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1. Introduction

This work is concerned with the asymptotic behaviour of the linear homogeneous Boltzmann equation
in the less explored case of soft potential interactions, and with a cut-off assumption (the precise definition
of all the above will be given shortly). We are interested in the application of entropy techniques to study
the approach to equilibrium in the relative entropy sense, and in the application of entropy inequalities to
estimate its rate. Our results complement a previous work by two of the authors [5], where the case of hard
potentials was studied following the same techniques.

Our motivation comes partly from the study of the linear Boltzmann equation itself, which is a basic
model in kinetic theory describing the collisional interaction of a set of particles with a thermal bath at
a fixed temperature. Interactions among the particles themselves are neglected, and thus the equation is
linear. Various versions of the linear Boltzmann equation are used to model phenomena such as neutron
scattering [27,28], radiative transfer [1] and cometary flows [16] (we refer to [13, Chapter XXI| for a de-
tailed presentation of the mathematical theory of linear collisional kinetic equations), and appears in some
non-linear models as a background interaction term [4,10,17]. On the other hand, a technical motivation
for our results is that inequalities relating the logarithmic entropy to its production rate are interesting by
themselves, and are helpful in the study of non-linear models involving a linear Boltzmann term. These
inequalities are intriguing and have been studied in [5] in the case of hard potentials; we intend to complete
these ideas by looking at the case of soft potentials. Our strategy of proof is close to that in [11] (which
applies to the non-linear Boltzmann equation), and is based on this type of inequalities.

The linear Boltzmann equation we consider here has been studied in several previous works [5,23,24,31].
Its spectral gap properties are understood since [19], with constructive estimates on the size of the spectral
gap in L2(M~1) (where M is the equilibrium) for hard potentials given in [24]. Semigroup techniques were
used in [23,27] to obtain convergence to equilibrium for all initial conditions in L', without explicit rates.
An important related equation is the linearised Boltzmann equation, which has been treated for example
in [3,8,22,29,30]. Roughly speaking, the spectral gap properties of both equations (linear and linearised)
are now understood in a variety of spaces. The difference in our present approach is that it is based on
functional inequalities for the logarithmic entropy, which have their own interest and are more robust when
applied to models with mixed linear and non-linear terms [4,10].

Similar questions for the non-linear space-homogeneous Boltzmann equation have also been considered
in the literature, and we refer to [15] for an overview and to [11] for convergence results with soft potentials.
Mathematical questions are more involved in the non-linear setting, and of course the picture becomes more
complete in the linear case. However, the question remains open regarding the validity of some functional
inequalities in the non-cutoff case; we comment on this at the end of this introduction.

1.1. The linear Boltzmann operator

In this work we will be interested in properties of the solution to the following spatially homogeneous
Boltzmann equation
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{atf(t’v) = L’Yf(t’ U) = Q’Y(f(t’ )’M)(U) t=>0 (1.1)

f(0,0) = fo(v)

where M is the Maxwellian with the same mass as fo, and Q. (f, g) denotes the bilinear Boltzmann collision
operator

Q\(f.9) = / By(v = v, cos0) (f(v')g(v)) — f(v)g(v.)) dv.do (1.2)
Ré xSd—1

associated to a given interaction kernel of the form
By (v — vy, c080) = [v — v, |7 b(cos §) (1.3)
with v € (—d,0), and a given even nonnegative function on [—1, 1], b, that satisfies

|61 = / b(cosf)do = |Sd*2\ /b(s) (1 — 52)% ds < o0 (1.4)
21

§d—-1

(the so-called Grad’s angular cut-off assumption). For simplicity, we will assume that ||b||; = 1. The linear
Boltzmann operator is then defined by

Ly f = Qy(f; M).

In the above, v" and v}, are the pre-collisional velocities which result, respectively, in the velocities v and v,
after the elastic collision, expressed by the equation
, Ut v. v — vy ;o vt v v =

= = - 1.
v 5 T vl 5 50> (1.5)

for a random unit vector . The deviation angle, which appears in (1.3), is defined by

Cosgz(v;—v’)~(v*—v): Vv
|0 — v[? lv—v.]

The function f considered in (1.2) is assumed to be a non-negative function with unit mass. As such, the
associated normalised Maxwellian is given by

M(v) = Wl exp <_ﬁ> , veR?. (1.6)

Our study concerns itself with collision kernels of the form (1.3) with v € (—d, 0). We will use the following,
well known, terminology:

1) If v > 0 and b satisfies (1.4), we are in the case of hard potentials with angular cut-off.
2) If v = 0 and b satisfies (1.4), we are in the case of Mazwell interactions with angular cut-off.
3) If —d < v < 0 and b satisfies (1.4), we are in the case of soft potentials with angular cut-off.

Our quantitative investigation of the rate of decay to equilibrium of solutions to equation (1.1) uses the
so-called entropy method. The study of this method for the case of hard potentials has been explored in [5],
and the goal of this work is to extend this study to the soft potentials case.



804 J.A. Catizo et al. / J. Math. Anal. Appl. 462 (2018) 801-839

Before we present the main result of our work we recall in the next section a few known facts about the
linear Boltzmann equation.

1.2. Known properties of the linear Boltzmann equation

Basic results regarding equation (1.1) are its well-posedness and the long time behaviour of the Cauchy
problem (see for instance [23]):

Proposition 1.1. Assume that B(v — v.,0) = |v — v.|"b(cos0) where v € (—d,0) and b : [-1,1] — RT is
an even function that satisfies (1.4). Then, the operator L., is a bounded operator in L'(R?) and, as such,
generates a Cy-semigroup (U(t))i>o of positive operators in L'(RY). Consequently, for any non-negative
fo € LY(R?) there exists a unique (mild) solution f(t,-) to (1.1) with £(0,-) = fo, given by f(t) = U(t)fo.
Moreover, (U(t);>0 is a stochastic semigroup, i.e.

/U(t)fo(v) dv:/f(t,v)dv:/fo(v) dv V>0,

and for any fo € L*(RY)

lim [ U(8) fo = 0oM |1 gty = 0

where gy = /fo(v) dv.
Rd

Notice that the above long-time behaviour of the solution to (1.1) does not require any additional as-
sumption on the initial datum. However, it does not provide any kind of rate of convergence for such general
initial datum. In fact, we will show in the Appendix B that, without additional assumptions on the initial
datum, the rate of convergence can be arbitrarily slow.

From this point onwards, unless stated otherwise, we will assume that

,Q()Z/fo(’U)d’UZl.
Rd

The first important observation in the study of the rate of convergence to equilibrium is the fact that
linear Boltzmann equation (1.1) admits infinitely many Lyapunov functionals.

Lemma 1.2. Let ®: RY — RT be a convex function and let f(t,v) be non-negative solution to (1.1). Then
the functional

e (£
Ha(f(H)|M) R[M( (R ) a

18 NOM-INCreasing.

We refer to the Appendix A for a formal proof of that property which is a general property of stochastic
semigroups (see [25]). For the particular choice ®(x) = xlogxz — x + 1, one recovers the famous Boltzmann
relative entropy, which we will denote by H(f|M) and concludes the H-Theorem:
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d

SH(OM) <0 V>0

for any solution f(¢,v) to (1.1) with unit mass and initial data in an appropriate weighted space. The rate
at which the relative entropy decreases is fundamental for the understanding of the large time behaviour
of f(t,-). Defining the entropy production as:

7(f) = - / L, (f) log (%) v,

which is obtained by the minus of the formal derivative of the entropy under the flow of the equation, the
entropy method seeks to find a general functional inequality that connects the entropy and the entropy
production. Such inequality is transformed into a differential inequality along the flow of the equation, from
which a concrete rate of convergence to equilibrium can be obtained.

The definition of 2, can easily be extended to any linear Boltzmann operator L, with v > —d. More
generally, we will denote the entropy production associated to a linear operator Q(f, M) with collision
kernel B(v — vy, 0). by Zp(f), and an easy computation shows that

@B(f) — 1 / B(v — Uy, O‘)M(U)M(U*) (h(vl) o h<v)) log ];L((,ll)}/;

RdxRd x§d—1

dv dv, do (1.7)

where h = % In particular, as expected, Zg(f) > 0.
The study of the entropy method is more developed for the Maxwellian and hard potentials case. In
particular, we state the following theorem from [5], which will play an important role in our own study:

Theorem 1.3. Consider a collision kernel B(v — vy, 0) associated to Mazwell interactions
B(v — vs,0) = b(cosb),

where b : [—1,1] = R is an even function satisfying (1.4). Then, there exists Ao > 0, depending only on b
such that

Do(f) = AoH (FIM), (1)

for any non-negative f with unit mass such that

[ (141l 10 hog )] v < o

Rd

In general, we don’t expect a linear inequality like (1.8) relating the entropy production to the relative
entropy in the case of soft potentials. Indeed, such an inequality would imply the existence of a positive
spectral gap in the space L?(M™1) for the operator L., which is known to be false (see [8] for the linearised
case and [23] for the linear case). This is since the essential spectrum of L., can be shown to contain a whole
interval of the type [—vp, 0] (see Remark 2.2 for more details and references on this topic).

The next type of functional inequality one may explore is the following weaker inequality:

2,(f) > CsH(fIM)HH0 (1.9)

for some large class of probability densities f and for some explicit § > 0 and Cs > 0. In fact, to quantify
the long time behaviour of the linear Boltzmann equation, it is enough for an inequality of the form (1.9)
to be valid along the flow of solutions to (1.1).
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Next, we describe the main result of the present work.
1.83. Main results

Before stating our main results we will introduce some convenient notation. Given a non-negative mea-
surable function f, we denote the k-th moment, and generalised k-th moment, of f by

m&ﬁ={/WWﬂwdv wawr=/wﬁfwww VE € R

R4 R4

where (v) = /1 + |v|2 for any v € R?. Moreover, given s € R and p € (1,00), we set

My p(f) = M (| f17),

and notice that My ,(f) = ||f|l,- For a given s > 0 we denote by

1fllz: = M (1£1)

and

/]

b = [ @10 g 1£0) |,

Rd
and define the function spaces

L= LYRY = {f: R? — R | f measurable and [fllL: < oo}
LilogL ={f:R" = R | f is measurable and 11l 2t 10g 1 < 00} -

Even if || - ||£110g  is not a norm, this notation is commonly seen in the literature.
We are now ready to state our first main result.

Theorem 1.4. Take p > 1 and —d < v < 0, and let fo € L} (R‘i) N LP(RY) be a non-negative function with
unit mass, for s > sp 4., where sp 4~ > 2+ |y| is an explicit constant that depends only on p,d and . Let
f = f(t) be the solution to equation (1.1) with a bounded angular kernel b. Then for any

s—2

ol

there exists a uniform constant Co > 0 depending only on d,~,p, s, 0, foll 11 , | foll, and H (fo| M) such that

o< -1+

H(f(t)IM) < Co(1+1)7, (1.10)
for allt > 0.
The strategy of the proof is to obtain the inequality
2() 2 D)7 Zul 1)

for some v < 0 < p by means of interpolation estimates and deduce from it the inequality



J.A. Camizo et al. / J. Math. Anal. Appl. 462 (2018) 801-839 807

Dy(f) = C(f)r H(FIM)' 5 (1.11)

where C(f) is an explicit functional involving norms of f in appropriate L,1{1 and L,1{2 log L spaces, for a
suitable k1, k2. To use this inequality to deduce Theorem 1.4 one needs to control C(f) along the flow of
the equation. This is achieved by obtaining the following:

(i) Explicit time dependent upper bound on the moments m4(f(t)) of the solutions.
(ii) Explicit time dependent upper bound on the LP-norms || f(¢)||,-
(iii) Pointwise Gaussian lower bounds for the solutions f(t,v).

The methods we use to obtain the above estimations are inspired by the works [11] and [32], that deal with
a similar problem related to the non-linear Boltzmann equation.

Our second main result concerns the decay of the solution to (1.1) for a more restrictive class of initial
datum satisfying a strong Gaussian control of the form

/M(U)lfpfo(v)p dv < o0
Rd

for some p > 1. In this case, one can obtain a better rate of decay — one of the form of a stretched exponential:

Theorem 1.5. Let fy € L! (Rd) be a non-negative function such that fo € LP (Rd) for some p > 1 and where
d > 2. Assume that the angular kernel, b, is bounded and satisfies

NN

b(z) > by (1 —2?)?, (1.12)

for some by >0, 0 <v < 1. Then, if

Hy(fo) = /M(v)l_pfo(v)p dv < oo
Rd

we have that for any ty > 0 there exist two uniform constants C’t(ol)7 C’t(f) > 0 depending only on d,~,p, by, v, tg
and Hy(fo) such that any non-negative solution to (1.1) with initial data fo, f(t), satisfies

cVH (f(t)M)

Dy (f(1) =

> Vi > to. (1.13)
flog (21 (f(1)1M))

vl =
2

As a consequence we can find appropriate constants Cp, A1 > 0 depending on d,v,p,by such that
H (f(H)|M) < Cyexp (—/\115—2+2\v\> . (1.14)

The above decay rate is similar to that obtained for the linearised Boltzmann equation in [8], yet with
a less restrictive condition on the initial datum. Indeed, the condition in [8] involves a pointwise Gaussian
decay of the type

sup exp (alv|*) [f(v)| < o0
vER?

for some a € (0,1/4).
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The proof of Theorem 1.5 uses a suitable improvement of the interpolation inequality between Z., and %,
which involves now the entropy production associated to some (non-physical) interaction kernel of the form

B(v — vi,0) = exp(alv — vi|) b(cos ).

This is reminiscent of a similar approach used in the study of the entropy production associated to the

Becker-Doring equation in [9]. An additional ingredient of the proof is the instantaneous generation of a

Maxwellian lower bound to the solutions of (1.1), which is the reason why assumption (1.12) is needed.
We also consider the non-cutoff case briefly in Section 6. If one assumes that

col0] 7@V < b(cos ) < |07 TDTV b e(0,2) (1.15)

for certain positive constants ¢; > ¢o > 0 then the cutoff assumption (1.4) is not satisfied. The spectral
gap properties of the linearised Boltzmann equation are well-understood also in this case [30,20], and by
following the technique in [30] we show a analogous result for the linear Boltzmann equation: if v+ v > 0
the operator L. has a spectral gap in the space L2(M™!) (see Proposition 6.1). Since we are interested in
inequalities involving the logarithmic entropy, we may wonder whether a similar linear inequality holds true

2(f) = f/Lflog (%) dv.

Rd

for the entropy production

While we have not been able to prove this, we conjecture that it is indeed the case. More precisely:

Conjecture 1. For a non cut-off collision kernel B(v — vy, 0) = |v — v.|"b(cos 0) with v € (—d,0) and b(-)
satisfying (1.15) such that

y+v>0
there exists Ay p > 0 such that
D(f) 2 A pH(fIM) (1.16)
for all f > 0 with unit mass.
A linear inequality like (1.16) is usually refer to as a modified Logarithmic Sobolev inequality and is

known to be equivalent to the exponential decay of H(f(t)|M) along the flow of solutions to the Boltzmann
equation

St =Litv),  f0,) = fo € LblosL (1.17)

(see for instance [6]). Such a modified Logarithmic Sobolev inequality would imply the spectral gap inequality
(6.2) with

Ayb
2> 2
- 2

(but is not equivalent to it).
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1.4. Organization of the paper

The structure of the paper is as follows: Section 2 is dedicated to the main entropy—entropy production
inequality of the type (1.11) and to the investigation of points (i)—(iii), leading to the proof of our first main
result in Section 3. In Section 4 we show the creation of pointwise Maxwellian lower bounds under certain
restrictions on the angular kernel. This will not only give an alternative to point (iii) (which will not improve
the rate of convergence for Theorem 1.4), but will be crucial in the proof of Theorem 1.5, which we will give
in Section 5. In Section 6, we discuss the case of the linear Boltzmann equation with soft potential without
the cut-off assumption and show the existence of a spectral gap for a certain range of the parameters. This
is done by an adaptation of similar results from [30]. The last pages of the paper are dedicated to several
Appendices that provide additional details that we felt would hinder the flow of the main work.

2. The entropy inequality and technical estimates

The goal of this section is to find an appropriate entropy—entropy production inequality associated to L.,
from which we will be able to obtain a quantitative estimation on the rate of convergence to equilibrium.

In order to achieve this we start by rewriting the operator L., as the sum of a gain and a loss operators.
Due to the cut-off assumption (1.4) the operator L, can be decomposed in the following way:

Ly f(v) = Ky f(v) = Xy(0) f(v),
where
K, f(v) = / [v — vi|"b(cos ) f (v) M (v)) dv, do (2.1)
Rd x§d—1
and the collision frequency X, is given by
X (v) = / b(cosB) v — vi|" M (vi) dv,do = / v — v|" M (v,) dos. (2.2)
Rd x§d—1 Rd

The loss operator, of a simpler nature, satisfies the following (see [8] or [11, Lemma 6.1] for a detailed proof):

Lemma 2.1. For any v € R there exists explicit constants C1,Ca > 0, depending only on v,d and ||b||; such
that

Cr(14 )" <3,(0) < Co(1+ o))" (2.3)

Remark 2.2. From the above estimate one can easily infer that the range of the mapping —X,, is given by
[—10,0) for vy = inf,cga B4 (v). Using the fact that K., is a compact operator in the space L*(M™1) (see
for instance [8] or [21,22] for the proof in the linearised setting), one deduces that the essential spectrum of
L, in that space contains [—yp, 0). In particular, L, does not exhibit a spectral gap in that space.

We are now ready to state our main entropy inequality.

Theorem 2.3. Let v € (—d,0) and let f € Lb log L (R) N L}HFQ(Rd) for some p > 0, be a non-negative
function with unit mass. Then

it 4

P,(f) > Do) T Du(F)F > N * Du(f)E H (FIM) 5 (2.4)
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and it also holds that

%(f)zos,d< / (1+ o))" F(v) log f(v) dv + / (1+ o) f(v) do / K logf()> (2.5)

R4 R4

where Cy, q s a universal constant that depends only on p and d, and Ay is the positive parameter (depending
on b) appearing in Theorem 1.3 for Mazwell molecules.

Proof. Recall that, for all a > —d

/!
Do(f) = % / [v — vy |*b(cos O) M (v) M (vy) (R(v") — h(v)) log ];l(;))) dv dv, do.
v
RY xRY x S~ 1
Introducing the measure dv(v,v.,0) = 3b(cos ) M(v)M(v,) (h(v') — h(v)) log ™ h do on RY x R9 x
S%1 one has
Dulf) = / v — 0] du(v, v, 0)
R4 xR4x§4—1
and, using Holder’s inequality on
70(5) = [ lo = 0.5 = 0.7 dv(o,0.,0)
Rd
with p = Muj’ g = —E7 we get
7,() 2 20" 2u(D)* (26)

Next, as Z,(f) = —/Eu(f) log(f/M) dv we have that

Pu(f) < / 5,(v) f (v) log f(v) dv + / (/) () log M(v) du

R4

- [ 2 0g Me) v [ K, ()0)log f(w) do
R4 Rd
Since log (M(v)) = —2log (27) — lv[? /2 < 0 and K, (f)(v) > 0 when f is non-negative we conclude that
/Ku(f)(v) log M(v)dv < 0. Moreover, using Lemma 2.1 we find C1,Cy > 0, depending only on d and p

]Rd
such that

Z.(f) < Cs / (14 o) £(0) g f(0) dv + § log (27) Cs / (1+ [o])* f(v) do

Rd Rd
02 /1,+2
—1-7 (1+v)) v)dv— [ K,(f)(v)log(f(v)) dv.
]Rd

The above, together with (2.6) and Theorem 1.3 complete the proof. O
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The above Theorem is the reason for us to investigate the evolution of moments and LP norms of f, as
well as pointwise lower bounds of f. These are the topics of the following subsections. From now on, we
shall always assume that v € (—d,0).

2.1. The evolution of moments

The study of moments and their time evolution is fundamental in many kinetic equations (and other
PDEs where “energy methods” are applicable). In the case of the Boltzmann equation, the study of creation
and propagation of moments for soft and hard potentials with angular cut-off is radically different. The
linear Boltzmann equation we study here exhibits properties that reflect a similar moment growth as its
non-linear counterpart.

We recall that notations for the moments of f have been introduced in subsection 1.3. To simplify writing,
we will denote by

ms(t) = ms(f(tv ))7 Ms(t) = Ms(f(ta )) vt > 0, seR.
For a given s € R we define the function
w,(v) = / [v — v.|7 i | M(vy) dus, (2.7)
R4

which will play an important role in the sequel and which satisfies the following estimate (similar in nature
to Lemma 2.1):

Lemma 2.4. For any s > 0 and v > —d, ws s a bounded function. That is,

sup w,(v) = [|w,l,, < oo. (2.8)
vERY

The main theorem we prove in this section is the following:

Theorem 2.5. Let fo € LL (R?) for s =2 or s > 2max (|y|,1) such that fo has unit mass and let f(t) be
the unique solution for (1.1). If b € L>®(S%™1) and ||b||y = 1 there exists a constant Cy, depending only on
$,7.d, the collision kernel and || fol| ;1 (gay such that

ms(t) < Cy(1+1), Wt >0. (2.9)

In order to prove the above theorem we will need to use the so-called Povzner’s Lemma (see [26]). The
version we present here can be found in greater generality in [7].

Lemma 2.6. Assume that the angular kernel b(+) is a bounded function and let s > 2. Setting

Ii(v,v,) = / b(cos) (|0'|* + L] = [v]" = vs®) do, v,v, € R?
§d—1

we have that
L(v,0.) < CO o7 |us]? = C@ (Jo]* + [va]) (1 _ 1%‘%*‘9'”‘(@,@*)) , (2.10)

where Cgl), ng) are positive constants that depend only on d, s and the angular kernel, and where 14 is the
indicator function of the set A.
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The reason we use this version of Povzner’s Lemma rather than others (such as the one in [18]) is due to
the fact that it gives a minimal order of growth in terms of |v|. As any order of growth in |v,| is absorbed
by the Maxwellian, the result obtained with this version of the lemma is optimal in our setting.

Proof of Theorem 2.5. We start with considering the case s = 2 as it doesn’t require the boundedness of b,
due to the special geometry in this case. Using the natural pre-post collision change of variables we find
that

—ma(t) = / lv — v, |7 b (cos ) F(t, v)M(vy) (\v’\2 - |v|2) dv dv, do.

R xR4 xSd—1

As
' * = of® = o.|* — ol

and [[b]|; = 1, we find that

a0 < [t 00w0a() do < wa]
Rd

where we have used the mass conservation property of the equation. Thus
ma(t) < max (m2(0), [wz(lo) (1+1). (2.11)

Next, we consider s > 2. Similar to the above we find that

—my(t) = / [v —v,]"b(cos ) f(t,v)M(vs) (|V']° = |v]*) dvdv.do
Ré X R4 x§d-1
= / [v —v.|"b(cos ) f(t,0)M(vs) ([V']" + |vL]” = |o]° = |vs]*) dvdo, do
R x R4 x§d—1
+ / [v = v.|"b(cos ) f(t,v)M(ve) (Jvi]® = [v.|°) dvdv.do

R xRExSd—1

< / v — v F(t,v)M(vi) I5(v,vs) dv dvs + [|ws ]| co-

R4 x R4

Using Lemma 2.6, together with the fact that

(ol [0ul") Ligt <y, oo (05 04) < (27 + Dol

T
we conclude that there exist appropriate universal constants C; (i = 1,2, 3) that depends only on v, d and
the angular kernel such that

i) < OO om0~ € [ o= o7 bl ft M) o,
R4 xR

+(C @ 4 1) +1) sl

< Cymy () - Gy / 5. (0) [ol® £(t,v) dv + C.

Rd
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Using Lemma 2.1 we find that, using abusive notations for the constants,

%ms(t) < Crims(t) — Cy / 1+ o))" o) f(t,v)dv+ Cs
Rd
= Cims (t) — Co /(v)7 (1+ [v]”) f(t,v)dv + Cq /(v)"’f(t, v)dv + Cs
Rd R4
ie.
%ms(t) S Clm%(t) - 02M5+7(t) + Cg.

Since s > 2|vy| we see that s+~ > s/2 and as such

ms

3

(1) < My () < Moo (1) 755,

S]]

Thus, in our settings,

d

() € Moo (67555 (CLMa (6) = CoMag (67557 ) 4 G,

Since for any ¢ > 0 the exists a constant C'(a, b, d) > 0 such that

sup (ax — bmH‘s) < C(a,b,0),
x>0

and since s + 2y > 0 and M;(f) > mo(f), we conclude that there exists appropriate constants such that

d __s
Zma(t) < C1 Mo ()59 + Gy < G,
completing the proof. O

Theorem 2.5 gives us the tools to improve any growth estimation of a given moment, as long as the initial
data has higher moments.

Corollary 2.7. Let s1 = 2 or s; > 2max (1, |y]), and let so > s1. Then, if fo € L, (R?) with a unit mass,
and b € L= (S%1) such that ||bl|; = 1, we have that

me, (1) < Cy, (1+8)%2, Wt >0, (2.12)
for some constant Cs,, depending only on s2,7,d, the collision kernel b(-) and || foll ;1 (gay-
s
Proof. This follows from simple interpolation. O

2.2. LP estimates

The goal of this subsection is to show the propagation of LP bounds — as long as one has enough moments.
The approach we present here follows that of [32]. The main result we will show is:



814 J.A. Catizo et al. / J. Math. Anal. Appl. 462 (2018) 801-839

Theorem 2.8. Let fy € L! (Rd) n Lp (Rd) for some p > 1 and let f = f(t,v) be a non-negative solution
to (1.1). There exists a constant Cp, q, depending only on p,d and v and r > 1 such that

t
81 < 1ol + Cpas [ 32207 (213)
0
Remark 2.9. Under the assumptions of the above Theorem, setting

2
(p—1) p? p?
A 1 by 1’ 1 2 1
Q=" G P+ e TP

where a™ = max(a,0), we can deduce from the proof that, for any 0 < n < g, one can chose

No :=min | p—1,

r= D10 e nm-2+ ). (2.14)

It is easy to see that p— 1 —n < (p+n)(p — 2) + 1 if and only if n > 2 — p. This means that whenever
p > 2 we have

r:_%<<p+n>(p_2)+1>.

In addition, we notice that if p — 17, one has ng ~ %(p —1)2. Choosing 1 ~ 1y we get

R T (PR s | i WU
RV 2 )%t

Remark 2.10. Before we set the stage for the proof of Theorem 2.8, we would like to note an important

difference between the study of the linear Boltzmann equation and the fully non-linear equation in this
setting. The work [32] deals with collision kernels of the form B(v — v, 0) = ®(|v — v.|)b(cos §) where

1+7)<P(r) <cy(1+7r)

for some c¢1,¢o > 0. Our version of the LP bound propagation, however, deals directly with ¢(r) = 7. The
reason we are able to do that is the presence of the Maxwellian in the collision operator, acting as a mollifier
to the singularity.

The proof of this Theorem relies on the following integrability property of K. that can be found in [2]:

Theorem 2.11. Let v € (—d,0) and 1 < r,q,{ < oo with

1 1 v o1
-4+ -=14=4-. 2.15
q * 14 + d * r ( )
Then the gain operator K., satisfies
1K (O, < CIEI, 1M, (2.16)

where C = C(r,q,¢,7v,d) > 0 is a uniform constant that depends only on r,q,¢,v and d.
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Proof of Theorem 2.8. We recall the notation M, (f) = M (| f|") and, as before, set M, s(t) = M, s(f(¢,-))
for any t > 0, where f(¢,v) is the unique solution to (1.1). We have that:

iy IFOI = / Ko (f0)@) 7 o) do — [ 20077 ¢ 0)do
Rd

Using Lemma 2.1, the equivalence of (1 + |v])” and (v)?, and taking r,7’ > 1 to be Hélder conjugates (with
r to be determined shortly) we find that

d1 »
3y MOl < 1K (FO), @11y = e M (2),

for some appropriate constant c,. Using Theorem 2.11 with ¢,¢ > 1 to be fixed later, we conclude that

i 1501 < IO, IFOIT - = e My (2.17)

for some uniform constant C', depending only on r, ¢, ¢,y and d satisfying (2.15). As our goal is to control
the L” growth by a high enough moment, we will now focus our attention on showing that | f(¢)|,.,_1)
and || f(¢)|, can both be controlled by powers of M), ,(t) and M, (¢), for some explicit r, in a certain range
of parameters. For any 1 < g < p we define

and find that, for any measurable function f:

[ o= [ 42

W) @) do

_a oty
Y Y
<| ferisera] | [ i) a
d d
Thus, introducing the notation a = —y <=1
g—1 P—q
1Bl < My (85577 My ()55 (218)

We would like to explore the special case ¢ = r/(p — 1), which we need to verify is possible. We notice that
if » > p then 7'(p — 1) < p. Also, in order for »'(p — 1) to be greater than 1 we only need that

1

= 1l<p<2
r<q P b

oo p>=2.

Since for 1 < p < 2 we always have that p < 1/(2 — p), a choice of r > p such that 1 < +'(p—1) < p is
indeed always possible. With this choice, setting b = — M we find that

171 < My (0770 My (1) 7677 (2.19)

Plugging (2.18), (2.19) in (2.17) we find that
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dtp £ < O My (1) 0550 My (1) 3650 M (1) 7675 — e M, (1), (2:20)

=

Since for any 0 < 0 < 1 and a,b > 0, we have that sup, (a:tl"S - bx) = (%a)
0< <1

, we see that if
Tq(p 1)

ra(p—1)

p—q r—p r—q
i3 IFOI < Cpra (MO T MOF0) 7T < Cpri Mo (0 (220

This will give us the desired result as long as we can choose 1 < r,q,f < oo such that

1 —
=1+24= and —

— < 1.
d r’ rq(p—1) <

|

g<p<r, (2-pr<l, +

1
q
As ¢ only appears in (2.16) in the norm ||M||;, we can choose it to be as large as we want. In particular,
for our setting, we can replace (2.15) with

1 v 1
S<14+ 142, 2.22
s <'Taty (2.22)
and then choose ¢ accordingly. We will choose r = p + 1, ¢ = p — 1 and see what conditions we must have
for n > 0:

— For g > 1 we require that n < p — 1. -

— The condition (2 — p)r < 1 is only valid when 1 < p < 2. In that case any n < (p p will do.

— Demanding that r — ¢ < rg(p — 1) in this setting is equivalent to 2n < (p? —n ) (p — 1) which is valid
when

p2

n < —.
+p2+m

1
(r—-1)°
— Lastly, inequality (2.22) is equivalent to 2n < (1 + %) (p2 — 772), which is valid when

p2

‘/(1_"_ )2 +p +1+’Y

This concludes the proof with the choice r = max (a,b). O

n <

2.8. Lower bounds — modification of the solution

In most studies connected to the entropy method for kinetic equations, a lower bound on the function is
needed. In this subsection we will adapt a method from [11] to achieve such a bound by a forced modification
of the solution. We will then investigate the relation between the entropy and entropy production of it and
the original solution.

Given a non-negative and measurable function f and 0 < § < 1 we define

F3(v) = (1= 8) f(v) + 5M(v). (2.23)

A simple, yet important observation is that if f is integrable and of unit mass, the same occurs for fs.
Moreover, L f5 = (1 —0)L., f since L,(M) = 0.
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Lemma 2.12. Let f € L* (Rd) be of unit mass. For all 0 < 6 <1 we have that

(M) < I 5 (1o () - EElee ) (224)

Proof. We start by noticing that since the function ¢(x) = xlog x satisfies
¢(x +y) = d(x) + o (y),
for any z,y > 0, we have that
H(fs)>H((1-6)f)+HWOM)=(1-10)log(1—0)+dlogd+ (1 —0)H(f)+ dH(M), (2.25)
where H(f fRd v)log f(v)dv. On the other hand as

H(fIM) = /f ) log M(v (f)*H(M)*/(f(v)*M(v))logM(v) dv (2.26)

Rd

we find that

(1=0)H(f) +oHM) = (1 =08) H (f]M) + H (M) + (1 - 5)/(f(v) — M(v))log M(v) dv

Rd

(2.27)
= (1—6)H (fIM)+ (1 — 6)/f(v)log./\/l(v) dv + 6H (M).

Using (2.26) again for fs yields

H(fs) = H (fs|M) + (1 - 6)/f(v) log M(v) dv + 5H (M) . (2.28)

Thus, combining (2.27) and (2.28) yields
(1=0)H(f) +6H(M) = (1 = 6) H (f]M) + H (f5) — H (f5| M) .
Plugging this into (2.25) we find that
(1=0) H (fIM) < H (f5|M) — (1 —d)log (1 — ) — dlogd
from which the result follows. O

The next step in our study will be to understand how the entropy dissipation of fs(¢) behaves with
respect to the entropy dissipation of f(¢). From this point onwards we will assume that § = §(¢) is a smooth
function of ¢.

Lemma 2.13. Let f(t,v) be a non-negative solution to (1.1) that has a unit mass and let g(t,-) = fsu (1)
be defined as in (2.23). Then, if 6(t) is a non-increasing function, we have that

S 000) < 2, (0(0) = S H (M) + S 2EED) (2.29)

where 0 (t) = 6(t).
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Proof. To begin with, we notice that g(t,-) solves the following equation:

Oug(t,0) = Drg(t,0) = T30 (a(00) = M(0). (2.30)
Thus,
6O = -2, 60) - 17505 [ (a(e0) — (e 1os (5527 ) o (2.31)
Rd

since g(t,v) has a unit mass for all ¢. Using the convexity of the relative entropy we see that

[ attonon (554 ) a0 = (a0 < (1= 500 7 (0.

Rd

Also, since g(t,v) > 6(t)M(v)

R[M(v)log (ﬁ&’;) dv < log (6(1t)> .

Combining the above with (2.31) and using the fact that 6’(t) < 0 we conclude the result. O
We now have all the tools we need to prove Theorem 1.4.
3. Algebraic rate of convergence to equilibrium

The key to proving Theorem 1.4 is the entropy inequality (2.5). We start the section with a couple of
simple lemmas that evaluate the terms in that inequality.

Lemma 3.1. Let f be a non-negative function of unit mass.

1) Let p > 0 and p > 1. Then for any € > 0 there exists a uniform constant, Cy, 4. > 0, depending only
on w,d,p and € such that

/ (1+ )" f(v)log f(v) dv < Cpape (1 +mare(f) 1 FIT -
=1
2) For any p > 0, it holds
[ a1 ) do £ 29 (14 mya().
Rd

3) If f(v) > Aexp (—B |U|2> for some A, B > 0 we have that

—/Kuf(v)log f(v)dv < Cp gy (log Al (1 +my(f)) + B(1+myi2(f)))

where C\, 4~ 15 a uniform constant depending only on p,d and .
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Proof. To prove 1) we notice that by Holder’s inequality

1
1+e

(1 ) fe)log f)do < | [ (o) fo)do || [ og o) sy

f(tw)=1 4 21

Jun
+
)

€

1+e€ _1
< 2K (SUI; log z| 1T/ x1p> (1+mapau(f)
>

_pe
flp

showing the desired result. The second point 2) is obvious, and to show 3) we notice that under the condition
on f one has that

_/Ku(f)(v) log f(v) dv < —logA/Kuf(v)dv+B/|v|2KMf(v)dv.
Rd Rd

Rd
Now, as
/(b(v)KH(U) dv = / [v — v, |" b (cosb) f(v)M(vi)g (v') dvdo, do
Rd RdxRd xSd—1
we find that
[ Kttt = [£,0)50)dv < 00+ ma(1),
R4 R4

for some uniform constant C, due to Lemma 2.1. For ¢(v) = |v|* we use the fact that [v/|* < |v]* + |v.|?
and conclude that

/ 02 K (0) dv < C (1+ mysa(f))
Rd

This completes the proof. 0O

Lemma 3.2. Assume that b € L°°(S*~1) with ||b]|y = 1. Let fo € L' (R?) be a non-negative function with unit
mass. Assume in addition that there exists p > 1 such that fo € LP (R*) N LL(R?) for some s > 2max (1, |])
such that s > v, with v as in (2.14).

Consider p, e > 0 such that (1+¢e)p < s and p+2 < s, and let f(t,v) be a non-negative solution to (1.1).
Define

g(t,v) = fsy(t,v) = (1= 6(1)) f(t,v) +6(t)M(v)
where 0 < 0(t) <1 is a smooth decreasing function.

(1) Then there exists a uniform constant Co, depending only on d,v,p,s,p,€ and | fol, and ||f0||L; such
that

/(1 + [v|)* g(t,v)log g(t,v) dv + / (1+ [u))" 2 g(t,v) dv < Co (1 +1)* (3.1)
Rd Rd

where £ := £ 4 max (%, T (2 + 1))
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(i) There exists a uniform constant Cy, depending only on d,v,s and || fo| .. such that

—1/1¥mxaUnmaxavwwfsca(—kg<aw>+<r+w“f). (3.2
R4

Proof. Using Corollary 2.7, Theorem 2.8 and Lemma 3.1 and the conditions on 1 and s we find that there
exists a universal constant C, depending on the appropriate parameters and norms, such that

/ (1 + [v))* f(t,v)log f(t,v) dv + / (1+ |v|)“+2 f(t,v)dv
f(tw)>1 R4

€ pt2

<O A+ A+ =T Lo+

showing that (3.1) holds for the solution f(¢,v). Since ¢(x) = xlogx is convex on R

g(t)log g(t) < (1 —4(t)) f(t)log f(t) + 6(t)Mlog M.
Thus
/ (1 + [v))* g(t,v)log g(t,v) dv + / (1+ |v|)“+29(t,v) dv
R4 Rd

< / u+MWMMbwwwm+/uﬂmH%mwm+mm

ftwv)=1 R

with C'yq independent of § or ¢, concluding the proof of (i).
To show (ii) we remind ourselves that g(¢,v) > 6(t)M(v), and using part 3) of Lemma 3.1 we find that

- /Kug(t,v)logg(t,v) dv < Cp gy (= 10g (6(8)) + mpu+2 (9(1)))
Rd

= iy (= 1og (O(1) + (1= 8(8) myuga (F(1) + 8(1)) < Cpay (~log (61 + (1 +8)) . ©

To complete the proof of Theorem 1.4, we need the following Lemma which is reminiscent of [11,
Lemma 7.2]. As the proof is an easy adaptation, we omit the details here.

Lemma 3.3. Let o, 5 > 0 such that o < 1. Consider the differential inequality
u'(t) < —C A+t “u®) P 4£1), t>0.
If u(t) is an absolutely continuous function satisfying the above, and if

B+l—a
Ce =sup (1+4) 75" ¢(t) < oo
t>0

then

u(t) < max (1,1‘(0)7 (%) a) Loy
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We are finally ready to prove our main theorem.

Proof of Theorem 1.4. As the previous lemmas indicate, we start by identifying s, 4 4 in the theorem as r,
defined in (2.14). We start by choosing €, x > 0 small enough such that (1 +¢)u < s —2 and

2
— (1)<
14+€e\s s
In such a case, £ = “2 where £ is defined in Lemma 3.2. Consider the function

2

5(t) = %exp (~a+9).

As before, set g(t,v) = fs(t,v) = (1 —46(t))f(t,v) + 6(t)M(v). Using Theorem 2.3 with Lemma 3.2, we find
that there exists a uniform constant, C = C(fo,d,~,p, s, 1) that depends on the appropriate parameters
and norms, as well as \g from Theorem 1.3, such that

pt2 =z

T (0" H(glm)

7, (9(0) = C ((1+1)

pt2

>2uC (1+8) " » H(gt)| M) .

Combining the above with Lemma 2.13, and using the fact that H(f(¢)|M) < H(fo|M) for any ¢ > 0, we
find that

d pt2 _x
T @OIM) < =Cogypep (1485 H(g(t)M)TF +£(2)

where we introduced

)

£t = (140" Texp (= (1407 ) (H (M) +2(1+ t)w?) .

From the above differential inequality, applying Lemma 3.3 with

k2 o
oO=——- f=—-——
s M 7

we see that, provided a < 1, there exists a constant C > 0 that depends only on the appropriate parameters
such that

H(g(t)M)<C(1+1t) 7 vVt > 0.
Choosing
_s5—2
,LL— 1+€7

for an appropriate € sufficiently small, in order to maximise the convergence rate, we see that a = % +

2¢—L - < 1 provided that |7] < s — 2 and € small enough. This is indeed valid in our setting and In that

s(s—2)
. _l-a __ _s=2 s+2¢€
case, =75~ = + o

(T and

H(g(t)M) < C(1+t)TFTmttrds  vt>0
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(2.24)

for some constant C > 0 depending only on || follp, || fo
we conclude that

s— s+2e s+2e s+2¢ -1 l 1—
H(FOIM) <26 (1 0055 05 e (= (14 7885) (14 i85 4 g EZD0BEZ0))
0<z<1 T

concluding the proof. O

Using the decay rate in Theorem 1.4 one can easily obtain by interpolation the boundedness of moments
and LP norms, using a technique sometimes known as “slowly growing a priori bounds” (see for example
[14,32]). We start by showing that moments are uniformly bounded in time, if a sufficiently high moment
is initially bounded:

Theorem 3.4. Take p > 1 and —d < v < 0, and let fo € L} (Rd) N LP(R?) be a non-negative function with
unit mass, for some s > sp 4~ (where sy 4 is the constant from Theorem 1.4). Let f = f(t) be the solution
to equation (1.1) with a bounded angular kernel b.

Given k > 0, there exists § > k depending only on k,d,s,y such that if additionally we have
Mga(fo) < +oo then it holds that

M (f(t)) < Cyg for allt >0,
for some constant Cj, > 0 that depends only on k, p, s, d, v, Mg(fo) and || follp-
Proof. According to Theorem 2.5 we have

Ms(f(£) < Cs(1+1)  fort>0.

On the other hand, fixing 0 < o < —1+2=¢ aE 2 (for definiteness, take o : +£72), we can apply Theorem 1.4

and the Csiszar—Kullback inequality to get
1f() — M2 < H(f(t)|IM) < Co(1+1t)"7  fort>0. (3.3)
Now, by interpolation, for 8 € (0, 1) given by 8(1 — 0) = k, that is
g Pk k,
g
we have

Mi(If(8) = M) < [[£(8) = M Ma(|£(t) — M|)'~*
<CE+6)7F (Ma(f(8) + Ma(M))" ™"
CA+t)"FTA+t) P =C+t) T

IN

for some C' > 0 depending on the allowed quantities. Taking 3 large, 8 becomes close to 1 and we can choose
5 so that

6
~ T H1-0<0,

which corresponds to 3 satisfying 5 > 2+‘7) . This gives
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Mi(|f(t) =M|)<C  forallt>0,
which gives the result since My (f(¢)) < Mi(|f(t) — M|) + Mp(M) < C + Mp(M). O
We turn now to the boundedness of LP norms:

Theorem 3.5. Take p > 1 and —d < v < 0, and let fo € L} (Rd) N LP(RY) be a non-negative function with
unit mass, for some s > sp 4~ (where sy 4 is the constant from Theorem 1.4). Let f = f(t) be the solution
to equation (1.1) with a bounded angular kernel b.

Given q > 0, there exists r > 1 depending only on q,d, s, such that if additionally we have || foll, < 4+o00
then it holds that

If®)l, <Cy  forallt>0,
for some constant Cy > 0 that depends only on g, p, s, d, v and || foll-

Proof. The proof is similar to the previous one. Using Theorems 2.8 and 2.5 we have

@) <C(1+t)*  fort>0,
for some C > 0 depending on the allowed quantities. By interpolation, for 8 € (0,1) given by

q—rT
7 S —
q(r—1)

we have, using also (3.3) (with the same choice of o),

1F () = Mllg < [1F () = MIT I f(2) = MI~°

<CEA+DF (IF @) + IM]l)

[ohed

<CA+1)"FT A +1)200 = (1 +1)~F+20-0),

for some C' > 0 depending on the allowed quantities only. Taking r large, 6 approaches 1 so we can choose
r so that

6
~+2(1-0) <.

With this choice,
lf(t) = M|, <C  forallt>0,
which proves the result by noticing that || f(¢)|l; < ||f(t) — M|, + M|, O
Remark 3.6. The previous bounds can be now used in the proof of Theorem 1.4 to improve the decay

exponent. We do not give the details of this improvement since we do not believe it to be optimal, and the
exponent o depends anyway on sy, 4, which has a complicated explicit expression.
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4. Instantaneous generation of Maxwellian lower bounds

In this Section we will investigate the phenomena of instantaneous creation of a Maxwellian lower bound
to the solution of our linear Boltzmann equation, a property that is well understood for the fully non-linear
Boltzmann equation. We arrive at this result by a careful investigation of the gain operator, K. The
following Lemma, whose proof is left to Appendix A.1, is the first step in this direction.

Lemma 4.1. For a collision kernel of the form (1.3), the gain part operator K. = Q% (-, M) admits the
following representation:

K., f(v) = /kv(uw)f(w) dw, v,w € RY,

Rd
with
2
gd—1 1 2 2
ky(v,w) = —F——exp [ —< |v—w|+u / &by (2,0, w) dz (4.1)
(27)2 v — w| 8 |v — w|
(v—w)*
where
14 +22 212 = v — wl? (d—
&by (2,0, w) = exp —| J'Q | b | ‘2 | |2 |z — (v —w)|” (d 2), (4.2)
2" + v —w

w

with V| being the projection of V = % on the subspace that is perpendicular to v — w.

In what follows, we will assume that v € (—d, 0] is given. The key ingredient in establishing the creation
of a lower bound is in estimating the term

(v, w) = / &by (2,0,w) dz, (4.3)

(v—w)*

which will be the purpose of our next lemma. For b = 1, we simply use the notation Z(v,w) to denote
Ty (v, w).

Lemma 4.2. Consider Iy(v,w) as defined in (4.3). Then
(i) Ifb=1 and B < 0 then
o =]’ Z(v,w) > Cangexp (= (Jof* + |wf?)) (4.4)

where Cq,3 > 0 is a universal constant depending only on d,~v and 3.

(i) If b(z) > bo (1 - |x|2> : for some by >0, 0<v <1, and if d > 2 then

(v +d=7=2) (lof* + w*)
(d=v-2) ’

|lv — w\_l Iy(v,w) > Cg by, €xp | — (4.5)

where Cq py,0 > 0 15 a universal constant depending only on d,v,by and v.
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Proof. As z L v — w we have that

B
o—wl® 2 (J2 + o —wl®) " = |z = - w)’.

Since |V | < V| < W, and since |z +y|* < 2 (\1:|2 + |y\2) we find that

Vi + 2 o] + Jw]® 2
exp | ———o—— > exp - exp(—|z|).

As such

8 o + Jwl® 2 2 2\ T
v —w|” Z(v,w) > exp | —————— / exp (— 2| ) <|z| + v —w| ) dz.

2
(v—w)*+
If 8>d—2—~ then
B8 |U|2 + \w|2 N—d+2+48 2
ol Z,w) > exp T [ exp (—|2%) dz,
Rd—1
while if 3 < d — 2 — v then, for a given € > 0, we can find a universal constant C 4,3 such that

y—d+2+p3

(12 + o —wl)

from which we find that

2 2
o = wl® T(v, ) > Copgp p exp (—M>exp (<eto=ul®) [ ew(-0+aal?) ax

> Ce,d,'y,ﬂ exp (_6 (|Z|2 + |’U - w|2>) )

completing the proof of (i) with the choice of € = %.

To show (ii) we start by noticing that

|2* — o — w]? 2" v —w]”
b ﬁ 2 2’/b0 v
2> + v — w] (|z\2+|v—w|2)
Next, using Holder inequality we find that for any 0 < a < 1, to be chosen at a later stage, one has that

2 2\ ¢ 2 2\ —«
Z(v,w) = / é}(z,v,w)b('Zl _|v_w|> b('z _|U_w|> dz

2" + o - w|® 2 + o - w|®
(v—w)+

(4.6)
< Ty (0, 0) Ty-asama (v, w) 7
Due to the lower bound on b we have that

Tyora-o (v,w) < (27b) "% o — w| 150

Vv +Z2 77d+2+ Oiya _ _av_
/ exp <_%> (|z|2—|—|v—w|2) U LT e

(v-w)*+
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‘We now choose

o d—2—7v
S wH4d—-2-—7

which satisfies that 0 < a <1 as well as ;2 = d‘g‘”. With this in hand we get that

__a __av Vv 2 _d=2—n
Ty (v,w) < (2Vbg) T8 |0 — w| T8 / exp (—%) 127 de.

(v—w)*

Splitting the integral according to |z| > 1 or |z| < 1, it is easy to see that

V 2 a7

v,w
(v—w)+

for some positive constant Cq, > 0 depending only on d and v > —d. Then, there is some positive constant C
(depending on d,~, v and bg) such that

Ty-ara-o(v,w) < C |v— w\_% .
Going back to (4.6), we find that
o= w| ™ Ty(0,w) = Caryip [0 = w]" ™ (v, w)

for some Cg~,p, > 0. The result now follows from (i) if v < 1 where we recall that a is given
by (4.7). O

Remark 4.3. It is interesting to notice that the above constant Cy .., can be written as Cq 1.0, = Cd,v,v bo
for some universal constant Cy -, depending only on d,~ and v € [0, 1].

Corollary 4.4. Assume that d > 2 and that the angular kernel b(-) satisfies
b(z) > bo (1 - |x|2>% . ze(-1,1)
for some by >0 and 0 < v < 1. Then, for all v,w € R?,
ky(v,w) > Cgy b, €XP (—)\l |v|2) exp (—/\2 |w\2) ,

where Cq  py,0 > 0 s a universal constant depending only on d,v,by and v and

3 2v+d—~v-—-2 1 2v4d—-—vy-2
M=-—+———"— M=-+——-—"— .
1 4+ i—~_2 >0, 2 4+ i—~_2 >0

Proof. We start by noticing that [v — w|* < 2 (|11|2 + |w\2), and

G ((v —w><v+w>|)2 <fo+ul® <2 (jof +w?).

o = w|?
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As such

2 2\ 2 (|v\2—|w|2)2 2 2 2
Lo g W20l Pl o

4 |v—w| 4"0—11]‘2 2 4
2 2 2 2
2 o T —[w[® _ 37 | [wl
< = L
< |olI” + |w|” 4+ 5 5 + 5

The result now follows from (4.1) and Lemma 4.2. O
We are now ready to prove the main theorem of this section:

Theorem 4.5. Let fo € L! (Rd) be a non-negative function with unit mass and finite second moment. Let
f(t,v) be a non-negative solution to (1.1) with angular kernel b that satisfies

b(z) > bo (1 — |x|2) T se(-L)

for some by > 0 and 0 < v < 1. Then, if d > 2, there exists a constant Cq~ .., > 0, depending only on
d,~,by and v, such that for any s >0, v € R? and t >ty > 0 we have that

@ [N

f(t,v) > Crybov (1 — exp (— 1241l to)) exp (—/\1 <|v|2 + sup (2my(7))*

a ). (48)

where Cq by, 15 a constant that depends only on d,v,by and v, and A1 is defined in Corollary 4.4.

Proof. As f(t,v) is the solution to (1.1) we find that

Orf(t,0) + Ty (0) f (¢, 0) = K (f)(v).

Using Lemma 4.1 and Corollary 4.4 we can conclude that

Buf (t,0) + 154 oo f (£,0) > Cuary o €XD (fxl |v|2) /eXp (42 \w|2) F(t,w) dw

R4

> Cl,y,bo,v €XP (—)\1 (|v|2 + R2)> / ft,w) dw,

lw|<R

for any R > 0. For any s > 0, we know that

1 s(T
/ Flt,w)dw=1— / J(tw)dw 21 - / lw]® f(t,w)dw > 1 — mT(S).
lw<R lw|>R lw|>R
Using the above, and choosing R = (2m; (t))%, we find that for any s > 0
Cl vy bo,v 2
Ol (t,0) + 55 oo f (1) = =220 exp (<a (Jof? + (2ma (1)) (4.9)

Solving the above inequality and using that fy is nonnegative yields the result. O
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Remark 4.6. Note that if there exists a, B > 0 such that fy(v) > Bexp (—a |v|2) then solving the differential
inequality (4.9) yields now

o

ft,0) = C exp (/\ (Ivl2 +sup (2ms(§))s>>

§<t
for some explicit C = C(a, B,d,v,bg,v) and A = \(d,v,v,a) and all t > 0.
A simple consequence of the above estimate is the following

Corollary 4.7. Under the assumption of Theorem /.5, the nonnegative solution f(t,v) to (1.1) with a bounded
angular kernel b is such that, for any to >0 and p > 0,

2+p

~ [ Kusooe o) dv < 2140 (4.10)
Rd

where Cy is a uniform constant depending only on d,~,bg,v,s and ty. If there exists A, B > 0 such that
fo(v) > Aexp (—B |v|2) then the above is valid from ty = 0 and the constant will also depend on A and B.

Proof. The proof follows immediately from Theorem 2.5, Lemma 3.1 and Theorem 4.5. 0O
5. Stretched-exponential rate of convergence to equilibrium

At this section we will investigate the rate of decay for equilibrium under the additional assumption
of having an exponential moment. We start by noticing the following simple result which we deduce from
Lemma 1.2 for the convex function ®(x) = «P.

Proposition 5.1. Let p > 1 and consider the functional
Hy(f) = [ M) |0 do.
]Rd

Then, if H,(fo) < co we have that any non-negative solution f(t,v) to (1.1) with initial data fo satisfies
Hy(f(t) < Hp(fo) <oo  Vt>0.

We will now want to explore how the above H), can improves our rate of convergence to equilibrium. We
start by improving the interpolation inequality between %, and %, provided by inequality (2.6):

Lemma 5.2. For a given a > 0 and g > 1 define

L..(f) = % / b(cosB)exp (a|v — vi|?) M(v)M(v:)¥ (h(v),h (v')) dvdv, do,

R x R4 x§d—1
with ¥(z,y) = (x —y)log (z/y) and h = % Then for any v < 0 one has that

7,(1) 2 o) (1o ) (5.1)
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1
Proof. For a given R > 0 we set Z, p = {(v,v*) ERI X RY; |v—u,| < (%)“} and denote by Zf p its

complementary in R2¢. We have that

D(f) == / b(cos8) [v — v o = v.]Y M(V)M ()T (h(v), h (V")) dvdv, do

+ % / b(cosB)exp (—alv —vi|?) exp (a|v — vi|T) M (V)M (v,)¥ (h(v), h (")) dvdv, do

< (—) Z(£) + exp(~R)Ta g ).

We also notice that for any a,q > 0 we have that 1 < exp (a |v — v.|?) and as such Zy(f) < Ty 4(f). Thus,
the choice

R =log <2I9‘j:)772j(3{)> >log2 >0,

is valid and yields

which completes the proof. 0O

Corollary 5.3. Under the same conditions of Lemma 5.2 we have that if f(t,v) is a non-negative solution to
(1.1) such that

r; = supTy o (f(t)) < o0
>0

)

then

Z,(f(t) = o o7 (5.2)
2 (e (i)

Proof. This follows immediately from Theorem 1.3 and Lemma 5.2. O

In order to be able to conclude the desired rate of convergence to equilibrium we will need to connect
H,(f(t) and T'y (£ (¢)). To do so we notice the following:

Lemma 5.4. Let a > 0, p > 1 and 1 < ¢ < 2 (with the additional assumption that, a < 1/4 whenever ¢ = 2).
Then, for any non-negative function f(v) we have that

Laul) < Copa [ exp (2alul?) f(0)7 do
Rd
(5.3)
— 1]l / exp (277 'a v|?) f(v) exp (297 a|v|?) M(vi)log (f (v')) dvdv, do
F)<1

for a uniform constant C, 4 p.a > 0 that depends only on a,q,p and d.
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Proof. We start by noticing that since [v — v, |? < 2971 (|v|? + |v,|?) and |v — v.| = |[v/ — v}| we have that,
for any v, v,,0 € R4 x R% x S

exp (a|v — vi|?) < min (exp (2q_1a (Jv]? + \v*\q)) , exp (2(1_1@ (|v'|q + |v;|q))) )

Next, since

o) < 10l [ alo =) 7@M0w.) (10g (L5 —10g (L) v o

we see that

Loq(f) < bl |Sd71‘ Cp / exp (qula \U|q) f)Pexp (2q71a \v*|q) M(v,) dv do,
f(v)>1

dlog (2 °
+ 116l [S*Y] / f(v) (% + %) exp (297 a (Jvse|? + [v]?)) M(v,) dvdo,
R2d

— [1bll oo / F)exp (27 a(jvs]* + [0]")) M(v.)log (f (v)) dvdv, do
flv)<t

where we discarded the term involving log M(v’) which is nonpositive. Under the additional requirement
that 297 1q < % if ¢ = 2 we see that we can find a constant Cy 4.4 > 0 that depends only on a,¢,p and d
such that

Las($) < Coapa [ exp@1alol’) (F0) + 1) do
f)>1

— [l o, / exp (29 alv|?) f(v) exp (297 a |ve|?) M(vi) log (f (v')) dvdou, do

fv)<1

<92Coima / exp (27a [v]?) f(v)? dv

R4

— 1l o, / exp (29 alv|?) f(v) exp (29 a |ve|?) M(vi) log (f (v')) dvdov, do

f)<1
which concludes the proof. O

Corollary 5.5. Let p > 1 and 0 < a < min (l E). Then for any non-negative f such that

f(v) > Aexp (—B |v|2) ,

for some A, B > 0 we have that
Ta2(f) < Capa (Hy(f) + (log Al +2B) Hy(f)7 ) (5.4)

for a uniform constant C, p, q that depends only on a,p,||b|| ., and d.



J.A. Camizo et al. / J. Math. Anal. Appl. 462 (2018) 801-839 831

Proof. As a < P~ we find that

/exp (4a \v|2) fw)Pdv < (QW)%

Rd

Hy(f)

Next, due to the lower bound on f we find that

—log f (v/) < —log A+ BIv/|” < [log A| + B (Jof + [o.")

and as such

— / exp (Za \v|2> f(v)exp (2a |U*|2) M(v,)log f (v') dvdv, do

VICOAS

< (|log A| +2B) Cy.q / exp <4a |v|2> f(v)exp (4a \v*|2> M(v,) dv do,

RAXR4

= (|log A| + 2B) Cad/exp da |v| > ()% M) 7 f(v)dv

< ([log A[ +2B) Ca,a (@/exp —| \ ) (v) dv Hy(f)r.

The result follows from Lemma 5.4 since a < %. O
Lastly, before proving Theorem 1.5, we show the following simple lemma:

Lemma 5.6. Let f be a non-negative function and let s > 0. Then

p—1

m_ee (M)'7 Hy(f)5.

p—1

D=

—
ot
ot

=

ms(f) <

Proof. We have that

ms(f) :/|U|5M(v)prlM(y)liTpf(v)dv§ /\v|% M(v)dv Hp(f)%a
Rd ¢

completing the proof. 0O

Proof of Theorem 1.5. Since Hy(fy) < oo we know, due to Corollary 5.1 that

Hy(f(t)) < Hp(fo) < o0

This implies, by Lemma 5.6 that f(¢,v) has bounded moments of any order. Using this together with
Theorem 4.5 we conclude that for any ¢ > 0 we can find appropriate constants such that

f(t,v) > Ay exp (—Bl |v\2) .

This, together with Corollaries 5.3 and 5.5 with the choice of @ = W shows inequality (1.13). As 2,(f(t)) =

—-LH (f(t)|M) the aforementioned inequality implies the desired convergence for t > to.
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We are only left to show the correct rate of decay for ¢ < ty. Since all the moments exist, we can use
Theorem 1.4 (since Hy(f) controls | f[|,) to find that for ¢ < to.

exp (Atﬂ) 1
H O < 0ol +07 <0 | sup S Loy ()
t<to 14+t

form some constant Cs. This, together with our rate of decay for ¢t > tg, concludes the proof. 0O
6. About the non cut-off case

In this final section we aim to discuss a few preliminary results for the linear Boltzmann equation with
soft potential and without angular cut off assumption. More precisely, we will assume that there exist two
positive constants ¢; > ¢g > 0 such that

colf] @D < bcosh) < |04V b e (0,2). (6.1)

In this case, it is simple to check that

/ b(cos ) do = oc.

Sd—l

The divergence of the above integral means that we are not able to split our linear operator into a gain and
loss parts.

However, the study of the non-linear Boltzmann equation for soft potentials without cut-off [20], and
in particular the spectral analysis its linearised version (see for instance [30]), suggests that the long-time
behaviour of the linear Boltzmann equation should, for some range of the parameters ~, v, be similar to the
one of the Boltzmann equation for hard potentials. In particular, we will show in the next subsection the
existence of a spectral gap as soon as v+ v > 0.

6.1. Ezistence of a spectral gap

We still assume here that b(-) satisfies (6.1) and we denote by D(f) the Dirichlet form associated to the
linear Boltzmann operator, Lp:

D=5 [ bleoslo— . ME)M(.) (h(o) ~ h(e'))” dvd, do

R4 xRd xSd—1

_ f
where h = -

An adaptation of the approach appearing in [30] yields the following;:
Proposition 6.1. For any € > 0 there is an explicit constant C = C(B,e) > 0 such that
D(f)=C |If - QfMHiz(me—sM—l) .
In particular, if v +v > 0 there is A > 0 so that
D(f) > Allf — es MlF2 (a1 (6.2)

i.e. Lp admits a spectral gap of size X in the space L>(M™1).



J.A. Camizo et al. / J. Math. Anal. Appl. 462 (2018) 801-839 833

Proof. As was mentioned earlier, this result is a direct adaptation of [30, Proposition 3.1]. We sketch the

proof here for completion.

Using the fact that D(f — oy M) = D(f), one can assume without loss of generality that oy = 0. Since,
from (6.1), there exists ¢ > 0 such that

b(cos ) > ¢o(sin §/2)~ (=D
it suffices to prove the result for
B(v —v.,0) = |v — v,]" (sin§/2) " 4=V, (6.3)
For a given v,v, € R?¢, and for 0 < 3 < d — 1 + v to be chosen later, we define the set
Cs =Cgp(v,v.) = {a e S (sinf/2)" VY > |y — v*|5} .

Since the set Cg is invariant under the transformation o — —o and (v, v,) — (v/,v})

dv dw, / b(cos 0)|v — vy | M(v)M(vy) (h(v) — h(v'))2 dv dv, do

R4 xR? Cgs(v,v4)

1
D(f)25

v
N

L / o — 0. [P MM (v,) (h(v) — h(v'))? dvdv, do

R’iXRdXCB

= / [v — v, 7P M(v) M (v.) R (v) dv do, do

R2d><05

— / [v — v, 7P M(w)M(v,)h(v)h(v') dv dv, do = Dy — Da.

R2d><05

Now,

D, = / v — U*|V+ﬁM(v)M(U*)h2(U) dvdv, do

R2d><C/3

:/fQ(U)Mfl(v)dv/M(v*)w—v*IW‘LﬁdU*/ do.
Rd Rd

Cp

As (see [30]) there is some universal constant ¢ = ¢4 > 0 such that

(d—1)
/ do > c|v7v*|7§+dd*11

Cp

for any given v, v, € R?%, we find that

Di>c /fg(v)dv//\/l(v*ﬂv—q;*\"ﬁ% du,
R2d R4

which, according to Lemma 2.1 yields the existence of some explicit constant C, g > 0 such that
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D1>C’l,5/f ’Y+V+d T du.

Next, we notice that

|Dy| < / [v — v, " M(v) M (v, h(v)h(v") dv do,

R2d x§d—1
- / v = v f(0) MM (W) f(0') dv o,

R2d x§d—1

/ e K 1o f(v) dv

where K 3 is the gain operator of the linear Boltzmann operator associated to the (cut-off) kernel B(v —

Vs, cos0) = |v — v.|77. Recalling that (see Lemma 4.1)
Kot = [t

we find that

Dy < / FOIMT W)k 50, w) f(w) do du.

Following [30] again, one can show that

|D2|<C/f )T~ A1 () do

as soon as d — 1 < 8 < d— 1+ v. Since this condition on S implies that

1522
(d-1 =77
y<y+B—(d )<7+u+d—1
we find that for any § > 0 there exists Cs > 0 such that
Dl < Cs [ £ M dv+5/f o)A M ) do.
Rd

Therefore, choosing § > 0 small enough, one gets
D(f) > Dy —Dy > C /fz(v)<v>7+v+ﬁdufl M () dv — Cz/fQ(v)<U>'y./\/l_1(v) dv
d d

for some C1,Cy > 0. Since in addition, one can show that (again, see [30])

D(f) > Cyll 172wy a1y
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we conclude that

D() = Cs [ £ o) M (o) do
Rd

for some explicit constant C3 depending on -, 8, v. At this point we will choose
€
B=@w+d—1) (1——)
v
for € > 0 small enough, and conclude the desired result. 0O
Appendix A. Basic properties of the linear Boltzmann equation

We collect here some of the technical properties of the linear Boltzmann operator used in the core of the
text. We begin with the proof of Lemma 1.2 given in the Introduction:

Proof of Lemma 1.2. The fact that Hg (| M) is a Lyapunov functional of (1.1) for any convex function ®
is a general property of stochastic semigroups. A rigorous proof can be found in [25]. We will only provide
a formal proof of this property. Differentiating He (f(t)|M) under the flow of the equation and denoting by
h = f/M, we find that

SHa O = [0r(t 0 (ht.0) do
]Rd

dt
where ®’ denotes the derivative of ®. Then

%H(I)(f(t)LA/l) =— / B (Jv — vi],0) M(v)M(vy) (h(t,v) — h(t,v")) @' (h(t,v)) dvdv, do

R4 xRd xSd—1

where we have used the fact that M(v)M(vi) = M (v') M (v),). Using the usual pre-post collision change
of variables yields

SHOM ==3 [ Bv—ul.0) ME)IM()x

R4 xR4x§d—1
x (h(t,v) — h(t,0")) (®" (h(t,v)) — @' (h(t,v"))) dvdv,do.
The latter is nonnegative due to the convexity of ®. O

A.1. Carleman’s representation

We now recall the Carleman’s representation (see [12,33]) of the gain operator for general interactions
which we used in Section 4:

Lemma A.1. For any o € R the gain operator K, = QF (-, M) can be written as

Kof(v) = / Koo (0, ) f(w) du, (A1)

Rd

where, for any v,w € R?<,
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2 2
baw) =2 ol [ @ (B ) v gane) a2
e T

with (v — w)* denoting the hyperplane orthogonal to (v — w) and dn(z) is the Lebesque measure on that

hyperplane. Moreover,
ko (v, 0)M(w) = ko (w,v) M(v) Yo, w € RY x R4,

Proof. We start by recalling Carleman representation (see [18, Appendix C] for the derivation of the present
expression): for a given interaction kernel B(v — v,, o) and given measurable functions f, g

B (21}—2—11},%) 9(2)

120 — 2 — w|*?

B(v—v,,0) f(0.)g @) dv,do = 2%71 / % dw / dm(z),

Rd xSd—1 v w

(A.3)

where E,,, is the hyperplane that passes through v and is perpendicular to v — w. Applying this to
B(v —vy,0) = |[v — vi|*b(cos §), one notes that, due to symmetry (recall that b is even), it holds

120 — 2z — w|*?

Kof(o) = yi1 / % e / B (21} —z—w, —ﬁ) M(z) dn(2)
R4 E

v, w

lv—z—w|b(p=im - =iy ) Mz o)
:2d_1/7|5(u2}| dw / (I 1 |> dn(z)
]Rd (U—’LU)J‘

2 2
:2d—1/ |f(_w2}| dw / |v_z_w|a(d2)b<w> M(Z+U)d7T(Z),
Rd

lv— 2z —w|*?

2 + o — wl’
(v—w)*
where we used the fact that z L (v — w) in the one before last expression.
This proves (A.1) and (A.2). In addition, for any z € (v — w)*, we have (z,v) = (z,w), which implies
that

2+ 0] + |w|* = |2 +w|* + v].

Thus, on (v — w)® we have that M(z + w)M(v) = M(z + v)M(w). This, together with (A.2), shows that
ko (v, 0)M(w) = ko (w,v)M(v). O

Remark A.2. We would like to point out at this point that the above representation of the gain part allows
to establish an alternative form of the entropy production associated to a convex mapping ® : Rt — RT.
Indeed, for any o > —d, let 22 be the associated ®-entropy production of L:

72(f) = - R/ Lof)® (L) a

Then, one can proves easily that
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1

7% () =3 / ko (v, w)M(w) (h(v) = h(w)) (®'(h(v)) — @' (h(w))) dvdw

Re xR

where h = f/M and @’ denotes the derivative of ®.
As the above expression is actually valid for any a € R, one can use it to give an alternative proof to the
interpolation inequality (2.4) by showing that for v € (—d,0) and p > 0,

ko(v,w) < koy(v,w) 7 ky, (v,w) " 77,

holds for a.e. v,w € R%.

With the representation of k, at hand, we can now show Lemma 4.1. The proof is a simple adaptation
of a similar study in [12,23].

Proof of Lemma 4.1. We start by writing V = ”;“’ as V = Vy + V., where V| is the projection of V' on
(v —w)" and V; is parallel to v — w. Then v = V + 5% and for any z € (v — w)*

2 2
v —w v —w
|v+22:'<Vo+ 5 )—l—(Vl-i-z) = Vo + + VL + 2
v —w|? 2
=Vl + Vo (v—w)+ 1 + VL +2".
As
o] = Jwl?
3 =V -(v—w)=Vy-(v—w)==x|V||v—w|
we can conclude that
o (1ol = wl*)
o 4o —wl|?
Thus,
2
2 2
o G T 2
v+ 2" = Py 5 + + |V + 2|
of? = ) )
= |v —w| + | ” + VL + 27,

which completes the proof. O
Appendix B. Slow convergence to equilibrium

In this Appendix we show that the rate of convergence to equilibrium in (1.1) is naturally prescribed by
the tails of the initial datum fp. Our main result is a simple adaptation of the analogue Theorem from [11]
for the non-linear Boltzmann equation:
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Theorem B.1. Let fo € LY(R?) be a non-negative initial datum with unit mass and let f(t,-) denotes the
solution to (1.1). For any k > 0, there exist explicit constants C1 > 0 and Cay > 0 such that

2
t Tl
4

1£(t) =MLy = Ch / () fo(v)dv — Copexp [ — vt > 0.

1

|v| >t 171

Proof. Using Duhamel’s formula, one has, for a given ¢t > 0,

f(t,v) = exp (=24 (v)t) fo(v) + /va(s,v) exp (-2 (v)(t —s)) ds for a.e. v € R%
0

In particular, since f(¢,-) is nonnegative
f(t,v) > exp (=X, (v)t) fo(v) for a.e. v € RY, t>0.
Using the fact that 3., (v) < ¢, (1 + |v])? < ¢y |v|? for any v € R?, one gets
f(t,v) > exp (—cy|v|"t) fo(v) for a.e. v € RY, t>0
and, in particular, setting o = 1/]y|, one sees that
f(t,v) > exp (—cy) fo(v) for a.e. |v| > t°.

Consequently,

[v|>te Jv| >t [v| >t
k —4 k [v]?
> exp (—cy) (V)* fo(v)dv — (2m)" 2 (v)” exp — d
o>t Jv]>te
Since
2 2 2
(v)* exp (—i) dv < exp (_T> /(v)kexp (—%) dv
|v|>te R4

the proof is complete. O
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