H" via

where x? = /1 + (x1)2+ - - + (x)2 > 1 and the fact that S" is simply connected for all
n > 2 is known from the Topolgy II course, we obtain the desired result.

Theorem 2.53. 71(SO; ) = m1(SOy) = Z; for all n > 3.

Proof. By Lemma 2.52 and Theorem 2.51, we have that 711 (G¢(n)) = 1(SOy,) /Ny, with
N, a normal subgroup of SO, = Gp(n —1). As we have mentioned above, we will show
below (Theorem 3.8) that 711 (SO3) = Z,. Therefore, by induction we have that 771 (Ge(1))
is either trivial or isomorphic to Z, for all n > 3. However, from Corollary 2.43 we know
that 711 (G (1)) cannot be trivial for n > 2. Hence 711 (Ge(n)) = Z; for all n > 3. O

Corollary 2.54. Spin, and Spinin are simply connected for n > 3. Hence, they are the universal
covers of SO, and SO;L,”, respectively.

Proof. Follows from the above theorem and Corollary 2.43. O
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2.4 The paravector space

To finish the chapter, we introduce the paravector space, an important quadratic space
which lives within the algebra G, in addition to RP"™ = G},,m. It will allow us to
perform orthogonal transformations of the space R"1# without leaving G, ,, via an
isomorphic image of Spin; +1,p  Gme1,p, which we will denote by $pin’’ +1,p € Gpm- In
particular, it allows us to treat the proper transformations of the Lorentzian space R!"
within the Euclidean geometric algebra G,,, which will be useful for the applications of

our formalism to physics in the next chapter. The main references are [25] and [19].

Definition 2.55. The paravector space is defined as
]Pm—i-l,p = Gg,m ® G}J,m'

Notation 2.56. An element x =t +x € Py, where t € G} ,, = Rand x € G, ,, = RP",
is called a paravector.

We can equip P11, with the quadratic form
x= Nx)=xx=(t—x)(t+x) = —x* =t —q(x) € R,

50 Py,1,, becomes a quadratic space isometric with R 17 = R @& R™?. From above, we
deduce that N(x) = xx = N(X) for all x € P41 ,. Every x € P11, such that N(x) # 0
is invertible with inverse x~! = ¥/N(x), so Py, = {x € Puyrp : N(x) # 0}. The
metric associated to the quadratic form N is obtained via the polarization formula

(xy + ¥x).

N —

(F+y)(x+y) —Fx—py) =

N —

N(xy) = 5(N(x+y) = N(x) ~ N(y)) =

We have an analogous result to Proposition 2.3 for paravectors.

X

Proposition 2.57. Let p € IP;, ip

through {p}+, then

If 0}, : Pruy1,p = RV — 1Py, denotes the reflection

o, (x) = —pxp !l Vxe Pyit1,p-
Proof. p),(x) = x —2pN(p,x)/N(p) = %ﬁ”m = —pxp/N(p) = —pxp !, where we
have used that N(p) =pp =ppand p = pforall p € Py 1. O

Composing two reflections we get

00 (00, (%)) = 0, (p2XPs ) = prpaxps 'yt = prpy ' xpapy ' =
p1paxpy py ' = (pip2)x(Pip2) " = (p1p2)x(pap2)
and, by induction,
Oy 00y 000y (X) = =(p1P2- - pOX((P1P2- - ) = Pz, (%)
if k is odd and
01, © Py 0004 (X) = (p1P2... P)x((P1P2--- PK)) " = Opupai (%)

if k is even, where p : Py, — Oy, is the action from the previous sections.



39 2 THE SPIN GROUP

Therefore, if we define the paraversor group as

$Puirp = {p1q1-..pxd : k20, pi,qi € Py g}

we have that p, € SOy, 41, for all ¢ € $Py41,, in fact, p($Pyi1,p) = SOpy1, by the
Cartan-Dieudonné theorem (Theorem 2.9).

Proposition 2.58. $Py 1, = {p1...pc : k=20, pi €P; ., }.

Proof. Call A :=={p1...px:pi€P,.,,}. Sinceqg € P < gqe€Pr, wehave

m+1,p m+1,p m+1,p
that $P,, 11, C A. Conversely, take p1...py € A, sinceeg :=1 € anXHl » andey=¢ =1
we have that py...pr = p1eo. .. preo € $Puy1,p- O

The following results allow us to relate the spaces P11, and G}, 4+1,p» Which are both
isometric to R™*17, and the groups $P,;1, and SPy,1,, which represent (generalized)

rotations in those quadratic spaces, respectively.

Lemma 2.59. The algebra isomorphism ¢ : Gy — G, +p of Prop. 1.34 preserves Clifford

conjugation, i.e., p(x) = ¢(%).

Proof. Using the same notation as in Prop. 1.34, it suffices to check it for the generators
{el, o ep fireos fu} of Gy

M) ¢(¢)) = fiems1 = emi1fi = —fiems1 = p(—¢}) = P(e}).
(ii) m = €Cut1 = em16) = —¢jems1 = P(—f7) = ¢(f))-

Theorem 2.60. Let ¢ : Gy, — G| +p be the algebra isomorphism of Prop. 1.34. Then

(i) The map u : Py, — G}nJrl,p

inverse u=(y) = ¢~ (yeny1). In the following, we will treat u as an identification, so
Priip = Guirp = R™tLp,

= R"P, u(x) := ¢p(x)ey1 is a bijective isometry with

(i1) The restriction of ¢ to the group $Py, 11, gives a group isomorphism ¢ : $Py11,, — SPyy1p.
Moreover, for any § € $Py,11,p, the following diagram commutes:

Pg
1Pm+1,p I IPm+1,p

1 1
Gm+1,p Py(g) Gerl,p

Proof. We use the same notation as in Prop. 1.34.
(i) Take x = ¢+ Y/, x'ej + Y7y X/f] € Py p, then
m

[ m. [ )
(P(X) =t+ Z xlfiem+1 + Z x]e]'em+1 = (t€m+1 + Z xlfi + Z xjej)€m+1/
i=1 j=1 i=1 j=1
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so u(x) 1= ¢(x)emt1 = tem1 + iy Xej+ Y ! xif; € G}ﬂH,p. In addition, using
the above lemma,

u(x)? = —u(x)u(x) = —en1(x)p(x)ens1 = xxen 1 1¢(1)em1 = ¥x = N(x).

(ii) Take g = p1...pk € $Puy1,p, then¢(g) = ¢(p1) ... ¢(px) = u(p1)ems1 ... u(pr)ems1 €
SPyut1,p, with €2 ., =1 # 0and u(p;)*> = N(p;) # 0. Since ¢ is an algebra homo-
morphism and $P,1,, and SP are subgroups of G, and Gy, 1,,, respectively, we
have that ¢ : $Py11, — SPyy1, is a group homomorphism. Conversely, take
h = uyvy ... uvx € SPy41,. By part (i) we have that u; = u(p;) = ¢(pi)em+1 and
vi = u(qi) = ¢(qi)em+1 with p;, q; € (Ppi1,p) ™, s0

h=¢(p1)emi1¢(q1)ems1 - P(pr)ems19(qr)em1-
Moreover, if q; = t + Zle xieg + Z}”:l xff]-/ € P41, then

m

m.o P P )
em1(qi)eme1 = emr1(temr + ) Xej+ Y X' fi) =t =) x'fiewir — Y Hejensr = ¢(7@0),
j=1 i=1 i=1 j=1

and h = ¢(pi)p(7i) - - - ¢(pr)9(Gx). Therefore, ¢~ (h) = p171 . .. pifk € $Pm1,p. For
the diagram part, we have that for any ¢ € $P;, 11,

Pot) (#(P) = $()u(p)P(8) ™" = ¢(R)P(p)en19(8) ™" = ¢(gp)(@()ems1) ™!

= ¢(gp(ent19(2) 7" = P(gp)P(8) " ems1 = ¢(gpg Nemrr = u(gpg™") = ulpg(p)),

where we have used that ¢(g) € SPy, 41, C G;H,p, so p(g) = ¢(g)-

O]

In addition, since Clifford conjugation is preserved under ¢ we also obtain the fol-
lowing result.

Corollary 2.61. Restricting the isomorphism ¢ : $Py, 11, — SPy41,p we obtain

$pin,, ., = {s €$Py11p: N(s) = £1} = ¢($pinm+1’p) = Spin,,,,q ,,
$Pin$+1,p ={s¢ $Pms1p N(s) =1} = ¢($Pin;+1,p) = Spin$+1,p-

The above isomorphisms allow us to represent proper orthogonal transformations in
R™L? using the group $pin,, 1
Corollary 2.62. The map p : $pin,(1:21,p — SO,S:ELP is a surjective group homomorphism with
kernel {+1, —1}.

: . pin™) (1)
Proof. Since ¢ : $p1nm p — Spin,, p
Pyi1,, — G, +1,p as an identification, we can write p = p o ¢ (abuse of notation from the

diagram above), the result follows from Theorem 2.26. O

is a group homomorphism and, treating u :
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3 Applications

In this final chapter we discuss the applications in physics of the formalism we have
developed so far. In particular, we focus on the Clifford algebra Gs associated with
physical space R®. In addition, thanks to the paravector space, we will be able to model
spacetime and electromagnetism within the algebra Gs. Finally, taking advantage of
the complex structure provided by the pseudoscalar in Gz, we will also discuss some
applications of Clifford algebras to quantum theory (see [6] for more applications). The
main references for this chapter are [3], [5], [13] and [19].

3.1 The (geometric) algebra of physical space

Physical space is modelled by the Euclidean 3-dimensional space R?, which is equipped
with the quadratic form

q(x) == x3 + x5 + 13, (3.1)

for all x = (x1,x2,x3) € R3. Its associated geometric algebra, Gs, is generated by the
canonical basis vectors e, e; and e3; under the relations

ef =eiej=q(e) =1, eej=—eje, (3.2)

for all i # j. A basis of the full 8 = 2% dimensional (real) algebra is then

scalar ‘ vectors ‘ bivectors ‘ trivector

1 |epexes | erereres eres | erezes

We see that while scalars and vectors have positive square, the basis bivectors and
the basis trivector behave as imaginary units, since for i # j

(eie]-)2 = ejejeje; = —eje’e; = —e -1,

]

2 _
2 =
2 _ 2 _ 2_ 4
(e1eze3)” = ejerezejeres = eferezeres = (exe3)” = —1.

In addition, the basis trivector shares an important property with scalars, namely,
that it commutes with all the elements of the algebra.

Proposition 3.1. If Z(G3) := {x € Gz : xy = yx Vy € Gz} denotes the center of the algebra
Gs, then Z(G3) = G3 & G3. Moreover, we have the isomorphism of algebras Z(G3) = C.

Proof. We know that G = R C Z(G3). Next, we show that G} C Z(Gg3). It suffices to
check that ejp3 commutes with the generators. Indeed, we have that

ei(ejeze;) = e%ezeg = (ejeze3)ey,
ex(ejere;) = —ejele; = (ejexes)ey,

es(ejeze;) = elezeg = (ejeze3)es.

On the other hand, if 0 # v € G% is any non-zero vector, we know that vw = —wv
for any w € v, so v ¢ Z(G3). Moreover, let B = cjpe1n + ci3e13 + cozens € G% be any
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bivector. The condition B € Z(G3) implies, using (i) and (ii) in the proof of Lemma 2.37,
that

[B, 81] = —2cppey —2c;3e3 =0 = cpp=c13=0
[B, ez] = C23[Ez3,€2] = —2C23€23 =0 = B=0.
This proves the first part of the proposition. For the other part, note that since e?,; = —1,

the desired isomorphism of algebras is obtained via Z(G3) — C, a + beipz — a+bi. O

Therefore, the basis trivector behaves like a unit imaginary scalar, so we will denote it
by i := ejeye3 and call it the (unit) pseudoscalar. A general trivector will then be referred to
as a pseudoscalar. The main difference between scalars and pseudoscalars is that the latter
change sign under parity. Indeed, if we send e; — —e;, theni— (—eq)(—e2)(—e3) = —i.

Remark 3.2. Notice the slightly different typography between i and i, so that we can distinguish
the pseudoscalar from the imaginary unit of the complex numbers when convenient.

The pseudoscalar also allows us to define the concept of (Hodge) duality.
Definition 3.3. We define the (Hodge) dual of the Clifford number c € Gz as
*xCc :=1ic' = c'j,
where c' is the reverse of c (recall Def. 1.19).

Proposition 3.4. The map G’g — Gg_k, c — xc, k = 0,1, defines a vector space isomorphism.
G5 and G37" are said to be dual subspaces.

Proof. The case k = 0 (*G} = G3) is clear. For the other isomorphism take a € G}, then
(using that x is linear)

*a = a1 xe|+dykey)+az3xe3 = ajexy —ase13 + azep € G%, (3.3)

where we have written e;; = e;e; = e; A e; for i # j. That it defines an isomorphism
follows from the fact that Hodge duality is involutory:

x(xc) = x(c'i) =i(c")" =ii'c = —i’c =c Vc€ G,
SO * is its own inverse. ]

Duality also allows us to recover the cross product of a,b € R3 from its wedge
product a A b.

Proposition 3.5. We have that a x b = x(aAb) = —i(aAb) forall a,b € G} = R>.
Proof. Indeed, ifa =} ad'e;and b = Y ble;, using e; A e; = —e; /\ e; we obtain
aAb = (a®b® — a’b?)ey A ez + (a'b® — a’bl)e; Aes + (a'b? — a®ble; Aey,

so looking at ((3.3)), we conclude that a Ab = x(a x b) = i(a x b), which is equivalent
to the desired result. m
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The main advantage of using the wedge product over the cross product is that the
latter is not associative, i.e., in general (a x b) x ¢ # a x (b x ¢) for a,b,c € R3. More-
over, the wedge product can be defined in any dimension, while the cross product is
only well defined in three dimensions, since it requires to have an essentially unique
normal vector to a plane. We will later see that formulas which involve the cross product
(like Maxwell’s equations) greatly simplify by expressing them in terms of the wedge
product.

Finally, let us use duality to write the basis bivectors in terms of the basis vectors and
the pseudoscalar. Looking at (3.3), we have that

€1p = xe3 = 183, €13 = —%xey = —182, €r3 = xe| = iel.

Therefore, identifying Z(G3) = C via a +ib ~ a + ib (the isomorphism of Prop. 3.1),
we can regard Gz as a complex algebra spanned by {ey := 1,e1, ey, e3} and a general
element p € G3 can be written as

p=a+v+iw+if~ (a+iB) + (v+iw),
where a, 8 € R and v,w € G} = R>. The involutions of the algebra then act as follows:

p=a—v+iw—ip,
er =&+ v—iw —ip,
p=a—v—iw+ip,
and we can use them to project onto the different parts of a clifford number p € G3

1 . . 1 3 ‘
(Pleven = 5(p+P) = a+iw,  (ploaa := 5(p = P) = v+ip,

(Pn=5(p+p) =atv, (plai=g(p—p) =i(p+w),
(P)si=5(p+P) =0 +i, (plv = 3(p—p) =v-+iw.

3.2 3D rotations and quaternions

Since n = 3 < 4, recall from Proposition 2.28 and Theorem 2.30 that we can write (except
for a slight change of notation)

Spin(3) =Spin™(3,0) = {R€ G : RR=1} ={R€ G : RR=1=R'R}, (34)

where in the last equation we have used that R € G if and only if Rt = R. A rotation
in pr € SO(3) is then represented by R € Spin(3) via

pr(x) = RxR™! = RxR = RxR" Vvx € G} = R?,

where we have used that R =R, R"! = R = R for all R € Spin(3) C Gj.

Let us now express a rotor R € G;’ in a form that will reveal the geometric content
of the rotation pr. If we write R = o —iw € G;r , the condition RR = 1 then becomes

(& +iw)(a —iw) = a? —i*w? = a® + w? =1, (3.5)
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where w = |w| = /g(w). Note that we can always write w = ww with w? = 1.
Condition (3.5) implies that —1 < a < 1, so there exists a unique 6 € [0,277] such that
X = COS %. Moreover, since w = |w| > 0, condition (3.5) then implies that w = sin%.
Therefore, using that (iw)? = —1, we can write
0 cA s —iwl
chos§—1wsm§:e 2, (3.6)

which is the canonical form of the rotor R € Spin(3). To see how the rotation pr acts on a
general vector x € R3 we decompose x = x| + x, where x| and x are the components
of x parallel and orthogonal to W. Now, since wx| = xyW and wx | = —x W, then

pR(X) = RxR" = RX||R+ + RXJ_R-'- = RR+X|| + RZXJ_ = X|| + RZXJ_,
and the second term is
R*x| = (cos@ — iwsinf)x, = cosfx, +sinfw x x, (3.7)

where we have used that Wx;, = w A x; and W x x; = x(W A x| ) = —iwx_ . Therefore,
pRr is the (right-handed) rotation about the axis spang (W) by an angle 6. In particular,
if we take W = e, then the matrix representing the rotation pg in the canonical basis
(e1, ey, e3) is
1 0 0
pr = |0 cosf —sinf | € SO(3).
0 sinf cost

Hence, we see that expressing R in its canonical form (3.6) reveals the geometric content
of the rotation pg, namely, the axis and angle of rotation.

3.2.1 Relation to quaternions

Recall that the algebra of the quaternions, H, is a four dimensional real vector space
with basis {1, 1,j,k}, where the three symbols i, j, k satisfy the relations

iZ ==K =ijk=—1.
Remark 3.6. Note that i is in boldface to distinguish it from the pseudoscalar i.
It turns out that quaternions can be viewed as the even subalgebra of G3,
G5 = spang{1,iey,ie;, ies}.
Theorem 3.7. An isomorphism of real algebras « : G5 — H is obtained via
—iej —1i, —iey—j, —iez— k. (3.8)

and extending as an algebra homomorphism. In addition, the restriction of x to the group
Spin(3) C Gj defines a group isomorphism

Spin(3) = Hj,

where Hy := {q € H : g*q = 1} denotes the group of unit quaternions
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Proof. To show that x defines an algebra isomorphism follows from the fact that the
bivectors —ie;, —iep, —ie3 also satisfy

(—iep)? = (—iep)? = (—ie3)* = —1, (—iey)(—iep)(—ie3) = —i*= —1.

For the second part, note that if we take R = & — i(wye; + wye; + wzes) € G5, then R =
a + i(wieq + wae; + wses), so k(R) = k(R)*, where * denotes quaternion conjugation.
Hence, we also obtain that

x(Spin(3)) = {x(R) € k(G ) : k(R)x(R) =1} = {g € H:g"g =1} = H;.

O

The isomorphism (3.8) also allows us to recover the traditional quaternion rotation
formula. Start with a vector x = x1e; + x2er + x3e3 € G%. Its associated pure quaternion
will be denoted by x = x1i + x2j + 13k € Im(IH), and we have that x = «(—ix), where
multiplication by —i stablishes a vector space isomorphism G} — —iG} = G2. From the
discussion above, we know that if we rotate the vector x by an angle 6 about the axis
given by the unit vector a, we obtain the rotated vector

y = RxR" = RxR, where R = cos% —ia sing € Spin(3).
Then, using thati € Z(G3) and that « is an isomorphism we have the correspondence

y = RxR <= —iy = R(—ix)R <= x(—iy) = x(R)x(—ix)x(R) <= y = qxq",

where ¢ = x(R) = cos§ +asin{ € H;, is the unit quaternion associated with the

rotation around the axis & = x(—ia) € Im(H).

3.3 The topology of Spin(3) and SO(3)

Recall that G; becomes a topological space by demanding that the map 7 : Gz — R®,
p=a+v+iw+if — 7(p) = (a,v,w,B), where v = (v1,02,03), W = (w1, wp, w3) €
R3, be an homeomorphism. Then, taking into account (3.4) and (3.5), we obtain the
homeomorphism

Spin(3) = {(a,0,w,0) € R®: a? + w? + w} + w} =1} = S, (3.9)

where $° = {(a,b,c,d) € R* : a® + b*> + ¢? + d? = 1} is the 3-sphere. Since all the spheres
5" are simply connected for n > 2, we obtain the result we promised in Theorem 2.53.

Theorem 3.8. The group Spin(3) is simply connected. This in turn implies, using the double
covering map p : Spin(3) — SO(3) of Theorem 2.41 and Corollary 2.43, that

SO(3) =2S%/{1, -1} ZRIP?>, m;(SO(3)) = Z,, (3.10)

where the = on the left is an homeomorphism between topological spaces, while the one on the
right is an isomorphism of groups.
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The way of interpreting the homeomoprhism on the left of (3.10) is the following;:
we saw above that any rotation pgs € SO(3) is determined by a unit vector 4 € R?,
which defines the axis of rotation, and a right-handed angle 6 € [0,27r]. However, if
a € [0, 7], we have that p;i4a = Pr—a,—a since the rotation by an angle 7 + a with
a € [0, 7] coincides with the rotation by an angle « — 7w € [—71,0]. Therefore, it suffices
to consider angles in the range [0, 7t]. Then, we see that every point p € B(0,1) :=
{x € R®: |x| < 1} corresponds to a rotation pgs € SO(3) by taking 6 := 7||p|| € [0, 7]

and a := WI?H € S2. Moreover, this correspondence is unique except for the points on
the boundary 9B(0,1) = S2. In that case, the point p = 4 and its antipode —p = —a

represent the same rotation, since p, 4 = p,—a. Hence, antipodal points of the boundary
8% of B(0,1) must be identified, giving us the real projective space RIP?, whose points
correspond uniquely to rotations in SO(3). Moreover, this correspondence is continuous,
i.e., points close in RIP3 represent rotations that differ little from each other.

On the other hand, the isomorphism of groups on the right of (3.10) tells us that
there are two classes of closed loops in SO(3) = RIP3: those that can be continuously
contracted to a point, and those that cannot, with any two non-contractible loops being
homotopic (i.e., continuously deformable) to one another. To find the generator of the
group 711(SO(3)) = Z, it suffices to find a non-trivial loop, i.e., one that is not con-
tractible. We will take the identity rotation 1 € SO(3) as our base point. Then, consider
the path v : [0,27t] — SO(3) given by

1 0 0
t — R(t) := e '1/2 € Spin(3) s (t) := Pr(y = |0 cost —sint .
0 sint cost

Since ¥(0) = 1 = (2m), we see that it defines a closed loop in SO(3). However,
R : [0,27] — Spin(3), t — R(t) = e'®!/2, is the unique lifting of the loop 7 under
p which satisfies R(0) = 1,'° and we see that R(2r) = —1 # R(0). Therefore, v cannot
be (continuously) contracted to y(0) = 1 = (27), because that would mean that the
lift R can also be contracted to a point while keeping the endpoints fixed, which is a con-
tradiction given that the endpoints, R(0) and R(27), are different. Hence, we can write
m1(SO(3)) = {[1], [v]} and we have that [1] = [y] * [y] = [y * 7], i.e. the 47 twist 7y * 7y is
contractible (nulhomotopic) to the identity rotation 1.

Rigorously speaking, this result is a consequence of the homotopy lifting theorem
(Theorem B.11), which implies (except for a reparameterization [0,1] <+ [0,277]) that if 7y
were homotopic to the constant loop &3 = 1, then the liftings R = yand ¢ = & =1
would have to end at the same points and be homotopic. However R(271) = —1 # 1 =
€1 (2 7'() .

3.3.1 Dirac’s belt trick

A physical illustration of the above topological result (Theorem 3.8) can be demonstrated
using a belt and is often attributed to Paul Dirac, which is why it is known as Dirac’s belt
trick. The trick proceeds as follows:

(i) Start with a flat/untwisted belt.

10gee Prop. B.10 in the Appendix.
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(ii) Perform a 47t twist of the belt.

(iif) The goal is to untwist the belt, but one is not allowed to rotate either end of the
belt. However, one is allowed to move the ends of the belt freely in space, as long
as one does not turn them while doing so.

The correspondence between configurations of the belt and rotations in space is estab-
lished by placing a coordinate frame (i.e., a set of axes) on top of the belt. If we let the
the frame slide along the belt, it will rotate according to the twist on the belt and trace a
path in the space of rotations, represented as the quotient RIP® of B(0,1), see Figures 1
to 4. An illustration of Dirac’s belt trick is shown in Figure 5. !

y-axis P L A

)?‘ X=axis ¢ T . € T B ( i -
zaxis ) \7"***/) e — Kf”* | =
S WL S | |
\\\/

Figure 1: First image: a belt with a set of axes on top. Three last images: as the frame slides along
the belt it performs the identity rotation, i.e., it does not rotate at all.

D | W i ———

Figure 2: The 27t twist corresponds to the path that performs a 27 rotation. Notice how from the
second to the third image, the point that traces the path jumped from one side to the other due
to the identification of antipodal points in the boundary.

Figure 3: Examples of a closed (first three images) and an open (last image) path in the space of
rotations. The rule of not being allowed to rotate the ends of the belt while trying to untwist it
corresponds to requiring that the path in the space of rotations be a closed loop (at the second
end, the frame must return to its initial state due to the total twisting of the belt being an even
multiple of 7).

Figure 4: Flattening/untwisting the belt corresponds to contracting the loop to a point.

ALl the images are taken from [22], except for Figure 5, which is taken from [21].
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Figure 5: Dirac’s belt trick (from top-left to bottom-right): a belt with a 47t twist in it can be made
flat without rotating the ends of the belt. This shows that the loop in SO(3) associated with a 471
rotation is contractible to a point.

3.4 Paravector model of spacetime

From section 2.4 we know that the paravector space P13 = G} & G} is equipped with the
quadratic form
N(x) = xx = t* —x* = t* — q(x),

for all x =t 4+ x € IP1 3. The associated metric is obtained via the polarization formula
/ 1., ! ;o1 / / / /
en(x, x') = E(xx +x'x) = (%x")s = tt _E(XX +x'x) =t —x-x.

Therefore, we can identify Minkowski spacetime R'3 with the paravector space P13 by
sending

(2%, xt, 22, ) s x = xt'e, € P13,

where we have defined ey := 1 and used Einstein’s summation convention. With this
identification, using Theorem 2.30, and Corollaries 2.62 and 2.61, we have that a (re-
stricted) Lorentz transformation A € SO™(1,3) is represented by a rotor L € $pin™(1,3),
where

$pin*(1,3) = {s € G3: 55 = 1}, (3.11)

via the spin covering p : $pin*(1,3) — SO™(1,3)
A(x) = pr(x) = LxL™! = LxL",

where we have used that L~! = L for all L € $pin™(1,3). From now on, we will refer
to the rotor L € $pin' (1,3) also as a Lorentz transformation, since A can be obtained
from L. There are two basic types of Lorentz transformations: rotations and boosts; from
which we can construct a general one.

A Lorentz transformation R € $pin*(1,3) is a rotation if and only if Rf = R = R~.
If we write R = « — v — iw +if € G, the previous condition is equivalent to

x—v+iw—if=a+v+iw+ifp = R=wa—iw € G;.

Therefore, R is a rotation if and only if R € Spin(3) = {s € G; : 5s = 1} C Spin*(1,3),
i.e., R is a usual rotation of 3D euclidean space. We saw above that the rotor R = a — iw
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can be written in the form

0 0 g
R =cos = —iwsin- =e¢ V2,
2 2
where W is a unit vector defining an axis and 6 is the right-handed angle of rotation
around that axis. Now, if x = t 4 x is a paravector, then, decomposing as above x =
x| + x1, where x| and x, are the components of x parallel and orthogonal to W, we
obtain that

x' = RxR" = R(t+x)R" + Rx R" = (t + x)) + R?x,

where the second term is of the form (3.7). Therefore, a rotation around the axis w mixes
the perpendicular directions x; and w X x|, and leaves the time axis ey and the parallel
direction x| invariant.

The other basic type of Lorentz transformation is a boost, which is defined as a rotor
B € $pin* (1,3) such that Bf = B and (B)s > 0. If we write B = « — v — iw + i, the first
condition is equivalent to

a—v+iw—if=a—-v—iw+if = B=a—-vec P

The condition BB = 1 now implies that a> — v?> = 1, where v = |v|. Since (B)s = a > 0,
we have that « > 1 and there exists a unique ¢ > 0 such that « = COSh%. Since
v = |v| > 0, we have that v = sinh % and, writing v = v¥ with ¥? = 1, we obtain that

B = cosh $_ ¥ sinh ¢ — V5, (3.12)
2 2
The boost B transforms a general paravector x = ¢ + x as follows
x' = BxB" = B(t +x)B+ Bx, B = B*(t + x|) + x, (3.13)

and the second term is

B?(t + x||) = (cosh¢ — ¥sinh)(t +x)

(3.14)
= (cosh¢t —sinh¢ ¥ - x|) + (cosh ¢ x| — sinh ¢ ¥¢),

where X| and x are the parallel and orthogonal components of x with respect to ¥ and

we have used that ¥x; = ¥ - x|. Hence, as opposed to a rotation, we see that the boost

B is a hyperbolic rotation that mixes the time axis ey and the parallel direction x|, but

leaves the perpendicular component x| invariant.

Theorem 3.9. Every L € $pin (1,3) can be uniquely decomposed as L = BR = RB’, where
B, B are boosts and R is a rotation.

Proof. Call A := LL'. Then

AA = (LLY)(LLY) = L'LLL' = (LL)" =1

and At = (LH)'LT = LLY = A. Moreover, if we write L = a + v + iw + iB, then
Lt =a+v—iw—ifand

(LLY)s = (e + V)2 —2(B+ w)D)s = 2+ V2 + w2 + B2 > 0,
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since otherwise L = 0, but L must satisfy LL = 1. Hence, A is a boost and, after
reparametrizing ¢ +— 2¢, we can write A = ¢~ "9 as in (3.12). If we define B := A2 =
e V9/2 a5 the (positive) square root of A, we have that B is also a boost. Define now,
R := BL, so that RR = LBBL = 1 and

R'R=L'B'BL = L'B’L = L'LL*L = L'L'LL = (LL)" = 1.

Hence, R is a rotation and L = BR. For the other decomposition, simply define B’ :=
RYBR, which satisfies

B'B' = RBR'R'BR = RBBR = RR =1,
(Bl)'l' — R'I'B'l“(R‘l')‘l' — R'I'BR — B/,

so it is a boost and L = BR = RRYBR = RB'. For uniqueness assume that L = B1R; =
BR, which implies (B;)? = LL' = B2. Since By = ¢ "191/2 and B = ¢~ ¥¢/2 with ¢, ¢ > 0,
B? = B? implies By = B and R; = B;L = BL = R. The uniqueness of the other
decomposition is proven analogously. O

Corollary 3.10. Denoting the set of boosts by B, we have the following homeomorphisms:
$pint(1,3) = B x Spin(3) = R x S°.

Therefore, $pin™ (1,3) is simply connected and, thus, the universal cover the of restricted Lorentz
group SO™(1,3).

Proof. The map $pin*(1,3) — B x Spin(3), L = BR ~ (B, R) is bijective due to the
uniqueness of the decomposition. Moreover, since Clifford multiplication, reversion,
Clifford conjugation and the exponential are continuous maps, we conclude that

L Lt =e " B B= (LL)/2 = ¢ V% € 3,

L — R = BL and the inverse (B,R) — L = BR are also continuous, obtaining the first
homeomorphism. For the second one, note that

% = {Bc$pinT(1,3): B" =B,(B)s >0} = {a —vEP3:a>—|v|*=1,a > 0}

is homeomorphic to R> via v € R3 — /1 + [v[2 — v € B. The result now follows from
(3.9). O

The name boost for a hyperbolic rotation comes from the fact that it relates the phys-
ical quantities seen in a frame S, which is taken to be at rest, with those seen in a
“boosted” frame S’ that moves at a constant velocity v with respect to S. Indeed, if we
use natural units (¢ = 1), then the spacetime position of a particle at rest in S is given
by the paravector x = T+ 0 = 7, while its spacetime position as viewed from S’ is
x' =t +x/, with X' = —vt’. Both quantities will be related by a Lorentz transformation
L € $pin*(1,3), so that

/

' +xX =L(t+0)LT =tLLY — LL' = %(1 —v).

On the other hand, using Theorem 3.9 we can write L = BR with B a boost and R a

rotation. Therefore,
!

t
Lt =B>= —(1-v),
T
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and using BB = 1, we obtain

Nl—

N 2 /
1=B°B? = (t> (1-v?) = %:(1—02)’ =7 =7(v),

T

where v = |v|. Then, B> = v — qv¢ and 1 = 92 — (yv)?. The speed limit v < ¢ = 1

implies that v > 1, so we can write y = cosh¢ and yv = sinh¢ with ¢ > 0. Hence,
taking the square root of B2, we can write

NS

B = cosh% - f/sinhg =e Y2 with o =tanhg,

where the hyperbolic angle ¢ > 0 is called the rapidity. In addition, the transformations
(3.13) and (3.14) can now be written as

P=q(t—v-x)), xj=70—vt), x| =xi.

In particular, for a boost of velocity v = ve;, the matrix pg can be written as

¥y —yv 0 0
=y v 0O i
=1 0 10 € SO0™(1,3).
0 0 01

3.5 Maxwell’s Equation(s)

We have seen so far how the geometric algebra G3 models Lorentz transformations in
spacetime. Here, we briefly show that G3 can also be used to model electrodynamics in
a natural and compact way. In particular, we rewrite the four Maxwell’s equations as
single equation in G3. For more applications of G3 to electrodynamics see [4].

Recall that if E, B, p and j denote, respectively, the electric and magnetic fields and
the charge and current densities, then the four Maxwell’s equations are

0B
VE—p, VXE——g,
V.B=0, VxB:%fﬂ'.

We can view all the elements formally within the algebra G3 by performing the substi-
tution x = (x!,x2,x3) — x = xFey, so, for example, V = ¥, exd; with o = aa?. We say
“formally”, because the operator V = ) e\0y is not actually an element of G3. We can
also formally replace the cross products by their dual wedge products using Proposition

3.5 and rearrange the terms

V-E=p, 9B—iVAE=0,
V-B=0, E+iVAB=—j.

Next, we multiply the homogeneous equations by the pseudoscalar i and sum all four
equations to obtain

(V-E)+ (iV-B) + (io;B+ V AE) + (4E+iV AB) = p —j.
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Finally, we can bring the pseudoscalar inside the differential operators and (again, for-
mally) use the fundamental identity of the geometric product

ab=a-b+aAb
to obtain the result
0(E+iB)+ V- -(E+iB)+ VA (E+iB) =0;(E+iB)+ V(E+iB) = (d; + V)(E+iB) = p —j.

We can write this equation in a more suggestive way by defining the gradient paravector
0 := 9y — V,'? the Faraday parabivector F := E +iB € Gl @ G3, the current paravector
= p +j and applying (formally) the grade involution. The result is the single Maxwell’s
equation'
OF = .

3.6 Pauli matrices and spinors

We now turn our attention to the applications of the algebra Gz to quantum mechanics.
Following [19], recall that the (free) Schrodinger equation is obtained from the non-
relativistic energy of a particle with mass m, momentum p and potential energy U =
U(x) by replacing E and p with their quantum mechanical operators E = ih% and
p = —ilhV, respectively,

2

P op _
E= — Y

o Y o

hzvz u 3.15
“om p+ Uy. (3.15)

The wave function ¢ maps each spacetime point (f,x) to a complex number (¢, x),
whose modulus square |i(t,x)|? gives the probability density of finding the particle at
position x at a time t.

If we want to describe an electron in an electromagnetic field, the potential energy
becomes U = —eV and we need to substitute p = —iiV with the generalized momentum
7T := p — eA, where e is the charge of the electron, V is the electric potential and A the
magnetic vector potential. Thus, (3.15) becomes

% _
at 2m —*p — eV (3.16)

The Stern-Gerlach experiment (1922), showed that a beam of silver atoms passing
through an inhomogeneous magnetic field was split in two, suggesting that the electron
had an intrinsic spin angular momentum, which could take two values: spin up or spin
down. In 1927, Pauli accounted for the spin of the electron by introducing the Pauli

matrices
01 0 —i 1 0
= <1 O) , 0p = (i 0 ) , 03:= (0 _1> , (3.17)

12The reason for the minus sign comes from using the inverse metric tensor #*¥ = diag(1, -1, -1, —1) to
raise the indices in d = e, 0" = n/e,d, (using Einstein’s summation convention).

B3Erom this equation, we can also recover the tensorial (covariant) form of Maxwell’s equations, see [4,
section 3.1., p. 90].
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which satisfy the commutation and anticommutation relations

07, 0}] == 010} — 0j0; = 2iejok (3.18)
{0'1', 0']} =00} + 00 = 2(51']‘]12, (3.19)

where ¢;j is the 3-dimensional Levi-Civita symbol. The above relations imply that if
a,b € R? are two vectors, then

(@-a)(@-b) =a-bl+i7-(axb), (3.20)

where ¢ - a := 0741 + 024, + 03a3 is called tha Pauli vector associated to a € R3.

In addition, unlike a usual vector, the operator 77 = —iiV — eA has a non-zero cross-
product with itself:

(T x )P = 7T x (—ihVp — eAyp) = ieh(V x (Ap) + A x V) =
ieh((V x A)p — A x Vip + A x Vi) = iehBip.

Pauli substituted 7> = 7 -7 by (¢-7)? = 7#*1 —ehd - B in (3.15) obtaining the
Schrodinger-Pauli equation:

zhg = %[n —ehd - Bly —eVy, (3.21)
where the term %77 - B describes the coupling of the electron’s spin to the magnetic
field. Since & - B € C2*2, the wave function ¢ which we operate upon must have now to
components

P = (i;) € C,. (3.22)

The above column vector is called a Pauli spinor.

The surprising fact is that the relations (3.19) are precisely the relations (3.2) satisfied
by the vectors ej, ey, e3, and (3.20) has the same form as the geometric product of two
vectors a,b € G%

ab=a-b+aAb=a-b+i(axb). (3.23)

Therefore, the Pauli matrices are simply a matrix representation of the generators of
the Clifford algebra Gz, and we could describe Pauli’s achievement by saying that he
upgraded the quadratic space R® (equipped with the dot product) to the algebra G;
(equipped with the geometric product (3.23)).

One important property about the Pauli matrices (3.17) is that any matrix in C**? can
be written as a linear combination of the form

a b a+d b+c b—c a—d
(c d>_ p Ity At ety

3. (3.24)
Therefore, the Pauli matrices generate C2*2 as a complex algebra. On the other hand,
we know that if we identify Z(G3) = C via a +ib ~ a + ib, the algebra G3 can also be
regarded as a complex algebra spanned by {ey :=1,e1, ez, e3}.
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Theorem 3.11. We obtain an isomorphism of complex algebras G = C**? mapping'*
1—=1:=1, e e =01, e+re:=0y e3r>e3:=03, (3.25)
and extending by (complex) linearity. Therefore, the isomorphism G; — C>*? is given explicitly
by
5 =50+ 51€1 +52€3 + 53€3 > 5 = <sz:;32 S;@j:j) = (i Z) ,
and the inverse is given by (3.24) replacing 1 <+ 1, 0 <> ey.

Proof. Since both G3 and C?*? are four-dimensional when considered as complex alge-
bras, it suffices to show that the map is an algebra homomorphism, which follows from
the fact that the anticommutation relations (3.19) are precisely the relations (3.2) satisfied
by the vectors ey, ey, e3. O

As a consequence, we have the following identifications

a b ~ d* _C* _ *
S_S_<c d)’ S_<—b* a*>—cof(s),

da (050) =6 = s (1)) = cotle) = adile),

C —C a

where z*, cof(A) and adj(A) denote the complex conjugate of z € C and the cofactor
and adjoint matrices of A € C2*2, respectively. Note that Hermitian conjugation in C2*2
coincides with reversion in Gg, so there is no problem in using the same symbol for both
operations.

Theorem 3.12. Restricting the above algebra isomorphism to the groups Spin(3) and $pin™ (1,3)
we obtain the following group isomorphisms

Spin(3) 2 SU(2) := {U € C¥*%: Ut = U}, detU = 1},
$pint(1,3) 2 SL(2,C) := {L € C**?: detL = 1}.

Proof. From the above identifications we have that 5s = adj(s)s = det(s)1 for all s € Ga.
Therefore, if we recall equations (3.4) and (3.11), we obtain the desired result

Spin(3) = {s € C**2:det(s)1 =1 =5s's}, $pin'(1,3) = {s € C**?: det(s)1 = 1}.

O]

Now, in the Clifford algebra G3 the vector B € R® = G} is rotated as B — B’ = RBR'
with R € SU(2), so the corresponding vector ¢ - B € C?*2 will rotate as - B — ¢ - B’ =
U(7-B)UT, where U = R € SU(2). If we want (3.21) to be covariant under rotations, we
have to require that the Pauli spinor i € C? transforms as

Y=y = Up. (3.26)
In that case, (3.21) is fulfilled if and only if

al,b,_ 1 -2 = AP /
zhj—%[n ehd- By —eVy'.

Do not confuse this underbar with the one used for quaternions at the end of section 3.2.1.
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Therefore, just as a vector can be defined as a list of real numbers x € R3 such that it
transforms as
x — x' = Rx, with R € SO(3),

we can also define a Pauli spinor as a list of complex numbers ¢ € C? that transforms as
P — ¢’ = Uy, with U € SU(2),

being SU(2) = Spin(3) the universal double cover of SO(3). Analogously, a spacetime
vector is an element x € R'> which transforms as

x — x' = Ax, with A € SO™(1,3),
and a Wey! spinor is defined as a column 3 € C? which transforms as
p— ¢’ =Ly, with L € SL(2,C),

being SL(2,C) = Spin* (1, 3) the universal double cover of SO*(1,3).
We can also represent a spinor ¢ € C? within the algebra G3 by considering the

following injection
- (ﬁ) eC? s (il 8) € P2, (3.27)

Matrices of the type (3.27) form a left ideal S C C2*2 je.,
MypeS, y¢p+y¢ €S

for all M € C2*2% and Y, € S. Moreover, this left ideal is minimal, since it contains no
other left ideal apart from itself and the {0} ideal. Finally, noting that

1 1 0
_ M2x2 _ = _
S=C"*“P;, where P;= 2(11 +03) = (0 O)

and taking into account the isomorphism Gz = C2x2 given by (3.25), we can view spinors
as members of the minimal left ideal G3P;, with P; = %(1 + e3).

3.7 $pin'(1,3) and the Dirac equation

We finish this chapter by showing how the Dirac equation emerges naturally from the
treatment of Lorentz transformations using the group $pin™(1,3). Consider a free par-
ticle of mass m moving with (constant) four-momentum p = mu in the lab frame. We
can relate the particle’s rest frame four-momentum m with the one observed in lab frame
using a rotor A € $pin*(1,3) via

p= AmAT = mAAT = mu. (3.28)

Following W.E. Baylis ([5]), we will refer to such a rotor as an eigenspinor. The eigen part
refers to the fact that it relates the rest frame of the particle (its own frame) to the lab
frame. The spinor part refers to the following property of rotors: if A € $pin*(1,3) is
a (spacetime) rotor, it acts on a paravector x € P13 (spacetime vector) as x — AxAT.
However, if we apply another Lorentz transformation L € $pin*(1,3), then the final
paravector will be LAXATLT = (LA)x(LA)", so the rotor A changes as A — LA under
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a Lorentz transformation L € $pin™ (1,3), whereas a spacetime vector changes as x
pr(x) = LxLt with p; € SO™(1,3). Therefore, noting that $pin* (1,3) = SL(2,C), we see
that A transforms as a Weyl spinor.

The eigenspinor may have a proper-time dependence A = A(T) even though the four-
velocity u is constant for a free particle. The restrictions A(T)A(7) = 1and A(T)AT(7) =
u imply that the rest frame spacetime rotation rate Q), = 2AA, where A = %A, is an
imaginary vector, i.e., Q) € G5 = xG} = iG}. Indeed, using A = 1AQ),, we have that

d - - N
d . . 1
0= Z(ADAMDT) = AAT+AAT = ZAQ + QAT = (Q)p =0.
Hence, we can write (), = —iew, for certain e € Gcl,) and w; > 0. Since the particle is

free, we will assume that (), is constant. Thus, we can integrate the equation A= %AQT
to obtain
A(T) = A(0)eerT/2,

Moreover, since (3.28) is invariant under any rotation of the rest frame A — AR, with
R, € Spin(3), we can choose R, such that R,e3R:r =¢,s0 eR, = R,e3 and

A ¥, = AR, = A(0)e ®rT/2R, = y e iewrT/2)
where u, := A(0)R, € $pin™ (1,3) is a constant rotor. Therefore, we can write (3.28) as
p=m¥,¥), < p¥,=m¥, — p¥,=m¥, (3.29)
where ‘T’p = ?;. On the other hand, since the proper time T is Lorentz-invariant and

u = 1, x = 7 in the rest frame, then

T = uyx! = (iix)s = (B

mx)s = puxt/m.

Using the above equation, we can express the eigenspinor ¥, as a function of the space-
time position x
¥p(x) = wpe 50,

and ‘pr satisfies

. Wy 2m
0, ¥, = —1%;9}[‘1’;&3 — p¥y = 158},‘}’;993.

Therefore, if we assume that the frequency w; is such that 1 = %7":, then (3.29) can be
written as
pY, = ¥, es = m¥,, ¥, =upe HPIs® 1, $pint(1,3). (3.30)

We note that except for the factor of e3, the left equation in (3.31) has the form of the free
Dirac equation, and the eigenspinor ¥, has the form of a plane wave of momentum p.
Therefore, we will refer to

ih0¥e; = m¥, where ¥ = ¥(x) € G3 (3.31)
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as the Dirac-Baylis equation,” and we have that the eigenspinor

¥, = upe” 1 (Pse ¢ gpint(1,3), (3.32)

is a solution for any four-momentum p such that pp = m?.

We will obtain the usual form of the Dirac equation by projecting (3.31) onto the
minimal left ideal G3P;. To show that, we use that

. 1
1 = P; + P;, where P; = E(l + e3).

Since P3P; = 3(1 —e%) = 0, we have that G3 = G3P; @ G3P; and the ideals G3P; and
G3P; are (linearly) independent of each other. Hence, (3.31) is fulfilled if and only if the
two equations

ihé‘YP3 = mq’Pg,, —ihé‘fpg, = ﬂ’l{fvfpg,
are fulfilled, where we have used that esP; = P; and e3P = —P;. The second equation
can be sent to the left ideal G3P3 by applying the grade involution, so that

iho¥ Py = m¥YPs, ihd¥YP; = m¥Ds.

This two equations can be combined into the matrix equation

0 ihd\ (¥P3\ _ " ¥P;
iho 0 ¥Yp;) Ypy) -
If we write

0 ihd 01 0 e ¥P
B H . 0. k. k 2x2 3
<iha 0 ) = ihyto,, with 9" := <1 0) LY = <_ek 0) € (G3)™*%, and p = (‘I’Pg)

we obtain that (3.31) is equivalent to

which, except by taking the matrix representation Gz = C2*2 of Theorem 3.11, is the
Dirac equation in its usual form. Moreover, we see that ¢; = ¥P; and Yr = YP3
correspond to left and right chiral Weyl spinors, respectively. In particular, if ¥, €
$pin* (1,3) is the eigenspinor (3.32), then

1}7 P uL i 1
— P 3 —= p —RP xt
¥r (‘P,,P3> (uﬁ) e (3.33)

L — ii,P3 and u? = u,P3. Taking their matrix representations

p

~ a b L d* 0 -~ d* 2 R a 0 ~ a 2
o= (f ) esee, = (0 0= (%) e (9= ()<c

we see that (3.33) represents a positive energy momentum eigenstate of the Dirac equa-
tion (see [15, Section 2.4.2]).

We have thus derived the Dirac equation starting from the Lorentz transformation
(3.28), revealing a close relationship between eigenspinors A € $pin* (1,3), which trans-
form the dynamical quantities from the rest frame of a classical particle to the lab frame,
and the usual Dirac bispinors ¢ € C*.

where u

15The reason for this name is that I first found this equation in [5].
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Conclusions

We have seen that, starting from the quadratic space R*"* = (R",q), the simple axiom

v =v-v=4q(v)

is enough to construct the full Clifford algebra G, . and its geometric product. The ele-
ments of this algebra may well be called “geometric numbers”, since they extend the real
numbers by incorporating vectors (oriented line segments) and their products (k-vectors),
which represent oriented hypervolumes in RP"**. Using the geometric product and the
involutions in the non-degenerate Clifford algebra Gy, ;, we have constructed the groups
Piny,, Spin,, ,, and Spin;rlm, which allow us to perform orthogonal transformations in

RP™ via the group homomorphism p : (S)Pin;jﬁ — (S)O,(Jni.

The Clifford algebra formalism helped us address the objectives in our TFG proposal
efficiently, and even generalize the Euclidean case results to arbitrary non-degenerate
signatures. For example, the proofs of the Cartan-Dieudonné theorem and the path-
connectedness of Spin;m given here (based on [20]), are made entirely within G,,,; and
take advantage of its properties. These results imply, in turn, the surjectivity of the above
homomorphism, p, and the connectedness of the group SO;m, of which the rotation
group SO(n) is a particular case.

Moreover, in dimension 3 the situation is particularly nice. The Clifford algebra
Gs lets us model both physical space R® and Minkowski spacetime R'?, as well as
rotations and boosts using the groups Spin(3) and $pin*(1,3) = Spin™ (1,3). The simple
form of these groups allows us to show that they are simply connected and, thus, the
universal covers of the rotation group SO(3) and the (restricted) Lorentz group SO (1, 3).
However, in order to generalize this result to arbitrary dimensions we had to go beyond
the Clifford algebra formalism, and use three important facts about Lie groups taken
from [7] and [29], which are not proven here.

Apart from its applications to the geometry of R® and special relativity, we have also
rewritten the four Maxwell’s equations as a single equation in G3. This result indicates
that working with the geometric product, instead of the usual dot and cross products
(which can be recovered from the former by splitting it into symmetric and antisymmet-
ric parts), might simplify other physical equations.

Finally, we have also seen some applications of the algebra G3 to quantum mechan-
ics. The Pauli matrices give us an isomorphism of algebras G; = C2*2, which allows
us to model column spinors i € C? as members of the minimal left ideal G3P5;, where
Py = 1(1+ e3). In addition, the Pauli matrices isomorphism restricts to the group iso-
morphisms

Spin(3) 2 SU(2) and $pin'(1,3) =2 SL(2,C).

In addition, we have derived the Dirac equation starting from the representation of
Lorentz transformations using the Spin group $pin™ (1,3), obtaining a correspondence
between momentum eigenstates 1, = upe 1P+¥" € C* of the Dirac equation and certain
elements of the group $pin™(1,3).

The above results let us conclude that Clifford algebras provide, especially through
the use of their Spin group(s), a natural language to model physics and geometry, often
simplifying equations and highlighting their geometric content.
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Appendices

A Quadratic spaces

In this section we follow [16]. Unless otherwise stated, V will denote a real n-dimensional
vector space.

Definition A.1. A metric on a vector space V is a 2-covariant symmetric tensor, that is, a bilinear
map ¢ : V x V — R that satisfies g(u,v) = g(v,u) Yu,v € V.

Definition A.2. A map q: V — R is called a quadratic form on V if there exists a metric g on
V such that q(v) = g(v,v) Yo € V.

To every metric g on V there is an associated quadratic form given by g, (v) := g(v,v)
Vv € V. More importantly, the converse is also true.

Proposition A.3. Given a quadratic form q on V, there is a unique metric g, such that q(v) =
gq(v,0) Vo e V.

Proof. By definition, there exists a metric ¢ on V such that q(v) = g(v,v). Then
glu+o)=gu+ov,u+v)=g(u,u)+g(u,v)+g(v,u)+g(v,v) =qu)+q(v) +2¢(u,v).

Therefore 1
g(u,0) = 5 (q(u +0) —q(u) —q(v)) (A1)

and g determines g uniquely, so g, = ¢. O

Equation A.1 is called the polarization formula and the metric g, the polarization of
g. Thus, equipping V with a metric g is equivalent to equipping it with its associated
quadratic form g and vice versa. We will call the space (V, g) a quadratic space.

Definition A.4. Let (V,g) be a quadratic space, we will say that g is

(i) positive (negative) definite if q(v) > 0 (q(v) < 0) Vo € V \ {0},
(ii) positive (negative) semidefinite if q(v) > 0 (q(v) < 0) Yo € V \ {0},
(iii) indefinite if it is neither positive nor negative semidefinite,

(iv) non-degenerate if g(u,v) = 0 Vv € V.= u = 0. Otherwise, we will say that g is
degenerate, and the subspace N = {u € V : g(u,v) = 0 Vo € V} will be called the radical

of g
The same terminology applies to the associated quadratic form q.

Definition A.5. Let ey, ..., e, be a basis of V and call g;; := g(e;, e;). The rank of g is defined
as the rank of the matrix (g;j)1<ij<n, Which is invariant under a change of basis. Then, g is
non-degenerate if and only if the matrix (g;j)1<ij<n is regular, i.e., it has rank n.

Definition A.6. If (V, g) is a quadratic space, we define the length or norm of a vector v € V as
|v| := +/|q(v)|. When |v| =1, we say that it is a unit vector.
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Definition A.7. Let (V, g) be a quadratic space. We say that two vectors u,v € V are orthogonal
if g(u,v) = 0 and denote it by u L v. Similarly, for A,B C V we say that they are orthogonal
ifa L bVa e A b € Band denote it by A L B. We also define the orthogonal complement of
ACVas

At :={veV:v LlaVac A}
Moreover, we say that a subspace W <V is non-degenerate if q‘w is non-degenerate, which is

equivalent to having W N W+ = {0}.

Definition A.8. A busis ey, ..., e, of the quadratic space (V,g) is said to be orthogonal if e; L
ej Vi # j. If, in addition, all the basis vectors are also unit vectors we say that the basis is
orthonormal (0.n.).

Proposition A.9. Let (V,g) be a non-degenerate quadratic space. If W < 'V, then
(i) dimW + dim Wt = dimV,
(i) (WHL =W,
(iii) V=W+ W' << WnWw = {0}.

Proof. (i) Let ey, ..., €k, €x+1,...,€n be a basis of V where ey, ..., ¢ is a basis of W. If v =
Y v'e;, then

veEWt — ¢(v,e;) =0fori=1,..,k < Zgijvjzoforizl,...,k.

Since g is non-degenerate, the matrix ( gZJ)EEI; has rank k. Therefore, W' is the
solution space of a system of k independent linear equations with n variables, so
dimW+ =n —k.

(ii) The inclusion (W1)+ D W follows from the factthatu | v <= v L u VYu,v € V.
By (i), dimW + dim W+ = V = dim Wt + dim(W1)*+, so dimW = dim(W=)+
and we obtain (if).

(iii) The result follows from (i) and the fact that dim W + dim W+ = dim(W + W) +
dim(W N W+).

O

As a consequence of the previous proposition we will prove the following important
theorem, which generalizes the notion of an orthonormal basis to arbitrary quadratic
spaces.

Theorem A.10 (Sylvester’s Law of Inertia). Let (V,g) be a quadratic space. There exists a
basis eq, ..., ey of V and integers p,m,z € Ny satisfying

glei,ej) =0 fori # j,
gle)) =1for1 <i<p,
gle)) =—1forp+1<i<p+m=r,
glej)) =0forr+1<i<r+z=n.
Such a basis will be called a Sylvester basis of (V,g). In the case where g is non-degenerate, i.e.,

when r = p +m = n, a Sylvester basis is an orthonormal basis. Moreover, the integers (p, m, z)
do not depend on the chosen Sylvester basis.
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Proof. We will prove the first part of theorem in two steps.

(i) Regular case.

We prove it by induction. If dim V' = 0 the result is vacuously true. Assume now
that dim V = n > 0 and that the result is true for spaces of dimension k < n. Since
g is non-degenerate there exists v € V such that g(v) # 0, so W = spang ({v}) is
a non-degenerate subspace of dimension 1 = WNW* = {0} = Wtn (W),
where in the second equation we have used part (ii) of the above proposition.
Therefore W+ is also a non-degenerate subspace of V. On the other hand, by part
(i) of Proposition A.9 we have that W+ has dimension n — 1. Using the induction
hypothesis we deduce the existence of an o.n. basis ej,...,e, 1 of W. Finally,
e1,...,en—1,0/|v| constitutes an o.n. basis of V.

(i) General case.

From g we can define a non-degenerate metric g on the quotient space V/N set-
ting g([u], [v]) := g(u,v) Yu,v € V. Using case 1 above, we obtain an o.n. basis
le1], ..., [er] of V /N and choose a basis €1, ..., ¢,4, of N. The vectors ey, ..., &, €11, ..., €42
constitute a Sylvester basis for V.

To prove the second part of the theorem, consider two Sylvester bases ey, ..., e, and
ey, .....e, of V, with associated integers (p,m,z) and (p’,m’,z’), respectively. We set U :=
span{ey,....e;} and W := span{e, 4, ...,e, }. The restriction of ¢ to U is positive definite,
while its restriction to W is negative semidefinite, so U N W = {0}. Therefore

p+(n—p)=dmU+dimW =dim(U+ W) <dimV =n

which implies 0 < p < p’ < 0. Thus, p = p’ and since the rank of g is an invariant
quantity, we also get m = m' fromp+m=r=p +m'andz =2 fromp+m+z=n =
p+m+z.

L]

Definition A.11. The triple (p, m,z) is called the signature of g (or q). If ey, ..., e, is a Sylvester
basis of V and we define €; := q(e;) for i = 1,...,n, one can also write the signature of g as the
list (€1,...,€q) = (+, s +,—, o, —,0,...,0).

N N N~

1 times m times  z times
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B Covering spaces

The following results are known from the Topology II course. Therefore, we refer to [23]
for their proofs, except for Proposition B.7 and Lemma B.8, which are proven explicitly.
Some of the definitions are taken from [11].

In the following, X and X will denote two topological spaces.

Definition B.1. Let p : X — X be a surjective and continuous map. An open subset U C X
is said to be evenly covered by p if p~'(U) = ||, Va, where each set V,, C X is open in X and
plv, : Vo — U is an homeomorphism.

Definition B.2. Let p : X — X be surjective and continuous. We say that p is a covering map
and X a covering space of X if every point x € X has an open neighborhood U C X that is
evenly covered by p.

Definition B.3. A covering map p : X — X is said to be trivial if X itself is evenly covered
(ie., X = ||, Vi where each V, is homeomorphic to X) and non-trivial otherwise.

Definition B.4. When the cardinal |p~1(x)| does not depend on the point x € X it is called
the number of sheets of p. In addition, if [p~'(x)| = n € N is finite, we say that p is an
n-covering or n-sheeted covering.

Definition B.5. Let G be a group and X a topological space. An action of G on X (on the left)
isamapoa:Gx X — X, (g,x)— g-x:=w(g,x) such that:

(i) e-x = x for all x € X, where e denotes the identity element of G.
(i) g-(h-x) = (gh)-xforall g,h € Gand x € X.

(iii) Forall g € G, themap ly : X — X, lo(x) := g - p is an homeomorphism. In particular,
from (i) and (ii) we have that I, = Idx and (I;) ™' = I,-1.

The group G is then said to act on X (on the left).
Every action a : G x X — X induces an equivalence relation on X as follows
x~y <& dgeG:g-x=uy.

Given x € X, the equivalence class [x] = {¢-x:¢ € G} = G-x C X is called the orbit of
x and the quotient space X/G := X/ ~= {[x] : x € X} is called the space of orbits. We
always equip X /G with the quotient topology, so that the projection map p: X — X/G
becomes continuous.

Definition B.6. We say that an action a : G x X — X is properly discontinuous or that G
acts properly discontinuously on X if every x € X has an open neighborhood U C X such
that UNI,(U) = @ forall g € G\ {e}.

Proposition B.7. Let X be a topological space and G a group which acts properly discontinuously
on X. Then the projection map p : X — X /G is a covering map.

Proof. Let [x] € X/G with x € X. Since the action is properly discontinuous, there exists
an open subset U C X such that x € U and I;(U) N, (U) # @ for all f,g¢ € G with
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f # g. Since the projection map p : X — X/G is an open map, we have that p(U) is
open in X/G with [x] = p(x) € p(U). It suffices to check that p(U) is evenly covered.
First, since /s is an homeomorphism we have that /¢(U) is open for all f € G and

pHp) = U= Ul feGh= U L) = [ ().

xel xel feG feG

Now, we check that p‘lf(u) : Iy(U) — p(U) is an homeomorphism. First of all, it is
well-defined and surjective because p(If(x)) = [I¢(x)] = [x] = p(x) for all x € X. Next,
we show that it is injective. Indeed, take y1 = I¢(x1),y2 = l¢(x2) € I¢(U) such that
p(y1) = p(y2). Using again that [x1] = p(l¢(x1)) = p(lf(x2)) = [x2], we conclude that
there exists ¢ € G such that x, = [(x;). Therefore, I, (U) NU # @ and since the action
is properly discontinuous we conclude that I, = Idx. Thus, x» = x1 and y» = y;. Finally,
we have that p‘lf W) is continuous and open, since it is the restriction of a continuous

and open map to the open set ! f(ll) C X. Hence, it is an homeomorphism and we are
done. O

Lemma B.8. Let X be a Hausdorff topological space and G a finite group acting on X. If for every
g € G\ {e} the homeomorphism lg has no fixed points, then the action is properly discontinuous.

Proof. €j.5 c), relaciéon 2, topo II. Fix x € X and take any f € G\ {e}. Since, by hypothesis,
[ f # Idx has no fixed points, | f(x) # x. Therefore, using that X is Hausdorff, we
can find open sets U,V C X such that x € U, I f(x) € Vand UNV = @. However,
x € Uy = l;l(V) NU # @ and Uy is open (it is a finite intersection of open sets).
Moreover, since lf(llf) C Vand Uy C U, we must have lf(uf) NUf = @. If we repeat
this procedure for every f € G\ {e}, we can construct W := N¢cc\ (o} Uy, which is open
since it is a finite intersection of open sets (recall that G is finite by hypothesis). Finally,
we have that x € W by construction and

LWMAWS (N LUNNC N Up) LU U =0
feG\{e} feG\{e}

forall g € G\ {e}, as we wanted to show. O
Let us also recall the relationship between covering maps and fundamental groups.

Proposition B.9. If f : X — Y is continuous, then the map f. : w1 (X, x0) — m (Y, f(x0))
defined by f([a]) := [f o ] is well defined and is a group homomorphism. In addition:

(i) Iff: X —Yand g:Y — Z are continuous, then (go f). = g« 0 fu.
(ii) (idx)s = idr, (x,x)-
Proof. See the definition at the end of p. 333 and Theorem 52.4. on p. 334 in [23]. O

Proposition B.10 (Path lifting). Let p : X — X be a covering map and v : [0,1] — X a
(continuous) path in X. If v(0) = xo € X, then for any %y € X such that p(%y) = x there is a
unique path v : [0,1] — X such that 7(0) = %o and po§ = 7.

Proof. See [23, Lemma 54.1., p.342]. O
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Theorem B.11 (Homotopy lifting). Let p : X — X be a covering map, a, B : [0,1] — X
two paths with x(0) = B(0) = xo and a(1) = B(1) = yo, and let &, B : [0,1] — X be their
respective liftings beginning at %y € p~'(xo). If « and B are path homotopic, then &(1) = p(1)
and &, B are also path homotopic.

Proof. See [23, Thm. 54.3, p. 344]. O

Definition B.12. Let p : X — X be a covering map, xo € X and %y € p~'(xp). Given an
element [a] € m1(X, x0), let & be the (unique) lifting of a« such that &(0) = Xo. Then, the
map ¥ : (X, x0) — o H(x0), [a] — Y([a]) := &(1) is well-defined and is called the lifting
correspondence.

Theorem B.13. Let p : X — X be a covering map, xo € X and %y € p~*(xo).
(i) The homomorphism o, : 71(X, %9) — 71(X, x0) is a monomorphism.

(ii) Let H = p.(m1(X, %,)). The lifting correspondence ¥ induces an injective map 111 (X, x0)/H —
oY (x0), which is bijective if X is path-connected.

Proof. See [23, Theorem 54.6, p. 346]. O
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