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Abstract

In this paper we present the notion of F-closed set (which is weaker than the concept
of F-invariant set introduced in Samet and Vetro (Ann. Funct. Anal. 1:46-56, 2010), and
we prove some coupled fixed point theorems without the condition of mixed
monotone property. Furthermore, we interpret the transitive property as a partial
preorder and, then, some results in that paper and in Sintunavarat et al. (Fixed Point
Theory Appl. 2012:170, 2012) can be reduced to the unidimensional case.
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1 Introduction

One of the very popular tools of a fixed point theory is the Banach contraction princi-
ple which first appeared in 1922. It states that if (X,d) is a complete metric space and
T :X — X is a contraction mapping (i.e., d(Tx, Ty) < kd(x,y) for all x,y € X, where k is
a nonnegative number such that k < 1), then 7 has a unique fixed point. Several math-
ematicians have been dedicated to improvement and generalization of this principle. In
recent times, one of the most attractive research topics in fixed point theory is to prove
the existence of a fixed point on metric spaces endowed with partial orders. An initial
result in this direction was given by Turinici [1] in 1986. Following this line of research,
Ran and Reurings [2] (and, later, Nieto and Rodriguez-Lépez [3]) used a partial order on
the ambient metric space to introduce a slightly different contractivity condition, which
must be only verified by comparable points. Thus, they reported two versions of the Ba-
nach contraction principle in partially ordered sets and applied them to the study of some
applications to matrix equations.

Since then, different extensions to coupled, tripled, quadrupled and multidimensional
cases have appeared [4—28]. One of the common properties of all these results is the fact
that the mapping F : X" — X must verify the mixed monotone property. Searching for a
generalization of this kind of theorems, Samet and Vetro [29] succeeded in proving some
results in which the mapping F did not necessarily have the mixed monotone property.
To do that, they introduced the notion of F-invariant set. Later, Sintunavarat, Kumam
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and Cho [30] used this property in order to prove some coupled fixed point theorems for
nonlinear contractions without the mixed monotone property.

In this note we observe that the F-invariant property introduced in [29] can be inter-
preted as a partial preorder and, then, some results in that paper and in [30] can be reduced

to the unidimensional case.

2 Preliminaries
Henceforth, let X be a nonempty set. Given a positive integer #, let X”* be the product
space X x XX . xX. We will use m to denote nonnegative integers. Unless otherwise

stated, ‘for all 7’ will mean ‘for all m > 0’

Definition 1 (Roldan et al. [31]) A preorder (or a quasiorder) < on X is a binary relation
on X that is reflexive (i.e., x < x for all x € X) and transitive (if x,7,z € X verify x < y and
y < z, then x < z). In such a case, we say that (X, x) is a preordered space (or a preordered
set). If a preorder < is also antisymmetric (x < y and y < x imply x = y), then < is called a

partial order.

Throughout this manuscript, let (X, d) be a metric space, and let < be a preorder (or a

partial order) on X.

Definition 2 (Roldan [32]) If (X, ) is a preordered space, a mapping 7 : X — X is <-
nondecreasing if Tx < Ty for all x,y € X such thatx < y.

In 2003, Ran and Reurings proved the following version of the Banach theorem appli-

cable to metric spaces endowed with a partial order.

Theorem 3 (Ran and Reurings [2]) Let (X, <) be an ordered set endowed with a metric d,
and let T : X — X be a given mapping. Suppose that the following conditions hold:

(a) (X,d) is complete.

(b) T is x-nondecreasing.

(©
(d) There exists xq € X such that xy < Txg.
(€) There exists a constant k € (0,1) such that d(Tx, Ty) < kd(x,y) for all x,y € X with

X =Y.

Then T has a fixed point. Moreover, if for all (x,y) € X? there exists z € X such that x < z

T is continuous.

and y < z, we obtain uniqueness of the fixed point.

Later, Nieto and Rodriguez-Lépez slightly modified the hypothesis of the previous result
swapping condition (c) by the fact that (X, d, x) is nondecreasing-regular in the following

sense.

Definition 4 We will say that (X,d, <) is nondecreasing-regular (respectively, nonin-
creasing-regular) if any <-nondecreasing (respectively, <-nonincreasing) sequence {x,,}
d-converges to x € X, we have that x,, < x (respectively, x,, = x) for all m. And (X,d, x) is

regular if it is both nondecreasing-regular and nonincreasing-regular.
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Inspired by Boyd and Wong’s theorem [33], Mukherjea [34] introduced the following

kind of control functions:
® = {(p :[0,00) = [0,00) : ¢(¢) < t and lim ¢(r) < ¢ for each ¢ > 0},
r—t*

and proved a version of the following result in which the space is not necessarily endowed
with a partial order (but the contractivity condition holds over all pairs of points of the

space).

Theorem 5 Let (X, <) be an ordered set endowed with a metric d, and let T : X — X be a
given mapping. Suppose that the following conditions hold:

(@) (X,d) is complete.

(b) T is x-nondecreasing.

(c) Either T is continuous or (X, d, <) is nondecreasing-regular.

(d) There exists xg € X such that xq < Txo.

(e) There exists ¢ € ® such that d(Tx, Ty) < p(d(x,y)) for all x,y € X with x = y.

Then T has a fixed point. Moreover, if for all (x,y) € X? there exists z € X such that x < z

and y < z, we obtain uniqueness of the fixed point.

Some generalizations of the previous result can be found in Wang [35] (to the multidi-
mensional case), in Romaguera [36] (to partial metric spaces, but not necessarily provided
with a partial order) and in Roldan [32].

In order to guarantee the existence and uniqueness of a solution of periodic boundary
value problems, Gnana Bhaskar and Lakshmikantham (and, subsequently, Lakshmikan-
tham and Ciri¢, see [37]) proved, in 2006, existence and uniqueness of a coupled fixed
point (a notion introduced by Guo and Lakshmikantham) in the setting of partially or-

dered metric spaces by introducing the notion of mixed monotone property.

Definition 6 (Guo and Lakshmikantham [38]) We call an element (x,y) € X x X a coupled
fixed point of the mapping F: X x X — X if

F(x,y)=x and F(y,x)=y.

In order to ensure the existence of coupled fixed points, Gnana Bhaskar and Laksh-

mikantham introduced the following condition.

Definition 7 (Gnana Bhaskar and Lakshmikantham [39]) Let (X, <) be a partially ordered
setand F: X x X — X. We say that F has the mixed monotone property if F(x, y) is mono-

tone nondecreasing in x and is monotone nonincreasing in y, that is, for any x,y € X,

x%€X, X% =  Flx,y) < Flx,y),

Yy €X, n<y2 = Fn)=Fxy).

Many results were proved to ensure the existence of a coupled fixed point. One of the
common properties of all these results is the fact that the mapping F : X x X — X must
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verify the mixed monotone property. Searching for a generalization of this kind of theo-
rems, Samet and Vetro [29] succeeded in proving some results in which the mapping F
did not necessarily have the mixed monotone property.

Definition 8 (Samet and Vetro [29]) Let (X, d) be a metric space and F: X x X — X be a
given mapping. Let M be a nonempty subset of X*. We say that M is an F-invariant subset
of X*if, forall x,y,z,w € X,

(i) @y,z,w) e M < (w,z,9,%x) € M;

(i) (x,9,2,w) e M = (F(x,), F(y,x), F(z,w), F(w,2)) € M.

The following theorem is the main result in [29].

Theorem 9 (Samet and Vetro [29]) Let (X, d) be a complete metric space, F: X x X — X
be a continuous mapping and M be a nonempty subset of X*. We assume that
(i) M is F-invariant;
(i) there exists (xo,%0) € X such that (F(xo,%0), F(¥o,%0), %0, ¥0) € M;
(iti) for all (x,y,u,v) € M, we have

d(F(x,y),F(u, v))
= S0 F ) + d(nFO,)]

+ [d(u, F(u,v)) + d(v, F(v, u))] + [d(x,F(u, v)) +d(y, F(v, u))]

+

NIR N[
N> o)

[d(u,F(x,y)) + d(v,F(y,x))] + [d(x, u) +d(y, V)],

where a, 8,0, v, § are nonnegative constants such thato + B+0 +y +§ < 1.
Then F has a coupled fixed point, i.e., there exists (x,y) € X x X such that F(x,y) = x and

F()’:x) =Y.

Later, Sintunavarat et al. [30] introduced the notion of trausitive property so as to extend
the Lakshmikantham and Ciri¢’s theorem (see [37]).

Definition 10 (Sintunavarat et al. [30]) Let (X,d) be a metric space and M be a subset
of X*. We say that M satisfies the transitive property if, for all x,y,z, w,a,b € X,

wy,zzw)eM and (z,w,a,b)eM — (x,y,a,b)e M.
Then they proved the following result.

Theorem 11 (Sintunavarat et al. [30]) Let (X,d) be a complete metric space and M be
a nonempty subset of X*. Assume that there is a function ¢ : [0,00) — [0,00) with 0 =
©(0) < ¢(t) < t and lim,_, 4+ ¢(r) < t for each t > 0, and also suppose that F: X x X — X isa
mapping such that

d(F(x,), Fw,v)) < ¢ (M)

. o)

for all (x,y,u,v) € M. Suppose that either
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(a) Fis continuous or
(b) if for any two sequences {x,,}, {ym} With (Xps1, Vim+1> Xm> Ym) € M,

Emt =% Dl =0

forall m > 1, then (x,y, %, Ym) € M for all m > 1.
If there exists (x9,y0) € X x X such that (F(xo,0), F(¥0,%0),%0,Y0) € M and M is an F-
invariant set which satisfies the transitive property, then there exist x,y € X such that x =
F(x,y) and y = F(y,x), that is, F has a coupled fixed point.

In recent times, it has been proved that many coupled, tripled and quadrupled results
can be reduced to the unidimensional case, that is, to Theorems 3 and 5 (see, for instance,
Samet et al. [40], Agarwal et al. [41] and Roldan et al. [42]). Furthermore, in some cases,
it is not necessary to consider a partial order, but a preorder (see Roldan ez al. [31] and
Roldéan [32]).

In this paper we observe that if M € X* is F-invariant and has the transitive property, we
could induce a preorder on X? such that Theorem 11 can be seen as an easy consequence
of Theorem 5.

3 Main results

In this section we extend some of the previous results using a weaker notion than F-
invariant set. Throughout this section, let X be a nonempty set, let F: X x X — X be
a mapping, and let M be a subset of X*.

3.1 F-closed sets and a related fixed point theorem
We extend the notion of F-invariant set as follows.

Definition 12 We say that M is an F-closed subset of X* if, for all x,y,u,v € X,
@yu,v)eM = (F(x,),F(x),F(u,v),F(v,u)) € M.

Obviously, every F-invariant set is an F-closed set. In particular, @ and X* are F-closed
sets.

Example 13 Let X = {0,1}, and let M = {(0,0,0,0),(1,0,0,0)} € X*. If we consider the
mapping F : X x X — X given by F(x,y) = 0 for all x,y € X, then M is F-closed, but it is
not F-invariant.

In Lemma 18 we will show some nontrivial examples of F-closed sets. The following
result presents a characterization of F-closed sets.

Lemma 14 Let X be a nonempty set, let F : X x X — X be a mapping, and let M be a subset
of X*. Define:

®) Em wv) < [&y) =) or (u,v,x,y) € M|, and

Tr: X2 — X2, Tr(x,y) = (F(x,y),F(y,x)) for all (x,y) € X>. (2)

Then the following properties hold.
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(1) T is reflexive whatever M.

(2) M satisfies the transitive property if and only if Ty is a preorder on X>.
(3) M is F-closed if and only if the mapping Tr is Cy-nondecreasing.

(4) If M is F-invariant, then the mapping T is T y-nondecreasing.

Proof (1) is obvious. (2) Suppose that M satisfies the transitive property, and let (x,y) Ty
(u,v) and (u,v) Ty (a,b). If (x,y) = (&, v) or (u,v) = (a, b), then it is apparent that (x,y) Ty
(a,b). In other case, (u4,v,x,y) € M and (a,b,u,v) € M. Since M satisfies the transi-
tive property, then (a,b,x,y) € M, which means that =, is a preorder on X2. The
converse is similar. (3) Suppose that M is F-closed. Let (x,9),(#,v) € X? be such that
(0,9) Ep (1, v). If (x,9) = (&, v), then it is clear that Tr(x,y) = Tr(u,v). Now suppose that
(¢, v,x,y) € M. Since M is F-closed, we know that (F(u,v), F(v, u), F(x,), F(y,x)) € M, that
is, (F(x,), F(y,%)) Ep (F(u,v), F(v,u)), which means that Tr(x,y) Ey Tr(u,v). Therefore,
Tr is Ep-nondecreasing. The converse is similar. (4) It follows from the fact that M is also
F-closed. a

Notice that if 4 is a metric on X, then the mapping D, : X*> x X? — [0, 00), defined by

dx,u) +d(y,v)

5 for all (x,y), (u,v) € X2,

Dd((x’y), (I/l, V)) =
is a metric on X2. Furthermore, if F: X x X — X is a d-continuous mapping, then T :
X? — X2, defined as in (2), is D,-continuous. Thus, the following result reduces a coupled

fixed point theorem to a unidimensional case.
Theorem 15 Theorem 11 follows from Theorem 5.

Proof Let Y = X x X = X2, provided with the metric D; and the preorder Cy;. It is
clear that (Y,D,) is a complete metric space, and Lemma 14 assures us that Tr is Cy;-
nondecreasing. The condition (F(xo,y0), F(yo,%0),%0,Y0) € M means that the point Z; =
(%0, y0) verifies Zo 1 Tr(Zo). If F is d-continuous, then Tr is D;-continuous. Taking into
account that {(x,,, y)} Ds-converges to (x,y) € Y if and only if {x,,} d-converges to x and
{ym} d-converges to y, it is clear that condition (b) in Theorem 11 implies that (Y, D, Ex)
is nondecreasing-regular. Finally, suppose that (x,y), (i, v) € Y verify (x,5) Cy (»,v) and
we are going to show that

Du(Te(%,y), Te(u,v)) < @ (Da((%9), 4, v))).

Indeed, if (x,) = (4, v), there is nothing to prove. Suppose that (x,y) # (&, v). In this case,
(u,v,x,y) € M. By (1),

d(u,x) +dv,y)

d(F(u,v),E(x,9)) < w( 5

) _ (p(Dd((x,y)r (u, V)))'

Moreover, by condition (i) in Definition 8, we have

(w,vx,9)eM = xv,u)eM,
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and using (1) again, it follows that

d(y,v) + d(x,u)

d(F(y,%), F(v,u)) < w( 2

)= 0l0a(9) 0 ).
Combining the previous inequalities, we deduce that

Dy(Te(%,9), Te(u,v)) = Da((F(x,%), F(y,%)), (F(,v), F(v, )

_ d(F(x,y), F(u,v)) + d(F(y,x), F(v,u))
N 2

= </7(Dd((x;3’); (Lt, V)))

Using Theorem 5, we conclude that Tr has a fixed point, that is, F has a coupled fixed
point. |

3.2 Fixed point results without the mixed monotone property

In the previous result, M is F-invariant and satisfies the transitive property. Next we show
that these conditions are not necessary in order to prove coupled fixed point theorems.
Therefore, we can prove some results avoiding such property.

Theorem 16 Let (X,d) be a complete metric space, let F : X x X — X be a continuous
mapping, and let M be a subset of X*. Assume that:
(i) M is F-closed,;
(ii) there exists (xo,Y0) € X2 such that (F(xo,0), F(¥0,%0), %0, ¥0) € M;
(ili) there exists k € [0,1) such that for all (x,y,u,v) € M, we have

d(F(x,9), F(u,v)) + d(F (5, %), F(v,u)) < k(d(x, u) +d(y,v)).
Then F has a coupled fixed point.

Proof Using (xo, o) € X* and by recurrence, define x,,,1 = F(X5, Y1) and ¥ys1 = F Yy %)
for all m > 0. We claim that (x,,11, Vi1, Xm> ¥m) € M for all m > 0. Indeed, (x1, y1,%0,¥0) =
(F(x0,90), F(¥0,%0), %0, y0) € M. Assume that (X411, Yim+1, %> Ym) € M for some m > 0. Since
M is F-closed,

(xm+1,ym+1:xm»ym) eM

= (F(xm+17ym+l):F(ym+1vxm+1);F(xmrym):F(ym;xm)) GM

= (xm+2rym+21 xm+lrym+1) eM.

Applying the contractivity condition to (Xy:41, Vm+1,Xm> Ym) € M, we deduce that, for all

m=>0,

d(F(xm+1:ym+1):F(xm7ym)) + d(F(Ym+1:xm+l);FO/mrxm))
= k(d(xmﬂ»xm) + d@mﬂ’ym))y

that is,

d(xm+2:xm+l) + d(ym+27ym+l) =< k(d(xm+1;xm) + d(ymﬂ;ym)) fOf all m = 0.
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In other words,

max (d X1, %m)s AWt Yim)) < AGmits %) + AWonit, ym) < K7 (A1, %0) + d(y1,50))

for all m > 0.

This proves that {x,,} and {y,,} are Cauchy sequences in the complete metric space (X, d).
Therefore, there are x,y € X such that {x,,} — x and {y,,} — ». Since F is continuous,
{1} = {F (%, ym)} = F(x,), so F(x,y) = x. Analogously, F(y,x) = y and (x,7) is a coupled
fixed point of F. O

Example 17 Let X = [-1,1] provided with the Euclidean metric. Let M = X*\ {(0,0,0,1)}
and consider the mapping F : X x X — X given by F(x,y) = (x —y)/4 for all x,y € X. Then
M is an F-closed set but it is not an F-invariant set. Taking into account that, for all

%9 u,veX,

[F) - Flu )| + [FO, 9~ F00)] = [~ + =) < 2 (1ol + ly—v]),

and choosing (xo, o) = (1,-1), we conclude that all hypotheses of Theorem 16 are veri-
fied. Then F has a coupled fixed point, which is (0, 0), but Theorem 11 cannot be applied

because M is not an F-invariant set.

The previous theorem also holds using a weaker contractivity condition. To introduce

it, we need some notation. Given (x, y), (1, v) € X2, we will use, for simplicity, the notation
(TF(x)y)’ TF(M, V)) = (F(x;y))F(%x)rF(u; V)rF(Vr u)) € X4'

Given a point Zy = (x0,%0) € X%, let T2(Zo) = Zo, TH(Zo) = Tr(Zo) and Ty (Zp) =
Tr(T7(Zy)) for all m > 0. We will denote

Mp(Zo) = {(TF"*(20), TF (Zo)) :m = 0} C X*.

Lemma 18 Given Zy € X2, the set M(Zy) is F-closed. Indeed, if M C X* is an F-closed set
verifying (Tr(Zo), Zo) € M, then Mp(Zy) C M.

In particular,
Mp(Zy) = ﬂ{M C X*: M is F-closed and (TF(ZO),ZO) € M}
Proof Let Zy = (x0,70) € X? and define x,,..1 = F(Xpz, V) and Ype1 = F (Y, %) for all m > 0.
Let us prove that T/ (Zy) = (%, ) for all m > 0. If m = 0, it is obvious. If m =1, then

(x1,91) = (F(%0,%0), F(¥0,%0)) = Tr(x0,%0) = Tr(Zo). By recurrence,

(xm+1¢ym+l) = (F(xm’ym)¢F(ym:xm)) = TF(xm¢ym) = TF(T[;;H(ZO)) = TITH(ZO)'
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Next we claim that Mp(Zy) is F-closed. Let (x,y,u,v) € Mp(Zy). Then there exists m > 0
such that (x,y,u,v) = (T2#*(Zo), T (Zo)) = Kms1, Yms1, Xm> Ym)- Therefore

(F(x,9), F(y,), F(u,v), F(v,u))
= (F(xm+1:ym+l)rF(Ym+l:xm+1);F(xm;ym)»F()/m:xm))

= (xm+2’ym+2’xm+l:ym+1) = (T;'n+2(ZO)r TFHI(ZO)) € MF(ZO)

Finally, let M € X* be an F-closed set verifying (Tr(Zy), Zo) € M, and we are going to
show that Mp(Zy) € M. In particular, we will prove that (T¢"*(Z), T#(Zo)) € M for all
m > 0 by the induction method. Indeed, if m = 0, by hypothesis, (Tr(Z), Zy) € M. Sup-
pose that (T;”*l(Zo), T7(Zo)) € M for some m > 0. Since M is F-closed,

(xm+1,ym+1:xm»ym) = (TI-V"VIH(ZO); T].V"”(ZO)) eM

= (F(xm+l:ym+l); FWms1, Xms1), F Xy Yim)s F()’m;xm)) EM.

Hence,

(T;n+2 (ZO): T[;;HH(ZO)) = (xm+21ym+2vxm+17ym+l)

= (F(xm+1:ym+1)rF()’m+1:xm+l)vF(xm,ym)’F()/mrxm)) €M~
This completes the induction. Thus, Mp(Zy) C M. O

If we particularize Theorem 16 to the F-closed set M = Mr(Z,), we obtain the following
result.

Corollary 19 Let (X,d) be a complete metric space, let F : X x X — X be a continuous
mapping, and suppose that there exist Zy € X* and k € [0,1) such that

d(F(x,9), F(u,v)) + d(F(y,%), F(v,u)) < k(d(x,u) + d(y,v)) (3)
for all (x,y,u,v) € Mp(Zy). Then F has a coupled fixed point.

Notice that in the previous result, we have not necessarily a partial order on X nor a
mapping verifying the mixed monotone property.

Theorem 20 Theorem 9 follows from Corollary 19.

Proof Following the proof given in [29], we can consider a constant

26 +6
k=a+ﬁ+y+ + c[0.1)
2—(x+y+B+0)

and a sequence {(X;11, Yim+1) = (F & Yim)s F W X)) }m=0 such that

d(xm+2: xm+l) + d(ym+2rym+l) =< k(d(xm+l; xm) + d(ym+l;ym)) fOf all m= O;

which is exactly condition (3). Then F has a coupled fixed point. d


http://www.fixedpointtheoryandapplications.com/content/2013/1/330

Kutbi et al. Fixed Point Theory and Applications 2013, 2013:330
http://www.fixedpointtheoryandapplications.com/content/2013/1/330

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this paper. All authors read and approved the final manuscript.

Author details

'Department of Mathematics, King Abdulaziz University, PO. Box 80203, Jeddah, 21589, Saudi Arabia. ?Department of
Mathematics, University of Jaén, Campus las Lagunillas s/n, Jaén, 23071, Spain. >Department of Mathematics and
Statistics, Faculty of Science and Technology, Thammasat University Rangsit Center, Pathumthani, 12121, Thailand.
“Department of Statistics and Operations Research, University of Granada, Campus Fuentenueva s/n, Granada, 18071,
Spain.

Received: 28 July 2013 Accepted: 6 November 2013 Published: 03 Dec 2013

References

1.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Turinici, M: Abstract comparison principles and multivariable Gronwall-Bellman inequalities. J. Math. Anal. Appl. 117,
100-127 (1986)

. Ran, ACM, Reurings, MCB: A fixed point theorem in partially ordered sets and some applications to matrix equations.

Proc. Am. Math. Soc. 132, 1435-1443 (2004)

. Nieto, JJ, Rodriguez-Lépez, R: Contractive mapping theorem in partially ordered sets and applications to ordinary

differential equations. Order 22, 223-239 (2005)

. Abbas, M, Khan, MA, Radenovi¢, S: Common coupled fixed point theorem in cone metric space for w-compatible

mappings. Appl. Math. Comput. 217, 195-202 (2010)

. Abbas, M, Alj, B, Sintunavarat, W, Kumam, P: Tripled fixed point and tripled coincidence point theorems in

intuitionistic fuzzy normed spaces. Fixed Point Theory Appl. 2012, Article ID 187 (2012)

. Abbas, M, Sintunavarat, W, Kumam, P: Coupled fixed point of generalized contractive mappings on partially ordered

G-metric spaces. Fixed Point Theory Appl. 2012, Article ID 31 (2012)

. Agarwal, RP, Karapinar, E: A note on ‘Coupled fixed point theorems for a-i contractive type mappings in partially

ordered metric spaces. Fixed Point Theory Appl. 2013, Article ID 216 (2013)
Amini-Harandi, A: Coupled and tripled fixed point theory in partially ordered metric spaces with applications to initial
value problem. Math. Comput. Model. 57, 2343-2348 (2013)

. Aydi, H, Abbas, M, Sintunavarat, W, Kumam, P: Tripled fixed point of W-compatible mappings in abstract metric

spaces. Fixed Point Theory Appl. 2012, Article ID 134 (2012)
Berinde, V: Generalized coupled fixed point theorems for mixed monotone mappings in partially ordered metric
spaces. Nonlinear Anal. 74, 7347-7355 (2011)

. Chandok, S, Sintunavarat, W, Kumam, P: Some coupled common fixed points for a pair of mappings in partially

ordered G-metric spaces. Math. Sci. 7, 24 (2013)

Dori¢, D, Kadelburg, Z, Radenovi¢, S: Coupled fixed point results for mappings without mixed monotone property.
Appl. Math. Lett. 25, 1803-1808 (2012)

Golubovi¢, Z, Kadelburg, Z, Radenovi¢, S: Coupled coincidence points of mappings in ordered partial metric spaces.
Abstr. Appl. Anal. 2012, Article ID 192581 (2012)

Kadelburg, Z, Nashine, HK, Radenovi¢, S: Common coupled fixed point results in partially ordered G-metric spaces.
Bull. Math. Anal. Appl. 4, 51-63 (2012)

Kadelburg, Z, Nashine, HK, Radenovi¢, S: Some new coupled fixed point results in 0-complete ordered partial metric
spaces. J. Adv. Math. Stud. 6, 159-172 (2013)

Kadelburg, Z, Radenovi¢, S: Coupled fixed point results under TVS-cone metric and W-cone-distance. Adv. Fixed
Point Theory 2, 29-46 (2012)

Pant, BD, Chauhan, S, Vujakovi¢, J, Khan, MA, Vetro, C: A coupled fixed point theorem in fuzzy metric space satisfying
¢-contractive condition. Adv. Fuzzy Syst. 2013, Article ID 826596 (2013)

Karapinar, E: Couple fixed point theorems for nonlinear contractions in cone metric spaces. Comput. Math. Appl.
59(12),3656-3668 (2010)

Karapinar, E, Kumam, P, Sintunavarat, W: Coupled fixed point theorems in cone metric spaces with a c-distance and
applications. Fixed Point Theory Appl. 2012, Article ID 194 (2012)

Radenovi¢, S: Remarks on some coupled coincidence point result in partially ordered metric spaces. Arab J. Math. Sci.
(2013). doi:10.1016/j.ajmsc.2013.02.003

Radenovi¢, S: Remarks on some coupled fixed point results in partial metric spaces. Nonlinear Funct. Anal. Appl. 18,
39-50(2013)

Radenovi¢, S: Remarks on some recent coupled coincidence point results in symmetric G-metric spaces. J. Oper.
2013, Article ID 290525 (2013)

Raji¢, VC, Radenovic, S: A note on tripled fixed point of w-compatible mappings in tvs-cone metric spaces. Thai
J.Math. (2013, in press)

Sintunavarat, W, Cho, YJ, Kumam, P: Coupled coincidence point theorems for contractions without commutative
condition in intuitionistic fuzzy normed spaces. Fixed Point Theory Appl. 2011, Article ID 81 (2011)

Sintunavarat, W, Kumam, P: Coupled coincidence and coupled common fixed point theorems in partially ordered
metric spaces. Thai J. Math. 10(3), 551-563 (2012)

Roldan, A, Martinez-Moreno, J, Roldan, C: Multidimensional fixed point theorems in partially ordered complete metric
spaces. J. Math. Anal. Appl. 396, 536-545 (2012)

Roldén, A, Martinez-Moreno, J, Roldén, C: Tripled fixed point theorem in fuzzy metric spaces and applications. Fixed
Point Theory Appl. 2013, Article ID 29 (2013)

Roldan, A, Martinez-Moreno, J, Roldéan, C, Karapinar, E: Meir-Keeler type multidimensional fixed point theorems in
partially ordered metric spaces. Abstr. Appl. Anal. 2013, Article ID 406026 (2013)

Page 10 of 11


http://www.fixedpointtheoryandapplications.com/content/2013/1/330
http://dx.doi.org/10.1016/j.ajmsc.2013.02.003

Kutbi et al. Fixed Point Theory and Applications 2013, 2013:330
http://www.fixedpointtheoryandapplications.com/content/2013/1/330

29.
30.

31

32.

33

34.

35.

36.

37.

38.

39.

40.

41.

42.

Samet, B, Vetro, C: Coupled fixed point F-invariant set and fixed point of N-order. Ann. Funct. Anal. 1, 46-56 (2010)
Sintunavarat, W, Kumam, P, Cho, YJ: Coupled fixed point theorems for nonlinear contractions without mixed
monotone property. Fixed Point Theory Appl. 2012, Article ID 170 (2012)

Roldan, A, Karapinar, E: Some multidimensional fixed point theorems on partially preordered G*-metric spaces under
(Y, @)-contractivity conditions. Fixed Point Theory Appl. 2013, Article ID 158 (2013)

Roldan, A: Some coincidence/fixed point theorems under ®-contractivity conditions without an underlying metric
structure and applications (submitted)

Boyd, DW, Wong, JSW: On nonlinear contractions. Proc. Am. Math. Soc. 20, 458-464 (1969)

Mukherjea, A: Contractions and completely continuous mappings. Nonlinear Anal. 1(3), 235-247 (1997)

Wang, S: Coincidence point theorems for G-isotone mappings in partially ordered metric spaces. Fixed Point Theory
Appl. 2013, Article ID 96 (2013)

Romaguera, S: Fixed point theorems for generalized contractions on partial metric spaces. Topol. Appl. 159(1),
194-199 (2012)

Lakshmikantham, V, Ciri¢, LJ: Coupled fixed point theorems for nonlinear contractions in partially ordered metric
spaces. Nonlinear Anal. 70(12), 4341-4349 (2009)

Guo, D, Lakshmikantham, V: Coupled fixed points of nonlinear operators with applications. Nonlinear Anal. 11,
623-632 (1987)

Gnana Bhaskar, T, Lakshmikantham, V: Fixed point theorems in partially ordered metric spaces and applications.
Nonlinear Anal. 65(7), 1379-1393 (2006)

Samet, B, Karapinar, E, Aydi, H, Rajic, C: Discussion on some coupled fixed point theorems. Fixed Point Theory Appl.
2013, Article ID 50 (2013)

Agarwal, R, Karapinar, E: Remarks on some coupled fixed point theorems in G-metric spaces. Fixed Point Theory Appl.
2013, Article ID 2 (2013)

Roldan, A, Martinez-Moreno, J, Roldén, C, Karapinar, E: Some remarks on multidimensional fixed point theorems.
Fixed Point Theory (accepted for publication)

10.1186/1687-1812-2013-330
Cite this article as: Kutbi et al.: F-closed sets and coupled fixed point theorems without the mixed monotone
property. Fixed Point Theory and Applications 2013, 2013:330

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com

Page 11 of 11


http://www.fixedpointtheoryandapplications.com/content/2013/1/330

	F-closed sets and coupled ﬁxed point theorems without the mixed monotone property
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Main results
	F-closed sets and a related ﬁxed point theorem
	Fixed point results without the mixed monotone property

	Competing interests
	Authors' contributions
	Author details
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.440 793.440]
>> setpagedevice


