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TÍTULO: Non-linear Sigma Models: Discretization and Perturbative Solutions
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TÍTULO: Extended MacMahon-Schwinger’s Master Theorem and Relativistic
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CONGRESO: “Workshop on Generalized Special Functions of Mathematical
Physics”. Granada, España. Enero 26-27, 2012

1.2. Resumen

Esta tesis se basa fundamentalmente en los resultados obtenidos en las tres primeras
publicaciones de la sección anterior. El objetivo fundamental es entender mejor la
dinámica cuántica de part́ıculas relativistas aceleradas y los fenómenos de radiación
de vaćıo (efecto Fulling-Unruh-Davies [1, 2, 3]) que subyacen en estos sistemas, análisis
que se hace en el tercer art́ıculo. Estos fenómenos de radiación de vaćıo bajo acele-
raciones resultan estar ı́ntimamente relacionados con la radiación de Hawking [4] de
agujeros negros y el fenómeno cosmológico de “desplazamiento al rojo” (redshift o
ley de Hubble) debido a la expansión del universo. Veremos cómo las transforma-
ciones conformes espećıficas (cuadri-aceleraciones) dan cuenta de ambos fenómenos
(parte espacial y parte temporal, respectivamente) de una forma muy especial que
no ha sido analizada hasta la fecha. La explicación tradicional de estos fenómenos de
radiación radica fundamentalmente en las llamadas transformaciones de Bogoliubov,
las cuales encuentran una explicación natural en el marco teórico de los llamados
“Estados Coherentes” [5, 6, 7].

Para conseguir nuestros objetivos, hemos tenido que desarrollar primeramente
toda una teoŕıa matemática de Estados Coherentes (también llamados Wavelets en
el contexto del Análisis Armónico Aplicado y Multirresolución) del grupo conforme
en 1+3 dimensiones: SU(2, 2) (localmente isomorfo a SO(4, 2)), siendo éste el tema
del primer art́ıculo. La teoŕıa tradicional de Wavelets (“Ond́ıculas”) y el Análisis
Multiresolución encuentra múltiples aplicaciones en muchas ramas de la Ciencia y la
Ingenieŕıa, a destacar su papel como herramienta indispensable en la compresión de
imágenes y tratamiento de la señal. Véase el trabajo pionero de Grossmann, Morlet
y Paul [8],

Para nosotros, el vaćıo cuántico, visto desde un sistema de referencia relativista
acelerado, resulta ser un Estado Coherente del grupo conforme, el cual incorpora al
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grupo de Poincaré de la relatividad especial, junto con cambios de escala y transi-
ciones a sistemas relativistas uniformemente acelerados. El vaćıo cuántico acelerado se
asemeja a una colectividad estad́ıstica. Para obtener funciones de distribución, valores
medios, etc, ha sido fundamental la demostración de una extensión uniparamétrica λ
(“escala conforme o dimensión de masa”) del Teorema Maestro de MacMahon (que a
su vez generaliza la fórmula de Schwinger), un resultado fundamental en Combinato-
ria. La demostración de este teorema se encuentra en el primer art́ıculo y la identidad
asociada ha resultado ser una herramienta matemática muy útil para nuestros ob-
jetivos, proporcionando también una función generatriz de polinomios ortogonales
relativistas holomorfos en 4 variables (espacio-temporales) en un dominio del espacio
de Minkowski compactificado C4. Una vez desarrollado el Análisis Armónico sobre el
grupo conforme, en el segundo art́ıculo se propone una teoŕıa cuántica de part́ıculas
invariantes conforme sobre el espacio-tiempo de Minkowski como una cuantización
de un Modelo Sigma No Lineal Invariante Gauge sobre SU(2, 2). La cuantización de
dicho modelo se lleva a cabo mediante una generalización del método de Dirac para
la cuantización de sistemas singulares (invariantes gauge) o con ligaduras. También
se propone una adaptación del Principio de Reciprocidad de Born a la relatividad
conforme y se discute sobre la existencia o no de una aceleración máxima. Toda es-
ta construcción matemática sirve como pilar sobre el que se asienta nuestra Teoŕıa
Cuántica de Campos Relativista Invariante Conforme, marco a su vez para el estudio
del análisis cuántico de sistemas de referencia relativistas uniformemente acelerados,
estudiado en el tercer y último art́ıculo.

Resumiendo, el orden cronológico de aparición de las publicaciones coincide con el
orden lógico de desarrollo de la tesis. Es por ello que consideramos adecuado presen-
tar la tesis como un compendio de art́ıculos, cada uno de ellos autocontenido, pero
enlazados entre ellos y con un objetivo final común.

Seguidamente ofrecemos una exposición más detallada de los temas tratados en
cada uno de los art́ıculos que componen los caṕıtulos 2, 3 y 4 de esta tesis. Los
caṕıtulos 5 y 6 se corresponden con resultados anteriores al caṕıtulo 4 y que fueron
publicados en los proceedings de conferencias internacionales.

En el Caṕıtulo 2 construimos la Transformada Wavelet (“ond́ıcula”) Continua
(Continuous Wavelet Transform CWT) en el espacio homogéneo (dominio de
Cartan) D4 = SO(4, 2)/(SO(4) × SO(2)) del grupo conforme SO(4, 2) (local-
mente isomorfo a SU(2, 2)) en 1+3 dimensiones. A través de una transforma-
ción de Cayley, se puede establecer una biyección entre la variedad D4 y el
dominio tubo hacia el futuro C4

+ del espacio de Minkowski complejo C4, donde
se han propuesto otro tipo de ond́ıculas conformes de tipo electromagnético
en la literatura. Estudiamos las representaciones unitarias e irreducibles del
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grupo conforme sobre los espacios de Hilbert L2
h(D4, dνλ) y L2

h(C4
+, dν̃λ) de fun-

ciones holomorfas cuadrado integrables con dimensión de escala λ y espectro
de masa continuo; probamos un isomorfismo (equivariancia) entre ambos espa-
cios de Hilbert, condiciones de admisibilidad y de tight frame, proporcionamos
fórmulas de reconstrucción y una base ortonormal de polinomios homogéneos
y discutimos propiedades de simetŕıa y el ĺımite Eucĺıdeo de dichas ond́ıculas
conformes. Para este propósito, primeramente exponemos y demostramos una
extensión uniparamétrica λ del Teorema Maestro de Schwinger, el cual resulta
ser una herramienta matemática útil para nosotros, particularmente como una
función generatriz para las funciones base de la representación unitaria del grupo
conforme y la obtención del kernel reproductor de Bergman de L2

h(D4, dνλ). El
Teorema Maestro de Schwinger está relacionado con el Teorema Maestro de
MacMahon, del cual ofrecemos también una extensión en términos de armónicos
sólidos de Louck de SU(N). También estudiamos condiciones de convergencia.

En el Caṕıtulo 3 revisamos el uso del dominio complejo de Cartan D4 como
una base para la construcción de una teoŕıa cuántica (de campos) invariante
conforme, bien como espacio de fases o de configuración. Seguimos una aproxi-
mación Lagrangiana invariante gauge de tipo “Modelo Sigma No Lineal” y usa-
mos una generalización del método de Dirac para la cuantización de sistemas
con ligaduras, el cual recuerda en algunos aspectos a la aproximación estándar
para cuantizar órbitas coadjuntas de un grupo G. Calculamos expĺıcitamente
funciones de onda f́ısicas, medidas de Haar, bases ortonormales y núcleos re-
productores (reproduccing Bergman kernels) en una imagen holomorfa en estos
dominios de Cartan para part́ıculas cuánticas escalares y con esṕın arbitrario.
También se discuten similitudes y diferencias con otros resultados en la literatu-
ra. También proponemos una adaptación del Principio de Reciprocidad de Born
a la relatividad conforme, la sustitución del espacio-tiempo tetra-dimensional
por el espacio de fases D4 de ocho dimensiones a cortas distancias (escala de
Planck) y discutimos sobre la existencia o no de una aceleración máxima.

En el Caṕıtulo 4 damos una descripción mecanico-cuántica de part́ıculas relati-
vistas aceleradas en el marco de Estados Coherentes del grupo conforme en 3+1
dimensiones SU(2, 2), donde las transformaciones conformes espećıficas juegan
el papel de aceleraciones (parte espacial) y de “redshift cinemático” (parte tem-
poral), como contraposición al redshift (desplazamiento al rojo) gravitatorio ex-
presado por la ley de Hubble. El estado fundamental acelerado ϕ̃0 de la primera
cuantización es un Estado Coherente del grupo conforme. Calculamos la función
de distribución que da el número de ocupación de cada nivel energético en ϕ̃0 y,
con ella, la función de partición Z, la enerǵıa media E y la entroṕıa S, la cual
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recuerda a la del “Sólido de Einstein” en Mecánica Estad́ıstica. Se puede asignar
una temperatura efectiva a este “colectivo acelerado” a través de la expresión
termodinámica dE/dS, la cual lleva a una relación no lineal entre aceleración
y temperatura diferente de la fórmula de Unruh (lineal). Entonces construimos
la correspondiente teoŕıa invariante conforme SU(2, 2) de segunda cuantización
(muchas part́ıculas) y su rotura espontánea cuando se selecciona un θ-vaćıo de-
generado invariante Poincaré (a saber, un Estado Coherente de modos cero del
conforme). La transformaciones conformes espećıficas (aceleraciones) desestabi-
lizan el vaćıo de Poincaré y lo hacen radiar. Esto proporciona una explicación
alternativa, desde un punto de vista grupo-teórico, del fenómeno de radiación
de vaćıo en sistemas acelerados (denominado efecto Fulling-Unruh-Davies).

1.3. Introducción

Las transformaciones conformes (preservan ángulos) han jugado y juegan un papel
muy importante en muchas ramas de la F́ısica y la Matemática. Quizás las aplicaciones
f́ısicas más conocidas de las transformaciones conformes se dan en dos dimensiones,
donde ayudan a resolver problemas en, por ejemplo:

Flujo de fluidos irrotacionales e incompresibles no viscosos. Aqúı el campo de
velocidades deriva de un potencial complejo, que satisface la ecuación de Laplace
(es armónico) en las regiones donde el flujo es irrotacional e incompresible. Las
transformaciones conformes son de especial ayuda en la deteminación de flujos
alrededor de obstáculos.

Electrostática. Aqúı el campo eléctrico deriva de un potencial complejo elec-
trostático.

Flujo de calor. Aqúı el flujo de calor deriva de una temperatura compleja. La
ecuación de Laplace describe el estado estacionario y las trasformaciones con-
formes permiten cambiar de unas geometŕıas (fronteras) a otras.

Materia Condensada. En transiciones de fase, se tiene invariancia conforme (o
de escala) cerca del punto cŕıtico.

Teoŕıas de campos invariantes conforme: Gravedad bidimensional, Teoŕıa de
Cuerdas, Agujeros negros, etc. A nivel más fundamental, las transformaciones
conformes en dos dimensiones aparecen como simetŕıa (gauge) de numerosas
teoŕıas de campo bidimensionales
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En dimensiones realistas (D=3+1), el número de transformaciones conformes se
reduce drásticamente de infinito (para el caso D=1+1) a un número finito de ellas
(15 en el caso de D=3+1). Ya Cunningham [9] y Bateman [10] reconocieron el grupo
conforme 15-dimensional SO(4, 2) = SU(2, 2)/Z4 como una simetŕıa de las ecuaciones
de Maxwell del electromagnetismo sin fuentes. Actualmente, en la formulación de
Teoŕıas de Unificación de la F́ısica, también se parte de modelos con simetŕıa conforme
(sin masa), simetŕıa que luego se restringe al subgrupo de Poincaré por un proceso
de “Rotura Espontánea de la Simetŕıa” en la que entra en juego un campo escalar
introducido “a mano” (campo o part́ıcula de Higgs) cuya existencia está aun por
demostrar.

Nosotros también partiremos de un modelo de part́ıculas cuánticas relativistas
con invariancia conforme (modelo que se construye en el Caṕıtulo 3) y romperemos
dicha simetŕıa a Poincaré seleccionando un pseudo-vaćıo degenerado que resulta ser
un Estado Coherente de modos cero del campo invariante conforme.

Antes de ello, hemos tenido que analizar, demostrar y obtener propiedades útiles
de los Estados Coherentes del grupo conforme SU(2, 2) que, al contener dilataciones y
traslaciones espaciotemporales (junto con boosts, rotaciones y aceleraciones), consti-
tuyen una extensión o generalización de las tradicionales Wavelets [8, 11, 12] (basadas
en el grupo af́ın de la recta real) a variedades más generales (Minkowski compactifi-
cado). Véase a ese respecto [6, 13] para revisiones generales y [14, 15] para recientes
trabajos sobre Transformada Wavelet en variedades homogéneas.

Para construir la Transformada Wavelet Continua sobre el grupo conforme (Caṕıtu-
lo 2), nos hemos ayudado de ejemplos en esferas SN−1, por medio de una adecuada re-
presentación unitaria del grupo de Lorentz en N+1 dimensiones SO(N, 1) [16, 17, 18],
y en hiperboloides H2 [19], o su proyección sobre el disco unidad abierto.

D1 = SO(1, 2)/SO(2) = SU(1, 1)/U(1) = {z ∈ C : 1− |z|2 < 1}

El ingrediente básico en todas estas constructiones es un grupo de transformaciones
G que contiene dilationes y movimientos en una variedad X, junto con una acción
transitiva de G en X.

Hay que decir que ya existen en la literatura otras construcciones de Wavelets
Conformes [20, 21, 22] que proporcionan un análisis espacio-tiempo-escala local de
las ondas electromagnéticas de la misma manera que las Wavelets tradicionales pro-
porcionan un análisis tiempo-escala de las señales temporales. En estos trabajos,
las ondas electromagnéticas están anaĺıticamente continuadas o extendidas desde el
espacio-tiempo real R4 al complejo C4 y se obtienen a partir de una única wavelet
madre mediante aplicación de transformaciones conformes de espacio y tiempo. Las
ondas electromagnéticas pueden ser descritas entonces como superposiciones de un
conjunto particular de wavelets conformes.



20 Caṕıtulo 1. Aspectos Generales

En el Caṕıtulo 2 nos ocuparemos de otro tipo de ond́ıculas conformes, aunque
vamos a trabajar en el espacio-tiempo complejo C4 también. Además de las anteriores
representaciones de masa nula de SO(4, 2) sobre el campo electromagnético, el grupo
conforme tiene otras representaciones con espectro de masa continuo caracterizadas
(indexadas o etiquetadas) por las representaciones del subgrupo compacto maximal
SO(4)× SO(2): dos números cuánticos de spin s1, s2 ∈ N/2 y la dimensión de escala
λ ∈ N del campo correspondiente [23]. En el Caṕıtulo 2 nos restringiremos a campos
escalares (s1 = s2 = 0) por simplicidad. El caso de spin arbitrario será tratado en
el Caṕıtulo 3. Después de un recordatorio de estas representaciones, proporcionamos
las condiciones de admisibilidad, tight wavelet frames y fórmulas de reconstrucción
para las funciones en el dominio de Cartan complejo o bola de Lie (ver [24] para una
exposición general sobre estos dominios complejos clásicos):

D4 = SO(4, 2)/(SO(4)× SO(2)) = SU(2, 2)/S(U(2)× U(2))

= {Z ∈ Mat2×2(C) : I − ZZ† > 0}

que es el análogo de cuatro dimensiones del disco abierto unidad D1 mencionado
anteriormente. Se puede establecer un isomorfismo entre este dominio y el “dominio
tubo futuro” (forward/future tube domain):

C4
+ ≡ {W = X + iY ∈ Mat2×2(C) : Y > 0}

con X e Y Hermı́ticas, que es el análogo en cuatro dimensiones del semiplano superior
hiperbólico de Poincaré/Lobachevsky C+ del espacio complejo de Minkowski. Tal
isomorfismo viene dado por la transformación de Cayley (y su inversa)

W → Z(W ) = (I − iW )−1(I + iW ) = (I + iW )(I − iW )−1,
Z → W (Z) = i(I − Z)(I + Z)−1 = i(I + Z)−1(I − Z),

Ofrecemos una isometŕıa (equivariancia) entre los espacios de Hilbert de funciones
holomorfas sobre D4 y C4

+ (donde disponemos de más intuición f́ısica).
Con el fin de probar condiciones de admisibilidad y fórmulas de reconstrucción,

demostraremos primero una extensión λ de la fórmula de Schwinger [25], Teorema
que se mostrará como una herramienta matemática útil para nosotros. La fórmula
del producto interior de Schwinger resulta ser esencialmente equivalente al Teorema
Maestro de MacMahon [26], que es uno de los resultados fundamentales en análi-
sis combinatorio. Un análogo cuántico del Teorema Maestro de MacMahon también
ha sido elaborado en relación con una generalización cuántica de la correspondencia
bosón-fermión en F́ısica [27]. Por otra parte, una extensión del Teorema Maestro de
MacMahon clásica [26] fue demostrada en [28] utilizando el grupo de permutaciones.
La unificación de la fórmula de Schwinger y del Teorema Maestro de MacMahon
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mediante el uso de las propiedades de los denominados armónicos sólidos SU(N)
[29, 30, 31] (una generalización de las matrices D de Wigner de SU(2); ver por ejem-
plo, [32]), fué realizada por Louck en [29]. La culminación del Teorema Maestro de
MacMahon-Schwinger proporciona una función generatriz para los elementos diago-
nales, la traza, y las funciones de representación de las llamadas representaciones
unitarias totalmente simétricas del grupo unitario compacto U(N) [29, 30, 31].

En el Caṕıtulo 2 vamos a presentar y demostrar una extensión uniparámétrica λ
del Teorema Maestro de MacMahon-Schwinger mediante el uso de los mencionados
armónicos sólidos de SU(N) de [30, 31]. Esta extensión λ del Teorema Maestro de
MacMahon-Schwinger resultará ser útil como una función generatriz para las fun-
ciones de la representación unitaria del grupo especial pseudo-unitario no compacto
SU(N,N) y para el cálculo del nucleo reproductor (reproducing kernel) de Bergman.
Nos concentraremos primeramente en el caso N = 2, es decir, en el grupo conforme
SU(2, 2) (el caso general N ≥ 2 se analiza en el Apéndice del Caṕıtulo 2), que
será esencial en el desarrollo de las ond́ıculas o estados coherentes conformes para
campos con un espectro continuo de masa.

Variedades complejas y, en particular, dominios clásicos de Cartan como D4, han
sido estudiados durante muchos años por matemáticos y f́ısicos teóricos (ver e.g. [24] y
sus referencias para una revisión). En el Caṕıtulo 3 consideraremos D4 como el espacio
de fases de part́ıculas masivas conformes. Existe un interés renovado en la cuantización
de estos espacios de fases (ver por ejemplo [33] y sus referencias). La presentación
seguida en la literatura es de tipo geométrico (twistor [34, 35] o descripciones de tipo
Konstant-Kirillov-Souriau [36, 37]) y de naturaleza teórico-representacional [38, 23].
Aqúı adoptaremos un enfoque Lagrangiano (tipo “Modelo Sigma no Lineal”) para
el tema y utilizaremos un método de Dirac generalizado para la cuantización de
sistemas con restricciones, que se asemeja en algunos aspectos al enfoque estándar de
cuantización de órbitas coadjuntas de un grupo G, desarrollado hace tiempo en [39]
(ver también [40] y [41] y ejemplos interesantes en G = SU(3)).

Compartimos con muchos autores (a saber, [24, 33, 42, 43, 44, 45, 46, 47, 48, 49, 50,
51, 52]) la creencia de que el uso del espacio complejo de Minkowski 8-dimensional
como espacio de fases para la construcción de una teoŕıa cuática de campos es no
sólo útil desde un punto de vista técnico sino que también puede ser de gran im-
portancia f́ısica. Realmente, como se sugiere en [44], el dominio conforme D4 podŕıa
ser considerado como el sustituto del espacio-tiempo a cortas distancias (en la “mi-
croescala”). Esta interpretación se basa en el Principio de Reciprocidad de Born
(BRP) [45, 46], originalmente destinado a unificar la teoŕıa cuántica y la relatividad
general. La simetŕıa de reciprocidad entre coordenadas xµ y momentos pµ afirma que
las leyes de la naturaleza son (o debeŕıan ser) invariantes bajo las transformaciones

(xµ, pµ)→ (±pµ,∓xµ). (1.1)
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La palabra “reciprocidad” se usa en analoǵıa con la red teórica de cristales, donde
algunos fenómenos f́ısicos (como la teoŕıa de difracción) se describen algunas veces
mejor en el espacio de “momentos” por medio de la red rećıproca (Bravais). El argu-
mento utilizado es que la reciprocidad de Born implica que debe haber un principio
de relatividad rećıprocamente conjugado de acuerdo con el que la tasa de variación
del momento (fuerza) debeŕıa estar acotada por una constante universal b, del mis-
mo modo que el principio de relatividad usual implica una acotación de la tasa de
variación de la posición (velocidad) mediante la velocidad de la luz c. Como conse-
cuencia del BRP, debe existir una longitud mı́nima (a saber, la londgitud de Planck)
`min =

√
~c/b.

Esta simetŕıa llevó a Born a conjeturar que el espasio f́ısico básico subyacente es el
8-dimensional {xµ, pµ} y a reemplazar el elemento de ĺınea invariante Poincaré dτ 2 =
dxµdx

µ por la métrica de tipo Finsleriana (ver [47, 48] para una extension a espacios
de fases de Born-Clifford)

dτ̃ 2 = dxµdx
µ +

`4min

~2
dpµdp

µ. (1.2)

Desde el punto de vista del BRP, las teoŕıas de campos locales (versus no locales
o extensas), como la de Klein-Gordon, representan el “ĺımite de part́ıcula puntual”
`min → 0, para las que la simetŕıa rećıproca está rota. También, el espacio-tiempo de
Minkowski se interpreta o como una versión local (`min → 0) o como un ĺımite de
alta trasferencia de enerǵıa-momento (b → ∞) de este dominio o espacio de fases 8-
dimensional. Además, poniendo dpµ/dτ = md2xµ/dτ

2 = maµ, con m = b`min/c
2 una

masa (por ejemplo, la de Planck) y aµ la aceleración propia (con a2 ≤ 0, espacial), se
puede escribir el elemento de ĺınea modificado previo como

dτ̃ = dτ

√
1− |a

2|
a2max

, (1.3)

que naturalmente conduce a una aceleración máxima (propia) amax = c2/`min. La
existencia de una aceleración máxima y sus consecuencias f́ısicas fueron ya deducidas
por Caianiello [49]. Muchos trabajos han sido publicados en los últimos años (véase,
por ejemplo [50] y sus referencias), cada uno introduce la aceleración máxima partien-
do de motivaciones diferentes y de diferentes esquemas teóricos. Entre la larga lista
de aplicaciones de f́ısica del modelo de Caianiello, nos gustaŕıa destacar el que en
cosmoloǵıa evita una singularidad inicial, mientras que preserva la inflación. Además,
un principio relativista de máxima aceleración conduce a una “constante” de estruc-
tura fina variable, α [50], según el cual α podŕıa haber sido muy pequeña (cero) en el
Universo primitivo y toda la materia del Universo podŕıa haber surgido por el efecto
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Fulling-Davies-Unruh-Hawking (radiación de vaćıo por la aceleración) [1, 3, 2, 4], del
cual ya hemos hablado anteriormente.

Han habido revisiones grupo-teóricas del BRP, como [51, 52], reemplazando el
grupo de Poincaré por el Canónico (o Quapléctico) de la relatividad rećıproca, que
goza de una estructura más rica que la de Poincaré. En el caṕıtulo 3 buscamos
otra reformulación del BRP como una simetŕıa natural dentro del grupo conforme
SO(4, 2) y la sustitución del espacio-tiempo por el dominio conforme 8-dimensional
D4 o C4

+ para distancias pequeñas. Creemos que todav́ıa quedan por descubrir nuevos
fenómenos f́ısicos interesantes dentro de esta construcción. En realidad, en el Caṕıtulo
4, vamos a discutir una revisión grupo-teórica del efecto Unruh [2] como una ruptura
espontánea de la simetŕıa conforme en este dominio D4. También, una transformación
wavelet en el dominio tubo C4

+, basada en el grupo conforme, podŕıa proporcionar una
manera de analizar los paquetes de onda localizados tanto en espacio como en tiem-
po. Importantes desarrollos en esta dirección se han realizado en [20, 21] para señales
electromagnéticas (sin masa) y para campos con un espectro de masa continua.

Por ultimo, en el Caṕıtulo 4, abordaremos el análisis cuántico de los sistemas de
referencia acelerados. Éste ha sido estudiado principalmente en relación con la Teoŕıa
Cuántica de Campos (QFT) en el espacio-tiempo curvo. Por ejemplo, el caso de la
cuantización de un campo de Klein-Gordon en coordenadas de Rindler implica una
mutilación global del espacio-tiempo plano, con la aparición de un horizonte de sucesos
y conduce a una cuantización no equivalente a la cuantización estándar de Minkowski.
F́ısicamente se dice que, mientras que el vaćıo Poincaré-invariante (Minkowskiano) |0〉
en QFT es el mismo para cualquier observador inercial (es decir, es estable bajo las
transformaciones de Poincaré), éste se convierte en un baño térmico de radiación con
temperatura:

T =
~a

2πckB
(1.4)

al pasar a un sistema de referencia uniformemente acelerado. Esto se conoce como
el efecto Fulling-Davies-Unruh , que comparte algunas caracteŕısticas con el efecto
Hawking. Su explicación se basa en las transformaciones de Bogoliubov, que encuentra
una explicación natural en el marco de los Estados Coherentes.

También nosotros nos acercamos al análisis cuántico de los sistemas de referencia
acelerados desde un punto de vista de los Estados Coherentes, pero el esquema es
bastante diferente, aunque comparte algunas caracteŕısticas con el enfoque estándar
que se ha comentado anteriormente. La situación será similar en algunos aspectos a la
que se presenta en los sistemas cuánticos de muchos cuerpos en materia condensada,
por ejemplo, superfluidez y superconductividad, donde el estado fudamental juega el
papel de vaćıo cuántico en muchos aspectos y las cuasipart́ıculas (part́ıculas como
excitaciones por encima del estado fundamental) el papel de la materia.
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Vamos a ampliar el grupo de simetŕıas del grupo de Poincaré P , con álgebra de
Lie

[Mµν ,Mρσ] = ηνρMµσ + ηµσMνρ − ηµρMνσ − ηνσMµρ, (1.5)

[Pµ,Mρσ] = ηµρPσ − ηµσPρ, [Pµ, Pν ] = 0,

para dar cabida a nuevas simetŕıas como las dilataciones xµ → κxµ y a las transfor-
maciones conformes espećıficas

xµ → x′
µ

=
xµ + aµx2

1 + 2ax+ a2x2
, (1.6)

que pueden ser interpretadas como las transformaciones a sistemas de observadores
relativistas uniformemente acelerados. Los generadores infinitesimales respectivos, D
y Kµ, cierran nuevas relaciones de conmutación con los generadores de Poincaré:

[Mµν ,Mρσ] = ηνρMµσ + ηµσMνρ − ηµρMνσ − ηνσMµρ,
[Pµ,Mρσ] = ηµρPσ − ηµσPρ, [Pµ, Pν ] = 0,
[Kµ,Mρσ] = ηµρKσ − ηµσKρ, [Kµ, Kν ] = 0,

[D,Pµ] = −Pµ, [D,Kµ] = Kµ, [D,Mµν ] = 0,
[Kµ, Pν ] = 2(ηµνD +Mµν).

Una vez ampliado el grupo de Poincaré al conforme, romperemos espontáneamente la
simetŕıa conforme anterior de nuevo a Poincaré mediante la selección adecuada de un
pseudo-vaćıo degenerado estable bajo P . Desde el punto de vista de simetŕıa conforme,
el vaćıo invariante Poincaré está formado por estados coherentes de modos cero del
conforme, que se puede decir que son “indetectables” por observadores inerciales, pero
inestables bajo transformaciones conformes espećıficas o aceleraciones.

Hay que decir que el vaćıo cuántico realmente no está “vaćıo” para todos los ob-
servadores, ya que en realidad está lleno de fluctuaciones de punto cero de los campos
cuánticos. Entonces la acción de las transformaciones de la simetŕıa rota (aceleracio-
nes) desestabilizará y excitará el vaćıo haciéndolo radiar. Nosotros trataremos este
vaćıo acelerado como un colectivo estad́ıstico, con una función de distribución deter-
minada, y calcularemos propiedades termodinámicas como enerǵıa media, entroṕıa y
temperatura, dependientes todas de la aceleración. Referente a la imagen del vaćıo
acelerado como una colectividad estad́ıstica, cabe hacer la siguiente aclaración. Para
sistemas estad́ısticos canónicos, los niveles de enerǵıa (discreta) En de un sistema
cuántico en contacto con un baño térmico a una temperatura T están “poblados”
siguiendo la función de distribución de Boltzmann fn(T ) ∼ e−En/kBT . Para otros fo-
cos externos o interacciones (como, por ejemplo, de campos electromagnéticos que
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actúan sobre una part́ıcula cargada) también se puede calcular (en principio) la fun-
ción de distribución que da la población de cada nivel energético. En realidad, si se
pudiera implementar la interacción de forma unitaria en el sistema cuántico original,
entonces se podŕıa deducir la función de distribución de población de cada nivel en-
ergético a partir de primeros principios de la Mecánica Cuántica. Esto es precisamente
lo que hemos hecho con la aceleración uniforme de part́ıculas cuánticas relativistas
invariantes-Poincaré, proporcionando la transformación unitaria que da la población
de cada nivel de enerǵıa Eλ

n en el estado fundamental acelerado. Veremos entonces el
vaćıo acelerado (Estado Coherente) como un colectivo estad́ıstico (“colectivo aceler-
ado”).

Un intento preliminar previo para analizar sistemas de referencia cuánticos acele-
rados desde una perspectiva del grupo conforme se hizo en la referencia [53] (véase
también [54]), donde se desarrolló un sofisticado “formalismo de segunda cuantización
sobre un grupo G” y se aplicó a la (parte finita del) grupo conforme en 1+1 dimen-
siones, SO(2, 2) ' SO(2, 1) × SO(2, 1), que está formado por dos copias del grupo
pseudo-ortogonal especial SO(2, 1) (modos izquierdos y derechos, respectivamente).
Aqúı vamos a utilizar métodos más convencionales de cuantización y vamos a trabajar
en dimensiones realistas (3+1), utilizando el grupo conforme SO(4, 2) ' SU(2, 2)/Z4.
Nuevas consecuencias de este enfoque grupo-teórico se encontrarán aqúı, con respec-
to a una similitud entre el estado fundamental acelerado y el “sólido de Einstein”, el
cálculo de la entroṕıa y una desviación de la fórmula de Unruh (1.4).

Nos gustaŕıa mencionar también que la simetŕıa conforme en dos dimensiones en
la cercańıa de un horizonte de sucesos también ha desempeñado un papel fundamen-
tal en la descripción microscópica del efecto Hawking. De hecho, hay fuertes indicios
de que las teoŕıas de campos invariantes conformes proporcionan una descripción
universal (independiente de los detalles del modelo particular de gravedad cuántica
utilizado) de la entroṕıa de agujeros negros de baja enerǵıa, la cual sólo se resuelve
bajo argumentos de simetŕıa (véase, por ejemplo [55, 56]). En este caso, el álgebra
de Virasoro se convierte en el subálgebra relevante de las deformaciones del horizonte
de un agujero negro y constituye el principio general gauge que indica la densidad
de estados. Sin embargo, en 3+1 dimensiones, la invariancia conforme es necesaria-
mente global (finito-(15)-dimensional). En el Caṕıtulo 4 vamos a estudiar los efectos
gravitatorios de orden cero en teoŕıa cuántica (aceleraciones uniformes). Para tener
en cuenta efectos de orden superior (como aceleraciones no constantes ) en un marco
grupo-teórico se debe, en primer lugar, ampliar la simetŕıa conforme SO(4,2) a una
simetŕıa mayor de infinitas dimensiones. Esto no es una tarea fácil, aunque algunos
pasos se han dado en esta dirección [57, 58, 54, 59, 60].
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1.4. Justificación y Objetivos

Aunque existe una amplia literatura cient́ıfica, tanto en F́ısica como en Matemáticas,
sobre la simetŕıa conforme y su papel relevante en ambas ciencias, en esta tesis
ponemos de manifiesto que aún quedan numerosos aspectos matemáticos y fenómenos
f́ısicos interesantes por estudiar ligados a esta simetŕıa. En particular:

1. Entender mejor la dinámica cuántica de observadores acelerados desde una pers-
pectiva grupo-teórica y sus implicaciones f́ısicas, en particular, cosmológicas.

2. Construir una teoŕıa matemática de Ond́ıculas Conformes para analizar campos
relativistas a diferentes escalas espacio-temporales.

3. Aprovechar el papel esencial del Teorema de MacMahon y su extensión λ para
analizar las representaciones de SU(N,N).

4. Analizar las consecuencias f́ısicas de una extensión del Principio de Reciprocidad
de Born a la Relatividad Conforme.

Pensamos que el grupo conforme debe sustituir al grupo de Poincaré (subgrupo
suyo) como simetŕıa fundamental de todas las interacciones. La introducción de masa
no debe ser un argumento para descartar la simetŕıa conforme en favor de la simetŕıa
de Poincaré, máxime cuando el mecanismo de generación de masa habitual (mecanis-
mo de Higgs) no está aun corroborado experimentalmente. De hecho, en esta tesis se
trata con representaciones de masa no nula (y espectro de masas cont́ınuo) del grupo
conforme. Veremos cómo los generadores de las traslaciones espaciotemporales Pµ y
los de las aceleraciones Kµ son conjugados (no pueden ser medidos simultaneamente)
y cómo el generador de las dilataciones D se puede tomar como Hamiltoniano asoci-
ado a un tiempo propio. El Principio de Reciprocidad de Born aludio anteriormente
se manifiesta aqúı en el sentido de que, la transformación:

Pµ → Kµ, Kµ → Pµ, D → −D,

deja las relaciones de conmutación del conforme inalteradas. Esta simetŕıa puede verse
también en el operador de Casimir cuadrático

C2 = D2 − 1

2
MµνM

µν +
1

2
(PµK

µ +KµP
µ), (1.7)

que generaliza al Casimir de Poincaré P 2 = PµP
µ que, para campos escalares φ,

lleva a la ecuación de Klein-Gordon P 2φ = m2
0φ, con m2

0 el cuadrado de la masa en
reposo. El hecho de que [D,P 2] = −2P 2 implica que los campos conformes tienen
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que tener o masa nula o un espectro cont́ınuo de masas (ver por ejemplo [61] y [62]).
En realidad, al igual que la masa invariante Poincaré m0 comprende un continuo de
masas “galileanas” m, una masa invariante conforme m00 se puede definir mediante
el Casimir (1.7), que comprende un continuo de masas de Poincaré m0. La ecuación
de valores propios C2φ = m2

00φ se puede ver como una ecuación de Klein-Gordon
generalizada, donde D reemplaza a P0 como el generador de evolución del tiempo
(propio) (ver Caṕıtulo 3 para más información) y m00 reemplaza a m0 (ver [61] para la
formulación de otras ecuaciones de movimiento conformemente invariantes de campo
masivo en el espacio de Minkowski generalizado). Algunos autores definen una masa
invariante conforme m00, a partir de la masa invariante Lorentz m0, de una forma
parecida a como se define una masa invariante Lorentz a partir de una masa invariante
de Galileo m. Esto es “m” de Galileo no es invariante Lorentz; esto no quiere decir
que el grupo de Lorentz no sea una simetŕıa de la f́ısica, sino que para que lo sea
hay que redefinir el concepto de masa y se define la masa en reposo m0 que śı es
un invariante Lorentz (al igual que Poincaré). De igual manera se puede extender el
grupo de simetŕıas de la f́ısica al grupo conforme, restringiendo el concepto de masa
en reposo (Lorentz) a masa conforme. La masa conforme se definirá a partir de la
masa en reposo de la siguiente manera: m00 ≡ m0/κ, donde κ es el factor de escala que
se introduce al aumentar las unidades de longitud en el sistema de referencia (desde
el punto de vista de transformación pasiva) con las dilataciones, siendo el cambio de
longitudes x′ ≡ κx.

Para terminar, queremos aclarar una especie de controversia existente en la lite-
ratura sobre si las transformaciones conformes espećıficas se corresponden o no con
transiciones a un sistema de referencia relativista uniformemente acelerado. La in-
terpretación de las transformaciones conformes espećıficas (1.6) como transiciones de
un sistema de referencia inercial a otro sistema relativista uniformemente acelera-
do, fué identificado hace muchos años por [63, 64, 65]. Una forma simple de verlo es
tomando aµ = (0, 0, 0, a) en la dirección del eje z, y el camino temporal xµ = (t, 0, 0, 0).
Entonces la transformación (1.6) se simplifica a:

t′ =
t

1− a2t2
, z′ =

at2

1− a2t2
. (1.8)

Escribiendo z′ en términos de t′ resulta la fórmula común para el movimiento uni-
formemente acelerado (hiperbólico) relativista:

z′ =
1

g
(
√

1 + g2t′2 − 1) (1.9)

con g = 2a.
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Hill [66] también advirtió una relación interesante procedente de la componente
temporal (µ = 0) de (1.6) generado por K0. Tomando ahora aµ = (a0, 0, 0, 0) y
escribiendo como ~v = d~x

dx0
y ~v′ = d~x′

dx′0 a las velocidades en ambos sistemas de referencia,
la ecuación (1.6) nos lleva a la fórmula de la velocidad

~v′ = ~v − 2a0~x+O((a0)2), (1.10)

que, en primer orden de aproximación, se asemeja a la ley de Hubble de desplaza-
miento al rojo cuando identificamos H0 = −2a0 (la constante de Hubble). De hecho,
el término añadido es una velocidad radial con una magnitud proporcional a la dis-
tancia ~x desde el observador. Hay que tener en cuenta que la derivación anterior es
puramente cinemática y no recurre a la teoŕıa relativista de la gravitación. Las implica-
ciones f́ısicas de esta fórmula (y creemos que de las transformaciones conformes (1.6),
en general) han sido pasados por alto durante casi 65 años. Este redshift cinemático
podŕıa dar lugar a una ambigüedad en la interpretación actual del desplazamiento
hacia el rojo en cosmoloǵıa. Recientemente, Wulfman [67] ha propuesto varios experi-
mentos, basados en un análisis del corrimiento anómalo de frecuencia descubierto en
las misiones espaciales Pioneer 10 y 11, intentando determinar el valor del parámetro
de grupo a0, y por lo tanto eliminar la posible ambigüedad en la fórmula del Hubble.

Con estas discusiones no queremos más que justificar la necesidad de un estudio
más profundo de las transformaciones conformes. Esta tesis pretende ser un paso más
en este sentido.

1.5. Discusión Conjunta de los Resultados Obtenidos

Como se ha dicho anteriormente, esta tesis se basa fundamentalmente en los re-
sultados obtenidos en las tres primeras publicaciones de la sección 1.1 que aparecen
recogidas en los Caṕıtulos 2, 3 y 4, respectivamente. El orden cronológico de aparición
de las publicaciones coincide con el orden lógico del desarrollo de la tesis. Es por ello
que consideramos adecuado presentar la tesis como un compendio de art́ıculos, cada
uno de ellos autocontenido, pero enlazados entre ellos y con un objetivo final común.
Como se ha dicho, el objetivo fundamental es entender mejor la dinámica cuántica
de part́ıculas relativistas aceleradas y los fenómenos de radiación de vaćıo.

Para conseguir este objetivo final, hemos tenido que desarrollar progresivamente
la teoŕıa matemática subyacente. En el Caṕıtulo 2 se desarrolla el Análisis Armónico
sobre el grupo conforme y se definen las “Ond́ıculas (Wavelets) o Estados Coherentes
Conformes”, que resultan ser de gran utilidad en teoŕıa de campos invariante con-
forme. En el Caṕıtulo 3 se construye una teoŕıa cuántica de part́ıculas relativistas
invariante conforme a partir de la cuantización de un Lagrangiano, de tipo “Modelo
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sigma no lineal”, invariante gauge SU(2, 2), que se cuantiza de acuerdo a un méto-
do generalizado de Dirac para sistemas con ligaduras. Una vez constrúıda la teoŕıa
cuántica invariante conforme y desarrolladas las herramientas matemáticas necesarias,
en el Caṕıtulo 4 se estudia la dinámica cuántica de part́ıculas aceleradas desde una
perspectiva grupo-teórica, con el papel de las aceleraciones jugado por las transforma-
ciones conformes espećıficas y el papel del tiempo propio jugado por las dilataciones.
El vaćıo acelerado resulta ser un estado coherente del grupo conforme, estudiado en
el primer Caṕıtulo. Nosotros trataremos este vaćıo acelerado como un colectivo es-
tad́ıstico, con una función de distribución determinada, y calcularemos propiedades
termodinámicas como enerǵıa media, entroṕıa y temperatura, dependientes todas de
la aceleración. Para el cálculo de todas estas magnitudes resulta esencial, como herra-
mienta matemática indispensable, la extensión λ del Teorema Maestro de MacMahon
y la teoŕıa de Estados Coherentes desarrollada en el Caṕıtulo 2.

1.6. Conclusiones y Perspectivas

Aunque la literatura cient́ıfica sobre el grupo conforme y su papel fundamental
en F́ısica y en Matemáticas es ampĺısima, creemos firmemente que quedan aún por
desvelar muchos más fenómenos f́ısicos interesantes dentro de la teoŕıa cuántica de
campos invariante conforme. Como dijo hace tiempo Hill en [66]:

“...a more complete analysis of the physical interpretation of the full con-
formal group of transformations will be required before all of its implications
can be appreciated...”.

(E.L. Hill)

Pensamos que la construcción matemática de Conformal Wavelets que hacemos
en el Caṕıtulo 2 allanará el camino hacia a una nueva herramienta de análisis de
campos en el espacio-tiempo complejo de Minkowski, con un espectro continuo de
masas en términos de ond́ıculas conformes. Es común en F́ısica de Part́ıculas Relati-
vistas analizar campos o señales (por ejemplo, part́ıculas elementales) en el espacio
de Fourier (enerǵıa-momento). Sin embargo, de la misma manera que no hay sonidos
de infinita duración, las part́ıculas se crean y se destruyen. Una transformada wavelet
basada en el grupo conforme, proporciona una forma de analizar los paquetes de on-
da localizados en ambos: espacio y tiempo. Importantes desarrollos en esta dirección
también se han hecho en [20, 21, 22] para señales electromagnéticas (sin masa).

En el camino, hemos dado con (y demostrado) una extensión λ de la fórmula de
Schwinger. Esta extensión ha resultado ser una herramienta matemática útil para
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nosotros, especialmente como función generatriz de las funciones de la representa-
ción unitaria de SU(2, 2), para la derivación del kernel reproductor de Bergman de
L2
h(D4, dνλ) y la demostración de las condiciones de admisibilidad y de tight frame.

La generalización de este teorema para matrices X de tamaño N ≥ 2 sigue similares
directrices y los detalles particulares se analizan en el Apéndice A del Caṕıtulo 2,
utilizando los armónicos sólidos de SU(N) Dpαα(X) introducidos por Louck [31]. Este
resultado puede servir para el estudio de las series discretas (infinito-dimensionales)
de representaciones del grupo pseudo-unitario SU(N,N) no-compacto.

El siguiente paso debe ser el problema de la discretización. Las referencias [68, 69,
70] nos dan las directrices generales para la construcción de frames discretos en la
esfera y el hiperboloide y [71] en el grupo de Poincaré. El grupo conforme es mucho
más complicado, aunque en principio se aplica el mismo esquema.

En busca de nuevas aplicaciones potenciales de las ond́ıculas conformes constru-
idas en esta tesis, pensamos que podŕıan ser útiles en el análisis de los problemas de
renormalización en Teoŕıa Cuántica de Campos Relativistas. Al describir el espacio y
el tiempo como un continuo, ciertas construcciones en Mecánica Estad́ıstica y Cuánti-
ca están mal definidas. Con el fin de definirlas adecuadamente, el ĺımite al cont́ınuo
debe ser tomado con cuidado partiendo de un enfoque discreto. Hay un conjunto de
técnicas utilizadas para hacer un ĺımite al continuo, usualmente denominadas como
“reglas de renormalización”, que determinan la relación entre los parámetros de la
teoŕıa a pequeña y gran escala. Las reglas de renormalización fallan al definir una
teoŕıa cuántica finita de la Relatividad General de Einstein, uno de los principales
avances en F́ısica Teórica. La sustitución del espacio-tiempo clásico (conmutativo)
por un espacio-tiempo cuántico (no conmutativo) promete restaurar la finitud a la
gravedad cuántica a altas enerǵıas y pequeñas escalas (Planck), donde la geometŕıa
se convierte también en cuántica (no conmutativa) [72]. Las ond́ıculas conformes
también podŕıan ser aqúı de importancia fundamental como herramienta de análisis.

En el Caṕıtulo 3 hemos revisado la utilización del espacio de Minkowski com-
plejo 8-dimensional (más precisamente, los dominios D4 y C4

+) como una base para
la construcción de una teoŕıa cuántica de campos invariante conforme, ya sea como
un espacio de fases o como espacio de configuración (el último caso relacionado con
Lagrangianos lineales en las velocidades). Hemos seguido un enfoque Lagrangiano
invariante gauge (de tipo modelo sigma no lineal) y hemos utilizado un método gene-
ralizado de tipo Dirac para la cuantización de sistemas con ligaduras, que se asemeja
en algunos aspectos al enfoque particular de cuantizar las órbitas coadjuntas de un
grupo G desarrollado, por ejemplo, en [39].

Uno podŕıa pensar en estos dominios 8-dimensionales como el sustituto del espacio-
tiempo a cortas distancias o en estados de transferencia de alta enerǵıa-impulso, hecho
que está impĺıcito en el Principio de Reciprocidad de Born original [45, 46]. La teoŕıa
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de la relatividad estándar es entonces el ĺımite `min → 0 (longitud mı́nima nula). Re-
visiones grupo-teóricas del Principio de Reciprocidad de Born, sustituyendo el grupo
de Poincaré por el Canónico (o Quapléctico) de la relatividad rećıproca, se hab́ıan
propuesto ya en [51, 52]. En esta tesis proponemos un Principio de Reciprocidad de
Born (PRB) “conforme”, como una simetŕıa natural dentro del grupo SO(4, 2), y la
sustitución del espacio-tiempo por el dominio 8-dimensional conforme D4 o C4

+ para
pequeñas escalas. En realidad, nos sentimos tentados a establecer una conexión en-
tre holomorficidad↔quiralidad y PRB↔simetŕıa CPT, dentro del grupo conforme.
En realidad, la realización de Pµ y Kµ en términos de matrices 4 × 4 está vincu-
lada a los proyectores de quiralidad derecha e izquierda (1 + γ5)/2 y (1 − γ5)/2,
respectivamente. De acuerdo con la simetŕıa de tipo PRB (conforme), la f́ısica con-
forme es simétrica bajo intercambio Pµ ↔ Kµ, a la vez que realizamos una inversión
del tiempo propio D → −D. Por otro lado, Pµ ↔ Kµ implica un intercambio de
quiralidad (1 + γ5)/2↔ (1− γ5)/2, una conjugación compleja de la función de onda
ψλ(g)↔ ψ̌λ(g) = ψλ(g) y una inversión de paridad σµ ↔ σ̌µ = σµ. Sin embargo, ahora
mismo, una conexión PRB↔CPT dentro del grupo conforme es sólo una conjectura
y es todav́ıa prematuro dibujar algunas conclusions f́ısicas basadas en ello.

Hemos mencionado la conexión del PRB con la existencia de una escala de longitud
mı́nima. Nótese que las nuevas combinaciones (vector y pseudo-vector)

P̃µ ≡
1

2
(Pµ +Kµ), K̃µ ≡

1

2
(Pµ −Kµ),

tienen relaciones de conmutación:[
P̃µ, K̃ν

]
= ηµνD,

[
P̃µ, P̃ν

]
= Mµν ,

[
K̃µ, K̃ν

]
= −Mµν .

En un escenario de geometŕıa no conmutativa [72], el que estos conmutadores no se
anulen puede ser interpretado como un signo de la granularidad (no conmutatividad)
del espacio-tiempo en las teoŕıas invariantes conforme, junto con la existencia de una
longitud mı́nima.

Referente al Caṕıtulo 4, y como ya hemos comentado anteriormente, las teoŕıas de
campo conformes también proporcionan una descripción universal de la termodinámi-
ca de agujeros negros a baja enerǵıa, que sólo se establece mediante argumentos de
simetŕıa (ver [55, 56] y sus referencias). De hecho, la temperatura de Unruh

T =
~a

2πckB

coincide con la temperatura de Hawking

T =
~c3

8πMkBG
=

2πGM~
ΣckB
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(Σ = 4πr2g = 8πG2M2/c4 representa la superficie del horizonte de sucesos) cuan-
do la aceleración es la de un obsevador en cáıda libre en la superficie Σ, es decir,
a = c4/(4GM) = GM/r2g . En este caso, el álgebra de Virasoro demuestra tener im-
portancia como subálgebra del álgebra de gauge de deformaciones de la superficie que
dejan el horizonte invariante. Por lo tanto, los campos en la superficie deben de trans-
formarse de acuerdo con las representaciones irreducibles del álgebra de Virasoro, que
es el principio general de simetŕıa que rige la densidad de estados microscópicos. Por
lo tanto, en el efecto Hawking, el cálculo de cantidades termodinámicas, vinculadas
al problema mecano-estad́ıstico de contar estados microscópicos, se reduce al estudio
de la teoŕıa de representación del grupo conforme.

Aunque nuestro enfoque para el análisis cuántico de sistemas de referencia acele-
rados comparte con la descripción anterior, de la termodinámica de agujeros negros,
la existencia de un principio subyacente de invariancia conforme, no hay que con-
fundir los dos esquemas. La invariancia conforme en el efecto Hawking se manifiesta
como un algebra de gauge infinito-dimensional de una superficie bidimensional de
deformaciones. Sin embargo, el carácter infinito-dimensional de la simetŕıa conforme
parece ser patrimonio exclusivo de la f́ısica en dos dimensiones, y la invariancia con-
forme en (3+1) dimensiones es finita (15)-dimensional, lo que explica las transiciones
a sistemas de referencia uniformemente acelerados solamente. Para tener en cuenta
los efectos gravitatorios de orden superior en la teoŕıa cuántica de campos a partir de
un punto de vista grupo-teórico, se deben considerar difeomorfismos más generales
(Lie) álgebras. Se han propuesto análogos altodimensionales del grupo conforme en
dos dimensiones en [57, 58, 54, 59, 60]. Creemos que estas simetŕıas infinitas pueden
jugar un papel fundamental en modelos de gravedad cuántica, como un principio de
simetŕıa gauge.
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We construct the Continuous Wavelet Transform (CWT) on the homogeneous space (Cartan
domain) D4 = SO(4,2)/(SO(4)× SO(2)) of the conformal group SO(4,2) (locally isomorphic
to SU(2,2)) in 1 + 3 dimensions. The manifold D4 can be mapped one-to-one onto the
future tube domain C4+ of the complex Minkowski space through a Cayley transformation,
where other kind of (electromagnetic) wavelets have already been proposed in the
literature. We study the unitary irreducible representations of the conformal group
on the Hilbert spaces L2

h(D4,dνλ) and L2
h(C4+,dν̃λ) of square integrable holomorphic

functions with scale dimension λ and continuous mass spectrum, prove the isomorphism
(equivariance) between both Hilbert spaces, admissibility and tight-frame conditions,
provide reconstruction formulas and orthonormal basis of homogeneous polynomials
and discuss symmetry properties and the Euclidean limit of the proposed conformal
wavelets. For that purpose, we firstly state and prove a λ-extension of Schwinger’s Master
Theorem (SMT), which turns out to be a useful mathematical tool for us, particularly as
a generating function for the unitary-representation functions of the conformal group and
for the derivation of the reproducing (Bergman) kernel of L2

h(D4,dνλ). SMT is related to
MacMahon’s Master Theorem (MMT) and an extension of both in terms of Louck’s SU(N)

solid harmonics is also provided for completeness. Convergence conditions are also studied.
© 2010 Elsevier Inc. All rights reserved.

1. Introduction

Since the pioneer work of Grossmann, Morlet and Paul [1], several extensions of the standard Continuous Wavelet Trans-
form (CWT) on R (traditionally based on the affine group of time translations and dilations, see e.g. [2,3]) to general
manifolds X have been constructed (see e.g. [4,5] for general reviews and [6,7] for recent papers on WT and Gabor systems
on homogeneous manifolds). Particular interesting examples are the construction of CWT on spheres SN−1, by means of an
appropriate unitary representation of the Lorentz group in N + 1 dimensions SO(N,1) [8–10], and on the upper sheet H2+
of the two-sheeted hyperboloid H2 [11], or its stereographical projection onto the open unit disk

D1 = SO(1,2)/SO(2) = SU(1,1)/U (1). (1)

The basic ingredient in all these constructions is a group of transformations G which contains dilations and motions on X,
together with a transitive action of G on X.

In this article we shall consider the 15-parameter conformal group G = SO(4,2) in 1 + 3 dimensions and its natural
action on the Minkowski space–time. The fact that the conformal group contains space–time dilations and translations

* Corresponding author at: Departamento de Matemática Aplicada, Universidad de Granada, Facultad de Ciencias, Campus de Fuentenueva, 18071 Granada,
Spain.

E-mail addresses: calixto@ugr.es, Manuel.Calixto@upct.es (M. Calixto).
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leads to a natural generalization of the standard CWT for signals on the real line to a higher dimensional manifold. Actually,
the conformal group SO(4,2) consists of Poincaré transformations (space–time translations and Lorentz relativistic rotations
and boosts), augmented by dilations and relativistic uniform accelerations, which can also be seen as a sort of local (point-
dependent) scale transformations (see later on Section 5).

The conformal group SO(4,2) (or its four-covering SU(2,2)) has been recognized as a symmetry of Maxwell theory of
electromagnetism without sources since [12,13]. Electromagnetic waves turn out to be written as superpositions of a partic-
ular set of conformal wavelets [14–16]. Thus, conformal wavelets provide a local space–time-scale analysis of electromagnetic
waves in much the same way as standard wavelets provide a time-scale analysis of time signals. In these works, electromag-
netic waves are analytically continued or extended from real to complex space–time and they are obtained from a single
mother wavelet by applying conformal transformations of space and time.

Here we shall deal with a different type of conformal wavelets, although we shall work in complex space–time too.
Besides the above massless representations of SO(4,2) on the electromagnetic field, the conformal group has other repre-
sentations with continuous mass spectrum labelled by the representations of the stability subgroup SO(4) × SO(2): the two
spins s1, s2 ∈ N/2 and the scale dimension λ ∈ N of the corresponding field [17]. We shall restrict ourselves to scalar fields
(s1 = s2 = 0) for the sake of simplicity. After a reminder of these representations, we provide admissibility conditions, tight
wavelet frames and reconstruction formulas for functions on the complex Cartan domain or Lie ball (see [18] for a general
discussion on these classical complex domains)

D4 = SO(4,2)/
(
SO(4) × SO(2)

)= SU(2,2)/S
(
U (2) × U (2)

)
, (2)

which is the four-dimensional analogue of the open unit disk D1 abovementioned. This domain can be mapped one-to-
one onto the forward/future tube domain C4+ (the four-dimensional analogue of the Poincaré/Lobachevsky/hyperbolic upper
half-plane C+) of the complex Minkowski space through a Cayley transformation. For completeness, we also provide an
isometric (equivariant) map between the Hilbert spaces of holomorphic functions on D4 and C4+ , where we enjoy more
physical intuition.

In order to prove admissibility conditions and reconstruction formulas, an extension of the traditional Schwinger’s Master
Theorem (SMT) [19] will show up as a useful mathematical tool for us. Schwinger’s inner product formula turns out to be
essentially equivalent to MacMahon’s Master Theorem (MMT) [20], which is one of the fundamental results in combinatorial
analysis. A quantum analogue of the MMT has also been constructed [21] and related to a quantum generalization of the
boson–fermion correspondence of Physics. Moreover, an extension of the classical MMT [20] was proved in [22] by using
the permutation group. The unification of SMT and MMT into a single form by using properties of the so-called SU(N) solid
harmonics [23–25] (a generalization of Wigner’s D-matrices for SU(2), see e.g. [26]), was pointed out by Louck in [23]. The
combined MacMahon–Schwinger’s Master Theorem provides a generating function for the diagonal elements, the trace, and
the representation functions of the so-called totally symmetric unitary representations of the compact unitary group U (N)

[23–25].
In this article we shall state and prove a λ-extension of the SMT by using the abovementioned SU(N) solid harmonics

of [24,25]. This λ-extension of the SMT will appear to be useful as a generating function for the unitary-representation
functions of the non-compact special pseudo-unitary group SU(N, N) and for the computation of the reproducing (Bergman)
kernel. We shall concentrate on the N = 2 case, i.e., on the conformal group SU(2,2) (the general case N � 2 is discussed in
Appendix A), which will be essential in the development of conformal wavelets for fields with continuum mass spectrum.

The paper is organized as follows. In Section 2 we remind Schwinger and MacMahon’s Master Theorems and state and
prove a λ-extension of Schwinger’s formula. The generalization to matrices X of size N � 2 is also discussed for complete-
ness in Appendix A. In order to be as self-contained as possible, in Section 3 we present the group-theoretical backdrop
and leave for Appendix B a succinct exposition of the CWT on a general manifold X, collecting the main definitions used
in this paper. In Section 4 we briefly remind the CWT on R and extend it to the Lobachevsky plane C+ and the open unit
disk D1. The action of the affine group on C+ extends naturally to the conformal group SO(1,2) of the time axis R. This will
serve us to introduce and establish a parallelism between standard and conformal wavelets in complex Minkowski space
in Section 5. We shall eventually work in the Cartan domain D4, although we shall provide in Section 5.3 an (intertwiner)
isometry between the Hilbert spaces of holomorphic functions on D4 and the future tube domain C4+ . The λ-extended
SMT turns out to be a valuable mathematical tool inside D4 for proving admissibility and tight-frame conditions, recon-
struction formulas and reproducing (Bergman) kernels in Section 5.2. We also discuss symmetry properties and comment
on the Euclidean limit of the proposed wavelets in Sections 5.4 and 5.5, respectively. Section 6 is devoted to convergence
considerations and Section 7 to conclusions and outlook. In Appendix C we prove orthonormality properties of a basis of
homogeneous polynomials introduced in Section 5.

2. Schwinger’s Master Theorem: an extension

Schwinger’s inner product formula [19] can be stated as follows:

Theorem 2.1 (SMT). Let X be any 2 × 2 matrix X and Y = t I , where t is an arbitrary parameter and I stands for the 2 × 2 identity
matrix. Let us denote by
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D j
q1,q2(X) =

√
( j + q1)!( j − q1)!
( j + q2)!( j − q2)!

min( j+q1, j+q2)∑
k=max(0,q1+q2)

(
j + q2

k

)(
j − q2

k − q1 − q2

)
xk

11x j+q1−k
12 x j+q2−k

21 xk−q1−q2
22 , (3)

the Wigner’s D-matrices for SU(2) [26], where j ∈ N/2 (the spin) runs on all non-negative half-integers and q1,q2 = − j,− j +1, . . . ,

j − 1, j. Then the following identity holds:

e(∂u :X :∂v )e(u:Y T :v)
∣∣
u=v=0 =

∑
j∈N/2

t2 j
j∑

q=− j

D j
qq(X) = det(I − t X)−1 (4)

where we denote by (u : X : v) ≡ u X v T =∑N
i, j=1 ui xi j v j and ∂ui ≡ ∂/∂ui .

This formula turns out to be essentially equivalent to MacMahon’s Master Theorem:

Theorem 2.2 (MMT). Let X be an N × N matrix of indeterminates xi j , and Y be the diagonal matrix Y ≡ diag(y1, y2, . . . , yN). Then
the coefficient of yα ≡ yα1

1 yα2
2 . . . yαN

N in the expansion of det(I − XY )−1 equals the coefficient of yα in the product

N∏
i=1

(xi1 y1 + xi2 y2 + · · · + xiN yN)αi . (5)

These abovementioned coefficients can be written in terms of the so-called SU(N) solid harmonics Dp
αβ(X) (see [24,25]

and Appendix A for a general definition). SU(N) solid harmonics (103) are a natural generalization of the standard Wigner’s
D-matrices (3) to matrices X of size N � 2. In fact, replacing t X with XY in (4) and using the multiplication property

j∑
q′=− j

D j
qq′(X)D j

q′q′′(Y ) = D j
qq′′(XY ) (6)

and the transpositional symmetry

D j
qq′(Y ) = D j

q′q
(
Y T ), (7)

we can restate MMT for N = 2 as:∑
j∈N/2

j∑
q,q′=− j

D j
qq′(X)D j

qq′
(
Y T )= det(I − XY )−1. (8)

Actually, MMT preceded Schwinger’s result by many years. Schwinger re-discovered the MMT in the context of his gener-
ating function approach to the angular momentum theory of many-particle systems. The unification into a single form by
using properties of the SU(N) solid harmonics was established by Louck in [23–25].

Wigner matrices D j
qq′ (X) are homogeneous polynomials of degree 2 j in xkl . Inspired by Euler’s theorem, we shall define

the following differential operator:

Dλ f (t) ≡
(

λ + t
∂

∂t

)
f (t), λ ∈ N (9)

which will be useful in the sequel. Now we are in condition to state and prove an extension of SMT 2.1. For the sake of
completeness, a generalization for matrices X of size N � 2 is also given in Appendix A.

Theorem 2.3 (λ-Extended SMT). For every λ ∈ N, λ � 2 and every 2 × 2 matrix X, the following identity holds:

∑
j∈N/2

2 j + 1

λ − 1

∞∑
n=0

t2 j+2n
(

n + λ − 2

λ − 2

)(
n + 2 j + λ − 1

λ − 2

)
det(X)n

j∑
q=− j

D j
qq(X) = det(I − t X)−λ. (10)

Proof. We start from the basic SMT 2.1 and apply the operator D1 on both sides of Eq. (4):∑
j∈N/2

(2 j + 1)t2 j
j∑

q=− j

D j
qq(X) = 1 − t2 det(X)

det(I − t X)2
. (11)

Here we have used that

det(I − t X) = 1 − tr(t X) + det(t X)
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and that tr(X) and det(X) are homogeneous polynomials of degrees 1 and 2, respectively. Making use of the expansion:

1

1 − t2 det(X)
=

∞∑
n=0

t2n det(X)n, (12)

the expression (11) can be recast as:∑
j∈N/2

(2 j + 1)

∞∑
n=0

t2 j+2n det(X)n
j∑

q=− j

D j
qq(X) = 1

det(I − t X)2
. (13)

This identity is a particular case of (10) for λ = 2. Now we shall proceed by induction on λ. Assuming that (10) is valid for
every λ � 2 and applying the operator Dλ on both sides of Eq. (10), we arrive at:

∑
j∈N/2

2 j + 1

λ − 1

∞∑
n=0

(
n + λ − 2

λ − 2

)(
n + 2 j + λ − 1

λ − 2

)
(λ + 2 j + 2n)t2 j+2n det(X)n

j∑
q=− j

D j
qq(X) = λ

1 − t2 det(X)

det(I − t X)λ+1
,

where we have made use again of (12). Considering (12) one more time, we can assemble the previous expression as:

∑
j∈N/2

2 j + 1

λ − 1

∞∑
n,m=0

(
n + λ − 2

λ − 2

)(
n + 2 j + λ − 1

λ − 2

)
(λ + 2 j + 2n)t2 j+2(n+m) det(X)n+m

j∑
q=− j

D j
qq(X)

= λ

det(I − t X)λ+1
. (14)

Rearranging series:

∞∑
n,m=0

anbn+m =
∞∑

n=0

(
n∑

m=0

am

)
bn, (15)

the identity (14) can be recast in the form:

∑
j∈N/2

2 j + 1

λ − 1

∞∑
n=0

n∑
m=0

(
m + λ − 2

λ − 2

)(
m + 2 j + λ − 1

λ − 2

)
(λ + 2 j + 2m)t2 j+2n det(X)n

j∑
q=− j

D j
qq(X)

= λ

det(I − t X)λ+1
. (16)

It remains to prove the following combinatorial identity:

1

λ − 1

n∑
m=0

(
m + λ − 2

λ − 2

)(
m + p + λ − 1

λ − 2

)
(λ + p + 2m) =

(
n + λ − 1

λ − 1

)(
n + p + λ

λ − 1

)
. (17)

We shall proceed by induction on n. Let us define both sides of the previous equality as the two sequences:

F (n) = 1

λ − 1

n∑
m=0

(
m + λ − 2

λ − 2

)(
m + p + λ − 1

λ − 2

)
(λ + p + 2m),

G(n) =
(

n + λ − 1

λ − 1

)(
n + p + λ

λ − 1

)
.

It is easy to verify that F (0) = G(0). Assuming that F (n) = G(n), we ask whether F (n + 1) = G(n + 1). Indeed, on the one
hand

F (n + 1) = 1

λ − 1

n+1∑
m=0

(
m + λ − 2

λ − 2

)(
m + p + λ − 1

λ − 2

)
(λ + p + 2m)

= F (n) + λ + p + 2(n + 1)

λ − 1

(
n + λ − 1

λ − 2

)(
n + p + λ

λ − 2

)
= F (n) + (λ + p + 2n + 2)(λ − 1)2

(λ − 1)(n + 1)(n + p + 2)
G(n)

= (n + 1)(n + p + 2) + (λ + p + 2n + 2)(λ − 1)

(n + 1)(n + p + 2)
G(n)
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and, on the other hand

G(n + 1) =
(

n + λ

λ − 1

)(
n + p + λ + 1

λ − 1

)
= (n + p + λ + 1)(n + λ)

(n + 1)(n + p + 2)
G(n).

Realizing that

(n + 1)(n + p + 2) + (λ + p + 2n + 2)(λ − 1) = (n + p + λ + 1)(n + λ)

we arrive at F (n + 1) = G(n + 1), which proves (17). Finally, inserting (17) in (16), we conclude that (10) is valid for λ + 1,
thus completing the proof. �
3. The group-theoretical backdrop

The usual CWT on the real line R is derived from the natural unitary representation of the affine or similitude group
G = SIM(1) in the space of finite energy signals L2(R,dx) (see Section 4 for a reminder). The same scheme applies to the
CWT on a general manifold X, subject to the transitive action, x → gx, g ∈ G , x ∈ X, of some group of transformations G
which contains dilations and motions on X. We address the reader to Refs. [4,5] for a nice and thorough exposition on this
subject with multiple examples. For the sake of self-containedness, we also collect in Appendix B some basic definitions
which are essential for our construction of conformal wavelets.

As already said in Section 1, the CWT on spheres X = SN−1 has been constructed in [8–10] by means of an appropriate
unitary representation of the Lorentz group in N + 1 (space–time) dimensions G = SO(N,1). The case of G = SO(2,1) is
particularly interesting as it encompasses wavelets on the circle S1 and on the real line R, associated to the continuous
and discrete series representations, respectively (see [27] for a unified group-theoretical treatment of both type of wavelets
inside SL(2,R) � SO(1,2)). The group SO(1,2) (the conformal group in 0 + 1 dimensions) has also been used to construct
wavelets on the upper sheet H2+ of the two-sheeted hyperboloid H2 [11], or its stereographical projection onto the open
unit disk (1).

The (angle-preserving) conformal group in N (space–time) dimensions is finite-dimensional except for N = 2. For
N 	= 2, the conformal group SO(N,2) consists of Poincaré [space–time translations bμ ∈ RN and restricted Lorentz Λ

μ
ν ∈

SO+(N − 1,1)] transformations augmented by dilations (a ∈ R+) and relativistic uniform accelerations (special conformal
transformations cμ ∈ RN ) which, in N-dimensional Minkowski space–time, have the following realization:

x′μ = xμ + bμ, x′μ = Λ
μ
ν (ω)xν,

x′μ = axμ, x′μ = xμ + cμx2

1 + 2cx + c2x2
, (18)

respectively. We are using the Minkowski metric ημν = diag(1,−1,
N−1︷︸︸︷. . . ,−1) to rise and lower space–time indices and the

Einstein summation convention cx = cμxμ . The new ingredients with regard to the affine group SIM(1) are the extension
from time-translations by b0 to N-translations by bμ , the addition of Lorentz transformations Λ

μ
ν (rotations and boosts) and

accelerations by cμ . Special conformal transformations can be seen as a sequence of inversions and translations by cμ of
the form:

xμ inv−→ xμ

x2

cμ−→ xμ + x2cμ

x2
inv−→ (xμ + x2cμ)/x2

(xμ + x2cμ)2/x4
= xμ + cμx2

1 + 2cx + c2x2
. (19)

They can also be interpreted as point-dependent (generalized/gauge) dilations in the sense that, while standard dilations
change the space–time interval ds2 = dxμ dxμ globally as ds2 → a2 ds2, special conformal transformations scale the space–
time interval point-to-point as ds2 → σ(x)−2 ds2, with σ(x) = 1 + 2cx + c2x2. The same happens with the squared mass m2,
thus forcing a continuous mass spectrum unless m = 0, as for the electromagnetic field.

The infinitesimal generators of the transformations (18) are easily deduced:

Pμ = ∂

∂xμ
, Mμν = xμ

∂

∂xν
− xν

∂

∂xμ
,

D = xμ ∂

∂xμ
, Kμ = −2xμxν ∂

∂xν
+ x2 ∂

∂xμ
, (20)

and they close into the conformal Lie algebra

[Mμν, Mρσ ] = ηνρ Mμσ + ημσ Mνρ − ημρ Mνσ − ηνσ Mμρ,

[Pμ, Mρσ ] = ημρ Pσ − ημσ Pρ, [Pμ, Pν ] = 0,

[Kμ, Mρσ ] = ημρ Kσ − ημσ Kρ, [Kμ, Kν ] = 0,

[D, Pμ] = −Pμ, [D, Kμ] = Kμ, [D, Mμν ] = 0,

[Kμ, Pν ] = 2(ημν D + Mμν). (21)
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The quadratic Casimir operator:

C2 = D2 − 1

2
Mμν Mμν + 1

2

(
PμKμ + Kμ Pμ

)
, (22)

generalizes the Poincaré Casimir P 2 = Pμ Pμ (the squared rest mass).
Any group element g ∈ SO(4,2) (near the identity element) could be written as the exponential map

g = exp(u), u = τ D + bμ Pμ + cμKμ + ωμν Mμν, (23)

of the Lie-algebra element u (see [28,29]). The compactified Minkowski space M = SN−1 ×Z2 S1, can be obtained as the
coset M = SO(N,2)/W, where W denotes the Weyl subgroup generated by Kμ, Mμν and D (i.e., a Poincaré subgroup
P = SO(N − 1,1)�RN augmented by dilations R+). The Weyl group W is the stability subgroup (the little group in physical
usage) of xμ = 0.

For N = 2, the group SO(2,2) is isomorphic to the direct product SO(1,2) × SO(1,2). It is well known that, in two
dimensions, the conformal group is infinite dimensional. Actually, the splitting SO(2,2) = SO(1,2) × SO(1,2) has to do with
the separation into holomorphic and anti-holomorphic self-maps of the infinitesimal conformal isometries of a complex
domain, the generators of which,

Ln = −zn+1 ∂

∂z
, L̄n = −z̄n+1 ∂

∂ z̄
, z = x1 + ix0, z̄ = x1 − ix0, n ∈ Z, (24)

close into the Witt algebra [Lm, Ln] = (m − n)Lm+n (idem for L̄). The conformal group in N = 2 + 1 dimensions, SO(3,2), is
also the symmetry group of the anti-de Sitter space in 3 + 1 dimensions, AdS4 = SO(3,2)/SO(3,1), a maximally symmetric
Lorentzian manifold with constant negative scalar curvature (i.e., the Lorentzian analogue of four-dimensional hyperbolic
space) which arises, for instance, as a vacuum solution of Einstein’s General Relativity field equations with a negative
(attractive) cosmological constant (corresponding to a negative vacuum energy density and positive pressure).

We shall focus on the 15-parameter conformal group in 3 + 1 dimensions, SO(4,2), which turns out to be locally iso-
morphic to the pseudo-unitary group

SU(2,2) = {
g ∈ Mat4×4(C): g†Γ g = Γ, det(g) = 1

}
(25)

of complex special 4 × 4 matrices g leaving invariant the 4 × 4 hermitian form Γ of signature (++−−). Here g† stands for
adjoint (or conjugate/hermitian transpose) of g (it is also customary to denote it by g∗). Actually, the conformal Lie algebra
(21) can be also realized in terms of the Lie algebra generators of the fundamental representation of SU(2,2), given by the
following 4 × 4 matrices

D = γ 5

2
, Mμν = [γ μ,γ ν ]

4
= 1

4

(
σμσ̌ ν − σνσ̌μ 0

0 σ̌ μσ ν − σ̌ νσμ

)
,

Pμ = γ μ 1 + γ 5

2
=
(

0 σμ

0 0

)
, Kμ = γ μ 1 − γ 5

2
=
(

0 0
σ̌ μ 0

)
, (26)

where

γ μ =
(

0 σμ

σ̌μ 0

)
, γ 5 = iγ 0γ 1γ 2γ 3 =

(−σ 0 0
0 σ 0

)
,

denote the Dirac gamma matrices in the Weyl basis and

σ 0 ≡ I =
(

1 0
0 1

)
, σ 1 =

(
0 1
1 0

)
, σ 2 =

(
0 −i
i 0

)
, σ 3 =

(
1 0
0 −1

)
, (27)

are the Pauli matrices (we are writing σ̌ μ ≡ σμ). Indeed, using standard properties of gamma and Pauli matrices, one can
easily check that the choice (26) fulfills the commutation relations (21).

To be more precise, SU(2,2) is the four-cover of SO(4,2), much in the same way as SU(2) is the two-cover of SO(3). This
local isomorphism between the conformal group SO(N,2) and the pseudo-unitary group SU(M, M) only happens for N = 1
and N = 4 dimensions, where

SO(1,2) = SU(1,1)/Z2, SO(4,2) = SU(2,2)/Z4. (28)

The λ-extension of the SMT given in Theorem 2.3 (and Theorem A.2) turns out to be closely related to the group SU(2,2)

(and SU(N, N) in general), providing a kind of generating function for the unitary-representation functions of this group (the
discrete series, to be more precise). This formula will be a useful mathematical tool for us, specially in proving admissibility
and tight-frame conditions and providing reconstruction formulas. From this point of view, the conformal group SO(N,2) in
N = 4 dimensions is singled out from the general N-dimensional case, at least in this article.

Before tackling the construction of conformal wavelets in eight-dimensional complex Minkowski space in Section 5, we
shall briefly remind the simpler case of the CWT on the time axis R and its extension to the Lobachevsky plane C+ and
the open unit disk D1, which are homogeneous spaces of SO(1,2).
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4. Wavelets for the affine group

Let us consider the affine or similitude group of translations and dilations in one dimension,

G = SIM(1) = R � R+ = {
g = (b,a)

∣∣ b ∈ R, a ∈ R+},
with group law (g′′ = g′g):

a′′ = a′a,

b′′ = b′ + a′b.

This group will serve us as an introduction for studying the most interesting case of the conformal group G = SO(4,2) as a
“similitude” group of space–time, which will be considered in the next section.

The left-invariant Haar measure is:

dμ(g) = 1

a2
da ∧ db.

The representation[
Uλ(a,b)φ

]
(x) = a−λφ

(
x − b

a

)
≡ φa,b(x) (29)

of G on L2(R,dx) is unitary for λ = 1
2 + is. In fact, every Uλ is unitarily equivalent to U1/2 and one always works with

λ = 1
2 . This representation is reducible and splits into two irreducible components: the positive ω > 0 and negative ω < 0

frequency subespaces. Restricting oneself to the subspace ω > 0, the admissibility condition (123) assumes the form

∞∫
0

|ψ̂(ω)|2
ω

dω < ∞

where ψ̂ stands for the Fourier transform of ψ . Given an admissible function ψ ∈ L2(R,dx), the machinery of wavelet
analysis proceeds in the usual way.

4.1. Wavelets on the Lobachevsky plane C+

An extension of the representation (29) of the affine group, this time on the space L2
h(C+,dν̃λ) of square integrable

holomorphic functions on the upper half complex plane (or forward tube domain)

T1 ≡ C+ ≡ {
w = x + iy ∈ C

∣∣ �(w) = y > 0
}
, (30)

is given by:[
Ũλ(a,b)φ

]
(w) = a−λφ

(
w − b

a

)
. (31)

This representation is unitary with respect to the scalar product:〈
φ
∣∣φ′〉= ∫

C+
φ(w)φ′(w)dν̃λ(w, w̄), dν̃λ(w, w̄) = 2λ − 1

4π
�(w)2(λ−1)|dw|, (32)

for any φ,φ′ ∈ L2
h(C+,dν̃λ), where we use |dw| as a shorthand for the Lebesgue measure d�(w) ∧ d�(w). Although all

representations Ũλ, λ � 1, are equivalent, they become inequivalent when the affine group is immersed inside the conformal
group of the time axis R, SO(1,2) � SL(2,R) � SU(1,1). Actually, this will be the case with the conformal group SO(4,2)

in the next section. This immersion of SIM(1) inside SL(2,R) is apparent for the Iwasawa decomposition KAN (see, for
instance, [30]) when parameterizing and element g ∈ SL(2,R) as:

g =
(

cos θ − sin θ

sin θ cos θ

)( 1√
a

0

0
√

a

)(
1 b
0 1

)
=
( cos θ√

a
b cos θ√

a
− √

a sin θ

sin θ√
a

√
a cos θ + b sin θ√

a

)
,

where θ ∈ (−π,π ] (see [27] for a unified group-theoretical treatment of wavelets on R and the circle S1 inside SL(2,R)).
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4.2. Wavelets on the open unit disk D1

There is a one-to-one mapping between the Lobachevsky plane C+ and the open unit disk (or Cartan domain)

D1 = {
z ∈ C, |z| < 1

}
, (33)

given through the Cayley transformation:

z(w) = 1 + iw

1 − iw
↔ w(z) = i

1 − z

1 + z
. (34)

Note that the (Shilov) boundary S1 = {z ∈ C: |z| = 1} of D1 is stereographically projected onto the boundary R = {w ∈ C:
�(w) = 0} of C+ by w(eiθ ) = tan(θ/2).

We can establish an isometry between L2
h(C+,dν̃λ) and the space L2

h(D1,dνλ) of square integrable holomorphic functions
on the unit disk D1 with integration measure

dνλ(z, z̄) = 2λ − 1

π
(1 − zz̄)2(λ−1)|dz|, λ � 1, (35)

where z̄ denotes complex conjugate. This isometry is given by the correspondence

Sλ: L2
h(D1,dνλ) −→ L2

h(C+,dν̃λ),

φ �−→ Sλφ ≡ φ̃,

with

φ̃(w) = 22λ(1 − iw)−2λφ
(
z(w)

)
(36)

and z(w) given by (34). In fact, taking into account that (1 − zz̄) = 22�(w)|1 − iw|−2 and the Jacobian determinant
|dz|/|dw| = 22|1 − iw|−4, then〈

φ
∣∣φ′〉

L2
h(D1)

= 2λ − 1

π

∫
D1

φ(z)φ′(z)(1 − zz̄)2(λ−1) |dz|

= 2λ − 1

4π

∫
C+

22λ(1 − iw)−2λφ
(
z(w)

)
22λ(1 − iw)−2λφ′(z(w)

)�(w)2(λ−1) |dw|

=
∫

C+

φ̃(w)φ̃(w)dν̃λ(w, w̄) = 〈
φ̃
∣∣φ̃′〉

L2
h(C+)

.

The constant factor (2λ − 1)/π of dνλ(z, z̄) is chosen so that the set of functions

ϕn(z) ≡
(

2λ + n − 1

n

)1/2

zn, n = 0,1,2, . . . , (37)

constitutes an orthonormal basis of L2
h(D1,dνλ), as can be easily checked by direct computation. These basis functions verify

the following closure relation:

∞∑
n=0

ϕn(z)ϕn
(
z′)= (

1 − z̄z′)−2λ
, (38)

which is nothing other than the reproducing (Bergman) kernel of L2
h(D1,dνλ) (see e.g. [4] for a general discussion on repro-

ducing kernels). We shall provide a four-dimensional analogue of (37) and (38) in Eqs. (65) and (67), respectively, and prove
the orthonormality in Appendix C. The isometry Sλ given by (36) maps the orthonormal basis (37) of L2

h(D1,dνλ) onto the
orthonormal basis

ϕ̃n(w) = 22λ(1 − iw)−2λϕn
(
z(w)

)
, n = 0,1,2, . . . (39)

of L2
h(C+,dν̃), which verify the reproducing kernel relation

∞∑
n=0

ϕ̃n(w)ϕ̃n
(

w ′)=
(

i

2

(
w̄ − w ′))−2λ

. (40)



M. Calixto, E. Pérez-Romero / Appl. Comput. Harmon. Anal. 31 (2011) 143–168 151

Let us denote by Vλ ≡ S−1
λ ŨλSλ the representation of the affine group on L2

h(D1,dνλ) induced from (31) through the
isometry (36). More explicitly:

[
Vλ(a,b)φ

]
(z) = [

S−1
λ Ũλ(a,b)φ̃

]
(z) = a−λ

(
1 − i w(z)−b

a

1 − iw(z)

)−2λ

φ

(
z

(
w(z) − b

a

))
.

This representation is, by construction, unitary on L2
h(D1,dνλ).

5. Wavelets for the conformal group SO(4,2)

The four-dimensional analogue of the extension of the time axis R to the time-energy half-plane C+ is the extension of
the Minkowski space R4 to the (eight-dimensional) future tube domain C4+ of the complex Minkowski space C4 (see later
in this section). The four-dimensional analogue of the one-to-one mapping between the half-plane C+ and the disk D1 is
now the Cayley transform (47) between C4+ and the Cartan domain D4 = U (2,2)/U (2)2, the Shilov boundary of which is
the compactified Minkowski space U (2) (the four-dimensional analogue of the boundary U (1) = S1 of the disk D1). Let us
see all this mappings and constructions in more detail.

5.1. Wavelets on the forward tube domain C4+

The four-dimensional analogue of the upper-half complex plane (30) is the future/forward tube domain

T4 = C4+ ≡ {
W = X + iY = wμσμ ∈ Mat2×2(C): Y > 0

}
(41)

of the complex Minkowski space C4, with X = xμσμ and Y = yμσμ hermitian matrices fulfilling the positivity condition
Y > 0 ⇔ y0 = �(w0) > ‖�y‖.

The domain C4+ is naturally homeomorphic to the quotient SU(2,2)/S(U (2) × U (2)) in the realization of the conformal
group in terms of 4 × 4 complex (block) matrices f fulfilling

G = SU(2,2) =
{

f =
(

R iS
−iT Q

)
∈ Mat4×4(C): f †Γ f = Γ, det( f ) = 1

}
, (42)

with

Γ = γ 0 =
(

0 I
I 0

)
the time component of the Dirac 4×4 matrices γ μ in the Weyl basis (I = σ 0 is the 2×2 identity matrix and f † = f ∗ stands
again for adjoint or conjugate/hermitian transpose of f ). In general, Γ is a 4 × 4 hermitian form of signature (+ + −−).
The inverse element of f is then given by:

f −1 = γ 0 f †γ 0 =
(

Q † −i S†

iT † R†

)
.

The particular identification of C4+ with the coset SU(2,2)/S(U (2)2) is given through:

W = W ( f ) = (S + iR)(Q + iT )−1 = (Q + iT )−1(S + iR). (43)

The left translation f ′ → f f ′ of G on itself induces a natural left-action of G on C4+ given by:

W = W
(

f ′)→ W ′ = W
(

f f ′)= (RW + S)(T W + Q )−1. (44)

Let us make use of the standard identification xμ ↔ X = xμσμ between the Minkowski space R4 and the space of 2 × 2
hermitian matrices X , with σμ the Pauli matrices (27), and x2 = xμxμ = det(X) the Minkowski squared-norm. Setting
W = xμσμ , the transformations (18) can be formally recovered from (44) as follows:

(i) Standard Lorentz transformations, x′μ = Λ
μ
ν (ω)xν , correspond to T = S = 0 and R = Q −1† ∈ SL(2,C), where we are

making use of the homomorphism (spinor map) between SO+(3,1) and SL(2,C) and writing W ′ = RW R†, R ∈ SL(2,C)

instead of x′μ = Λ
μ
ν xν .

(ii) Dilations correspond to T = S = 0 and R = Q −1 = a1/2 I .
(iii) Space–time translations correspond to R = Q = I and S = bμσμ , T = 0.
(iv) Special conformal transformations correspond to R = Q = I and T = cμσμ , S = 0 by noting that det(I + T W ) =

1 + 2cx + c2x2.

We shall give the next proposition without proof. Instead, we address the reader to its counterpart (Proposition 5.2) in
the next subsection for an equivalent proof.
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Proposition 5.1. The representation of G on square-integrable holomorphic functions ϕ(W ) given by[
Ũλ( f )ϕ

]
(W ) = det

(
R† − T †W

)−λ
ϕ
((

Q †W − S†)(R† − T †W
)−1)

(45)

is unitary with respect to the integration measure

dν̃λ

(
W , W †)≡ cλ

24
det

(
i

2

(
W † − W

))λ−4

|dW | = cλ

24
�(w)2(λ−4)|dW |, (46)

where λ ∈ N, λ > 3 (the “scale or conformal dimension”) is a parameter labelling non-equivalent representations, cλ ≡
(λ − 1)(λ − 2)2(λ − 3)/π4 and we are using |dW | =∧3

μ=0 d�(wμ)d�(wμ) as a shorthand for the Lebesgue measure on C4+ .

We identify the factor M( f , W )1/2 = det(R† − T †W )−λ in (45) as a multiplier or Radon–Nikodym derivative (remember
the general definition in (121)). It generalizes the factor a−λ in (31) by extending (global) standard dilations R = Q −1 =
a1/2 I , T = S = 0 to (local/point-dependent) “generalized dilations” with T = cμσμ . The representation (45) is a special
(spin-less or scalar) case of the discrete series representations of SU(2,2), which are characterized by λ and two spin labels
s1 and s2. Decomposing the discrete series representations of SU(2,2) into irreducible representations of the inhomogeneous
Lorentz group leads to a continuous (Poincaré) mass spectrum [17].

5.2. Wavelets on the Cartan domain D4

Instead of working in the forward tube domain C4+ , we shall choose for convenience a different eight-dimensional space
D4 generalizing the (two-dimensional) open unit disk D1 in (33), where we shall take advantage of the full power of the
λ-extension of the SMT given by the formula (10). Both spaces, C4+ and D4, are related by a Cayley-type transformation,
which induces an isomorphism between the corresponding Hilbert spaces of square-integrable holomorphic functions on
both manifolds (see later on Section 5.3).

5.2.1. Cayley transform and D4 as a coset of SU(2,2)

The four-dimensional analogue of the map (34) form the Lobachevsky plane C+ onto the unit disk D1 is now the Cayley
transformation (and its inverse):

W → Z(W ) = (I − iW )−1(I + iW ) = (I + iW )(I − iW )−1,

Z → W (Z) = i(I − Z)(I + Z)−1 = i(I + Z)−1(I − Z), (47)

that maps (one-to-one) the forward tube domain C4+ onto the Cartan complex domain defined by the positive-definite
matrix condition:

D4 = {
Z ∈ Mat2×2(C): I − Z Z † > 0

}
. (48)

Note that the (Shilov) boundary

Ď4 = U (2) = {
Z ∈ Mat2×2(C): Z Z † = Z † Z = I

}= S3 ×Z2 S1

of D4 is a compactification of the real Minkowski space

M4 = {
W ∈ Mat2×2(C): W † = W

}
,

i.e., the boundary of C4+ (see e.g. [18]). The restriction of the Cayley map Z → W (Z) to Z ∈ U (2) is precisely the stereo-
graphic projection of U (2) onto M4.

The Cartan domain D4 is naturally homeomorphic to the quotient SU(2,2)/S(U (2)2) in the new realization of:

G = SU(2,2) =
{

g =
(

A B
C D

)
∈ Mat4×4(C): g†γ 5 g = γ 5, det(g) = 1

}
, (49)

with

γ 5 =
(−I 0

0 I

)
the fifth Dirac 4 × 4 gamma matrix in the Weyl basis (I = σ 0 denotes again the 2 × 2 identity matrix). The inverse element
of g is now:

g−1 = γ 5 g†γ 5 =
(

A† −C †

−B† D†

)
.
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Both realizations (42) and (49) are related by the map

f → g =
(

A B
C D

)
= Υ −1 f Υ = 1

2

(
R + i S − iT + Q −R + i S + iT + Q

−R − i S − iT + Q R − i S + iT + Q

)
, (50)

with

Υ ≡ 1√
2

(
I −I
I I

)
.

The particular identification of D4 with the coset SU(2,2)/S(U (2)2) is given by (see later on Eq. (59) for more details):

Z(g) = B D−1, Z †(g) = C A−1. (51)

Actually, making explicit the matrix restrictions g†γ 5 g = γ 5 in (49):

g−1 g = I4×4 ⇔
⎧⎨⎩ D† D − B† B = I,

A† A − C †C = I,
A† B − C † D = 0

(52)

and

gg−1 = I4×4 ⇔
⎧⎨⎩ D D† − CC † = I,

A A† − B B† = I,
AC † − B D† = 0,

(53)

the positive matrix condition in (48) now reads

I − Z Z † = I − A−1†C †C A−1 = (
A A†)−1

> 0, (54)

where we have used the second condition in (52). Moreover, using the identification (51) and the first condition in (52), we
can see that

det
(

Z Z †)= det
(

B† B
)

det
(

I + B† B
)−1

< 1. (55)

This determinant restriction can also be proved as a direct consequence of the positive-definite matrix condition I − Z Z † > 0.
In fact, the characteristic polynomial

det
(
(1 − ρ)I − Z Z †)= 1 − tr

(
ρ I + Z Z †)+ det

(
ρ I + Z Z †)

= ρ2 − (
2 − tr

(
Z Z †))ρ + det

(
I − Z Z †)

yields the eigenvalues

ρ± = 2 − tr(Z Z †) ± √
�

2
, � ≡ (

2 − tr
(

Z Z †))2 − 4 det
(

I − Z Z †). (56)

Since I − Z Z † is hermitian and positive definite, its eigenvalues ρ± are real and positive. The condition ρ− > 0 implies that:

2 − tr
(

Z Z †)> 0 ⇒ tr
(

Z Z †)< 2, (57)

and the fact that � � 0 gives:

0 � � = tr
(

Z Z †)2 − 4 det
(

Z Z †) ⇒ det
(

Z Z †)� 1

4
tr
(

Z Z †)2
< 1, (58)

where we have used (57) in the last inequality. From (57), we can regard D4 as an open subset of the eight-dimensional
ball with radius

√
2. All those bounds for Z ∈ D4 will be useful for proving convergence conditions later on Section 6. See

also Appendix C for a suitable parametrization of Z when computing scalar products.

5.2.2. Haar measure, unitary representation and reproducing kernel
Any element g ∈ G admits a Iwasawa decomposition of the form

g =
(

A B
C D

)
=
(

�1 Z�2
Z †�1 �2

)(
U1 0
0 U2

)
, (59)

with

�1 = (
A A†)1/2 = (

I − Z Z †)−1/2
, U1 = �−1

1 A,

�2 = (
D D†)1/2 = (

I − Z † Z
)−1/2

, U2 = �−1
2 D.
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This decomposition is adapted to the quotient D4 = G/H of G = SU(2,2) by the maximal compact subgroup H = S(U (2)2);
that is, U1, U2 ∈ U (2) with det(U1U2) = 1. In order to release U1,2 from the last determinant condition, we shall work from
now on with G = U (2,2) and H = U (2)2 instead. Likewise, a parametrization of any U ∈ U (2), adapted to the quotient
S2 = U (2)/U (1)2, is (the Hopf fibration)

U =
(

a b
c d

)
=
(

δ −zδ
z̄δ δ

)(
eiβ1 0

0 eiβ2

)
, (60)

where z = b/d ∈ C � S2 (the one-point compactification of C by inverse stereographic projection), δ = (1 + zz̄)−1/2 and
eiβ1 = a/|a|, eiβ2 = d/|d|.

The left-invariant Haar measure (the exterior product of left-invariant one-forms g−1 dg) of G proves to be:

dμ(g) = dμ(g)|G/H dμ(g)|H ,

dμ(g)|G/H = det
(

I − Z Z †)−4|dZ |,
dμ(g)|H = dv(U1)dv(U2), (61)

where we are denoting by dv(U ) the Haar measure on U (2), which (using (60)) can be in turn decomposed as:

dv(U ) ≡ dv(U )|U (2)/U (1)2 dv(U )|U (1)2 ,

dv(U )|U (2)/U (1)2 = dv(U )|S2 ≡ ds(U ) = (1 + zz̄)−2|dz|,
dv(U )|U (1)2 ≡ dβ1 dβ2, (62)

where |dz| and |dZ | denote the Lebesgue measures in C and C4, respectively.
Let us consider the space of holomorphic functions φ(Z) on D4.

Proposition 5.2. For any group element g ∈ G, the following (left-)action

φg(Z) ≡ [
Uλ(g)φ

]
(Z) = det

(
D† − B† Z

)−λ
φ
(

Z ′),
Z ′ = g−1 Z = (

A† Z − C †)(D† − B† Z
)−1

(63)

defines a unitary irreducible square integrable representation of G on L2
h(D4,dνλ) under the invariant scalar product

〈
φ
∣∣φ′〉= ∫

D4

φ(Z)φ′(Z)dνλ

(
Z , Z †),

dνλ

(
Z , Z †)≡ cλ det

(
I − Z Z †)λ−4|dZ |, (64)

for any λ ∈ N, λ � 4 (the “scale or conformal dimension”), where cλ = π−4(λ − 1)(λ − 2)2(λ − 3) is chosen so that the unit function,
φ(Z) = 1, ∀Z ∈ D4 , is normalized, i.e. 〈φ|φ〉 = 1.

Proof. One can easily check by elementary algebra that Uλ(g)Uλ(g′) = Uλ(gg′). In order to prove unitarity, i.e. 〈φg |φg〉 =
〈φ|φ〉 for every g ∈ G , we shall make use of (52) and (53). In fact:

det
(

I − Z ′ Z ′ †)= ∣∣det
(

D† − B† Z
)∣∣−2

det
(

I − Z Z †),
and the Jacobian determinant

|dZ | = ∣∣dZ ′∣∣∣∣det
(

D† − B† Z
)∣∣8,

give the isometry relation ‖φg‖2 = ‖φ‖2. Now taking g′ = g−1 implies the unitarity of Uλ . For the computation of cλ and
other orthonormality properties see Appendix C. �

In the next section, we shall provide an isomorphism between L2
h(D4,dν) and L2

h(C4+,dν̃), where we enjoy more physical
intuition.

In order to prove admissibility conditions in Section 5.2.3, it will be convenient to give an orthonormal basis of
L2

h(D4,dνλ).
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Proposition 5.3. The set of homogeneous polynomials of degree 2 j + 2m:

ϕ
j,m

q1,q2(Z) ≡
√

2 j + 1

λ − 1

(
m + λ − 2

λ − 2

)(
m + 2 j + λ − 1

λ − 2

)
det(Z)mD j

q1,q2(Z),

m ∈ N, j ∈ N/2, q1,q2 = − j,− j + 1, . . . , j − 1, j, (65)

constitutes an orthonormal basis of L2
h(D4,dνλ), that is:〈

ϕ
j,m

q1,q2

∣∣ϕ j′,m′
q′

1,q′
2

〉= δ j, j′δm,m′δq1,q′
1
δq2,q′

2
. (66)

Note that the number of linearly independent polynomials
∏2

i, j=1 z
nij

i j of fixed degree of homogeneity n = ∑2
i, j=1 nij

is (n + 1)(n + 2)(n + 3)/6, which coincides with the number of linearly independent polynomials (65) with degree of
homogeneity n = 2m + 2 j. This proves that the set of polynomials (65) is a basis for analytic functions φ ∈ L2

h(D4,dνλ).
Moreover, this basis turns out to be orthonormal. We address the interested reader to Appendix C for a proof. We prefer to
omit it here in order to make the presentation more dynamic.

Note also the close resemblance between the definition (65) and the left-hand side of the equality (10) in the λ-extended
SMT 2.3. In fact, taking t X = Z † Z ′ in (10) and using the properties (6) and (7) of Wigner’s D-matrices, we can prove the
following closure relation for the basis functions (65):∑

j∈N/2

∞∑
m=0

j∑
q,q′=− j

ϕ
j,m

q′,q(Z)ϕ
j,m

q′,q
(

Z ′)= det
(

I − Z † Z ′)−λ
, (67)

which is nothing other than the reproducing (Bergman) kernel in L2
h(D4,dνλ) (see e.g. [4] for a general discussion on repro-

ducing kernels). Note that, although the scalar product (64) is only valid for λ � 4, the expression (67) is formally valid for
λ � 2, since we are just using in it the requirements of the λ-extended SMT 2.3. The case λ = 2 is related to the Szegö
kernel (see e.g. [18]).

5.2.3. Admissibility condition, tight frame and reconstruction formula
Theorem 5.4. The representation (63) is square integrable, the constant unit function ψ(Z) = ϕ0,0

0,0(Z) = 1, ∀Z ∈ D4 being an admis-
sible vector (fiducial state or mother wavelet), i.e.:

cψ =
∫
G

∣∣〈Uλ(g)ψ
∣∣ψ 〉∣∣2 dμ(g) < ∞ (68)

and the set of coherent states (or wavelets) F = {ψg = Uλ(g)ψ, g ∈ G} constituting a continuous tight frame in L2
h(D4,dνλ) satisfying

the resolution of the identity:

A =
∫
G

|ψg〉〈ψg |dμ(g) = cψI. (69)

Proof. Using the extended SMT 2.3 for t X = D−1C Z , we can expand

ψg(Z) = det
(

D† − B† Z
)−λ = det

(
D†)−λ

det
(

I − (
B D−1)†

Z
)−λ

= det
(

D†)−λ
∞∑
j=0

2 j + 1

λ − 1

∞∑
n=0

(
n + λ − 2

λ − 2

)(
n + 2 j + λ − 1

λ − 2

)

× det
((

B D−1)†
Z
)n

j∑
q=− j

D j
qq
((

B D−1)†
Z
)
. (70)

Now, taking into account that det((B D−1)† Z)n = det((B D−1)†)n det(Z)n and the property (6) for

D j
qq
((

B D−1)†
Z
)=

j∑
q′=− j

D j
qq′
((

B D−1)†)D j
q′q(Z), (71)

we recognize the orthonormal basis functions (65) in the expansion (70), so that we can write the coherent states (wavelets)
as:

ψg(Z) =
∑

j∈N/2

∞∑
n=0

j∑
q,q′=− j

ψ̂
j,n

q′,q(g)ϕ
j,n

q′q (Z) (72)



156 M. Calixto, E. Pérez-Romero / Appl. Comput. Harmon. Anal. 31 (2011) 143–168

with “Fourier” coefficients

ψ̂
j,n

q′,q(g) = det
(

D†)−λ

√
2 j + 1

λ − 1

(
n + λ − 2

λ − 2

)(
n + 2 j + λ − 1

λ − 2

)
det

((
B D−1)†)n

×
j∑

q=− j

D j
qq′
((

B D−1)†)= det(D)−λϕ
j,n

q′,q
(

B D−1
)
. (73)

Using the orthogonality properties (66) of the basis functions (65), we can easily compute∣∣〈Uλ(g)ψ
∣∣ψ 〉∣∣2 = ∣∣〈ψg

∣∣ϕ0,0
0,0

〉∣∣2 = ∣∣ψ̂0,0
0,0 (g)

∣∣2 = det
(

D D†)−λ = det
(

I − Z̃ Z̃ †)λ, (74)

where we have defined Z̃ ≡ B D−1 and used the first condition in (52). Using the Haar measure (61), the admissibility
condition (68) gives:

cψ =
∫

G/H

dμ(g)|G/H det
(

I − Z̃ Z̃ †)λ ∫
H

dv(U1)dv(U2) = c−1
λ

(
(2π)3

2

)2

< ∞, (75)

where we have identified dμ(g)|G/H det(I − Z̃ Z̃ †)λ = c−1
λ dνλ( Z̃ , Z̃ †) and taken into account that

∫
D4

dνλ(Z , Z †) = 1 and

v
(
U (2)

)=
∫

U (2)

dv(U ) =
∫ |dz|

(1 + zz̄)2
dβ1 dβ2 = (2π)3

2

∞∫
0

dx

(1 + x)2
= (2π)3

2
(76)

(2π times the area of the 3-sphere S3 = SU(2) of unit radius).
Now it remains to prove that the resolution operator (69) is a multiple of the identity I in L2

h(D4,dνλ). For this purpose,
we shall compute its matrix elements:〈

ϕ
j,m

q1,q2

∣∣A∣∣ϕ j′,m′
q′

1,q′
2

〉= ∫
G

〈
ϕ

j,m
q1,q2

∣∣ψg
〉〈
ψg

∣∣ϕ j′,m′
q′

1,q′
2

〉
dμ(g) =

∫
G

ψ̂
j,m

q1,q2(g)ψ̂
j′,m′

q′
1,q′

2
(g)dμ(g)

= v
(
U (2)

)2
∫

G/H

dμ(g)|G/H det
(

I − Z̃ Z̃ †)λϕ j,m
q1,q2( Z̃)ϕ

j′,m′
q′

1,q′
2
( Z̃)

= cψδ j, j′δm,m′δq1,q′
1
δq2,q′

2
, (77)

where we have used (73), the orthogonality properties (66) of the basis functions (65) and the fact that G/H = D4. �
The reconstruction formula (128) here adopts the following form:

φ(Z) =
∫
G

Φψ(g)ψg(Z)dμ(g), (78)

with wavelet coefficients

Φψ(g) = 1

cψ

〈ψg |φ〉 = 1

cψ

∫
D4

det
(

D − Z † B
)−λ

φ(Z)dνλ

(
Z , Z †). (79)

Expanding φ in the basis (65)

φ(Z) =
∑

j∈N/2

∞∑
n=0

j∑
q,q′=− j

φ̂
j,n

q,q′ϕ
j,n

q,q′(Z),

and using (72) together with the orthogonality properties (66), we can write the wavelet coefficients (79) in terms of the
Fourier coefficients φ̂

j,n
q′,q as:

Φψ(g) = 1

cψ

∑
j∈N/2

∞∑
m=0

j∑
q,q′=− j

ψ̂
j,m

q,q′ (g)φ̂
j,m

q,q′ = 1

cψ

∑
j∈N/2

∞∑
m=0

j∑
q,q′=− j

det(D)−λϕ
j,m

q,q′
(

B D−1)φ̂ j,m
q,q′ .
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5.3. Isomorphism between L2
h(D4,dν) and L2

h(C4+,dν̃)

For completeness, we shall give an isometry between L2
h(D4,dν) and L2

h(C4+,dν̃) which allows us to translate mathemat-
ical properties and constructions from one space into the other.

Proposition 5.5. The correspondence

Sλ: L2
h(D4,dνλ) −→ L2

h

(
C4+,dν̃λ

)
,

φ �−→ Sλφ ≡ φ̃,

with

φ̃(W ) = 22λ det(I − iW )−λφ
(

Z(W )
)

(80)

and Z(W ) given by the Cayley transformation (47), is an isometry. Actually〈
φ
∣∣φ′〉

L2
h(D4,dνλ)

= 〈
Sλφ

∣∣Sλφ
′〉

L2
h(C4+,dν̃λ)

. (81)

Moreover, Sλ is an intertwiner (equivariant map) of the representations (63) and (45), that is:

Uλ = S−1
λ ŨλSλ. (82)

Proof. The left-hand side of Eq. (81) is explicitly written as:〈
φ
∣∣φ′〉

L2
h(D4,dνλ)

=
∫
D4

φ(Z)φ′(Z)cλ det
(

I − Z Z †)λ−4 |dZ |.

Taking into account that

det
(

I − Z Z †)= det
(
2i
(
W † − W

))∣∣det(I − iW )
∣∣−2

and the Jacobian determinant

|dZ | = 212
∣∣det(I − iW )

∣∣−8|dW |,
then

dνλ

(
Z , Z †)= cλ det

(
I − Z Z †)λ−4|dZ |

= 24λ−4
∣∣det(I − iW )

∣∣−2λ
cλ det

(
i

2

(
W † − W

))λ−4

|dW |

= 24λ
∣∣det(I − iW )

∣∣−2λ
dν̃λ

(
W , W †),

which results in:∫
D4

φ(Z)φ(Z)dνλ

(
Z , Z †)=

∫
C4+

φ̃(W )φ̃(W )dν̃λ

(
W , W †),

thus proving (81).
The intertwining relation (82) can be explicitly written as:

[Uλφ](Z) = det
(

D† − B† Z
)−λ

φ
((

A† Z − C †)(D† − B† Z
)−1)

,[
S−1

λ Ũλφ̃
]
(Z) = det(I − iW )λ det

(
R† − T †W

)−λ
det

(
I − iW ′)−λ

φ
(

Z
(
W ′)), (83)

where W ′ = (Q †W − S†)(R† − T †W )−1. On the one hand, we have that the argument of φ is:

Z
(
W ′)= (

I + iW ′)(I − iW ′)−1

= ((
R† − T †W

)+ i
(

Q †W − S†))((R† − T †W
)− i

(
Q †W − S†))−1

= ((
R† − i S†)+ i

(
Q † + iT †)W

)((
R† + i S†)− i

(
Q † − iT †)W

)−1
.

Taking now into account the map (50) we have:
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Z
(
W ′)= ((

A† − C †)+ i
(

A† + C †)W
)((

D† − B†)− i
(

D† + B†)W
)−1

= (
A†(I + iW ) − C †(I − iW )

)(
D†(I − iW ) − B†(I + iW )

)−1

= (
A† Z − C †)(D† − B† Z

)−1
,

as desired. On the other hand, we have that(
I − iW ′)(R† − T †W

)= (
R† − T †W

)− i
(

Q †W − S†)= (
R† + i S†)− i

(
Q † − iT †)W

= (
D† − B†)− i

(
D† + B†)W = D†(I − iW ) − B†(I + iW ) = (

D† − B† Z
)
(I − iW )

which implies

det(I − iW )λ det
(

R† − T †W
)−λ

det
(

I − iW ′)−λ = det
(

D† − B† Z
)−λ

. (84)

That is, the equality of multipliers in (83). �
As a direct consequence of Proposition 5.5, the set of functions defined by

ϕ̃
j,m

q1,q2(W ) ≡ 22λ det(I − iW )−λϕ
j,m

q1,q2

(
Z(W )

)
, (85)

with ϕ
j,m

q1,q2 defined in (65), constitutes an orthonormal basis of L2
h(C4+,dν̃λ) and the closure relation

∑
j∈N/2

∞∑
m=0

j∑
q,q′=− j

ϕ̃
j,m

q′,q(W )ϕ̃
j,m

q′,q
(
W ′)= det

(
i

2

(
W † − W ′))−λ

, (86)

gives the reproducing (Bergman) kernel in L2
h(C4+,dν̃λ).

The isometry (80) also allows us to translate the results of Theorem 5.4 form L2
h(D4,dνλ) into L2

h(C4+,dν̃λ). Indeed, from

(80) we conclude that the function ψ̃ ∈ L2
h(C4+,dν̃λ) given by:

ψ̃(W ) = 22λ det(I − iW )−λ (87)

is admissible. The construction of a tight frame and a reconstruction formula form this mother wavelet parallels (69)
and (78), respectively.

5.4. Symmetry properties of the proposed conformal wavelets

When working with wavelets on the sphere [8–10] it is customary to take axisymmetric (or zonal) wavelets, that is,
admissible vectors ψ which are invariant under rotations around the (namely) z-axis, although more general implementa-
tions including directional spherical wavelets are also possible (see e.g. [31]). Let us discuss the symmetry properties of our
proposed admissible wavelets (87). Applying a general SU(2,2)-transformation (45) to (87) gives:[

Ũλ( f )ψ̃
]
(W ) = 22λ det

(
R† − T †W

)−λ
det

(
I − iW ′)−λ

,

W ′ = (
Q †W − S†)(R† − T †W

)−1
. (88)

Using the identity (84) we have:[
Ũλ( f )ψ̃

]
(W ) = det

(
D† − B† Z

)−λ
ψ̃(W ), (89)

which leaves invariant ψ̃ (up to a global phase) if:

B = 0 ⇒ C = 0 ⇒ S = −T , Q = R, (90)

where we have used (52), (53) and (50). Thus, the elements f ∈ SU(2,2) of the form

f =
(

R iS
iS R

)
(91)

leave invariant (87). The constraints f †γ 0 f = γ 0 imply:

S† S + R† R = I, S† R = R† S. (92)

For S = 0, R is unitary. For R = I , S is hermitian with S2 = 0. The last condition is satisfied for translations S = bμσμ

along null (light-like) vectors b2 = bμbμ = det(S) = 0. This leaves us a seven-dimensional subgroup of SU(2,2), isomorphic
to S(U (2) × U (2)), as the isotropy subgroup of the admissible vector (87). Any other basis state (85) could be used as a
fiducial state to construct oriented wavelets.

In Fig. 1 we provide a visualization of this wavelet (modulus and argument) for the particular case of W = wσ 0 (tem-
poral part), w ≡ x + iy, for which ψ̃(W ) = 22λ(1 − iw)−2λ reduces to ϕ̃0(w) in (39). We take λ = 1 for simplicity.
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Fig. 1. Modulus and argument of ψ̃(W ) for λ = 1, W = (x + iy)σ 0.

5.5. The Euclidean limit

We have seen that the Shilov boundary of D4 is the compactified Minkowski space U (2) = S3 ×Z2 S1 (the four-
dimensional analogue of the boundary U (1) = S1 of the disk D1). One expects the wavelet transform on SN to behave
locally (at short scales or large values of the radius ρ) like the usual (flat) wavelet transform on RN . Indeed, in [27], one of
the authors and collaborators discussed the Euclidean limit (infinite radius) for wavelets on S1. The procedure parallels that
of Ref. [9] for wavelets on S2. In these references, the Euclidean limit is formulated as a contraction at the level of group
representations. Let us restrict ourselves, for the sake of simplicity, to the conformal group SO(1,2) in 1 + 0 (temporal)
dimensions. The realistic 1 + 3-dimensional case SO(4,2), although technically more complicated, follows similar guidelines
and will be left for future work.

Let us denote simply by P = P0 and K = K0 the temporal components of Pμ and Kμ (the generators of space–time trans-
lations and accelerations). The Lie algebra commutators of SO(1,2) are [remember the general N-dimensional case (21)]:

[D, P ] = −P , [D, K ] = K , [K , P ] = 2D. (93)

A contraction G′ of the Lie algebra G = so(1,2) along sim(1) (generated by P and D) can be constructed through the
one-parameter family of invertible linear mappings πρ : R3 → R3, ρ ∈ [1,∞) defined by:

πρ(D) = D, πρ(P ) = P , πρ(K ) = ρ−1 K , (94)

such that the Lie bracket of G′ is:

[X, Y ]′ = lim
ρ→∞π−1

ρ [πρ X,πρ Y ], (95)

with [·,·] the Lie bracket (93) of G . The resulting G′ commutators are:

[D, P ]′ = −P , [D, K ]′ = K , [K , P ]′ = 0. (96)

The contraction process is lifted to the corresponding Lie groups G ′ = R2 � R+ and G = SO(1,2) by considering the ex-
ponential mapping eπρ . The idea is that the representation of G contract to the usual wavelet representation of the affine
group SIM(1) in the following sense:

Definition 5.6. Let G ′ be a contraction of G , defined by the contraction map Πρ : G ′ → G , and let U ′ be a representation of
G ′ in a Hilbert space H′ . Let {Uρ},ρ ∈ [1,∞) be a one-parameter family of representations of G on a Hilbert space Hρ , and
ιρ :Hρ → Dρ a linear injective map from Hρ onto a dense subspace Dρ ⊂ H′ . Then we shall say that U ′ is a contraction
of the family {Uρ} if there exists a dense subspace D′ ⊂H′ such that, for all φ ∈D′ and g′ ∈ G ′ , one has:

• For every ρ large enough, φ ∈Dρ and Uρ(Πρ(g′))ι−1
ρ φ ∈ ι−1

ρ Dρ .

• limρ→∞ ‖ιρUρ(Πρ(g′))ι−1
ρ φ −U ′(g′)φ‖H′ = 0, ∀g′ ∈ G ′ .

More precisely, one can prove that:
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Theorem 5.7. The representation [U ′(b,a)φ](x) = 1√
a
φ( x−b

a ) of the affine group SIM(1) is a contraction of the one-parameter family

Uρ of representations of SO(1,2) on Hρ as ρ → ∞. That is:

lim
ρ→∞

∥∥ιρUρ

(
Πσ ′

ρ (b,a)
)
ι−1
ρ φ − U ′(b,a)φ

∥∥
H′ = 0, ∀(b,a) ∈ R � R+, (97)

where Πσ ′
ρ : SIM(1) → SO(1,2)/R is the restricted contraction map, with σ ′ : G ′/R → G ′ a given section.

This construction can be straightforwardly extended to G = SO(4,2), the contraction G ′ being the so-called G15 group of
Ref. [32]. A thorough discussion of the Euclidean limit of the conformal wavelets constructed in this paper falls beyond the
scope of this article and will be left for future work [33]. Here we just wanted to give a flavor of it.

6. Convergence remarks

Schwinger’s Theorem 2.1 and its extension 2.3 have been stated in the sense of generating functions in terms of formal
power series in some indeterminates. From this point of view, we have disregarded convergence issues. However, infinite se-
ries expansions like for instance (12) would require in particular that |t|2|det(X)| < 1. We shall prove that such convergence
requirements, together with additional restrictions coming from the basic Theorem 2.1, are automatically fulfilled inside the
complex domain D4 for t X = Z̃ † Z , with Z̃ = B D−1 in the expansion (70). Let us state these convergence requisites.

Proposition 6.1. A sufficient condition for the convergence of the expansions (4) and (10) for t = 1 is that:

|x11| < 1, |x22| < 1, |x12x21| < 1,
∣∣det(X)

∣∣< 1. (98)

Proof. Looking at the explicit expression of Wigner’s D-matrices (3)

D j
q,q(X) =

j+q∑
k=max(0,2q)

(
j + q

k

)(
j − q

k − 2q

)
xk

11(x12x21)
j+q−kxk−2q

22 (99)

we conclude that it is enough to have: |x11| < 1, |x22| < 1 and |x12x21| < 1, for the convergence of (4) for t = 1, because
their exponents run up to infinity independent of each other. Moreover, if we require convergence in the expansions (10)
and (12) for t = 1, then |det(X)| < 1 is needed too. �

We shall see that Z and Z̃ fulfill (98), but before we shall prove that

Proposition 6.2. For any matrix Z ∈ D4 we have that the squared norm of their rows is lesser than 1, that is:

|z11|2 + |z12|2 < 1, |z21|2 + |z22|2 < 1. (100)

Proof. The positivity condition (54) says that

det
(

I − Z Z †)> 0 ⇔ |z11 z̄21 + z12 z̄22|2 <
(
1 − |z11|2 − |z12|2

)(
1 − |z21|2 − |z22|2

)
. (101)

Hence, the last two factors must be either positive or negative. Supposing that both factors were negative would contradict
tr(Z Z †) < 2 in (57). Therefore, we conclude that both factors are positive. �

Let us remind that, since Z and Z̃ belong to D4, they must satisfy |det(Z)| < 1 and |det( Z̃)| < 1, as we saw in (55)
and (58). Now we are in condition to prove that:

Proposition 6.3. The matrix X = Z̃ † Z verifies the convergence conditions (98) for every Z , Z̃ ∈ D4 and, therefore, the expansion (70)
is well defined for Z̃ = B D−1 .

Proof. The conditions (100) imply in particular that |z11| < 1, |z12| < 1, |z21| < 1, |z22| < 1. Using this fact, the triangle
inequality and taking into account that Z , Z̃ ∈ D verify (100) and the determinant restriction (58), we arrive to:

|x11| = |z̃11z11 + z̃12z21| � |z̃11z11| + |z̃12z21| < |z̃11| + |z̃12| < |z̃11|2 + |z̃12|2 < 1,

|x22| = |z̃21z12 + z̃22z22| � |z̃21z12| + |z̃22z22| < |z̃21| + |z̃22| < |z̃21|2 + |z̃22|2 < 1,

|x12| = |z̃11z12 + z̃12z22| � |z̃11z12| + |z̃12z22| < |z̃11| + |z̃12| < |z̃11|2 + |z̃12|2 < 1,

|x21| = |z̃21z11 + z̃22z21| � |z̃21z11| + |z̃22z21| < |z̃21| + |z̃22| < |z̃21|2 + |z̃22|2 < 1,∣∣det(X)
∣∣= ∣∣det

(
Z̃ † Z

)∣∣= ∣∣det
(

Z̃ †)∣∣∣∣det(Z)
∣∣= det

(
Z̃ † Z̃

)1/2
det

(
Z Z †)1/2

< 1, (102)

which proves the convergence conditions (98). �
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7. Conclusions and outlook

We have constructed the CWT on the Cartan domain D4 = U (2,2)/U (2)2 of the conformal group SO(4,2) = SU(2,2)/Z4
in 3+1 dimensions. The manifold D4 can be mapped one-to-one onto the future tube domain C4+ of the complex Minkowski
space through a Cayley transformation, where we enjoy more physical intuition. This construction paves the way towards
a new analysis tool of fields in complex Minkowski space–time with continuum mass spectrum in terms of conformal
wavelets. It is traditional in Relativistic Particle Physics to analyze fields or signals (for instance, elementary particles) in
Fourier (energy–momentum) space. However, like in music where there are no infinitely lasting sounds, particles are created
and destroyed in nuclear reactions. A wavelet transform based on the conformal group provides a way to analyze wave
packets localized in both: space and time. Important developments in this direction have also been done in [14–16] for
electromagnetic (massless) signals.

In the way, we have stated and proved a λ-extension (10) of the Schwinger’s formula (4). This extension turns out to be
a useful mathematical tool for us, specially as a generating function for the unitary-representation functions of SU(2,2), the
derivation of the reproducing (Bergman) kernel of L2

h(D4,dνλ) and the proof of admissibility and tight frame conditions. The
generalization of this theorem to matrices X of size N � 2 follows similar guidelines and the particular details are discussed
in Appendix A, using the general SU(N) solid harmonics Dp

αα(X) of Louck [25]. This result could be of help in studying the
discrete series (infinite-dimensional) representations of the non-compact pseudo-unitary groups SU(N, N).

The next step should be the discretization problem. Refs. [34–36] give us the general guidelines to construct discrete
(wavelet) frames on the sphere and the hyperboloid and [37] on the Poincaré group. The conformal group is much more
involved, though in principle the same scheme applies.

Looking for further potential applications of the conformal wavelets constructed in this article, we think that they could
be of use in analyzing renormalizability problems in relativistic quantum field theory. When describing space and time as
a continuum, certain statistical and quantum mechanical constructions are ill defined. In order to define them properly, the
continuum limit has to be taken carefully starting from a discrete approach. There is a collection of techniques used to take
a continuum limit, usually referred as “renormalization rules”, which determine the relationship between parameters in the
theory at large and small scales. Renormalization rules fail to define a finite quantum theory of Einstein’s General Relativity,
one of the main breakthroughs in Theoretical Physics. The replacement of classical (commutative) space–time by a quantum
(non-commutative) space–time promises to restore finiteness to quantum gravity at high energies and small (Planck) scales,
where geometry becomes also quantum (non-commutative) [38]. Conformal wavelets could also be here of fundamental
importance as an analysis tool.
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Appendix A. Extended MacMahon–Schwinger’s Master Theorem for matrices of size N ��� 2

We have shown the utility of Theorem 2.3 in dealing with unitary representations of SU(2,2), in particular, in proving
the admissibility condition 5.4. We would like to have a generalization of Theorem 2.3 for matrices of arbitrary size N , since
it would be a valuable tool as a generating function for the unitary-representation functions of SU(N, N).

The first step is to generalize Wigner D-matrices. This generalization has been done in the literature (see [25] and
references therein) by the so-called SU(N) solid harmonics Dp

αβ(X) defined as:

Dp
αβ(X) ≡√

α!β!
∑

A∈Mp
N (α,β)

X A

A! , (103)

where the following space saving notations are employed: A is a N × N matrix in the non-negative integers aij ; A! ≡∏N
i, j=1 aij !; X A ≡∏N

i, j=1 x
aij

i j ; α ≡ (α1,α2, . . . ,αN ) is a sequence of N non-negative integers that sum to p (i.e., a composition

of N into p non-negative parts), shortly α � p; α! ≡ ∏N
i=1 αi !; Mp

N (α,β) denotes the set of all matrices A such that the
entries in row i sum to αi and those in column j sum to β j , with α � p and β � p. Hence, Dp

αβ(X) are homogeneous
polynomials of degree p in the indeterminates xij .

The particular identification with Wigner’s D̃-matrices for X of size N = 2 is given by D̃ j
q1,q2 (X) = Dp

αβ(X) with p = 2 j,

α,β � 2 j, α = ( j + q1, j − q1), β = ( j + q2, j − q2). Matrices A ∈ Mp
2 (α,β) can be then indexed by an integer k
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A(k) ≡
(

k j + q1 − k
j + q2 − k k − q1 − q2

)
(104)

with max(0,q1 + q2) � k � min( j + q1, j + q2).
The multiplication property (6) and the transpositional symmetry (7) for Wigner matrices are still valid for SU(N)-solid

harmonics as:∑
σ�p

Dp
ασ (X)Dp

σβ(Y ) = Dp
αβ(XY ) (105)

and

Dp
αβ(Y ) = Dp

βα

(
Y T ) (106)

(see [25] for a combinatorial proof).
Moreover, for general N × N matrices X , the determinant det(I − X) can be expanded in terms of sums of all principal

q-th minors of X as

det(I − X) =
N∑

q=0

(−1)N+q
∑
α�q

∂α
x det(X),

where the N-dimensional multi-index α ≡ (α1,α2, . . . ,αN ) is a partition of q with αi ∈ {0,1}, a fact that we now symbolize
as α � q; x ≡ (x11, x22, . . . , xN N ) and ∂α

x =∏N
i=1 ∂

αi
xii

. Let us define the sum of all principal (N − q)-th minors of X by

Tq(X) ≡
∑

α�N−q

∂α
x det(X).

They are homogeneous polynomials of degree q = 0,1, . . . , N in the indeterminates xij . For example: T0(X) = 1, T1(X) =
tr(X), . . . , T N (X) = det(X). Thus, det(I − X) can be written in terms of these homogeneous polynomials as:

det(I − X) =
N∑

q=0

(−1)q Tq(X). (107)

Other possibility could be to use Waring’s formulas [25].
To arrive at the λ-extended MacMahon–Schwinger’s Master Theorem (MSMT) for N × N matrices, we shall now proceed

step by step from λ = 2 to general λ. Before, let us explicitly write down the generalization of Theorem 2.1 to matrices of
general size N .

Theorem A.1 (MSMT). The identity

∞∑
p=0

t p
∑
α�p

Dp
αα(X) = det(I − t X)−1 (108)

holds for any N × N matrix X.

The action of the operator D1 on both sides of the Basic MacMahon–Schwinger’s formula (108) now gives:

∞∑
p=0

(p + 1)
∑
α�p

Dp
αα(t X) = 1 −∑N

q=2(−1)q(q − 1)Tq(t X)

det(I − t X)2
= 1 −∑N

q=2 T̂q(t X)

det(I − t X)2
, (109)

where we have defined T̂q(X) ≡ (−1)q(q − 1)Tq(X). We can bring the numerator of the right-hand side of (109) back to the
left-hand side by using the expansion:

1

1 −∑N
q=2 T̂q(t X)

=
∞∑

p=0

(
N∑

q=2

T̂q(t X)

)p

=
∞∑

γ =0

(∑N
j=2 γ j

γ

)
T̂ (t X)γ , (110)

where we have used the following shorthand for

T̂ (X)γ ≡ T̂2(X)γ2 T̂3(X)γ3 · · · T̂ N(X)γN ,

(∑N
j=2 γ j

γ

)
≡ (

∑N
j=2 γ j)!

γ2! . . . γN ! . (111)
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Note that T̂ (X)γ are homogeneous polynomials of degree
∑N

j=2 jγ j in xij . Inserting the expansion (110) in (109) we con-
clude that

∞∑
p=0

(p + 1)

∞∑
γ =0

{(∑N
j=2 γ j

γ

)}
T̂ (t X)γ

∑
α�p

Dp
αα(t X) = 1

det(I − t X)2
. (112)

This is the generalization of (13) for general N . Let us proceed by applying D2 on both sides of the identity (112):

∞∑
p=0

(p + 1)

∞∑
γ =0

(∑N
j=2 γ j

γ

)(
p + 2 +

N∑
j=2

jγ j

)
T̂ (t X)γ

∑
α�p

Dp
αα(t X) = 2

1 −∑N
q=2 T̂q(t X)

det(I − t X)3
.

Using again (110), we have

∞∑
p=0

p + 1

2

∞∑
γ =0

∞∑
γ ′=0

(∑N
j=2 γ j

γ

)(∑N
j=2 γ ′

j

γ ′

)(
p + 2 +

N∑
j=2

jγ j

)
T̂ (t X)γ +γ ′ ∑

α�p

Dp
αα(t X)

= 1

det(I − t X)3
. (113)

Rearranging series as in (15) and making the change of (N − 1)-dimensional multi-index: σ ≡ γ + γ ′ , we obtain

∞∑
p=0

p + 1

2

∞∑
σ=0

{
σ∑

γ =0

(∑N
j=2 γ j

γ

)(∑N
j=2(σ j − γ j)

σ − γ

)(
p + 2 +

N∑
j=2

jγ j

)}

× T̂ (t X)σ
∑
α�p

Dp
αα(t X) = 1

det(I − t X)3
. (114)

Applying now D3 on both sides of (113) results:

∞∑
p=0

p + 1

2

∞∑
γ =0

∞∑
γ ′=0

(∑N
j=2 γ j

γ

)(∑N
j=2 γ ′

j

γ ′

)(
p + 2 +

N∑
j=2

jγ j

)(
p + 3 +

N∑
j=2

j
(
γ j + γ ′

j

))

× T̂ (t X)γ +γ ′ ∑
α�p

Dp
αα(t X) = 3

1 −∑N
q=2 T̂q(t X)

det(I − t X)4

and using again (110) we get:

∞∑
p=0

p + 1

3!
∞∑

γ =0

∞∑
γ ′=0

∞∑
γ ′′=0

(∑N
j=2 γ j

γ

)(∑N
j=2 γ ′

j

γ ′

)(∑N
j=2 γ ′′

j

γ ′′

)(
p + 2 +

N∑
j=2

jγ j

)

×
(

p + 3 +
N∑

j=2

j
(
γ j + γ ′

j

))
T̂ (t X)γ +γ ′+γ ′′ ∑

α�p

Dp
αα(t X) = 1

det(I − t X)4
. (115)

Rearranging series and making the change σ ≡ γ + γ ′ + γ ′′ , we can recast the last expression as:

∞∑
p=0

p + 1

3

∞∑
σ=0

{
1

2

σ∑
γ =0

σ−γ∑
γ ′=0

(∑N
j=2 γ j

γ

)(∑N
j=2 γ ′

j

γ ′

)(∑N
j=2(σ j − γ j − γ ′

j )

σ − γ − γ ′

)

×
(

p + 2 +
N∑

j=2

jγ j

)(
p + 3 +

N∑
j=2

j
(
γ j + γ ′

j

))}
T̂ (t X)σ

∑
α�p

Dp
αα(t X) = 1

det(I − t X)4
.

If we repeat the process (λ − 4) more times, then we arrive at the following identity:

∞∑
p=0

p + 1

(λ − 1)!
∞∑

γ =0

∞∑
γ ′=0

· · ·
∞∑

γ (λ−2)=0

(∑N
j=2 γ

(λ−2)
j

γ (λ−2)

) λ−3∏
k=0

(∑N
j=2 γ

(k)
j

γ (k)

)

×
(

p + k + 2 +
N∑

j=2

j
k∑

i=0

γ
(i)
j

)
T̂ (t X)γ +γ ′+···+γ (λ−2) ∑

α�p

Dp
αα(t X) = 1

det(I − t X)λ
.
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Making once more the change σ = γ + γ ′ + · · · + γ (λ−2) , we can write:

∞∑
p=0

p + 1

λ − 1

∞∑
σ=0

Cλ
p,σ T̂ (t X)σ

∑
α�p

Dp
αα(t X) = 1

det(I − t X)λ
,

where we have defined the following coefficients:

Cλ
p,σ ≡ 1

(λ − 2)!
σ∑

γ =0

σ−γ∑
γ ′=0

· · ·
σ−γ −···−γ (λ−4)∑

γ (λ−3)=0

(∑N
j=2(σ j −∑λ−3

i=0 γ
(i)
j )

σ −∑λ−3
i=0 γ (i)

)

×
λ−3∏
k=0

(∑N
j=2 γ

(k)
j

γ (k)

)(
p + k + 2 +

N∑
j=2

j
k∑

i=0

γ
(i)
j

)
. (116)

In order to account for the particular coefficients C2
p,σ and C3

p,σ , given inside curly brackets in (112) and (114), we must

understand in (116) that: (1) summations on γ (k) with k < 0 are absent, (2) empty or nullary sums are zero, and (3) empty
or nullary products are 1, as customary.

Summarizing, we can enunciate the following:

Theorem A.2 (λ-extended MSMT). For every λ ∈ N, λ � 2 and every N × N matrix X, the following identity holds:

∞∑
p=0

p + 1

λ − 1

∞∑
σ=0

t p+∑N
j=2 jσ j Cλ

p,σ T̂ (X)σ
∑
α�p

Dp
αα(X) = det(I − t X)−λ, (117)

with Cλ
p,σ given by (116) and T̂ (X)σ by (111).

The expression (117) generalizes (10) for matrices X of arbitrary size N . In fact, for N = 2, the coefficient (116) reduces
to:

Cλ
p,σ2

=
(

λ − 2 + σ2

λ − 2

)(
λ − 1 + p + σ2

λ − 2

)
, (118)

which agrees with (10). We have also been able to find simplifications of Cλ
p,σ in the following cases (we take the binomials

in the generalized sense
(n

m

)= n(n − 1) · · · (n − m + 1)/m! to account for fractional n):

(i) For 2 � λ � 5, the coefficients (116) are given by:

Cλ
p,σ =

(∑N
j=2 σ j

σ

)(
λ − 2 +∑N

k=2 σk

λ − 2

)

×
{(

λ − 1 + p + 1
2

∑N
k=2 kσk

λ − 2

)
+
(

λ − 2 + p + 1
2

∑N
k=2 kσk

λ − 4

)
1

4!
N∑

k=3

(k − 2)kσk

}
.

(ii) For N = 3 and λ � 2, the coefficients (116) can be obtained trough the expression:

Cλ
p,σ =

(
σ2 + σ3

σ

)(
λ − 2 + σ2 + σ3

λ − 2

) λ−ξ
2∑

i=1

(
λ − i + p + σ2 + 3

2σ3

λ − 2i

) i−1∏
j=1

σ3 − 2( j − 1)

8 j
, (119)

where we have defined ξ ≡ Odd(λ), that is, ξ = 0 when λ is even and ξ = 1 when odd. See that (119) reduces to (118)
for σ3 = 0.

Appendix B. Continuous wavelet transform on a manifold: a brief

The usual CWT on the real line R is derived from the natural unitary representation of the affine group G = SIM(1)

in the space of finite energy signals L2(R,dx) (see Section 4 for a reminder). The same scheme applies to the CWT on
a general manifold X, subject to the transitive action, x → gx, g ∈ G , x ∈ X, of some group of transformations G which
contains dilations and motions on X. If the measure dν(x) in X is G-invariant (i.e. dν(gx) = dν(x)), then the natural left
action of G on L2(X,dν) given by:[

U(g)φ
]
(x) = φ

(
g−1x

)
, g ∈ G, φ ∈ L2(X,dν), (120)



M. Calixto, E. Pérez-Romero / Appl. Comput. Harmon. Anal. 31 (2011) 143–168 165

defines a unitary representation, that is:〈
U(g)ϕ

∣∣U(g)φ
〉= 〈ϕ|φ〉 ≡

∫
X

ϕ(x)φ(x)dν(x).

When dν is not strictly invariant (i.e. dν(gx) = M(g, x)dν(x)), we have to introduce a multiplier (Radon–Nikodym deriva-
tive) [

U(g)φ
]
(x) = M(g, x)1/2φ

(
g−1x

)
, g ∈ G, φ ∈ L2(X,dν), (121)

in order to keep unitarity. The fact that U(g)U(g′) = U(gg′) (i.e. U is a representation of G) implies cohomology conditions
for multipliers, that is:

M
(

gg′, x
)= M(g, x)M

(
g′, g−1x

)
. (122)

Consider now the space L2(G,dμ) of square-integrable complex functions Ψ on G , where dμ(g) = dμ(g′g), ∀g′ ∈ G , stands
for the left-invariant Haar measure, which defines the scalar product

(Ψ |Φ) =
∫
G

Ψ (g)Φ(g)dμ(g).

A non-zero function ψ ∈ L2(X,dν) is called admissible (or a fiducial vector) if Ψ (g) ≡ 〈U(g)ψ |ψ〉 ∈ L2(G,dμ), that is, if

cψ =
∫
G

Ψ (g)Ψ (g)dμ(g) =
∫
G

∣∣〈U(g)ψ
∣∣ψ 〉∣∣2 dμ(g) < ∞. (123)

A unitary representation for which admissible vector exists is called square integrable. For a square integrable represen-
tation, besides Eq. (123) the following property holds (see [1]):∫

G

∣∣〈U(g)ψ
∣∣φ〉∣∣2 dμ(g) < ∞, ∀φ ∈ L2(X,dν). (124)

Let us assume that the representation U is irreducible, and that there exists a function ψ admissible, then a system of
coherent states (CS) of L2(X,dν) associated to (or indexed by) G is defined as the set of functions in the orbit of ψ under G

ψg ≡ U(g)ψ, g ∈ G.

There are representations without admissible vectors, since the integration with respect to some subgroup diverges. In
this case, or even for convenience when admissible vectors exist, we can restrict ourselves to a suitable homogeneous space
Q = G/H , for some closed subgroup H . Then, the non-zero function ψ is said to be admissible mod(H, σ ) (with σ : Q → G
a given section) and the representation U square integrable mod(H, σ ), if the condition∫

Q

∣∣〈U(σ(q)
)
ψ
∣∣φ〉∣∣2 dμ̌(q) < ∞, ∀φ ∈ L2(X,dν) (125)

holds, where dμ̌ is a measure on Q “projected” from the left-invariant measure dμ on the whole G (see [39] for more
details on this projection procedure). Note that this more general definition of square integrability includes the previous
one for the trivial subgroup H = {e} and σ the identity function. The notions of square integrability and admissibility
mod(H, σ ) were introduced in [40] (see also [4]).

The coherent states indexed by Q are defined as ψσ(q) = U (σ (q))ψ , q ∈ Q , and they form an overcomplete set in
L2(X,dν).

The condition (125) could also be written as an “expectation value”

0 <

∫
Q

∣∣〈U(
σ(q)

)
ψ
∣∣φ〉∣∣2 dμ̌(q) = 〈φ|Aσ |φ〉 < ∞, ∀φ ∈ L2(X,dν), (126)

where Aσ = ∫
Q |ψσ(q)〉〈ψσ(q)|dμ̌(q) is a positive, bounded, invertible operator. If the operator A−1

σ is also bounded, then
the set Fσ = {|ψσ(q)〉, q ∈ Q } is called a frame, and a tight frame if Aσ is a positive multiple of the identity, Aσ = cI , c > 0.

To avoid domain problems in the following, let us assume that ψ generates a frame (i.e., that A−1
σ is bounded). The

Coherent State map is defined as the linear map

Tψ : L2(X,dν) −→ L2(Q ,dμ̌),

φ �−→ Tψφ ≡ Φψ, (127)
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with Φψ(q) = 〈ψσ(q)|φ〉√
cψ

. Its range L2
ψ(Q ,dμ̌) ≡ Tψ(L2(X,dν)) is complete with respect to the scalar product (Φ|Φ ′)ψ ≡

(Φ|TψA−1
σ T −1

ψ Φ ′)Q and Tψ is unitary from L2(X,dν) onto L2
ψ(Q ,dμ̌). Thus, the inverse map T −1

ψ yields the reconstruction
formula

φ = T −1
ψ Φψ =

∫
Q

Φψ(q)A−1
σ ψσ(q) dμ̌(q), Φψ ∈ L2

ψ(Q ,dμ̌), (128)

which expands φ in terms of coherent states (wavelets) A−1
σ ψσ(q) with wavelet coefficients Φψ(q) = [Tψφ](q). These for-

mulas acquire a simpler form when Aσ is a multiple of the identity, as it is precisely the case considered in this article.

Appendix C. Orthonormality of homogeneous polynomials

In order to prove the orthonormality relations (66), we shall adopt the following decomposition for a matrix Z ∈ D4

Z = U1ΞU †
2,

where U1,2 ∈ U (2)/U (1)2 (as in (60) with β1 = β2 = 0) and Ξ = diag(ξ1, ξ2}, ξ1,2 ∈ D1. This parametrization ensures that
Z ∈ D4; in fact

I − Z Z † = U1
(

I − ΞΞ †)U †
1 > 0 (129)

since the eigenvalues are 1 − |ξ1,2|2 > 0.
Let us perform this change of variables in the invariant measure (64) of L2

h(D4,dνλ). On the one hand, the Lebesgue
measure on C4 can be written as:

|dZ | = J |dξ1||dξ2|ds(U1)ds(U2),

with ds(U1,2) defined in (62) and J = 1
2 (|ξ1|2 − |ξ2|2)2 is the Jacobian determinant. The Lebesgue measures |dξ1,2| and

|dz1,2| will be written in polar coordinates ξk = ρkeiθk and zk = rkeiαk , k = 1,2. On the other hand, the weight factor in (64)
adopts the form

det
(

I − Z Z †)λ−4 = ((
1 − ρ2

1

)(
1 − ρ2

2

))λ−4 ≡ Ω(ρ),

so that the invariant measure of L2
h(D4,dνλ) reads:

dνλ

(
Z , Z †)= cλ J (ρ)Ω(ρ)|dξ1||dξ2|ds(U1)ds(U2)

= cλ J (ρ)Ω(ρ)ρ1 dρ1 dθ1ρ2 dρ2 dθ2
(
1 + r2

1

)−2
r1 dr1dα1

(
1 + r2

2

)−2
r2 dr2 dα2, (130)

with 0 � ρ1,2 < 1, 0 � r1,2 < ∞, 0 � θ1,2 < 2π , 0 � α1,2 < 2π . Let us call

N j,m ≡
√

2 j + 1

λ − 1

(
m + λ − 2

λ − 2

)(
m + 2 j + λ − 1

λ − 2

)
the normalization constants of the basis functions (65). We want to evaluate:〈

ϕ
j,m

q1,q2

∣∣ϕ j′,m′
q′

1,q′
2

〉= N j,mN j′,m′
∫
D4

dνλ

(
Z , Z †)det(Z)mD j

q1,q2(Z) det(Z)m′D j′
q′

1,q′
2
(Z). (131)

Using determinant properties, Wigner’s D-matrix properties (6) and (7), and the fact that det(U1,2) = 1 and Ξ is diagonal,
the previous expression can be restated as:〈

ϕ
j,m

q1,q2 ,ϕ
j′,m′

q′
1,q′

2

〉
N j,mN j′,m′

=
j∑

q=− j

j′∑
q′=− j′

cλ

∫
D2

1

JΩ |dξ1| |dξ2|D j
q,q(Ξ)D j′

q′,q′(Ξ)det(Ξ)m det(Ξ)m′

×
∫
S2

ds(U1)D j
q1,q(U1)D j′

q′
1,q′(U1)

∫
S2

ds(U2)D j
q2,q(U2)D j′

q′
2,q′(U2). (132)

Let us start evaluating the first integral. For the diagonal matrix Ξ we have that D j
q1,q2 (Ξ) = δq1,q2ξ

j+q1
1 ξ

j−q1
2 , so that

D j
q,q(Ξ)D j′

q′,q′(Ξ)det(Ξ)m det(Ξ)m′

= ξ1
j+qξ2

j−qξ
j′+q′

1 ξ
j′−q′

2 ξ1
mξ2

mξm′
1 ξm′

2

= ρ
j+ j′+q+q′+m+m′

1 ρ
j+ j′−q−q′+m+m′

2 ei( j′− j+q′−q+m′−m)θ1 ei( j′− j+q−q′+m′−m)θ2 . (133)
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Integrating out angular variables gives the restrictions

2π∫
0

2π∫
0

D j
q,q(Ξ)D j′

q′,q′(Ξ)det(Ξ)m det(Ξ)m′
dθ1 dθ2 = 4π2δq,q′δ j+m, j′+m′ρ2( j+q+m)

1 ρ
2( j−q+m)
2 .

Integrating the radial part:

4π2cλ

1∫
0

1∫
0

J (ρ)Ω(ρ)ρ
2( j+q+m)
1 ρ

2( j−q+m)
2 ρ1 dρ1ρ2 dρ2 = ( j + m)2 + ( j + m + 2q2 + 1)λ − 5q2 − 1

π2(λ − 1)
( j+m+q+λ−1

λ−1

)( j+m−q+λ−1
λ−1

) ≡ Rq
j+m

and putting all together in (132) we have:〈
ϕ

j,m
q1,q2 ,ϕ

j′,m′
q′

1,q′
2

〉
N j,mN j′,m′

= δ j+m, j′+m′
min{ j, j′}∑

q=−min{ j, j′}
Rq

j+m

×
∫
S2

ds(U1)D j
q1,q(U1)D j′

q′
1,q

(U1)

∫
S2

ds(U2)D j
q2,q(U2)D j′

q′
2,q

(U2). (134)

The last two integrals are easily computable. Actually they are a particular case of the orthogonality properties of Wigner’s
D-matrices. More explicitly:∫

S2

ds(U )D j
q1,q2(U )D j′

q′
1,q2

(U ) =
∞∫

0

2π∫
0

r dr dα

(1 + r2)2
D j

q1,q2(U )D j′
q′

1,q2
(U ) = δ j, j′δq1,q′

1

π

2 j + 1
.

Going back to (134) it results:

〈
ϕ

j,m
q1,q2

∣∣ϕ j′,m′
q′

1,q′
2

〉= δ j, j′δm,m′δq1,q′
1
δq2,q′

2

( N j,m

2 j + 1

)2 j∑
q=− j

π2Rq
j+m.

Finally, taking into account the combinatorial identity:

j∑
q=− j

(λ − 1)π2Rq
j+m = 2 j + 1(m+λ−2

λ−2

)(m+2 j+λ−1
λ−2

)
and the explicit expression of the normalization constants N j,m , we arrive at the orthonormality relations (66).
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1. Introduction

Complex manifolds and, in particular, Cartan classical domains have been stud-

ied for many years by mathematicians and theoretical physicists (see e.g. [1] and

references therein for a review). In this article we are interested in the Lie ball

D = SO(4, 2)/(SO(4) × SO(2)) = SU(2, 2)/S(U(2) × U(2)),

587
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which can be mapped one-to-one onto the eight-dimensional forward/future tube

domain

T = {xµ + iyµ ∈ C1,3, y0 > ‖�y‖}

of the complex Minkowski space C1,3 through a Cayley transformation (see next

section for more details). Both manifolds can be considered as the phase space of

massive conformal particles and there is a renewed interest in its quantization (see

e.g. [2] and references therein for a survey). The presentation followed in the litera-

ture is of geometric (twistor [3, 4] and Konstant–Kirillov–Souriau [5, 6] descriptions)

and representation-theoretic [7, 8] nature. Here we shall adopt a (sigma-model-type)

Lagrangian approach to the subject and we shall use a generalized Dirac method

for the quantization of constrained systems which resembles in some aspects the

particular approach to quantizing coadjoint orbits of a group G developed many

years ago in [9] (see also [10, 11] for interesting examples in G = SU(3)).

We share with many authors (namely, [1, 2, 12–22]) the belief that the use

of complex Minkowski eight-dimensional space as a base for the construction of

quantum (field) theory is not only useful from the technical point of view but can be

of great physical importance. Actually, as suggested in [14], the conformal domain D
could be considered as the replacement of the space-time at short distances (at the

“microscale”). This interpretation is based on Born’s Reciprocity Principle (BRP)

[15, 16], originally intended to merging quantum theory and general relativity. The

reciprocity symmetry between coordinates xµ and momenta pµ states that the laws

of nature are (or should be) invariant under the transformations

(xµ, pµ) → (±pµ, ∓xµ). (1)

The word “reciprocity” is used in analogy with the lattice theory of crystals, where

some physical phenomena (like the theory of diffraction) are sometimes better

described in the p-space by means of the reciprocal (Bravais) lattice. The argument

here is that Born’s reciprocity implies that there must be a reciprocally conjugate

relativity principle according to which the rate of change of momentum (force)

should be bounded by a universal constant b, much in the same way the usual

relativity principle implies a bound of the rate of change of position (velocity) by

the speed of light c. As a consequence of the BRP, there must exist a minimum

(namely, Planck) length �min =
√

�c/b.
This symmetry led Born to conjecture that the basic underlying physical space

is the eight-dimensional {xµ, pµ} and to replace the Poincaré invariant line element

dτ2 = dxµdx
µ by the Finslerian-like metric (see [17, 18] for an extension to Born–

Clifford phase spaces)

dτ̃2 = dxµdx
µ +

�4min

�2
dpµdp

µ. (2)

From the BRP point of view, local (versus extended) field theories like Klein–

Gordon’s represent the “point-particle limit” �min → 0, for which the reciprocal
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symmetry is broken. Also, the Minkowski space-time is interpreted either as a local

(�min → 0) version or as a high-energy-momentum-transfer limit (b → ∞) of this

eight-dimensional phase-space domain. Moreover, putting dpµ/dτ = md2xµ/dτ
2 =

maµ, with m = b�min/c
2 a (namely, Planck) mass and aµ the proper acceleration

(with a2 ≤ 0, space-like), one can write the previous extended line element as

dτ̃ = dτ

√
1 − |a2|

a2max

, (3)

which naturally leads to a maximal (proper) acceleration amax = c2/�min. The exis-

tence and physical consequences of a maximal acceleration was already derived by

Caianiello [19]. Many papers have been published in the last years (see e.g. [20]

and references therein), each one introducing the maximal acceleration start-

ing from different motivations and from different theoretical schemes. Among

the large list of physical applications of Caianiello’s model we would like to

point out the one in cosmology which avoids an initial singularity while pre-

serving inflation. Also, a maximal-acceleration relativity principle leads to a vari-

able fine structure “constant” α [20], according to which α could have been

extremely small (zero) in the early Universe and then all matter in the Uni-

verse could have emerged via the Fulling–Davies–Unruh–Hawking effect (vacuum

radiation due to the acceleration with respect to the vacuum frame of reference)

[23–26].

There has been group-theoretical revisions of the BRP-like [21, 22] replacing

the Poincaré by the Canonical (or Quaplectic) group of reciprocal relativity, which

enjoys a richer structure than Poincaré. In this article we pursue a different refor-

mulation of BRP as a natural symmetry inside the conformal group SO(4, 2) and

the replacement of space-time by the eight-dimensional conformal domain D or T at

short distances. We believe that new interesting physical phenomena remain to be

unravelled inside this framework. Actually, in a coming paper [27] (see also [28] for

a previous related work), we shall discuss a group-theoretical revision of the Unruh

effect [25] as a spontaneous breakdown of the conformal symmetry and the conse-

quences of a maximal acceleration. Also, a wavelet transform on the tube domain

T, based on the conformal group, could provide a way to analyze wave packets

localized in both: space and time. Important developments in this direction have

been done in [29, 30] for electromagnetic (massless) signals and [31] for fields with

continuous mass spectrum.

In this article we shall study the geometrical and quantum mechanical under-

lying framework. We shall follow a gauge-invariant (singular) Lagrangian approach

of nonlinear sigma-model type and we shall use a generalized Dirac method for the

quantization of constrained systems.

The paper is organized as follows. In Sec. 2 we briefly review the conformal group

SO(4, 2) � SU(2, 2), its Lie algebra generators and commutators, and provide dif-

ferent coordinate systems for the conformal domains D and T; in this section we also

introduce the concept of BRP in a conformally invariant setting. Section 3 is devoted
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to the Lagrangian formulation of conformally invariant nonlinear sigma-models on

the conformal domains (either as configuration or phase spaces) and the study of

their gauge invariance. The quantization of these models (for the case of Lagrangians

linear in velocities) is accomplished in Sec. 4 by using a generalized Dirac method

for the quantization of constrained systems which resembles in some aspects the

particular approach to quantizing coadjoint orbits of G. Physical wave functions,

Haar measures, orthonormal basis and reproducing (Bergman) kernels are explicitly

calculated in an holomorphic picture in the Cartan domain D, for both scalar and

spinning quantum particles in Subsecs. 4.1 and 4.2, respectively. Similarities and

differences with other results in the literature are also discussed and an extension of

the Schwinger Master theorem is commented in connection with closure relations.

In Sec. 5 we translate (through an equivariant map) all the constructions above to

the tube domain T, where we enjoy more physical intuition. We comment on Kähler

structures and generalized Born-like line elements and the existence of a maximal

acceleration for conformal (quantum) particles. The last Sec. 6 is devoted to com-

ments and outlook where we point out an interesting connection between BRP and

CPT symmetry inside the conformal group and discuss on the appearance of a

maximal acceleration in this scheme.

2. The Conformal Symmetry in 1 + 3D: Coordinate

Systems and Generators

The conformal group SO(4, 2) is comprised of Poincaré (space-time translations

bµ ∈ R1,3 and Lorentz Λµ
ν ∈ SO(3, 1)) transformations augmented by dilations (ρ =

eτ ∈ R+) and relativistic uniform accelerations (special conformal transformations,

SCT, aµ ∈ R1,3) which, in Minkowski space-time, have the following realization:

x′µ = xµ + bµ, x′µ = Λµ
ν (ω)xν ,

x′µ = ρxµ, x′µ =
xµ + aµx2

1 + 2ax+ a2x2
,

(4)

respectively. The interpretation of SCT as transitions from inertial reference frames

to systems of relativistic, uniformly accelerated observers was identified many years

ago by (see e.g. [32–34]), although alternative meanings have also been proposed.

One is related to the Weyl’s idea of different lengths in different points of space-

time [35]: “the rule for measuring distances changes at different positions”. Other

is Kastrup’s interpretation of SCT as geometrical gauge transformations of the

Minkowski space [36] (for this point see later on Eq. (40)).

The generators of the transformations (4) are easily deduced:

Pµ =
∂

∂xµ
, Mµν = xµ

∂

∂xν
− xν

∂

∂xµ
,

D = xµ
∂

∂xµ
, Kµ = −2xµx

ν ∂

∂xν
+ x2

∂

∂xµ

(5)
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and they close into the conformal Lie algebra

[Mµν ,Mρσ] = ηνρMµσ + ηµσMνρ − ηµρMνσ − ηνσMµρ,

[Pµ,Mρσ] = ηµρPσ − ηµσPρ, [Pµ, Pν ] = 0,

[Kµ,Mρσ] = ηµρKσ − ηµσKρ, [Kµ,Kν] = 0, (6)

[D,Pµ] = −Pµ, [D,Kµ] = Kµ, [D,Mµν ] = 0,

[Kµ, Pν ] = 2(ηµνD +Mµν).

We shall argue later that Pµ and Kµ are conjugated variables (they cannot be

simultaneously measured) and that D can be taken to be the generator of (proper)

time translations (i.e. the Hamiltonian). A BRP-like symmetry manifests here in

the form:

Pµ → Kµ, Kµ → Pµ, D → −D, (7)

which leaves the commutation relations (6) unaltered. This symmetry can also be

seen in the quadratic Casimir operator:

C2 = D2 − 1

2
MµνM

µν +
1

2
(PµK

µ +KµP
µ)

= D2 − 1

2
MµνM

µν + PµK
µ + 4D, (8)

which generalizes the Poincaré Casimir P 2 = PµP
µ, just as dτ̃ in (2) generalizes

the Poincaré invariant line element dτ . We shall provide a conformal invariant line

element similar to dτ̃ later in Sec. 5.

Any group element g ∈ SO(4, 2) (near the identity element 1) could be written

as the exponential map

g = exp(u), u = τD + bµPµ + aµKµ + ωµνMµν , (9)

of the Lie-algebra element u (see [37, 38]). The compactified Minkowski space M =

S3 ×Z2 S1 � U(2) can be obtained as the coset M = SO(4, 2)/W, where W denotes

the Weyl subgroup generated by Kµ,Mµν and D (i.e. a Poincaré subgroup P =

SO(3, 1)� R4 augmented by dilations R+). The Weyl group W is the stability

subgroup (the little group in physical usage) of xµ = 0.

There is another interesting realization of the conformal Lie algebra (6) in terms

of gamma matrices in, for instance, the Weyl basis

γµ =

(
0 σµ

σ̌µ 0

)
, γ5 = iγ0γ1γ2γ3 =

(
−σ0 0

0 σ0

)
,

where σ̌µ ≡ σµ (we are using the convention η = diag(1,−1,−1,−1) for the

Minkowski metric) and σµ are the Pauli matrices

σ0 =

(
1 0

0 1

)
, σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
.
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Indeed, the choice

D =
γ5

2
, Mµν =

[γµ, γν ]

4
=

1

4

(
σµσ̌ν − σν σ̌µ 0

0 σ̌µσν − σ̌νσµ

)
,

Pµ = γµ
1 + γ5

2
=

(
0 σµ

0 0

)
, Kµ = γµ

1 − γ5

2
=

(
0 0

σ̌µ 0

) (10)

fulfills the commutation relations (6). These are the Lie algebra generators of the

fundamental representation of the four cover of SO(4, 2):

SU(2, 2) =

{
g =

(
A B

C D

)
∈ Mat4×4(C) : g†Γg = Γ, det(g) = 1

}
, (11)

with Γ a 4 × 4 hermitian form of signature (++− −). In particular, taking Γ = γ5,

the 2 × 2 complex matrices A,B,C,D in (11) satisfy the following restrictions:

g−1g = I4×4 ⇔





D†D −B†B = σ0

A†A− C†C = σ0

A†B − C†D = 0,

(12)

together with those of gg−1 = I4×4. In this article we shall work with G = U(2, 2)

instead of SO(4, 2) and we shall use a set of complex coordinates to parametrize G.

This parametrization will be adapted to the non-compact complex Grassmannian

D = G/H of the maximal compact subgroupH = U(2)2. It can be obtained through

a block-orthonormalization process with metric Γ = γ5 of the matrix columns of:
(
σ0 0

Z† σ0

)
→ g =

(
σ0 Z

Z† σ0

)(
∆1 0

0 ∆2

)
,

{
∆1 = (σ0 − ZZ†)−

1
2

∆2 = (σ0 − Z†Z)−
1
2

.

Actually, we can identify

Z = Z(g) = BD−1, Z† = Z†(g) = CA−1,

∆1 = (AA†)
1
2 , ∆2 = (DD†)

1
2 .

(13)

From (12), we obtain the positive-matrix conditions AA† > 0 and DD† > 0, which

are equivalent to:

σ0 − ZZ† > 0, σ0 − Z†Z > 0. (14)

Moreover, from the top condition of (12), we arrive at the determinant restriction:

det(ZZ†) = det(B†B) det(σ0 +B†B)−1 < 1, (15)

which, together with det(σ0 − ZZ†) = 1 − tr(ZZ†) + det(ZZ†) > 0, implies that

tr(ZZ†) < 2. Thus, we can identify the symmetric complex Cartan domain

D = G/H = {Z ∈ Mat2×2(C) : σ0 − ZZ† > 0} (16)
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with an open subset of the eight-dimensional ball with radius
√

2. Moreover, the

compactified Minkowski space M is the Shilov boundary U(2) = {Z ∈ Mat2×2(C) :

Z†Z = ZZ† = σ0} of D.

There is a one-to-one mapping from D onto the future tube domain

T = {W = X + iY ∈ Mat2×2(C) :Y > 0}, (17)

of the complex Minkowski space C1,3, with X = xµσ
µ and Y = yµσ

µ hermitian

matrices and Y > 0 ⇔ y0 > ‖�y‖. This map is given by the Cayley transformation

and its inverse:

Z → W (Z) = i(σ0 − Z)(σ0 + Z)−1,

W → Z(W ) = (σ0 − iW )−1(σ0 + iW ).
(18)

This is the (3 + 1)-dimensional analogue of the usual map form the unit disk onto

the upper half-plane in two-dimensions. Actually, the forward tube domain T is

naturally homeomorphic to the quotient G/H in a new realization of G in terms

of matrices f which preserve Γ = γ0, instead of Γ = γ5; that is, f †γ0f = γ0. Both

realizations of G are related by the map

g → f = ΥgΥ−1, Υ =
1√
2

(
σ0 −σ0

σ0 σ0

)
. (19)

We shall come again to this “forward tube domain” realization later on in Sec. 5.

Let us proceed by giving a complete local parametrization of G adapted to the

fibration H → G → D. Any element g ∈ G (in the present patch, containing the

identity element) admits the Iwasawa decomposition

g =

(
A B

C D

)
=

(
∆1 Z∆2

Z†∆1 ∆2

)(
U1 0

0 U2

)
, (20)

where the last factor

U1 = ∆−1
1 A, U2 = ∆−1

2 D

belongs to H ; i.e. U1, U2 ∈ U(2). Likewise, a parametrization of any U ∈ U(2) (in

a patch containing the identity), adapted to the quotient S2 = U(2)/U(1)2, is (the

Hopf fibration)

U =

(
a b

c d

)
=

(
δ zδ

−z̄δ δ

)(
eiα 0

0 eiβ

)
, (21)

where z = b/d ∈ C � S2 (the one-point compactification of C by inverse stereo-

graphic projection), δ = (1 + zz̄)−
1
2 and eiα = a/|a|, eiβ = d/|d|.
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Sometimes it will be more convenient for us to use the following compact nota-

tion for the 16 coordinates of U(2, 2):





α1 z1 Z11 Z12

−z̄1 β1 Z21 Z22

Z̄11 Z̄21 α2 z2

Z̄12 Z̄22 −z̄2 β2





=





x11 x12 x13 x14

x21 x22 x23 x24

x31 x32 x33 x34

x41 x42 x43 x44





= {xαβ(g)}. (22)

The set of coordinates {xαβ} is adapted to the new Lie algebra basis of step operator

matrices (Xβ
α)νµ ≡ δναδ

β
µ fulfilling the commutation relations:

[
Xβ1

α1
, Xβ2

α2

]
= δβ2

α1
Xβ1

α2
− δβ1

α2
Xβ2

α1
, (23)

and the usual orthogonality properties:

tr
(
Xβ

αX
ρ
γ

)
= δραδ

β
γ .

The Cartan (maximal Abelian) subalgebra u(1)4 ⊂ G is made of diagonal operators

{Xα
α , α = 1, . . . , 4}.

Another realization of the conformal Lie algebra that will be useful for us is the

one given in terms of left- and right-invariant vector fields, as generators of right-

and left-translations of G,

[ UR
g ψ](g′) = ψ(g′g), [UL

g ψ](g′) = ψ(g−1g′), (24)

on complex functions ψ : G → C, respectively. Denoting by

θL = −ig−1dg = θαβX
β
α = θαµβν dx

ν
µX

β
α (25)

the left-invariant Maurer–Cartan one-form, the left-invariant vector fields Lβ
α are

defined by duality θαβ (Lσ
ρ ) = δαρ δ

σ
β . The same applies to right-invariant one-forms

θR = −idgg−1 in relation with right-invariant vector fields Rβ
α. They can also be

computed through the group law g′′ = g′g as:

Lβ
α(g) ≡ ∂xµν (gg′)

∂xαβ (g′)

∣∣∣∣∣
g′=1

∂

∂xνµ(g)
, Rβ

α(g) ≡ ∂xµν (g′g)
∂xαβ (g′)

∣∣∣∣∣
g′=1

∂

∂xνµ(g)
. (26)

The quadratic Casimir operator (8) now adopts the compact form:

C2 = Lβ
αL

α
β = Rβ

αR
α
β .

Both sets of vector fields will be essential in our quantization procedure, the first

ones (L) as generators of gauge transformations and the second ones (R) as the

symmetry operators of our theory.
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3. Nonlinear Sigma Models on G

The actual Lagrangian for quantum mechanical geodesic free motion on G, as a

configuration space, is given by:

LG(g, ġ) =
1

2
tr(ϑL)2 =

1

2
ϑαβϑ

β
α =

1

2
gνσµρ(x)ẋµν ẋ

ρ
σ , (27)

where we are denoting by

ϑL = −ig−1ġ = ϑαβX
β
α = ϑανβµẋ

µ
νX

β
α

the restriction of (25) to trajectories g = g(t) and writing the natural metric on G,

gνσµρ = ϑανβµϑ
βσ
αρ , in terms of vielbeins ϑαβ . The equations of motion derived from (27)

are: ϑ̇L = 0, which can be converted into the standard form of geodesic motion

ẍa + Γa
bc(x)ẋ

bẋc = 0

by introducing the Levi-Civita connection Γa
bc [here we used an alternative indexa-

tion a = (αβ) = 1, . . . , 16, to simplify expressions]. The phase space of this theory

is the cotangent bundle T ∗G, which can be identified with the product of G and

its Lie algebra G in a suitable way.

It can be shown that the Lagrangian (27) is G-invariant under both: left- and

right-rigid transformations, g(t) → g′g(t) and g(t) → g(t)g′, respectively; that is,

LG is chiral. This chirality is partially broken when we reduce the dynamics from

G to certain cosets G/G0, with G0 the isotropy subgroup of a given Lie algebra

element of the form

X0 =

4∑

α=1

λαX
α
α (28)

(with λα some real constants) under the adjoint action X0 → gX0g
−1 of G on its

Lie algebra G. Actually, the new Lagrangian on G/G0 can be written as a “partial

trace”:

LG/G0(g, ġ) =
1

2
trG/G0(ϑL)2 ≡ 1

2
tr([X0, ϑ

L])2

=
1

2

N∑

α,β=1

(λα − λβ)2ϑαβϑ
β
α. (29)

For example, choosing X0 = λ
2 γ

5 = λD (the dilation) we have G0 = H = U(2)2

(the maximal compact subgroup) and G/G0 the eight-dimensional domain D. For

λα �= λβ , ∀α, β = 1, . . . , 4, the isotropy subgroup of X0 is the maximal Abelian

subgroup G0 = U(1)4 and G/G0 = F is a 12-dimensional “pseudo-flag” (non-

compact) manifold. It is obvious that LG/G0 is still invariant under general rigid
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left-transformations g(t) → g′g(t). However, this Lagrangian is now singular or,

equivalently:

Proposition 3.1. The Lagrangian (29) is gauge invariant under local right-

transformations

g(t) → g(t)g0(t), ∀ g0(t) ∈ G0. (30)

Proof. We have that:

ϑL = −ig−1ġ → ϑ′L = −ig−1
0 g−1(ġg0 + gġ0) = g−1

0 ϑLg0 − ig−1
0 ġ0

and

[X0, ϑ
′L] = g−1

0 [X0, ϑ
L]g0,

since G0 is the isotropy subgroup of X0, which means [X0, g0] = 0 = [X0, ġ0]. The

cyclic property of the trace completes the proof.

We have considered so far G/G0 as a configuration space. In this article, we

shall be rather interested in G/G0 as a phase space. For example, we shall consider

D [or the tube domain (17) of the complex Minkowski space C1,3] as a (complex)

phase space of four-position xµ and four-momenta yν , in itself. This situation will

require a new singular Lagrangian of the form:

L(g, ġ) = tr(X0ϑ
L) =

4∑

α=1

λαϑ
α
α. (31)

Again, this Lagrangian is left-G-invariant under rigid transformations. The differ-

ence now is that it is linear in velocities ẋ. Moreover, we shall prove that:

Proposition 3.2. The Lagrangian (31) is gauge (semi-)invariant under local right-

transformations

g(t) → g(t)g0(t), ∀ g0(t) ∈ G0 (32)

up to a total time derivative, i.e.

L → L + ∆L, ∆L = −itr(X0g
−1
0 ġ0) =

dτ

dt
, τ =

4∑

α=1

λαx
α
α. (33)

Proof. We shall just consider the two important cases for us:

(1) λα �= λβ , ∀α �= β ⇒ G0 = U(1)4, G/G0 = F.

(2) X0 = λD =
λ

2
γ5 ⇒ G0 = H = U(2)2, G/G0 = D.

For the first case, any g0 ∈ G0 can be written as g0 = exp(ixααX
α
α ) and ġ0 =

ig0ẋ
α
αX

α
α because G0 is Abelian; therefore

∆L = −itr(X0g
−1
0 ġ0) =

4∑

β=1

λβ ẋ
α
αtr(Xβ

βX
α
α ) =

4∑

α=1

λαẋ
α
α.
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For the second case, g0 = exp(iϕI+iτ ′D+iωµνMµν) =
(U1 0

0 U2

)
∈ H . Disregarding

the trivial global phase ϕ, it is clear that for dilations g0 = d0 = eiτ
′D we have

ḋ0 = iτ̇ ′Deiτ
′D and

−itr(X0d
−1
0 ḋ0) = λτ̇ tr(D2) = λτ̇ ′ = τ̇ ,

where τ ≡ λτ ′. For Lorentz transformations g0 = m0 = exp(iωµνMµν) we have

∆L = 0 since tr(DMµν) = 0, which is a direct consequence of the orthogonality

properties of the Pauli matrices tr(σµσν) = 2δµν .

Remark 3.3. We can always fix the gauge to τ(t) = t. In the case X0 = λD, this

implies that the dilation operator D will play the role of the Hamiltonian of the

quantum theory. The replacement of time translations by dilations as dynamical

equations of motion has been considered in [39] and in [40] when quantizing field

theories on space-like Lorentz-invariant hypersurfaces x2 = xµxµ = τ2 = constant.

In other words, if one wishes to proceed from one surface at x2 = τ21 to another at

x2 = τ22 , this is done by scale transformations; that is, D is the evolution operator

in a proper time τ .

4. Quantum Mechanics in the Phase Space G/G0

We shall see that the constants λα label the (lowest weight) irreducible represen-

tations of G on which the Hilbert space of our theory is constructed. There are

several ways of seeing that the values of λα are quantized. One way is through the

path integral method. To examine this explicitly, consider the transition amplitude

from an initial point g1 at t = t1 to a final point g2 at t = t2. For each path g(t)

connecting g1 and g2, there are many gauge equivalent paths

g′(t) = g(t)g0(t), g0(t) ∈ G0, g0(t1) = g0(t2) = 1

that must contribute to the sum of the path integral with the same amplitude,

that is:

ei
R t2
t1

dtL(g,ġ) = ei
R t2
t1

dtL(g′,ġ′) = ei
R t2
t1

dtL(g,ġ)ei
R t2
t1

dt∆L(g,ġ) ⇒ ei
R t2
t1

dt∆L(g,ġ) = 1.

Using (33), the last expression can be written as exp(i(τ(t2) − τ(t1)) = 1 which,

together with the fact that

g0(t1,2) = ei
P

α xα
α(t1,2) = 1 ⇔ xαα(t1,2) = 2πnα

1,2, nα
1,2 ∈ Z,

means that λα must be an integer number. Considering coverings of G, one can

relax the integer to a half-integer condition, as happens with SU(2) in relation

with SO(3).

Other alternative way to the path-integral description of realizing the integrality

of λα is through the following operator (representation-theoretic) description. At

the quantum level, finite-right gauge transformations like (32) induce constraints

on “physical” wave functions ψ(g) as:

ψ(gg0) = Uλ
0 (g0)ψ(g), g0 ∈ G0 (34)
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where we are allowing ψ to transform non-trivially according to a representation

Uλ
0 of G0 of index λ. This could be seen as a generalization of the original Dirac

approach to the quantization of constrained systems (where Uλ
0 is taken to be

trivial) which allows new inequivalent quantizations labeled by λα (see e.g. [41–44]

for several approaches to the subject). The finite constraint condition (34) can be

written in infinitesimal form as

Lα
αψ = λαψ, α = 1, . . . , 4, (35)

where we have used the fact that left-invariant vector fields (26) are generators of

finite right-transformations. In the parametrization {xαβ}, the left-invariant vector

fields Lβ
α fulfill the same commutation relations as the step operator matrices (23).

Therefore, when acting on physical/constrained states (35), they satisfy creation

and annihilation harmonic-oscillator-like commutation relations:

[Lβ
α, L

α
β ] = (λβ − λα) (no sumonα, β).

We shall work in a holomorphic picture, which means that constrained wave func-

tions (35) will be further restricted by holomorphicity conditions:

Lβ
αψ = 0, ∀α > β = 1, 2, 3. (36)

In fact, looking at (26), for g ∈ G near the identity we have Lβ
α(g) ∼ ∂/∂xαβ

so that Lβ
αψ = 0 means, roughly speaking, that ψ(g) does not depend on the

variables xαβ , α > β = 1, 2, 3 in (22), that is, ψ is holomorphic. The complementary

option Lβ
αψ = 0, ∀β > α = 1, 2, 3 then leads to anti-holomorphic functions. Those

readers familiar with Geometric Quantization [5, 45] will identify the constraint

Eqs. (35) and (36) as polarization conditions (see also [46] for a Group Approach

to Quantization scheme and [47] for the extension of first-order polarizations to

higher-order polarizations), intended to reduce the left-representation UL (24) of

G, on complex wave functions ψ, to G/G0. Also, the constraints (35) and (36) are

exactly the defining relations of a lowest-weight representation.

4.1. Conformal scalar quantum particles

Firstly we shall consider the (spinless) case λ1 = λ2 = −λ3 = −λ4 ≡ −λ/2, that

is, X0 = λ
2 γ

5 = λD, and we shall call λ the conformal scale or mass dimension. In

this case the gauge group is the maximal compact subgroup G0 = H = U(2)2 and

the phase space is the eight-dimensional domain D = G/G0.

4.1.1. Constraint conditions and physical wave functions

The constraint conditions (35) can now be enlarged to

DLψ = −1

2
(L1

1 + L2
2 − L3

3 − L4
4)ψ = λψ, ML

µνψ = 0, (37)
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which renders translation (Pµ) and acceleration (Kν) generators into conjugated

variables. In fact, the last commutator of (6), on constrained (physical) wave func-

tions (37), gives:

[KL
µ , P

L
ν ]ψ = 2ληµνψ, (38)

which states that Kµ and Pµ cannot be simultaneously measured, the conformal

dimension λ playing here the role of the Planck constant �. Note that Kµ and Pµ

are conjugated but not canonically conjugated as such. We address the reader to

Refs. [48, 49] for other definitions of quantum observables associated with positions

in space-time, namely

Xµ = Mνµ · P
ν

P 2
+D · Pµ

P 2
(39)

(dot means symmetrization), fulfilling canonical commutation relations [Xµ, Pν ] =

ηµν inside the conformal (enveloping) algebra (6).

A further restriction

KL
µψ = 0 (40)

selects the holomorphic (“position”) representation. Indeed, let us prove that:

Theorem 4.1. The general solution to (37) and (40) can be factorized as:

ψλ(g) = Wλ(g)φ(Z), (41)

where the “ground state”

Wλ(g) = det(D)−λ = det(σ0 − Z†Z)λ/2 det(U2)
−λ

= (1 − tr(Z†Z) + det(Z†Z))λ/2 det(U2)
−λ (42)

is a particular solution of (37), (40) and φ is the general solution for the trivial

representation λ = 0 of G0 = H (actually, an arbitrary, analytic holomorphic

function of Z), for the decomposition (20) of an element g ∈ G.

Proof. A generic proof (also valid for other symmetry groups) that the general

solution of (37), (40) admits a factorization of the form (41) can be found in the

Proposition 3.3 of [50]. Here we shall just prove that (41) is a solution of (37), (40).

Indeed, by applying a finite right-translation (24) on Wλ(g):

[UR
g′Wλ](g) = Wλ(gg′) = det(D′′)−λ = det(CB′ +DD′)−λ

= det(D′)−λ det(CZ ′ +D)−λ, (43)

we see that Wλ(gg′) is not affected by translations by Z ′† = Z†(g′) = C′A′−1.

Infinitesimally, it means that KL
µ Wλ(g) = 0, according to the lower-triangular

choice of the generatorKµ in (10). For Lorentz transformations we haveB′ = 0 = C′

and det(A′) = 1 = det(D′) and therefore Wλ(gg′) = Wλ(g), that is ML
µνWλ(g) = 0.

For dilations we have B′ = 0 = C′ and A′ = eiτ/2σ0 = D′†, which gives
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Wλ(gg′) = eiλτWλ(g) or DLWλ(g) = λWλ(g) for small τ . It remains to prove

that φ(Z) is the general solution of (37), (40) for λ = 0. From (13) we have

Z ′′ = Z(gg′) = B′′D′′−1 = (AB′ +BD′)(CB′ +DD′)−1, (44)

which is not affected by C′ and gives Z ′′ = Z for dilations and Lorentz transfor-

mations (B′ = 0).

Remark 4.2. In the last theorem, we are implicitly restricting ourselves to gauge

transformations g′ ∈ S(U(2)2), which means det(g′) = det(U1U2) = 1. If we allow

for transformations g′ ∈ U(2)2 with det(g′) �= 1 (like eiαI) and we want them to

leave physical wave functions strictly invariant ψ(gg′) = ψ(g) (i.e. we restrict our-

selves to representations with λ1+λ2+λ3+λ4 = 0), we must choose a symmetrical

form for the ground state

Wλ(g) = det(A†)−λ/2 det(D)−λ/2

= det(σ0 − Z†Z)λ/2 det(U †
1 )−λ/2 det(U2)

−λ/2, (45)

which reduces to (42) for det(U1U2) = 1.

Moreover, instead of (40), we could have chosen the complementary constraint

PL
µ ψ = 0 which would have led us to an anti-holomorphic (“acceleration”) repre-

sentation ψλ(g) = W̌λ(g)φ(Z†) with the new ground state

W̌λ(g) = det(A)−λ/2 det(D†)−λ/2

= det(σ0 − Z†Z)λ/2 det(U1)
−λ/2 det(U †

2 )−λ/2, (46)

which, for g ∈ SU(2, 2), reduces to:

W̌λ(g) = det(A)−λ = det(σ0 − ZZ†)λ/2 det(U1)
−λ = Wλ(g).

Therefore, the BRP-like symmetry KL
µ ↔ PL

µ , DL → −DL in (7) manifest

here as a charge conjugation and time-reversal (CT) operations. See later on

Sec. 6 for more details on a “BRP-CPT connection” proposal inside the conformal

group.

4.1.2. Irreducible representation, Haar measure and Bergman kernel

The finite left-action of G on physical wave functions (41),

[UL
g′ψλ](g) = ψλ(g′−1g) = det(D(g′−1g))−λφ(Z ′)

= Wλ(g) det(D′† −B′†Z)−λφ(Z ′), (47)

Z ′ ≡ Z(g′−1g) = (A′†Z − C′†)(D′† −B′†Z)−1,

provides a unitary irreducible representation of G under the invariant scalar

product

〈ψλ |ψ′
λ〉 =

∫

G

dµL(g)ψλ(g)ψ′
λ(g) (48)
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given through the left-invariant Haar measure [the exterior product of left-invariant

one-form (25)] which can be decomposed as:

dµL(g) = c

4∧

α,β=1

ϑαβ = c det(ϑαµβν )

4∧

µ,ν=1

dxνµ

= c dµ(g)L
∣∣
G/H

dµL(g)
∣∣
H
,

dµL(g)
∣∣
G/H

= det(σ0 − ZZ†)−4|dZ|,
dµ(g)|H = dv(U1)dv(U2),

(49)

where we are denoting by dv(U) the Haar measure on U(2), which can be in turn

decomposed as:

dv(U) ≡ dv(U)|U(2)/U(1)2 dv(U)|U(1)2 ,

dv(U)|U(2)/U(1)2 = dv(U)|S2 ≡ ds(U) = (1 + zz̄)−2|dz|, (50)

dv(U)|U(1)2 ≡ dαdβ.

We have used the Iwasawa decomposition of an element g given in (20), (21) and

denoted by |dz| and |dZ| the Lebesgue measures in C and C4, respectively. The

normalization constant

c = π−4(λ− 1)(λ− 2)2(λ− 3)

(
(2π)3

2

)−2

(51)

is fixed so that the ground state (42) is normalized, i.e. 〈Wλ | Wλ〉 = 1 (see

Appendix C of [31] for orthogonality properties), the factor (2π)3/2 actually being

the volume v(U(2)). The scalar product (48) is finite as long as λ ≥ 4.

The infinitesimal generators of (47) are the right-invariant vector fields Rα
β (g) in

(26) and constitute the operators (observables) of our quantum theory. For example,

from the general expression (47), we can compute the finite left-action of dilations

g′ = eiτD (B′ = 0 = C′ and A′ = e−iτ/2σ0 = D′†) on physical wave functions,

ψλ(g′g) = eiλτWλ(g)φ(eiτZ),

or infinitesimally:

DRψλ(g) = −1

2
(R1

1 +R2
2 −R3

3 −R4
4)ψλ(g)

= Wλ(g)


λ+

2∑

i,j=1

Zij
∂

∂Zij


φ(Z) ≡ Wλ(g)Dλφ(Z), (52)

where we have defined the restriction of the dilation operator on holomorphic

functions as:

Dλ ≡ λ+

2∑

i,j=1

Zij
∂

∂Zij
, (53)
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for future use. As we justified in Remark 3.3, the dilation generator DR plays the

role of the Hamiltonian operator of this theory

Ĥ = −i ∂
∂τ

= DR. (54)

The conformal or mass dimension λ can be then interpreted as the zero point (vac-

uum) energy and the corresponding eigenfunctions are homogeneous polynomials

φn(Z) of a certain degree (eigenvalue) n, according to Euler’s theorem. We shall

come back to this question later in Theorem 4.3.

Let us introduce bracket notation and write:

Wλ(g) ≡ 〈g |λ, 0〉 = 〈λ, 0|UL
g−1 |λ, 0〉, ψλ(g) ≡ 〈g |ψλ〉. (55)

Here we are implicitly making use of the Coherent–States machinery (see e.g. [51,

52]). Actually, we are denoting by |g〉 ≡ UL
g |λ, 0〉 the set of vectors in the orbit of the

ground (“fiducial”) state |λ, 0〉 (the lowest-weight vector) under the left-action of

the group G (this set is called a family of covariant coherent states in the literature

[51, 52]). We can easily calculate the coherent state overlap:

〈g′ | g〉 = 〈λ, 0| UL
g′−1g|λ, 0〉 = Wλ(g−1g′) = det(D(g−1g′))−λ = det(D†D′ −B†B′)−λ

= det(D†)−λ det(σ0 − (BD−1)†B′D′−1)−λ det(D′)−λ

= Wλ(g) det(σ0 − Z†Z ′)−λWλ(g′). (56)

The set of coherent states {|g〉, g ∈ G} constitutes a tight frame (see [31] for a

proof in the context of Conformal Wavelets) with resolution of unity:

1 =

∫

G

dµ(g) |g〉 〈g| .

Actually, the coherent state overlap (56) is a reproducing kernel satisfying the

integral equation of a projector operator

〈g | g′′〉 =

∫

G

dµL(g′) 〈g | g′〉 〈g′ | g′′〉

and the propagator equation

ψλ(g′) =

∫

G

dµL(g) 〈g′ | g〉ψλ(g).

Since the ground state Wλ is a fixed common factor of all the wave functions (41),

we could factor it out and define the restricted left-action

[Uλ
g′φ](Z) ≡ W−1

λ (g)[UL
g′ψλ](g) = det(D′† −B′†Z)−λφ(Z ′) ≡ φ′(Z) (57)

of G on the arbitrary (holomorphic) part φ of ψλ, instead of (47). In stan-

dard (induced) representation theory, the factor det(D′† − B′†Z)−λ is called

a “multiplier” (Radon–Nicodym derivative) and fulfills cocycle properties. For



June 3, 2011 11:47 WSPC/S0219-8878 IJGMMP-J043
S0219887811005282

Conformal Spinning Quantum Particles 603

the representation (57) of G on holomorphic functions φ(Z) to be unitary, the

left-G-invariant Haar measure (49) has to be accordingly modified as:

dµλ(Z,Z†) ≡ cλ|Wλ(g)|2dµL(g)|G/H = cλ det(σ0 − ZZ†)λ−4|dZ|, (58)

where dµL(g)|G/H in (49) is the projection of the left-G-invariant Haar measure

dµL(g) onto G/H . Roughly speaking, we are integrating out the coordinates of

H and redefining the normalization constant c in (51) as cλ = c/v(U(2)) =

π−4(λ− 1)(λ− 2)2(λ− 3) so that the unit constant function φ(Z) = 1 (the ground

state) is normalized (see [31] for orthogonality properties). As before, we could also

introduce a modified bracket notation φ(Z) ≡ (Z | φ) and a new set {|Z), Z ∈ D}
of coherent states in the Hilbert space Hλ(D) = L2(D, dµλ) of analytic square-

integrable holomorphic functions φ on D. The new coherent state overlap (Z | Z ′)
is nothing but the so-called reproducing Bergman’s kernel Kλ(Z,Z ′). It is related

to (56) by:

Kλ(Z ′, Z) = (Z ′ | Z) =
〈g′ | g〉

Wλ(g′)Wλ(g)
= det(σ0 − Z†Z ′)−λ. (59)

We notice that, unlike |g〉, the coherent state |Z) is not normalized. In fact,

Kλ(Z,Z†) ≡ ln (Z | Z) (60)

is nothing but the Kähler potential, which defines D as a Kähler manifold with

local complex coordinates Z = zµσ
µ, an hermitian Riemannian metric g and a

corresponding closed two-form ω

ds2 = gµνdzµ � dz̄ν , ω = −igµνdzµ ∧ dz̄ν , gµν ≡ ∂2Kλ

∂zµ∂z̄ν
, (61)

where � denotes symmetrization. We shall come back to the Riemannian structure

of D and T and the connection with the BRP later on in Sec. 5.

4.1.3. Schwinger’s theorem, orthonormal basis and closure relations

As already commented after Eq. (52), we are interested in calculating an orthonor-

mal basis of Hλ(D) made of Hamiltonian eigenfunctions ϕJ (Z) ≡ (Z | λ, J), where

J denotes a set of indices. This orthonormal basis would provide us with a new

resolution of the identity

1 =
∑

J

|λ, J) (λ, J | .

Actually, we shall identify ϕJ(Z) by looking at the expansion of the Bergman’s

kernel

Kλ(Z ′, Z) = (Z ′ | Z) =
∑

J

(Z ′ | λ, J) (λ, J | Z) =
∑

J

ϕJ (Z ′)ϕJ (Z).
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Thus, the Bergman’s kernel plays here the role of a generating function. To be more

precise:

Theorem 4.3. The infinite set of polynomials

ϕj,m
q1,q2(Z) =

√
2j + 1

λ− 1

(
m+ λ− 2

λ− 2

)(
m+ 2j + λ− 1

λ− 2

)
det(Z)mDj

q1,q2(Z), (62)

with

Dj
q1,q2(Z) =

√
(j + q1)!(j − q1)!

(j + q2)!(j − q2)!

min(j+q1,j+q2)∑

p=max(0,q1+q2)

(
j + q2
p

)(
j − q2

p− q1 − q2

)

× zp11z
j+q1−p
12 zj+q2−p

21 zp−q1−q2
22 (63)

the standard Wigner’s D-matrices (j is a non-negative half-integer), verifies the

following closure relation (the reproducing Bergman kernel) :

∑

j∈N/2

∞∑

m=0

j∑

q1,q2=−j

ϕj,m
q1,q2(Z)ϕj,m

q1,q2(Z
′) =

1

det(σ0 − Z†Z ′)λ
(64)

and constitute an orthonormal basis of Hλ(D).

This theorem has been proven in [31]. It turns out to be rooted in a extension

of the Schwinger’s formula:

Theorem 4.4 (Schwinger’s Master theorem). The identity

∑

j∈N/2

t2j
j∑

q=−j

Dj
qq(X) =

1

det(σ0 − tX)
(65)

holds for any 2 × 2 matrix X, with t an arbitrary parameter.

The above-mentioned extension of the Theorem 4.4 can be stated as:

Theorem 4.5 (λ-Extended Schwinger’s Master theorem). For every λ ∈ N,
λ ≥ 2 and every 2 × 2 complex matrix X the following identity holds:

∑

j∈N/2

2j + 1

λ− 1

∞∑

m=0

t2j+2m

(
m+ λ− 2

λ− 2

)(
m+ 2j + λ− 1

λ− 2

)
det(X)m

j∑

q=−j

Dj
qq(X)

= det(σ0 − tX)−λ. (66)

We address the interested reader to [31] for a complete proof.
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Scketch of proof of Theorem 4.3. Assuming the validity of (66) and replacing

tX = Z†Z ′ in it, we have:

∑

j∈N/2

2j + 1

λ− 1

∞∑

m=0

(
m+ λ− 2

λ− 2

)(
m+ 2j + λ− 1

λ− 2

)
det(Z†Z ′)m

j∑

q=−j

Dj
qq(Z

†Z ′)

=
1

det(σ0 − Z†Z ′)λ
. (67)

Using determinant and Wigner’s D-matrix rules

det(Z†Z ′)n
j∑

q=−j

Dj
qq(Z

†Z ′) = det(Z†)n det(Z ′)n
j∑

q2,q1=−j

Dj
q1q2(Z)Dj

q1q2(Z
′),

and the definition of the functions (62), we see that (67) reproduces (64). On the

other hand, the number of linearly independent polynomials
∏2

i,j=1 z
nij

ij of fixed

degree of homogeneity n =
∑2

i,j=1 nij is (n+1)(n+2)(n+3)/6, which coincides with

the number of linearly independent polynomials (62) with degree of homogeneity

n = 2m + 2j. This proves that the set of polynomials (62) is a basis for analytic

functions φ ∈ Hλ(D4). Moreover, this basis turns out to be orthonormal under

the projected integration measure (58). We address the interested reader to the

Appendix C of [31] for a proof.

Remark 4.6. The set (62) constitutes a basis of Hamiltonian eigenfunctions with

energy eigenvalues Eλ
n (the homogeneity degree) given by:

Ĥλϕ
j,m
q1,q2 = Eλ

nϕ
j,m
q1,q2 , Eλ

n = λ+ n, n = 2j + 2m, (68)

with Ĥλ = Dλ defined in (53). Each energy level Eλ
n is then (n+1)(n+2)(n+3)/6

times degenerated. The spectrum is equi-spaced and bounded from below, with

Eλ
0 = λ playing the role of a zero-point energy. At this stage it is interesting to

compare our Hamiltonian choice with others in the literature like [53] studying

a SU(2, 2)-harmonic oscillator on the phase space D. In this case the quantum

Hamiltonian is chosen to be the Toeplitz operator corresponding to the square of

the distance with respect to the SU(2, 2)-invariant Kähler metric (61) on the phase

space D.

4.2. Conformal spinning quantum particles

Let us use the following notation for

X0 =

4∑

α=1

λαX
α
α = λD + s1Σ

(3)
1 + s2Σ

(3)
2 + κI, (69)

where

Σ
(3)
1 = X1

1 −X2
2 =

(
σ3 0

0 0

)
, Σ

(3)
2 = X3

3 −X4
4 =

(
0 0

0 σ3

)
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stand for the third spin components and I the 4 × 4 identity matrix. The iden-

tification (69) implies that the spin labels of the representation of the subgroup

SU(2)2 are s1 ≡ (λ1 − λ2)/2 and s2 ≡ (λ3 − λ4)/2. The conformal dimension is

λ = (λ3 + λ4 − λ1 − λ2)/2 and κ = (λ1 + λ2 + λ3 + λ4)/4 is the (trace) U(1)

quantum number. We shall choose, without lost of generality, κ = 0, which means

that λ remains integer (as in the spinless case) and that we are restricting ourselves

to representations of SU(2, 2) ⊂ U(2, 2).

Theorem 4.7. The general solution to (35) and (36) can be factorized as:

ψs1,s2
λ (g) = Ws1,s2

λ (g)φ(Z, z1, z2), (70)

where the ground state

Ws1,s2
λ (g) = det(A†)−λs/2 det(D)−λs/2Ds1

s1,s1(U
†
1 )Ds2

−s2,−s2(U2)

= det(A†)−λs/2 det(D)−λs/2ā2s11 d2s22

= det(∆1U
†
1 )−λs/2 det(∆2U2)

−λs/2(δ1e
−iα1)2s1(δ2e

iβ2)2s2

= det(σ0 − Z†Z)λs/2(1 + z̄1z1)
−s1(1 + z̄2z2)

−s2

× e−iα1(2s1−λs/2)eiβ1λs/2e−iα2λs/2eiβ2(2s2−λs/2), (71)

with λs ≡ λ − s1 − s2, is a particular solution of (35), (36) and φ is the general

solution for the trivial representation λα = 0 of G0 = U(1)4 (actually, an arbitrary,

analytic holomorphic function of Z, z1, z2), for the decomposition (20), (21) of an

element g ∈ G.

Proof. On the one hand, from (43) we conclude that the factors det(D)−λ and

Ds2
−s2,−s2(U2), with U2 = (DD†)−1/2D fulfill the holomorphicity conditions (36) for

(β, α) = (1, 3), (2, 3), (1, 4), (2, 4). Moreover, U †
1 = A†(AA†)−1/2 and we have that

A′′† = A(gg′)† = A′†A† + C′†B† = A′†(A† + (C′A′−1)†B†) = A′†(A† + Z ′B†)

is not affected by Z ′† = C′A′−1 either, according to the definition (13). On the

other hand, for g′ ∈ H we have that

ā′′ = ā(gg′) = āā′ + b̄c̄′ = ā′(ā− z′b̄)

d′′ = d(gg′) = cb′ + dd′ = d′(d+ z′c)

are not affected by z̄′ = −c′/a′ = b̄′/d̄′, according to the definition (21). This

proves that the ground state (71) fulfills the holomorphicity conditions (36) for

(β, α) = (1, 2), (3, 4). It remains to prove the gauge conditions (35) or their finite

counterpart (34) for g0 ∈ G0 = U(1)4. Finite right (gauge) dilations g0 = eiτD leave

Ws1,s2
λ (gg0) = eiλτWs1,s2

λ (g) invariant up to the phase Uλ
0 (g0) = eiλτ (a character of

G0), where we have used that det(·) and Ds(·) are homogeneous of degree 2 and 2s,
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respectively. Infinitesimally, it means that DLψs1,s2
λ = λψs1,s2

λ . For g
(1,2)
0 = eiαΣ

3
1,2

the ground state transforms as expected:

Ws1,s2
λ (gg

(1,2)
0 ) = Uλ

0 (g
(1,2)
0 )Ws1,s2

λ (g), Uλ
0 (g

(1,2)
0 ) = e2is1,2α.

Infinitesimally, it means that

Σ
L(3)
1,2 Ws1,s2

λ = 2s1,2Ws1,s2
λ ,

{
Σ

L(3)
1 ≡ L1

1 − L2
2,

Σ
L(3)
2 ≡ L3

3 − L4
4.

(72)

Moreover, one can easily check that Ws1,s2
λ (gg0) = Ws1,s2

λ (g) for diagonal U(1)

transformations g0 = eiθI, that is, κ = 0. Finally, using similar arguments to those

employed in (44), we can assert that z′1,2 = z1,2(gg0) = z1,2, ∀ g0 ∈ G0, which ends

up proving the gauge conditions (34).

Remark 4.8. Instead of (36), we could have chosen the complementary constraint

Lβ
αψ = 0, ∀α < β which would have led us to a anti-holomorphic representation.

As in Eq. (47), we can compute the finite left-action of G on physical wave

functions (70). In particular, for the case of dilations g′ = eiτ
′D (i.e. B′ = 0 = C′

and A′ = e−iτ ′/2σ0 = D′†) we have:

ψs1,s2
λ (g′−1g) = eiλτ

′Ws1,s2
λ (g)φ(eiτ

′
Z, z1, z2),

or infinitesimally:

DRψs1,s2
λ (g) = Ws1,s2

λ (g)


λ+

2∑

i,j=1

Zij
∂

∂Zij


φ(Z, z1, z2). (73)

Comparing this expression with (52), we realize that the spin coordinates z1, z2 do

not contribute to the degree of homogeneity of φ under dilations, as they correspond

to “internal” (versus space-time-momentum) degrees of freedom.

As in the previous subsection, we can introduce a modified bracket notation

φ(Z, z1, z2) ≡ (Z, z1, z2 | φ) and a set {|Z, z1, z2) , Z ∈ D, z1, z2 ∈ C} of coherent

states in the Hilbert space Hs1,s2
λ (F) of analytic measurable holomorphic functions

φ on the 12-dimensional pseudo-flag manifold F = U(2, 2)/U(1)4, locally D × C2
,

with integration measure

dµs1,s2
λ (Z, z1, z2;Z

†, z̄1, z̄2) ≡ dµλs(Z,Z
†)

2s1 + 1

π
ds(U1)

2s2 + 1

π
ds(U2), (74)

where dµλs(Z,Z
†) and ds(U) are defined in (58) and (50), respectively. Note that

the square-integrability condition λ ≥ 4 in Hλ(D) becomes λs ≥ 4 in Hs1,s2
λ (F).

The constant factor (2s1 + 1)/π is introduced so that the following set of functions

is normalized.
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Theorem 4.9. The infinite set of polynomials

ϕ̌m,m1,m2

j,q1,q2
(Z, z1, z2) ≡ (−1)m1+s1ϕj,m

q1,q2(Z)
Ds1

s1,−m1
(U †

1 )Ds2
m2,−s2(U2)

Ds1
s1,s1(U

†
1 )Ds2

−s2,−s2(U2)

= ϕj,m
q1,q2(Z)

√(
2s1

m1 + s1

)(
2s2

m2 + s2

)
zm1+s1
1 zm2+s2

2 , (75)

(with ϕj,m
q1,q2 in (62) replacing λ → λs) provides an orthonormal basis of Hs1,s2

λ (F).

The closure relation:

∞∑

j∈N/2

∞∑

m=0

j∑

q1,q2=−j

s1∑

m1=−s1

s2∑

m2=−s2

ϕ̌m,m1,m2

j,q1,q2
(Z ′, z′1, z

′
2)ϕ̌

m,m1,m2

j,q1,q2
(Z, z1, z2)

= (Z ′, z′1, z
′
2 | Z, z1, z2) (76)

gives the reproducing Bergman’s kernel for spinning particles:

Ks1,s2
λ (Z ′, z′1, z

′
2;Z, z1, z2) = (Z ′, z′1, z

′
2 | Z, z1, z2)

= det(σ0 − Z†Z ′)−λs(1 + z̄1z
′
1)

2s1(1 + z̄2z
′
2)

2s2 . (77)

Proof. Assuming the orthonormality of (62) (see Appendix C of [31]), and realizing

that

∫

C

√(
2s

m

)
z̄m

√(
2s

m′

)
zm

′ 2s+ 1

π
ds(U) = δm,m′ , m,m′ = 0, . . . , 2s,

we prove the orthonormality of the functions (75). Moreover, the number of linearly

independent polynomials
∏2

i,j=1 z
nij

ij

∏2
i=1 z

ni

i with 0 ≤ ni ≤ 2si and fixed n =∑2
i,j=1 nij is (2s1 + 1)(2s2 + 1)(n + 1)(n + 2)(n + 3)/6, which coincides with the

number of linearly independent polynomials (75) with degree of homogeneity n =

2m+2j in the coordinates Z. This proves that the set of polynomials (75) is a basis

for analytic functions Hs1,s2
λ (F).

It just remains to prove the closure relation (76). This proof reduces to that of

Theorem 4.3 when noting the binomial identity
∑2s

m=0

(
2s
m

)
(z̄z′)m = (1 + z̄z′)2s or

the Wigner D-matrix property

s∑

n=−s

Ds
sn(U)Ds

ns(U
′) = Ds

ss(UU
′).

Remark 4.10. At this point it is interesting to compare our construction with

others in the literature like [8], where the proposed basis functions

Φm,m1,m2

j,q1,q2
(A,D,Z) = Dj1

j1,m1
(AT )Dj2

m2,j2
(D)ϕj,m

q1,q2(Z) (78)
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do not form an orthogonal set unless a coupling between orbital angular momentum

j with spin j1, j2 by means of Clebsch–Gordan coefficients is made:

Φ̃m,p1,p2

j,j1,j2
=

∑

m1,m2,q1,q2

C(j, q1; s1,m1 −s1 | j1, p1)C(j, q2; s2,m2 − s2 | j2, p2)Φm,m1,m2

j,q1,q2
.

Moreover, the fact that U1 = (AA†)−1/2A and U2 = (DD†)−1/2D introduces a new

contribution of Dj1(A) and Dj2(D) to the integration measure dµj1,j2
λ , with respect

to Dj1 (U1) and Dj2 (U2), such that the square-integrability condition becomes λ ≥
4 + 2j1 + 2j2.

The Hamiltonian of our spinning particle is Ĥ = −i ∂
∂τ with τ given by (33). Its

expression in terms of right-invariant vector fields Rα
β is then

Ĥ =

4∑

α=1

1

λα
Rα

α = ρ0D
R + ρ1Σ

R(3)
1 + ρ2Σ

R(3)
2 + ρ3I, (79)

with

ρ0 =
4λ(λ2 − s21 − s22)

(λ2 − 4s21)(λ
2 − 4s22)

, ρ1 =
−4s1

λ2 − 4s21
,

ρ2 =
−4s2

λ2 − 4s22
, ρ3 =

4λ(s22 − s21)

(λ2 − 4s21)(λ
2 − 4s22)

,

and Σ
R(3)
1,2 the right-invariant version of (72). In order to compare with the spinless

case, we can always renormalize

Ĥ → Ĥ/ρ0 = Ĥ′ = DR + �1Σ
R(3)
1 + �2Σ

R(3)
2 + �3I, (80)

with �α = ρα/ρ0. We can interpret �1,2 as constant “magnetic fields” (oriented

along the “z” direction) coupled to the spin degrees of freedom Σ
R(3)
1,2 . The set

(75) constitutes a basis of eigenfunctions of the Hamiltonian (80) with eigenvalues

(energy levels) given by:

Eλ,m1,m2
n,q1,q2 = λ+ �3 + n+ �1(m1 + q1) + �2(m2 + q2), n = 2j + 2m. (81)

Comparing this energy eigenvalues with the energy spectrum (68) of the spinless

Hamiltonian Ĥ = DR, we realize that the zero-point energy has been shifted from

λ to λ+ �3 − s1�1 − s2�2. Like in the (anomalous) Zeeman effect, the introduction

of spin leads to a splitting of a spinless spectral line Eλ
n into (2s1 + 1)(2s2 + 1)

components in the presence of a “static magnetic field” �1,2.

5. Relation with the Tube Domain Realization

In this section we shall translate some expressions obtained from the complex

Cartan domain (16) into the forward tube domain (17), where we enjoy more

(Minkowskian) intuition. We shall restrict ourselves to the scalar case, since it

is representative of the more general case.
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5.1. Tube domain as a homogeneous space of SU(2, 2)

As we have already said, the forward tube domain T is naturally homeomorphic to

the quotient G/H in the realization of G in terms of matrices

f =

(
R iS

−iT Q

)
(82)

which preserve Γ = γ0, instead of Γ = γ5; that is, f †γ0f = γ0. Both realizations of

G are related by the map (19), which can be explicitly written as

g =

(
A B

C D

)
= Υ−1fΥ =

1

2

(
R+ iS − iT +Q −R+ iS + iT +Q

−R− iS − iT +Q R − iS + iT +Q

)
. (83)

The identification of T with the quotient G/H is given through

W (f) = i(R− iS)(Q+ iT )−1. (84)

Hence, the left translation f ′ → ff ′ of G on itself induces a left-action of G on T
given by:

W = W (f ′) → W ′ = W (ff ′) = (RW + S)(TW +Q)−1. (85)

Setting W = xµσ
µ, and making use of the standard homomorphism (spinor map)

between SL(2,C) and SO+(3, 1) given by: W ′ = RWR† ↔ x′µ = Λµ
νx

ν , R ∈
SL(2,C),Λµ

ν ∈ SO+(3, 1), the transformations (4) can be recovered from (85) as

follows:

(i) Standard Lorentz transformations, x′µ = Λµ
ν (ω)xν , correspond to T = S = 0

and R = Q−1† ∈ SL(2,C).

(ii) Dilations correspond to T = S = 0 and R = Q−1 = ρ1/2I.

(iii) Space-time translations equal R = Q = σ0 and S = bµσ
µ, T = 0.

(iv) Special conformal transformations correspond to R = Q = σ0 and T =

aµσ
µ, S = 0 by noting that det(σ0 + TW ) = 1 + 2ax+ a2x2.

5.2. Irreducible representations, Haar measure and

Bergman kernel

Let us see the expression of the wave functions (41) in the tube domain T.

Performing the change of variables (83) in (41) we get

ψλ(f) = det(Q+ iT )−λ22λ det(σ0 − iW )−λφ(Z(W )) ≡ Ωλ(f)φ̃(W ), (86)

where we have defined a new ground state Ωλ and a new function φ̃ as:

Ωλ(f) ≡ det(Q+ iT )−λ, φ̃(W ) ≡ 22λ det(σ0 − iW )−λφ(Z(W )). (87)
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In the same manner, the coherent-state overlap (56) can be cast as

〈f ′ | f〉 = det(Q† − iT †)−λ det

(
i

2
(W † −W ′)

)−λ

det(Q′ + iT ′)−λ. (88)

Since the ground state Ωλ is a fixed common factor of all the wave functions (86),

we can factor it out (as we did in (57) with Wλ) and define the restricted action

[Ũλ
f ′ φ̃](W ) ≡ Ω−1

λ (f)[UL
f ′ψλ](f)

= det(R′† − T ′†W )−λφ̃((Q′†W − S′†)(R′† − T ′†W )−1) ≡ φ̃′(W ) (89)

of G on the arbitrary (holomorphic) part φ̃ of ψλ. The Radon–Nicodym derivative

is now det(R′† − T ′†W )−λ. The representation (89) of G on holomorphic functions

φ̃(W ) is unitary with respect to the re-scaled integration measure

dµ̃λ(W,W †) ≡ |Ωλ(f)|2dµ̃L(f)|G/H =
cλ
24

det

(
i

2
(W † −W )

)λ−4

|dW |, (90)

where we are using |dW | as a shorthand for the Lebesgue measure∧2
i,j=1 d�wijd�wij on T. To arrive at (90), firstly, we have performed the Cay-

ley transformation (18) in the projected integration measure:

dµL(g)
∣∣
G/H

= cλ det(σ0 − ZZ†)−4|dZ| →

dµ̃L(f)
∣∣
G/H

=
cλ
24

det

(
i

2
(W † −W )

)−4

|dW |,
(91)

taking into account that det(σ0 − ZZ†) = det(2i(W † −W ))|det(σ0 − iW )|−2 and

the Jacobian determinant |dZ|/|dW | = 212|det(σ0 − iW )|−8, and secondly, we have

written

|Ωλ(f)|2 = det(Q† − iT †)−λ det(Q+ iT )−λ = det

(
i

2
(W † −W )

)λ

by making use of (84) and its hermitian conjugate.

As in (59), we could also introduce a modified bracket notation φ̃(W ) ≡ (W | φ̃)

and a new set {|W ) ,W ∈ T} of coherent states in the Hilbert space Hλ(T) of

analytic measurable holomorphic functions ϕ on T. The new coherent state overlap

(W | W ′) is the new Bergman’s kernel K̃λ(W ′,W ). It is related to (88) by:

K̃λ(W ′,W ) = (W ′ | W ) =
〈f ′ | f〉

Ωλ(f ′)Ωλ(f)
= det

(
i

2
(W † −W ′)

)−λ

. (92)

We again notice that, unlike |f〉, the coherent state |W ) is not normalized. Now,

the Kähler potential is ln (W | W ), which defines T as a Kähler manifold too.
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The identification (87) actually provides an isometry between the spaces of

analytic holomorphic functions Hλ(D) and Hλ(T). Let us formally state it.

Proposition 5.1. The correspondence

Sλ : Hλ(D) → Hλ(T)

φ �→ Sλφ ≡ φ̃,

with

φ̃(W ) = 22λ det(σ0 − iW )−λφ(Z(W )) (93)

and Z(W ) given by the Cayley transformation (18), is an isometry, that is:

〈φ |φ′〉Hλ(D) = 〈Sλφ | Sλφ
′〉Hλ(T). (94)

Moreover, Sλ is an intertwiner (equivariant map) of the representations (47) and

(89), that is:

Uλ = S−1
λ ŨλSλ. (95)

Proof. The isometry property is proven by construction from (87). The intertwin-

ing relation (95) can be explicitly written as:

[Uλφ](Z) = det(D† −B†Z)−λφ((A†Z − C†)(D† −B†Z)−1)

[S−1
λ Ũλφ̃](Z) = det(σ0 − iW )λ det(R† − T †W )−λ det(σ0 − iW ′)−λφ(Z(W ′)), (96)

whereW ′ = (Q†W−S†)(R†−T †W )−1. On the one hand, we have that the argument

of φ is:

Z(W ′) = (σ0 + iW ′)(σ0 − iW ′)−1

= ((R† − T †W ) + i(Q†W − S†))((R† − T †W ) − i(Q†W − S†))−1

= ((R† − iS†) + i(Q† + iT †)W )((R† + iS†) − i(Q† − iT †)W )−1.

Taking now into account the map (83) we have:

Z(W ′) = ((A† − C†) + i(A† + C†)W )((D† −B†) − i(D† +B†)W )−1

= (A†(σ0 + iW ) − C†(σ0 − iW ))(D†(σ0 − iW ) −B†(σ0 + iW ))−1

= (A†Z − C†)(D† −B†Z)−1,

as desired. On the other hand, we have that

(σ0 − iW ′)(R† − T †W ) = (R† − T †W ) − i(Q†W − S†)

= (R† + iS†) − i(Q† − iT †)W = (D† −B†) − i(D† +B†)W

= D†(σ0 − iW ) −B†(σ0 + iW ) = (D† −B†Z)(σ0 − iW )

which implies

det(σ0 − iW )λ det(R† − T †W )−λ det(σ0 − iW ′)−λ = det(D† −B†Z)−λ.

That is, the equality of multipliers in (96).
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As a direct consequence of Proposition 5.1, the set of functions defined by

ϕ̃j,m
q1,q2(W ) ≡ 22λ det(σ0 − iW )−λϕj,m

q1,q2(Z(W )), (97)

with ϕj,m
q1,q2 defined in (62), constitutes an orthonormal basis of Hλ(T) and the

closure relation

∑

j∈N/2

∞∑

m=0

j∑

q,q′=−j

ϕ̃j,m
q′,q(W )ϕ̃j,n

q′,q(W
′) = det

(
i

2
(W † −W ′)

)−λ

, (98)

renders again the reproducing Bergman kernel (92).

5.3. Kähler structures, Born’s reciprocity and maximal

acceleration

As we said for the Cartan domain D in (60) and (61), the Kähler potential

K̃λ(W,W †) ≡ ln(W | W ) = −ln|Ωλ(f)|2 = −λ ln(�(w))2 = −λ ln y2 (99)

defines T as a Kähler manifold with local complex coordinates W = wµσ
µ, wµ =

xµ + iyµ, an hermitian Riemannian metric

gµν ≡ ∂2K̃λ

∂wµ∂w̄ν
= − λ

2y2

(
ηµν − 2

yµyν
y2

)
(100)

and a corresponding closed two-forms ω

ω = −igµνdwµ ∧ dw̄ν . (101)

The line element

ds2 = gµνdwµdw̄ν = − λ

2y2

(
ηµν − 2

yµyν

y2

)
(dxµdxν + dyµdyν) (102)

turns out to be positive and provides a conformal counterpart of the Born’s line

element (2). The two-forms (101) defines the Poisson bracket:

{a, b} ≡ igµν

(
∂a

∂wµ

∂b

∂w̄ν
− ∂b

∂wµ

∂a

∂w̄ν

)
(103)

for the inverse metric

gµν = − 2

λ
(ηµνy2 − 2yµyν), (104)

so that gµνg
νρ = δρµ. In particular, we have that:

{xµ, yν} = −1

2
gµν ,
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which differs from {xµ, yν} = ηµν ; that is, xµ and yν are not “canonical” coordi-

nates. However, we can define a proper conjugate four-momentum pµ ≡ λyµ/y
2

which gives the desired (canonical) Poisson bracket

{xµ, pν} = ηµν , (105)

as can be checked by direct computation. The line element (102) then becomes:

ds2 = − 1

2λ
(ηµνp2 − 2pµpν)

(
dxµdxν +

λ2

p4
dpµdpν

)
. (106)

Note the close resemblance between the coordinates, dxµ(Kν) = −2xµxν +x2ηµν of

the vector fieldKν in (5) and the metric coefficients (−2pµpν+p2ηµν) in (106) under

the interchange xµ ↔ pµ. The line element (106) of the (curved) manifold T is the

conformal counterpart of the Born’s line element (2) in the (flat) complex Minkowski

space C1,3, both of them considered as phase spaces of relativistic (conformal)

particles. Concerning the extension of BRP to the case of curved space-times, see

also [54] for the construction of a reciprocal general relativity theory as a local

gauge theory of the quaplectic group of [21, 22].

Remember that one could deduce the existence of a maximal acceleration from

the positivity of the Born’s line element (3). The existence of a maximal acceleration

inside the conformal group does not seem to be apparent from (106), although

there are other arguments supporting the existence of a bound amax for proper

accelerations. One of them was given long time ago in [55], where the authors

analyzed the physical interpretation of the singularities, 1 + 2ax+ a2x2 = 0, of the

conformal transformations to a uniformly accelerating frame [last transformation in

(4)]. When applying the transformation to an extended object of size �, an upper-

limit to the proper acceleration, amax � c2/�, is shown to be necessary in order that

the tenets of special relativity not be violated (see [55] for more details).

In a coming paper [27], we shall provide an alternative proof of the existence of

a maximal acceleration inside the conformal group. It is related to the Unruh effect

(vacuum radiation in uniformly accelerated frames) and turns out to be a conse-

quence of the finiteness of the radiated energy (black body spectrum). Contrary to

other approaches to the Unruh effect, a bound for the proper acceleration does not

necessarily imply a bound for the temperature.

6. Comments and Outlook

We have revised the use of complex Minkowski eight-dimensional space (more pre-

cisely, the domains D and T) as a base for the construction of conformal-invariant

quantum (field) theory, either as a phase space or a configuration space [the last

case related to Lagrangians of type (29)]. We have followed a gauge-invariant

Lagrangian approach (of nonlinear sigma-model type) and we have used a gen-

eralized Dirac method for the quantization of constrained systems, which resembles

in some aspects the particular approach to quantizing coadjoint orbits of a group

G developed in, for instance, [9].



June 3, 2011 11:47 WSPC/S0219-8878 IJGMMP-J043
S0219887811005282

Conformal Spinning Quantum Particles 615

One could think of these eight-dimensional domains as the replacement of space-

time at short distances or high momentum transfers, as it is implicit in the orig-

inal BRP [15, 16], the standard relativity theory being then the limit �min → 0.

Group-theoretical revisions of the BRP, replacing the Poincaré by the Canonical

(or Quaplectic) group of reciprocal relativity, have been proposed in [21, 22]. In

this article we put a (conformal) BRP-like forward, as a natural symmetry inside

the conformal group SO(4, 2) and the replacement of space-time by the eight-

dimensional conformal domain D or T at short distances. Actually, we feel tempted

to establish a connection between holomorphicity ↔ chirality and BRP↔ CPT sym-

metry inside the conformal group. Indeed, the definition of Pµ and Kµ in (10) is

linked to the right- and left-handed projectors (1 + γ5)/2 and (1 − γ5)/2, respec-

tively. According to the (conformal) BRP-like symmetry (7), conformal physics is

symmetric under the interchange Pµ ↔ Kµ, as long as we perform a proper-time

reversal D → −D. On the other hand, Pµ ↔ Kµ entails a swapping of chirality

(1+γ5)/2 ↔ (1−γ5)/2, a complex conjugation ψλ(g) ↔ ψ̌λ(g) = ψλ(g) (remember

the discussion in Remark 4.2) and a parity inversion σµ ↔ σ̌µ = σµ. Nevertheless,

at this stage, a BRP↔ CPT connection inside the conformal group is just conjec-

tural and it is still premature to draw any physical conclusions based on it. It is

not either the main objective of this paper.

In this article we have considered a particular class of representations (discrete

series) of the conformal group, although other possibilities could also be tackled.

For example, we could consider the new (vector and pseudo-vector) combinations

P̃µ ≡ 1

2
(Pµ +Kµ), K̃µ ≡ 1

2
(Pµ −Kµ),

with new commutation relations:

[P̃µ, K̃ν ] = ηµνD, [P̃µ, P̃ν ] = Mµν , [K̃µ, K̃ν] = −Mµν . (107)

Unlike in formulas (37) and (40), the fact that now [D, K̃µ] = −P̃µ precludes the

imposition ofDL,ML
µν and K̃L

µ as a compatible set of constraints on wave functions.

Instead, we could impose

ML
µνψ = 0, K̃L

µψ = 0

together with the Casimir (8) constraint CL
2 ψ = m2

00ψ, which leads to

((DL)2 + (P̃L)2)ψ = m2
00ψ.

This equation could be seen as a generalized Klein–Gordon equation (P 2ψ = m2
0ψ),

with D replacing P0 as the (proper) time generator and m00 replacing the Poincaré-

invariant mass m0, as a “conformally-invariant mass” (see e.g. [56] for the formula-

tion of other conformally-invariant massive field equations of motion in generalized

Minkowski space). This means that Cauchy hypersurfaces have dimension four. In

other words, the Poincaré time is a dynamical variable, on an equal footing with

position, the usual Poincaré Hamiltonian P0 suffering Heisenberg indeterminacy
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relations too. Instead of the proper time (dilation) generator D, one could also con-

sider the new combination P̃0 = (P0 +K0)/2 as the new Hamiltonian of our theory

(see [57] for this choice).

In a non-commutative geometry setting [58], the non-vanishing commutators

(107), or those of the position operators Xµ in (39) giving spin generators [48,

49], can be seen as a sign of the granularity (non-commutativity) of space-time

in conformal-invariant theories, along with the existence of a minimal length or,

equivalently, a maximal acceleration.

The appearance of a maximal acceleration inside the conformal group will be

manifest in analyzing the Unruh effect from a group-theoretical perspective [27]. In

a previous paper [28], vacuum radiation in uniformly accelerated frames was related

to a spontaneous breakdown of the conformal symmetry. In fact, in conformally-

invariant quantum field theory, one can find degenerated pseudo-vacua (which

turn out to be coherent states of conformal zero-modes) which are stable (invari-

ant) under Poincaré transformations but are excited under accelerations and lead

to a black-body spectrum. The same spontaneous-symmetry-breaking mechanism

applies to general U(N,M)-invariant quantum field theories, where an interesting

connection between “curvature and statistics” has emerged [59]. We hope this is just

one of many interesting physical phenomena that remain to be unravelled inside

conformal-invariant quantum field theory.
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[8] W. Rühl, Field representations of the conformal group with continuous mass

spectrum, Comm. Math. Phys. 30 (1973) 287–302.



June 3, 2011 11:47 WSPC/S0219-8878 IJGMMP-J043
S0219887811005282

Conformal Spinning Quantum Particles 617

[9] A. P. Balachandran, G. Marmo, B-S. Skagerstan and A. Stern, Gauge theories and
fiber bundles: Applications to particle dynamics, Lecture Notes in Physics, Vol. 188
(Springer-Verlag, Berlin, 1983).

[10] G. Alexanian, A. P. Balachandran, G. Immirzi and B. Ydri, Fuzzy CP 2, J. Geom.
Phys. 42 (2002) arXiv: hep-th/0103023v2.

[11] V. Gerdt, R. Horan, A. Khvedelidze, M. Lavelle, D. McMullan and Yu. Palii, On the
Hamiltonian reduction of geodesic motion on SU(3) to SU(3)/SU(2), J. Math. Phys.
47 (2006) 1129, arXiv: hep-th/0511245v1.

[12] G. Kaiser, Quantized fields in complex spacetime, Ann. Phys. 173 (1987) 338–354.
[13] G. Kaiser, Quantum physics, relativity, and complex spacetime, in Towards a New

Synthesis (North-Holland, Amsterdam, 1990), arXiv: 0910.0352v2 [math-ph].
[14] A. Jadczyk, Born’s reciprocity in the conformal domain, in Spinors, Twistors, Clifford

Algebras and Quanfum Deformations, eds. Z. Oziewicz et al. (Kluwer Academic Publ.,
1993), pp. 129–140.

[15] M. Born, A suggestion for unifying quantum theory and relativity, Proc. R. Soc.
A165 (1938) 291–302.

[16] M. Born, Reciprocity theory of elementary particles, Rev. Mod. Phys. 21 (1949)
463–473.

[17] C. Castro and M. Pavsic, Clifford algebra of spacetime and the conformal group, Int.
J. Theor. Phys. 42 (2003) 1693–1705.

[18] C. Castro, The extended relativity theory in Born–Clifford phase spaces with a lower
and upper length scales and Clifford group geometric unification, foundations of
physics 35 (2005) 971–1041.

[19] E. R. Caianiello, Is there a maximal acceleration? Lett. Nuovo Cimento 32 (1981)
65–70.

[20] C. Castro, On the variable fine structure constant, strings and maximal-acceleration
phase space relativity, Int. J. Mod. Phys. A18 (2003) 5445–5473.

[21] S. G. Low, Canonically relativistic quantum mechanics: Representations of the uni-
tary semidirect Heisenberg group U(1, 3)⊗s H(1, 3), J. Math. Phys. 38 (1997) 2197–
2209.

[22] S. G. Low, Representations of the canonical group (the semidirect product of the uni-
tary and Weyl–Heisenberg groups), acting as a dynamical group on noncommutative
extended phase space, J. Phys. A35 (Math.&Gen.) (2002) 5711–5729.

[23] S. A. Fulling, Nonuniqueness of canonical field quantization in Riemannian spacetime,
Phys. Rev. D7 (1973) 2850–2862.

[24] P. C. W. Davies, Scalar production in Schwarzschild and Rindler metrics, J. Phys.
A8 (1975) 609–616.

[25] W. G. Unruh, Notes on black-hole evaporation, Phys. Rev. D14 (1976) 870.
[26] S. W. Hawking, Black-hole explosions?, Nature 248 (1974) 30.
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Abstract
We give a quantum mechanical description of accelerated relativistic particles
in the framework of coherent states (CSs) of the (3+1)-dimensional conformal
group SU (2, 2), with the role of accelerations and ‘kinematical redshift’ played
by special conformal transformations (SCTs) and with the role of (proper)
time translations played by dilations. The accelerated ground state ϕ̃0 of first
quantization is a CS of the conformal group. We compute the distribution
function giving the occupation number of each energy level in ϕ̃0 and, with
it, the partition function Z , mean energy E and entropy S, which resemble
that of an ‘Einstein solid’. An effective temperature T can be assigned to
this ‘accelerated ensemble’ through the thermodynamic expression dE/dS,
which leads to a (nonlinear) relation between acceleration and temperature
different from Unruh’s (linear) formula. Then we construct the corresponding
conformal-SU (2, 2)-invariant second-quantized theory and its spontaneous
breakdown when selecting Poincaré-invariant degenerated θ -vacua (namely,
CSs of conformal zero modes). SCTs (accelerations) destabilize the Poincaré
vacuum and make it to radiate.
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1. Introduction

The quantum analysis of accelerated frames of reference has been studied mainly in connection
with quantum field theory (QFT) in curved spacetime. For example, the case of the quantization
of a Klein–Gordon field in Rindler coordinates [1, 2] entails a global mutilation of flat
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spacetime, with the appearance of event horizons, and leads to a quantization inequivalent to
the standard Minkowski quantization. Physically one says that, whereas the Poincaré-invariant
(Minkowskian) vacuum |0〉 in QFT looks the same to any inertial observer (i.e. it is stable
under Poincaré transformations), it converts into a thermal bath of radiation with temperature

T = �a

2πckB
(1)

in passing to a uniformly accelerated frame (a denotes the acceleration, c the speed of light
and kB the Boltzmann constant). This is called the Fulling–Davies–Unruh effect [1, 3, 4],
which shares some features with the (black hole) Hawking [5] effect. Its explanation relies
heavily upon Bogoliubov transformations, which find a natural explanation in the framework
of coherent states (CSs) [6–8] and squeezed states [9].

In this paper, we also approach the quantum analysis of accelerated frames from a CS
perspective but the scheme is rather different, although it shares some features with the standard
approach commented before. The situation will be similar in some respects to quantum many-
body condensed matter systems describing, for example, superfluidity and superconductivity,
where the ground state mimics the quantum vacuum in many respects and quasi-particles
(particle-like excitations above the ground state) play the role of matter. We shall enlarge the
Poincaré symmetry P to account for uniform accelerations and then spontaneously break it
down back to Poincaré by selecting appropriate ‘non-empty vacua’3 stable under P . Then the
action of broken symmetry transformations (accelerations) will destabilize/excite the vacuum
and make it to radiate. The candidate for an enlargement of P will be the conformal group
in (3+1) dimensions SO(4, 2) incorporating dilations and special conformal transformations
(SCTs)

xμ → x′μ = xμ + aμx2

1 + 2ax + a2x2
, (2)

which can be interpreted as transitions to systems of relativistic, uniformly accelerated
observers with acceleration (in c = 1 units) a = 2a (see e.g. [10–12] and later on equation (8)). Q2

From the conformal symmetry point of view, Poincaré-invariant vacua are regarded as a CS
of conformal zero modes, which are undetectable (‘dark’) by inertial observers but unstable
under SCTs.

A previous preliminary attempt to analyze quantum accelerated frames from a conformal
group perspective was made in [13] (see also [14]), where a quite involved ‘second quantization
formalism on a group G′ was developed and applied to the (finite part of the) conformal group
in (1+1) dimensions, SO(2, 2) � SO(2, 1) × SO(2, 1), which consists of two copies of the
pseudo-orthogonal group SO(2, 1) (left- and right-moving modes, respectively). Here we shall
use more conventional methods of quantization and work in realistic (3+1) dimensions, using
the (more involved) conformal group SO(4, 2) � SU (2, 2)/Z4. New consequences of this
group-theoretical approach are obtained here, regarding a similitude between the accelerated
ground state and the ‘Einstein solid’, the computation of entropies and a deviation from
Unruh’s formula (1).

We would like to mention that (near-horizon two-dimensional) conformal symmetry has
also played a fundamental role in the microscopic description of the Hawking effect. In fact,
there is strong evidence that conformal field theories provide a universal (independent of the
details of the particular quantum gravity model) description of low-energy black hole entropy,
which is only fixed by symmetry arguments (see e.g. [15, 16]). Here, the Virasoro algebra turns
out to be the relevant subalgebra of surface deformations of the horizon of an arbitrary black

3 Actually, quantum vacua are not really empty to every observer, as the quantum vacuum is filled with zero-point
fluctuations of quantum fields.
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hole and constitutes the general gauge (diffeomorphism) principle that governs the density of
states. However, in (3+1) dimensions, conformal invariance is necessarily global (finite-(15)-
dimensional). In this paper, we shall study zero-order effects that gravity has on quantum theory
(uniform accelerations). To account for higher-order effects (like non-constant accelerations)
in a group-theoretical framework, we should firstly promote the 3+1 conformal symmetry
SO(4,2) to a higher-(infinite)-dimensional symmetry. This is not a trivial task, although some
steps have been done by the authors in this direction (see e.g. [14, 17–20]).

This paper is organized as follows. In section 2, we discuss the group-theoretical backdrop
(conformal transformations, infinitesimal generators and commutation relations) and justify
the interpretation of SCTs as transitions to relativistic uniform accelerated frames of reference
and ‘kinematical redshift’. In section 3, we construct the Hilbert space and an orthonormal
basis for our conformal particle in (3+1) dimensions, based on an holomorphic square-
integrable irreducible representation of the conformal group on the eight-dimensional phase
space D4 = SO(4, 2)/SO(4)×SO(2) inside the complex Minkowski space C4. In section 4, we
define conformal CSs, highlight the Poincaré invariance of the ground state (admissible/fiducial
vector), construct the accelerated ground state as a CS of the conformal group and calculate the
distribution function, mean energy, partition function and entropy of this accelerated ground
state, seen as a statistical ensemble. This leads us to interpret the accelerated ground state
as an Einstein solid, to obtain a deviation from Unruh’s formula (1) and to discuss on the
existence of a maximal acceleration. In section 5, we deal with the second-quantized (many-
body) theory, where Poincaré-invariant (degenerated) pseudo-vacua are CSs of conformal
zero modes. Selecting one of this Poincaré-invariant pseudo-vacua spontaneously breaks the
conformal invariance and leads to vacuum radiation. Section 6 is left for conclusions and
outlook.

2. The conformal group and its generators

The conformal group in (3+1) dimensions, SO(4, 2), is composed of Poincaré P =
SO(3, 1)�R4 (a semidirect product of spacetime translations bμ ∈ R4 times Lorentz
�μ

ν ∈ SO(3, 1)) transformations augmented by dilations (eτ ∈ R+) and relativistic uniform
accelerations (SCTs, aμ ∈ R4) which, in Minkowski spacetime, have the following realization:

x′μ = xμ + bμ, x′μ = �μ
ν (ω)xν,

x′μ = eτ xμ, x′μ = xμ + aμx2

1 + 2ax + a2x2
,

(3)

respectively. The infinitesimal generators (vector fields) of transformations (3) are easily
deduced,

Pμ = ∂

∂xμ
, Mμν = xμ

∂

∂xν
− xν

∂

∂xμ
,

D = xμ ∂

∂xμ
, Kμ = −2xμxν ∂

∂xν
+ x2 ∂

∂xμ
,

(4)

and they close into the conformal Lie algebra:

[Mμν, Mρσ ] = ηνρMμσ + ημσ Mνρ − ημρMνσ − ηνσ Mμρ,

[Pμ, Mρσ ] = ημρPσ − ημσ Pρ, [Pμ, Pν] = 0,

[Kμ, Mρσ ] = ημρKσ − ημσ Kρ, [Kμ, Kν] = 0,

[D, Pμ] = −Pμ, [D, Kμ] = Kμ, [D, Mμν] = 0,

[Kμ, Pν] = 2(ημνD + Mμν ).

(5)

3
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The conformal quadratic Casimir operator

C2 = D2 − 1

2
MμνMμν + 1

2

(
PμKμ + KμPμ

)
(6)

generalizes the Poincaré Casimir P2 = PμPμ which, for scalar fields φ, leads to the Klein–
Gordon equation P2φ = m2

0φ, with m2
0 the squared rest mass. The fact that [D, P2] = −2P2

implies that conformal fields must either be massless or have a continuous mass spectrum
(see e.g. the classical references [22, 26]). Actually, just like the Poincaré-invariant mass
m0 comprises a continuum of ‘Galilean’ masses m, a conformally invariant mass m00 can
be defined by the Casimir (6), which comprises a continuum of Poincaré masses m0. The
eigenvalue equation C2φ = m2

00φ can be seen as a generalized Klein–Gordon equation, where
D replaces P0 as the (proper) time evolution generator (see [21] for more information) and
m00 replaces m0 (see [22] for the formulation of other conformally invariant massive field
equations of motion in generalized Minkowski space).

In this paper, we shall deal with discrete series representations of the conformal group
having a continuous mass spectrum and the corresponding wavefunctions having support on
the whole four-dimensional Minkowski spacetime, with the dilation parameter τ playing the
role of a proper time. We shall report on this model of conformal quantum particles later on
in section 3. The reader can also consult our recent reference [21] for the underlying gauge-
invariant Lagrangian approach (of nonlinear sigma-model type) behind our quantum model
of conformal particles, which is built upon a generalized Dirac method for the quantization
of constrained systems which resembles in some aspects the standard approach to quantizing
coadjoint orbits of a group G (see e.g. classical references [23–25]).

2.1. Special conformal transformations as transitions to uniform relativistic accelerated
frames and kinematical redshift

The interpretation of SCTs (2) as transitions from inertial reference frames to systems of
relativistic, uniformly accelerated observers was identified many years ago by the authors
of [10–12]. More precisely, denoting by uμ = dxμ

dτ
and aμ = duμ

dτ
the 4-velocity and 4-

acceleration of a point particle, respectively, the relativistic motion with constant acceleration
is characterized by the usual condition [27] aμaμ = −g2, where g is the magnitude of
the acceleration in the instantaneous rest system. Then, from uμuμ = 1 (in c = 1 units),
we can derive the differential equation to be satisfied for all systems with constant relative
acceleration4:

daμ

dτ
= g2uμ. (7)

In 1945, Hill [10] proved that the kinematical invariance group of (7) is precisely the conformal
group SO(4, 2) (see also [11, 12]). Here we shall provide a simple explanation of this fact.
For simplicity, let us take an SCT along the ‘z’ axis, aμ = (0, 0, 0, a), and the temporal path
xμ = (t, 0, 0, 0). Then the transformation (2) reads

t ′ = t

1 − a2t2
, z′ = at2

1 − a2t2
. (8)

4 As a curiosity, this formula turns out to be equivalent to the vanishing of the von Laue 4-vector Fμ =
2
3 e2( daμ

dτ
+ aνaνuμ) of an accelerated point charge; that is, a compensation between the Schott term 2

3 e2 daμ

dτ
and

the Abraham–Lorentz–Dirac radiation reaction force 2
3 e2aνaνuμ (minus the rate at which energy and momentum are

carried away from the charge by radiation).

4
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Writing z′ in terms of t ′ gives the usual formula for the relativistic uniform accelerated
(hyperbolic) motion:

z′ = 1

g
(
√

1 + g2t ′2 − 1) (9)

with g = 2a. In the same year, Hill [28] also noticed a very interesting relation coming from
the time (μ = 0) component of SCTs (2) generated by K0. Taking now aμ = (a0, 0, 0, 0) and
denoting �v = d�x

dx0 and �v′ = d�x′
dx′0 the velocities in both reference frames, equation (2) leads to

the velocity formula

�v′ = �v − 2a0�x + O((a0)2), (10)

which, to first order of approximation, resembles Hubble’s law of redshift when identifying
H0 = −2a0 (the Hubble constant). Indeed, the added term is a simple radial velocity with
magnitude proportional to the distance �x from the observer. Note that the previous derivation
is purely kinematical and does not appeal to the relativistic theory of gravitation. The physical
implications of this formula (and we think of SCTs in general) have been overlooked for nearly
65 years. It could lead to an ambiguity in current interpretations of stellar redshifts. Recently,
Wulfman [29] has proposed several experiments, based on an analysis of the anomalous
frequency shifts uncovered in the Pioneer 10 and 11 spacecraft studies, pursuing to determine
the value of the group parameter a0 and thereby removing the possible ambiguity in Hubble’s
formula.

To conclude this section, let us also say that at least two alternative meanings of SCTs
have also been proposed [30, 31]. One is related to Weyl’s idea of different lengths in different
points of spacetime [30]: ‘the rule for measuring distances changes at different positions’.
The other is Kastrup’s interpretation of SCTs as geometrical gauge transformations of the
Minkowski space [31].

3. A model of conformal quantum particles

In this section we report on a model for quantum particles with conformal symmetry. The
reader can find more details in [21], where we formulate a gauge-invariant nonlinear sigma
model on the conformal group and quantize it according to a generalized Dirac method for
constrained systems.

3.1. The compactified Minkowski space and the isomorphism SO(4, 2) = SU (2, 2)/Z4

In [21] it is shown how the Minkowski space arises as the support of constrained wavefunctions
on the conformal group. Actually, the compactified Minkowski space M4 = S3×Z2 S1 naturally
lives inside the conformal group SO(4, 2) as the coset M4 = SO(4, 2)/W , where W denotes
the Weyl subgroup generated by Kμ, Mμν and D (i.e. a Poincaré subgroup P augmented by the
dilations R+). The Weyl group W is the stability subgroup (the little group in physical usage)
of xμ = 0. The conformal group acts transitively on M4 and is free from singularities. Instead
of SO(4, 2), we shall work by convenience with its four covering group:

SU (2, 2) =
{

g =
(

AB
CD

)
∈ Mat4×4(C) : g†�g = �, det(g) = 1

}
, (11)

where � denotes a Hermitian form of signature (++−−). The conformal Lie algebra (5) can
also be realized in terms of 4 × 4 gamma matrices in, for instance, the Weyl basis:

γ μ =
(

0 σμ

σ̌μ 0

)
, γ 5 = iγ 0γ 1γ 2γ 3 =

(−σ 0 0
0 σ 0

)
, (12)

5
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where σ̌ μ ≡ σμ (we are using the convention η = diag(1,−1,−1,−1)) and σμ are the
standard Pauli matrices. Indeed, the choice

D = γ 5

2
, Mμν = [γ μ, γ ν]

4
= 1

4

(
σμσ̌ ν − σ νσ̌ μ 0

0 σ̌ μσ ν − σ̌ νσμ

)
,

Pμ = γ μ 1 + γ 5

2
=

(
0 σμ

0 0

)
, Kμ = γ μ 1 − γ 5

2
=

(
0 0

σ̌ μ 0

) (13)

fulfills the commutation relations (5). These are the Lie algebra generators of the fundamental
representation of SU (2, 2). The group SU (2, 2) acts transitively on the compactified
Minkowski space M4, which can be identified with the set of Hermitian 2 × 2 matrices
X = xμσμ, as follows:

X → X ′ = (AX + B)(CX + D)−1. (14)

With this identification, the transformations (3) can be recovered from (14) as follows.

(i) Standard Lorentz transformations, x′μ = �μ
ν (ω)xν , correspond to B = C = 0 and

A = D−1† ∈ SL(2, C), where we are making use of the homomorphism (spinor map)
between SO+(3, 1) and SL(2, C) and writing X ′ = AXA†, A ∈ SL(2, C) instead of
x′μ = �μ

ν xν .
(ii) Dilations correspond to B = C = 0 and A = D−1 = eτ/2I.

(iii) Spacetime translations are A = D = I, C = 0 and B = bμσμ.
(iv) SCTs correspond to A = D = I and C = aμσμ, B = 0 by noting that det(CX + I) =

1 + 2ax + a2x2:

X ′ = X (CX + I)−1 ↔ x′μ = xμ + aμx2

1 + 2ax + a2x2
.

3.2. Unirreps of the conformal group: discrete series

We shall consider the complex extension of the compactified Minkowski space M4 = U (2)

to the eight-dimensional conformal (phase) space:

D4 = U (2, 2)/U (2)2 = {Z ∈ Mat2×2(C) : I − ZZ† > 0}, (15)

of which M4 = {Z ∈ Mat2×2(C) : I − ZZ† = 0} is the Shilov boundary. It can be proved (see
e.g. [21, 32]) that the action

[Uλ(g)φ](Z) = |CZ + D|−λφ(Z′), Z′ = (AZ + B)(CZ + D)−1 (16)

constitutes a unitary irreducible representation of SU (2, 2) on the Hilbert space Hλ(D4) of
square-integrable holomorphic functions φ with invariant integration measure

dμλ(Z, Z†) = π−4(λ − 1)(λ − 2)2(λ − 3) det(I − ZZ†)λ−4|dZ|,
where the label λ ∈ Z, λ � 4 is the conformal, scale or mass dimension (|dZ| denotes the
Lebesgue measure in C4). The factor π−4(λ − 1)(λ − 2)2(λ − 3) in dμλ(Z, Z†) is chosen so
that the constant function φ(Z) = 1 has unit norm. Besides the conformal dimension λ, the
discrete series representations of SU (2, 2) have two extra spin labels s1, s2 ∈ N/2 associated
with the (stability) subgroup SU (2) × SU (2). Here we shall restrict ourselves to scalar fields
(s1 = s2 = 0) for the sake of simplicity (see e.g. [21] for the spinning unirreps of SU (2, 2)).
The reduction of this representation into unitary irreducible representations of the Poincaré
subgroup indicates that we are dealing with fields with a continuous mass spectrum extending
from zero to infinity [33].
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3.3. The Hilbert space of our conformal particle

It has been proved in [32] that the infinite set of homogeneous polynomials

ϕ j,m
q1,q2

(Z) =
√

2 j + 1

λ − 1

(
m + λ − 2

λ − 2

) (
m + 2 j + λ − 1

λ − 2

)
det(Z)mD j

q1,q2
(Z), (17)

with

D j
q1,q2

(Z) =
√

( j + q1)!( j − q1)!

( j + q2)!( j − q2)!

min( j+q1, j+q2 )∑
p=max(0,q1+q2 )

(
j + q2

p

) (
j − q2

p − q1 − q2

)
× zp

11z j+q1−p
12 z j+q2−p

21 zp−q1−q2

22 (18)

the standard Wigner’s D-matrices ( j ∈ N/2), verifies the following closure relation (the
reproducing Bergman kernel or λ-extended MacMahon–Schwinger’s master formula):∑

j∈N/2

∞∑
m=0

j∑
q1,q2=− j

ϕ
j,m
q1,q2 (Z)ϕ j,m

q1,q2
(Z′) = 1

det(I − Z†Z′)λ
(19)

and constitutes an orthonormal basis of Hλ(D4) (the sum on j accounts for all non-negative
half-integer numbers). The identity (19) will be useful for us in the following.

3.4. Hamiltonian and energy spectrum

In [21] we have argued that the dilation operator D plays the role of the Hamiltonian of
our conformal quantum theory. Actually, the replacement of time translations by dilations
as kinematical equations of motion has already been considered in the literature (see e.g.
[34, 35]), when quantizing field theories on space-like Lorentz-invariant hypersurfaces
x2 = xμxμ = τ 2 = constant. In other words, if one wishes to proceed from one surface
at x2 = τ 2

1 to another at x2 = τ 2
2 , this is done by scale transformations; that is, D = ∂

∂τ
is the

evolution operator in a proper time τ . We must say that other possibilities exist for choosing
a conformal Hamiltonian, namely the combination P̃0 = (P0 + K0)/2, which has been used
in [26].

From the general expression (16), we can compute the finite left action of dilations
(B = 0 = C and A = eτ/2σ 0 = D−1 ⇒ g = eτ/2diag(1, 1,−1,−1)) on wavefunctions:

[Uλ(g)φ](Z) = eλτφ(eτ Z). (20)

The infinitesimal generator of this transformation is the Hamiltonian operator:

H = λ +
2∑

i, j=1

Zi j
∂

∂Zi j
= λ + zμ

∂

∂zμ

, (21)

where we have set Z = zμσμ in the last equality. This Hamiltonian has the form of that of a
four-dimensional (relativistic) harmonic oscillator in the Bargmann representation. The set of
functions (17) constitutes a basis of Hamiltonian eigenfunctions (homogeneous polynomials)
with energy eigenvalues Eλ

n (the homogeneity degree) given by

Hϕ j,m
q1,q2

= Eλ
n ϕ j,m

q1,q2
, Eλ

n = λ + n, n = 2 j + 2m. (22)

Actually, each energy level Eλ
n is (n + 1)(n + 2)(n + 3)/6 times degenerated (just like a

four-dimensional harmonic oscillator). This degeneracy coincides with the number of linearly
independent polynomials

∏2
i, j=1 Z

ni j

i j of fixed degree of homogeneity n = ∑2
i, j=1 ni j. This also

proves that the set of polynomials (17) is a basis for analytic functions φ ∈ Hλ(D4). The
spectrum is equispaced and bounded from below, with ground state ϕ0,0

0,0 = 1 and zero-point
energy Eλ

0 = λ (the conformal, scale or mass dimension).

7
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4. Coherent states of accelerated relativistic particles, distribution functions and mean
values

In the following two subsections, we shall compute the distribution function and mean values
for CSs of accelerated relativistic quantum particles based on the unirrep of the conformal
group previously mentioned.

4.1. Conformal CS and the accelerated ground state

Among the infinite set {ϕ j,m
q1,q2 (Z)} of homogeneous polynomials (17), we shall choose the

ground state ϕ0,0
0,0 (Z) = 1 (of zero degree/energy) as an admissible vector (see [32] for a proof

of admissibility). The set of CSs in the orbit of ϕ0,0
0,0 under the action (16) is

ϕ̃0,0
0,0 (Z) = [

Uλ(g)ϕ0,0
0,0

]
(Z) = det(CZ + D)−λ. (23)

Note that Poincaré transformations (zero acceleration C = 0 and det(D) = 1) leave the ground
state invariant, that is, ϕ0,0

0,0 looks the same to every inertial observer. We shall call ϕ̃0,0
0,0 the

‘accelerated’ ground state. For arbitrary accelerations, C = aμσμ �= 0, we can decompose
ϕ̃0,0

0,0 using the Bergman kernel expansion (19) as

ϕ̃0,0
0,0 (Z) = det(D)−λ det(D−1CZ + I)−λ

= det(D)−λ
∑
j∈N/2

∞∑
m=0

j∑
q1,q2=− j

ϕ j,m
q2,q1

(−C)ϕ j,m
q1,q2

(Z), (24)

where C ≡ D−1C is a ‘rescaled acceleration matrix’. From (24), we interpret the coefficient
ϕ

j,m
q2,q1 (−C) as the probability amplitude of finding the accelerated ground state in the excited

level ϕ
j,m
q1,q2 of energy Eλ

n = λ+2 j +2m = λ+n (up to a global normalizing factor det(D)−λ).
In the second-quantized (many-particles) theory, the squared modulus |ϕ j,m

q2,q1 (−C)|2 gives us
the occupation number of the corresponding state (see section 5).

4.2. The accelerated ground state as a statistical ensemble: ‘the Einstein solid’

For canonical ensembles, the (discrete) energy levels En of a quantum system in contact
with a thermal bath at temperature T are ‘populated’ according to the Boltzmann distribution
function fn(T ) ∼ e−En/kBT . For other external reservoirs or interactions (like, for instance,
electric and magnetic fields acting on a charged particle) one could also compute (in principle)
the distribution function giving the population of each energy level. Actually, if one were able
to unitarily implement the external interaction in the original quantum system, then one could
deduce the distribution function for the population of each energy level from first quantum
mechanical principles. This is precisely what we have done with uniform accelerations of
Poincaré-invariant relativistic quantum particles, where the unitary transformation (24) gives
the population of each energy level Eλ

n in the accelerated ground state ϕ̃0,0
0,0 . Let us consider

then the CS (23) itself as a statistical (‘accelerated’) ensemble. Using (19) we can explicitly
compute the partition function as

Z(C) =
∑
j∈N/2

∞∑
m=0

j∑
q1,q2=− j

∣∣ϕ j,m
q1,q2

(C)
∣∣2 = 1

det(I − C†C)λ
= 1

(1 − tr(C†C) + det(C†C))λ
.

(25)

Using this result, the fact that ϕ
j,m
q1,q2 (C) are homogeneous polynomials of degree 2 j + 2m

in C (recall equation (22), with the Hamiltonian operator given by (21)) and that tr(C†C)

8
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and det(C†C) are homogeneous polynomials of degrees 1 and 2 in C, respectively, the
(dimensionless) mean energy in the accelerated ground state (23) can be calculated as

E (C) =
∑

j∈N/2

∑∞
m=0

∑ j
q1,q2=− j Eλ

n |ϕ j,m
q1,q2 (C)|2∑

j∈N/2

∑∞
m=0

∑ j
q1,q2=− j |ϕ j,m

q1,q2 (C)|2 = λ
1 − det(C†C)

det(I − C†C)

= λ + −tr(C†C)

det(I − C†C)
= E0 + EB(C), (26)

where we have detached the zero-point (‘dark’ energy) contribution E0 = λ from the rest
(‘bright’ energy) EB(C) for convenience. For the particular case of an acceleration α along the
‘z’ axis, C = ασ 3, expressions (25) and (26) acquire the simpler form:

Z(α) = (1 − α2)−2λ, E (α) = λ + 2λ
α2

1 − α2
. (27)

Note that the mean energy E (α) is of Planckian type for the identification:

α2(T ) ≡ e− ε
kBT , (28)

where we have introduced ε (the quantum of energy of our four-dimensional harmonic
oscillator). At this stage, the identification (28) is an ad hoc assignment but, eventually,
we shall justify it from first thermodynamical principles (see the following subsection).

Note also that, for the identification (28), the partition function Z(α) matches that of
an Einstein solid with 2λ degrees of freedom and Einstein temperature TE = ε/kB (see
e.g. [36]). We remind the reader that an Einstein solid consists of N independent (non-
coupled) three-dimensional harmonic oscillators in a lattice (i.e. φ = 3N degrees of freedom).
Let us pursue this curious analogy a bit further. The total number of ways to distribute n
quanta of energy among φ one-dimensional harmonic oscillators is given in general by the
binomial coefficient Wφ(n) = ( n+φ−1

φ−1

)
. For example, for φ = 4 we recover the degeneracy

W4(n) = (n+1)(n+2)(n+3)/6 of each energy level Eλ
n of our four-dimensional ‘conformal

oscillator’ given after (22). Let us see how Wφ(n), for φ = 2λ, arises from the distribution
function |ϕ j,m

q1,q2 (C)|2. Indeed, for C = ασ 3, |ϕ j,m
q1,q2 (C)|2 can be cast as∣∣ϕ j,m

q1,q2
(α)

∣∣2 = 2 j + 1

λ − 1

(
m + λ − 2

λ − 2

)(
m + 2 j + λ − 1

λ − 2

)
(α2)2m|D j

q2,q1
(ασ 3)|2

= 2 j + 1

λ − 1

(
m + λ − 2

λ − 2

) (
m + 2 j + λ − 1

λ − 2

)
α4 j+4mδq1,q2 .

(29)

Fixing n = 2 j + 2m, the (unnormalized) probability of finding ϕ̃0,0
0,0 in the energy level Eλ

n is

f λ
n (α) ≡

n/2∑
j=[0,1/2]

j∑
q=− j

|ϕ j, n
2 − j

q,q (α)|2

=
n/2∑

j=[0,1/2]

(2 j + 1)2

λ − 1

( n
2 − j + λ − 2

λ − 2

) ( n
2 + j + λ − 1

λ − 2

)
α2n

=
(

n + 2λ − 1

2λ − 1

)
α2n = W2λ(n)α2n, (30)

where [0, 1/2] is 0 for n even and 1/2 for n odd (in this summation, the j steps are of unity).
Here, W2λ(n) plays the role of an ‘effective’ degeneracy and α2 a Boltzmann-like factor. In
fact, the partition function in (27) can be obtained again as

Z(α) =
∞∑

n=0

f λ
n (α) =

∞∑
n=0

W2λ(n)α2n =
( ∞∑

n=0

α2n

)2λ

= (1 − α2)−2λ, (31)

9
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Figure 1. Probability πλ
n (α) for fixed α = 0.8 and different values of λ.

n

n

0.9

0.85

0.8

π λ α

Figure 2. Probability πλ
n (α) for fixed λ = 4 and different values of α.

where we have identified the Maclaurin series expansion of (1 − α2)−2λ and the geometric
series sum z(α) ≡ ∑∞

n=0 α2n = 1/(1 − α2) with ratio α2. The fact that Z(α) = (z(α))2λ

(the product of 2λ partition functions z(α)) reinforces the analogy between our accelerated
ground state and the Einstein solid with 2λ degrees of freedom (see the following section for
the computation of the entropy).

Note that the distribution function πλ
n (α) ≡ f λ

n (α)/Z(α) has a maximum for a given
n = n0(α, λ), with n0(α, λ) increasing in λ (see figure 1) and in α (see figure 2).

Furthermore, inside each energy level Eλ
n , the allowed angular momenta j =

[0, 1/2], . . . , n/2 appear with different (unnormalized) probabilities:

f λ
n, j(α) ≡ (2 j + 1)2

λ − 1

( n
2 − j + λ − 2

λ − 2

) ( n
2 + j + λ − 1

λ − 2

)
α2n. (32)

Actually, the distribution function πλ
n ( j) ≡ f λ

n, j(α)/ f λ
n (α), which is independent of α, has a

maximum for a given j = j0(n, λ), with j0(n, λ) an increasing sequence of n and decreasing
on λ (see figure 3).

4.3. Entropy, temperature and ‘maximal acceleration’

Note that deriving the partition function Z(α) and mean energy E (α) from the distribution
function (29), (30) does not involve any thermal (but just pure quantum mechanical) input. In

10
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n j

16
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π λ

Figure 3. Probability πλ
n ( j) for different values of λ.

the same way, we can also compute the entropy as a logarithmic measure of the density of
states. In fact, denoting by pn(α) = α2n/Z(α) the probability of finding our ‘Einstein solid’
in the energy level n with degeneracy Wλ(n), the entropy can be calculated as

S(α) = −
∞∑

n=0

W2λ(n)pn(α) ln pn(α)

= −
∞∑

n=0

(
2λ + n − 1

n

)
(1 − α2)2λα2n ln((1 − α2)2λα2n)

= −(1 − α2)2λ

( ∞∑
n=0

(
2λ + n − 1

n

)
α2n ln((1 − α2)2λ) +

∞∑
n=0

(
2λ + n − 1

n

)
α2n ln(α2n)

)

= −(1 − α2)2λ

(
2λ ln(1 − α2)

∞∑
n=0

(
2λ + n − 1

n

)
α2n + 2 ln(α)

∞∑
n=1

(
2λ + n − 1

n

)
nα2n

)

= −2λ

(
α2 ln(α2)

1 − α2
+ ln(1 − α2)

)
, (33)

where we have identified the partition function Z(α) and its derivative α2 d
d(α2 )

Z(α) in the
last two summations. Again, there is not any thermal input up to now. If we wanted to
assign an ‘effective’ temperature T to our ‘accelerated ensemble’, we could use the universal
thermodynamic expression (derivative of the energy with respect to the entropy):

T = dE (α)

dS(α)
= − 1

ln(α2)
, (34)

given in units of the Einstein temperature TE = ε/kB (i.e. T = T/TE )5. Equality (34) can be
inverted to formula (28), giving the announced derivation of the assignment (28) from first
thermodynamic principles. One could still check consistency (if desired) with other classical
formulas relating mean energy and entropy to the partition function, namely,

E (α) = −d ln Z(α)

dβ
, S(α) = d

dT (T ln Z(α)), β ≡ 1/T . (35)

5 The semisimple character of the group SU (2, 2) allows us to express all kinematic magnitudes by pure numbers.
From a ‘Galilean’ viewpoint, we could say that in conformal kinematics there is a characteristic length, a characteristic
time and a characteristic speed which may be used as natural units, and then lengths, times and speeds are dimensionless
(see [37, 38] for a thorough study on kinematic groups and dimensional analysis).
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A hurried analysis of the relation α2 = e−1/T would lead us to think of the existence of a
‘maximal acceleration’ α2 = 1 (in dimensionless units). Actually, in the process toward the
calculation of thermodynamical quantities, we have made use of a rescaling of the original
acceleration C = aμσμ, in the expression (24), to C = D−1C = αμσμ. We can find the
relation between aμ and αμ as follows. Taking into account that ϕ00

00 is normalized and the
representation (16) is unitary (see appendix C and proposition 5.2 of [32]), we know that
the accelerated ground state (24) is also normalized. This means that the normalizing global
factor det(D)−λ in (24) is related to the partition function Z(C) in (25) by

det(DD†)−λ = 1/Z(C) = det(I − C†C)λ ⇒ det(DD†) = 1

det(I − C†C)
. (36)

Therefore, for C = aσ 3 and C = ασ 3, the relation C†C = C†(DD†)−1C reads

α2 = a2

1 + a2
⇒ a2 = α2

1 − α2
. (37)

With this identification, the mean energy

E = λ + 2λ
α2

1 − α2
= λ + 2λa2 (38)

turns out to be a quadratic function of the acceleration ‘a’. The dependence of ‘a’ with the
effective temperature T is then

a =
√

e−1/T

1 − e−1/T =
√

T + O

(
1√
T

)
for T � 1. (39)

This behavior departs from Unruh’s formula (1) even in the limit of high temperatures.
However, at high temperatures, it is in accordance with the equipartition theorem for an
Einstein solid with 2λ degrees of freedom since the energy (38) becomes E(T ) ≡ εE =
E0 + 2λkBT + O(1/

√
T ), with E0 = ελ and T = TET .

We have seen that the fact that α is bounded is just due to a rescaling of ‘a’, so that there
is not a maximal acceleration in our model as such. Nevertheless, we would like to comment
on other arguments in the literature supporting the existence of a bound amax for proper
accelerations. One was given some time ago in [39] in connection with conformal kinematics;
there the authors analyzed the physical interpretation of the singularities, 1+2ax+a2x2 = 0, of
the SCT (2). When applying the transformation to an extended object of size �, an upper limit
to the proper acceleration, amax � 1/� (in c = 1 units), is shown to be necessary in order to
the tenets of special relativity not to be violated (see [39] for more details). Before, Caianiello
[40] derived the existence and physical consequences of a maximal acceleration connected
with Born’s reciprocity principle (BRP) [41, 42]. Indeed, one can deduce the existence of a
maximal acceleration from the positivity of Born’s line element

dτ̃ 2 = dxμ dxμ + �4
min

�2
dpμ dpμ = dτ

√
1 − |a2|

a2
max

, (40)

where dτ 2 ≡ dxμdxμ and dpμ/dτ ≡ md2xμ/dτ 2 = maμ, as usual. An adaptation of the BRP
to the conformal relativity has been put forward by some of us in [21], where a conformal
analogue of the line element (40) in the phase space D4 has been considered. However, the
existence of a maximal acceleration inside the conformal group does not seem to be apparent
neither from this conformal adaptation of the BRP.

In the past few years, many papers have been published (see e.g. [43] and references
therein), each one introducing the maximal acceleration starting from different motivations
and from different theoretical schemes. Among the large list of physical applications of
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Caianiello’s model we would like to point out the one in cosmology which avoids an initial
singularity while preserving inflation. Also, a maximal-acceleration relativity principle leads
to a variable fine structure ‘constant’ [43], according to which it could have been extremely
small (zero) in the early Universe and then all matter in the Universe could have emerged via
the Unruh effect. Moreover, in a non-commutative geometry setting [44], the non-vanishing
commutators among the four components of P̃μ = (Pμ + Kμ)/2 can be seen as a sign of the
granularity (non-commutativity) of spacetime in conformal-invariant theories, along with the
existence of a minimal length �min or, equivalently, a maximal acceleration amax = 1/�min (in
c = 1 units).

5. Second-quantized theory, conformal zero modes and Poincaré θ-vacua

We have discussed the effect of relativistic accelerations in first quantization. However, the
proper setting to analyze radiation effects is in the second-quantized theory. Let us denote
(for space-saving notation) by n = { j, m, q1, q2} the multi-index of the one-particle basis
wavefunctions ϕn in (17) and by ân (resp. â†

n) operators annihilating (resp. creating) a particle
in the state |n〉. An orthonormal basis for the Hilbert space of the second-quantized theory is
constructed by taking the orbit through the conformal vacuum |0〉 of the creation operators â†

n:

|q(n1), . . . , q(np)〉 ≡
(â†

n1
)q(n1 ) . . . (â†

np
)q(np)

(q(n1)! . . . q(np)!)1/2
|0〉, (41)

where q(n) ∈ N denotes the occupation number of the state n with energy 2 j + 2m.
The fact that the ground state of the first quantization, ϕ0, is invariant under Poincaré

transformations (remember the discussion after (23)) implies that the annihilation operator â0

of zero-(‘dark’)-energy modes commutes with all Poincaré generators. It also commutes with
all annihilation operators and creation operators of particles with positive (‘bright’) energy,

[â0, â†
n] = 0, n �= 0. (42)

Therefore, by Schur’s lemma, â0 must behave as a multiple of the identity when conformal
symmetry is broken/restricted to Poincaré symmetry. This means that we can choose Poincaré-
invariant vacua |θ〉 as being eigenstates of â0, namely,

â0|θ〉 = θ |θ〉 ⇒ |θ〉 = eθ â†
0−θ̄ â0 |0〉, (43)

which implies that Poincaré ‘θ -vacua’ |θ〉 are (canonical) CSs of conformal zero modes. Unlike
the conformal vacuum |0〉, which is invariant under the whole conformal group, Poincaré θ -
vacua |θ〉 are not stable under SCTs (accelerations). In fact, the second-quantized version
of (24), for an acceleration C = ασ 3 along the third axis, is given by the transformation of
annihilation (resp. creation) operators:

˜̂a0 =
∞∑

n=0

ϕn(α)ân. (44)

We shall assume that
∑

n |ϕn(α)|2 = 1 (normalized probabilities) so that this transformation

preserves the original commutation relations [ ˜̂a0,
˜̂a†

0] = 1. Therefore, accelerated Poincaré
θ -vacua are

|θ̃〉 = eθ ˜̂a†

0−θ̄ ˜̂a0 |0〉 = eθ
∑∞

n=1 ϕn(α) ˜̂a†

n |θ〉. (45)

We can think of conformal zero modes as ‘virtual particles’ without ‘bright’ energy and
undetectable by inertial observers. However, from an accelerated frame, they become ‘visible’

13
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to a Poincaré observer. The average number of particles with energy En in the accelerated
vacuum (45) is then given by

Nn(α) = 〈θ̃ |â†
nân|θ̃〉 = |θ |2|ϕn(α)|2, (46)

where |θ |2 is the total average number of particles in |θ〉 and |ϕn(α)|2 is the occupation number
of the energy level En of the accelerated vacuum |θ̃〉. The situation resembles that in many
condensed-matter systems (like Bose–Einstein condensates, superconductors, etc), where one
also finds non-empty, coherent ground states. In the same way, the probability Pn(q, α) of
observing q particles with energy En in |θ̃〉 can be calculated as

Pn(q, α) = |〈q(n)|θ̃〉|2 = e−|θ |2

q!
|θ |2q|ϕn(α)|2q = e−|θ |2

q!
Nq

n (α). (47)

Therefore, the relative probability of observing a state with total energy E in the excited
vacuum |θ̃〉 is

P(E ) =
∑

q0,...,qk :∑k
n=0 Enqn=E

k∏
n=0

Pn(qn, α). (48)

For the case studied in this paper, this distribution function can be factorized as P(E ) =
�(E )e−E/T , where �(E ) is a relative weight proportional to the number of states with energy
E and the factor e−E/T fits this weight properly to a temperature T .

One can also compute the total mean energy

E(α) = 〈θ̃ |
∞∑

n=1

Enâ†
nân|θ̃〉 = |θ |2

∑
n=1

|ϕn(α)|2En = |θ |2E (α), (49)

which, as expected, is the product of E (α) in (27) times the average number of particles |θ |2 in
|θ〉. The free parameter |θ |2 is also linked to a vacuum (‘dark’) energy E0 = |θ |2E0 = |θ |2λ just
like, for example, the ‘cosmological constant’. Like other non-zero vacuum expectation values,
zero-point energy leads to observable consequences such as, for instance, the Casimir effect
and influences the behavior of the Universe at cosmological scales, where the vacuum (dark)
energy is expected to contribute to the cosmological constant, which affects the expansion of
the Universe (see e.g. [45] for a nice review). Actually, dark energy is the most popular way to
explain recent observations that the Universe appears to be expanding at an accelerating rate.

6. Comments and outlook

As already commented in the introduction, conformal field theories also seem to provide
a universal description of low-energy black hole thermodynamics, which is only fixed by
symmetry arguments (see [15, 16] and references therein). Actually, Unruh’s temperature (1)
coincides with Hawking’s temperature

T = �c3

8πMkBG
= 2πGM�

�ckB
(50)

(� = 4πr2
g = 8πG2M2/c4 stands for the surface of the event horizon) when the acceleration

is that of a free-falling observer on the surface �, i.e. a = c4/(4GM) = GM/r2
g. Here,

the Virasoro algebra proves to be a physically important subalgebra of the gauge algebra
of surface deformations that leave the horizon fixed for an arbitrary black hole. Thus, the
fields on the surface must transform according to irreducible representations of the Virasoro
algebra, which is the general symmetry principle that governs the density of microscopic
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states. Therefore, in the Hawking effect, the calculation of thermodynamical quantities, linked
to the statistical mechanical problem of counting microscopic states, is reduced to the study
of the representation theory of the conformal group.

Although our approach to the quantum analysis of accelerated frames shares with the
previous description of black hole thermodynamics the existence of an underlying conformal
invariance, we should not confuse both schemes. Conformal invariance in the Hawking
effect manifests itself as an infinite-dimensional gauge algebra of (two-dimensional) surface
deformations. However, the infinite-dimensional character of conformal symmetry seems
to be an exclusive patrimony of two-dimensional physics, and conformal invariance in
(3+1) dimensions is finite-(15)-dimensional, thus accounting for transitions to uniformly
accelerated frames only. To account for higher-order effects of gravity on QFT from a group-
theoretical point of view, one should consider more general diffeomorphism (Lie) algebras.
Higher-dimensional analogies of the infinite two-dimensional conformal symmetry have been
proposed by us in [17, 18, 14, 19, 20]. We think that these infinite W-like symmetries can play
some fundamental role in quantum gravity models, as a gauge guiding principle.

To conclude, we would also like to mention that the same spontaneous SU (2, 2)-symmetry
breaking mechanism explained in this paper applies to general SU (N, M)-invariant quantum
theories, where an interesting connection between ‘curvature and statistics’ has emerged
[46, 47]. We hope that many more interesting physical phenomena remain to be unraveled
inside conformal-invariant quantum (field) theory. As stated long time ago by Hill [28], a ‘more
complete analysis of the physical interpretation of the full conformal group of transformations
will be required before all of its implications can be appreciated’.
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[33] Rühl W 1973 Commun. Math. Phys. 30 287–302
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Abstract. We revise the Unruh effect (vacuum radiation in uniformly relativistic accelerated
frames) in a group-theoretical setting by constructing a conformal SO(4,2)-invariant quantum
field theory and its spontaneous breakdown when selecting Poincaré invariant degenerated
vacua (namely, coherent states of conformal zero modes). Special conformal transformations
(accelerations) destabilize the Poincaré vacuum and make it to radiate.

1. Introduction
The Fulling-Davies-Unruh effect [1, 2, 3] has to do with vacuum radiation in a non-inertial
reference frame and shares some features with the (black-hole) Hawking [4] effect. In simple
words, whereas the Poincaré invariant vacuum |0〉 in QFT looks the same to any inertial observer
(i.e., it is stable under Poincaré transformations), it converts into a thermal bath of radiation
with temperature

T =
~a

2πvkB
(1)

in passing to a uniformly accelerated frame (a denotes the acceleration, v the speed of light and
kB the Boltzmann constant).

This situation is always present when quantizing field theories in curved space as well as in
flat space, whenever some kind of global mutilation of the space is involved (viz, existence of
horizons). This is the case of the natural quantization in Rindler coordinates [2, 5], which leads
to a quantization inequivalent to the normal Minkowski quantization (see next Section), or that
of a quantum field in a box, where a dilatation produces a rearrangement of the vacuum [1].

In the reference [6], it was showed that the reason for the Planckian radiation of the Poincaré
invariant vacuum under uniform accelerations (that is, the Unruh effect) is more profound and
related to the spontaneous breakdown of the conformal symmetry in quantum field theory. From
this point of view, a Poincaré invariant vacuum will be regarded as a coherent state of conformal
zero modes, which are undetectable (“dark”) by inertial observers but unstable under special
conformal transformations

xµ → x′µ =
xµ + cµx2

1 + 2cx + c2x2
, (2)

which can be interpreted as transitions to systems of relativistic, uniformly accelerated observers
with acceleration a = 2c (see e.g. Ref. [7, 8, 9] and later on Eq. (14)). In the reference [6] a
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quite involved “second quantization formalism on a group G” was developed, which was applied
to the conformal group in (1+1) dimensions, SO(2, 2) ' SO(2, 1) × SO(2, 1), which consists of
two copies of the pseudo-orthogonal group SO(2, 1) (left- and right-moving modes, respectively).
Here we shall use more conventional methods of quantization and we shall work in realistic (3+1)
dimensions, using the (more involved) conformal group SO(4, 2) ' SU(2, 2)/Z4.

The point of view exposed in this paper is consistent with the idea that quantum vacua
are not really empty to every observer. Actually, the quantum vacuum is filled with zero-
point fluctuations of quantum fields. The situation is similar to quantum many-body condensed
mater systems describing, for example, superfluidity and superconductivity, where the ground
state mimics the quantum vacuum in many respects and quasi-particles (particle-like excitations
above the ground state) play the role of matter. Moreover, we know that zero-point energy, like
other non-zero vacuum expectation values, leads to observable consequences as, for instance,
the Casimir effect, and influences the behavior of the Universe at cosmological scales, where
the vacuum (dark) energy is expected to contribute to the cosmological constant, which affects
the expansion of the universe (see e.g. [10] for a nice review). Indeed, dark energy is the most
popular way to explain recent observations that the universe appears to be expanding at an
accelerating rate.

The organization of the paper is as follows. In Section 2 we briefly review the standard
explanation for the Unruh effect, which has to do with space-time mutilation and Bogolyubov
transformations. In Section 3 we construct a conformal-invariant quantum theory in 3+1
dimensions and in Section 4 we discuss its (spontaneous) breakdown to a Poincaré-invariant
quantum theory by selecting Poincaré-invariant pseudo-vacua which are coherent states of
conformal zero modes. We compute the mean energy of the accelerated Poincaré-invariant
pseudo-vacua. This is part of a work in preparation [11], where the reader will find more details
and additional results.

2. Vacuum radiation as a consequence of space-time mutilation
The existence of event horizons in passing to accelerated frames of reference leads to unitarily
inequivalent representations of the quantum field canonical commutation relations and to a
(ill-)definition of particles depending on the state of motion of the observer.

2.1. Field decompositions and vacua
To use an explicit example, let us consider a real scalar massless field φ(x), satisfying the Klein-
Gordon equation

ηµν∂µ∂νφ(x) = 0 . (3)

Let us denote by ak, a
∗
k the Fourier coefficients of the decomposition of φ into positive and

negative frequency modes:

φ(x) =

∫
dk(akfk(x) + a∗

kf
∗
k (x)). (4)

The Fourier coefficients ak, a
∗
k are promoted to annihilation and creation operators âk, â

∗
k of

particles in the quantum field theory. The Minkowski vacuum |0〉M is defined as the state
nullified by all annihilation operators

âk|0〉M = 0, ∀k. (5)

2.2. Rindler coordinate transformations
Let us consider now the Rindler coordinate transformation (see e.g. [5]):

t = a−1eaz′
sinh(at′), z = a−1eaz′

cosh(at′). (6)
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The worldline z′ = 0 has constant acceleration a (in natural unities). This transformation entails
a mutilation of Minkowski spacetime into patches or charts with event horizons.

The new coordinate system provides a new decomposition of φ into Rindler positive and
negative frequency modes:

φ(x′) =

∫
dq(a′

qf
′
q(x

′) + a′∗
q f ′∗

q (x′)). (7)

The Rindler vacuum |0〉R is defined as the state nullified by all Rindler annihilation operators:

â′
q|0〉R = 0∀q. (8)

Let us see that the Minkowki vacuum |0〉M and the Rindler vacuum |0〉R are not identical.
In fact, the Minkowski vacuum |0〉M has a nontrivial content of Rindler particles.

2.3. Bogolyubov transformations
The Fourier components a′

q, a
′∗
q of the field φ in the new (accelerated) reference frame are

expressed in terms of both ak, a
∗
k through a Bogolyubov transformation:

a′
q =

∫
dk (αqkak + βqka

∗
k) ,

αqk = 〈f ′
q|fk〉, βqk = 〈f ′

q|f∗
k 〉. (9)

The vacuum states |0〉M and |0〉R, defined by the conditions (5) and (8), are not identical if the
coefficients βqk in (9) are not zero. In this case the Minkowski vacuum has a non-zero average
number of Rindler particles given by:

NR = 〈0|N̂R|0〉M = 〈0|
∫

dqâ′†
q â′

q|0〉M =

∫
dkdq|βqk|2 (10)

That is, in the second quantized theory, the vacuum states |0〉M and |0〉R are not identical if
the coefficients βqk are not zero. Both quantizations are inequivalent.

3. Vacuum radiation as a spontaneous breakdown of de conformal symmetry
In this section we shall offer an alternative explanation for the Unruh effect based on symmetry
grounds. Actually, in Quantum Field Theory, the vacuum state is expected to be stable under
some underlying group of symmetry transformations G (namely, the Poincaré group). Then
the action of some spontaneously broken symmetry transformations can destabilize/excitate the
vacuum and make it to radiate. We shall see that this is precisely the case of the Planckian
radiation of the Poincaré invariant vacuum under uniform accelerations. Here, the Poincaré
invariant vacuum looks the same to every inertial observer but converts itself into a thermal
bath of radiation with temperature (1) in passing to a uniformly accelerated frame. In fact, in
the reference [6], it was shown that the reason for this radiation is related to the spontaneous
breakdown of the conformal symmetry in quantum field theory.

3.1. The conformal group and the compactified Minkowski space
The conformal group in 3+1 dimensions, SO(4, 2), is composed by Poincaré (spacetime
translations bµ ∈ R4 and Lorentz Λµ

ν (∈ SO(3, 1)) transformations augmented by dilations
(eτ ∈ R+) and relativistic uniform accelerations (special conformal transformations, cµ ∈ R4)
which, in Minkowski spacetime, have the following realization:

x′µ = xµ + bµ, x′µ = Λµ
ν (ω)xν , (11)

x′µ = eτxµ, x′µ =
xµ + cµx2

1 + 2cx + c2x2
, (12)
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respectively. The interpretation of special conformal transformations

x′µ =
xµ + cµx2

1 + 2cx + c2x2
(13)

as transitions from inertial reference frames to systems of relativistic, uniformly accelerated
observers was identified many years ago by [7, 8, 9], although alternative meanings have also been
proposed [12, 13]. For simplicity, let use take an acceleration along the “z” axis: cµ = (0, 0, 0, α),
and the temporal path xµ = (t, 0, 0, 0). Then the transformation (13) reads:

t′ =
t

1 − α2t2
, z′ =

αt2

1 − α2t2
. (14)

Writing z′ in terms of t′ gives the usual formula for the relativistic uniform accelerated
(hyperbolic) motion:

z′ =
1

a
(
√

1 + a2t′2 − 1)

with a = 2α.
The infinitesimal generators (vector fields) of the transformations (12) are easily deduced:

Pµ = ∂
∂xµ , Mµν = xµ

∂
∂xν − xν

∂
∂xµ ,

D = xµ ∂
∂xµ , Kµ = −2xµxν ∂

∂xν + x2 ∂
∂xµ

(15)

and they close into the conformal Lie algebra

[Mµν ,Mρσ] = ηνρMµσ + ηµσMνρ − ηµρMνσ − ηνσMµρ,
[Pµ,Mρσ] = ηµρPσ − ηµσPρ, [Pµ, Pν ] = 0,
[Kµ,Mρσ] = ηµρKσ − ηµσKρ, [Kµ,Kν ] = 0,

[D, Pµ] = −Pµ, [D, Kµ] = Kµ, [D,Mµν ] = 0,
[Kµ, Pν ] = 2(ηµνD + Mµν).

(16)

The quadratic Casimir operator has the following expression:

C2 = −2D2 + MµνM
µν − PµKµ − KµPµ = −2D2 + MµνM

µν − 2PµKµ − 8D. (17)

Any group element g ∈ SO(4, 2) (near the identity element 1) could be written as the exponential
map

g = exp(u), u = τD + bµPµ + aµKµ + ωµνMµν , (18)

of the Lie-algebra element u.
One would be tempted to blame the singular character of the special conformal transformation

(13,14) to be responsible for the radiation effect, in much the same way the (singular) Rindler
transformations (6) are supposedly responsible for the Unruh effect (i.e., existence of horizons).
However, one could always work with the compactified Minkowski space M = S3 ×Z2 S1 ' U(2),
which can be obtained as a coset M = SO(4, 2)/W, where W denotes the Weyl subgroup
generated by Kµ,Mµν and D (i.e., a Poincaré subgroup P = SO(3, 1)sR4 augmented by the
dilations R+). The Weyl group W is the stability subgroup (the little group in physical usage)
of xµ = 0. Now the conformal group acts transitively on M and free from singularities. So,
where would the radiation come from now?. Let us see that the reason for vacuum radiation
in relativistic uniformly accelerated frames is more profound an related to the spontaneous
breakdown of the conformal symmetry.
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3.2. SU(2,2) as the four-cover of SO(4,2)
Instead of SO(4, 2), we shall work by convenience with its four cover:

SU(2, 2) =

{
g =

(
A B
C D

)
∈ Mat4×4(C) : g†Γg = Γ, det(g) = 1

}
, (19)

where Γ denotes a hermitian form of signature (++, −−).
The conformal Lie algebra (16) can also be realized in terms of gamma matrices in, for

instance, the Weyl basis

γµ =

(
0 σµ

σ̌µ 0

)
, γ5 = iγ0γ1γ2γ3 =

(
−σ0 0
0 σ0

)
, (20)

where σ̌µ ≡ σµ (we are using the convention η = diag(1,−1,−1,−1)) and σµ are the standard
Pauli matrices

σ0 = I =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (21)

Indeed, the choice

D =
γ5

2
, Mµν =

[γµ, γν ]

4
=

1

4

(
σµσ̌ν − σν σ̌µ 0

0 σ̌µσν − σ̌νσµ

)
,

Pµ = γµ 1 + γ5

2
=

(
0 σµ

0 0

)
, Kµ = γµ 1 − γ5

2
=

(
0 0
σ̌µ 0

)
(22)

fulfils the commutation relations (16). These are the Lie algebra generators of the fundamental
representation of SU(2, 2).

The group SU(2, 2) acts transitively on the compactified Minkowski space M4 = U(2), with
(matrix) coordinates X, as

X → X ′ = (AX + B)(CX + D)−1. (23)

Setting X = xµσµ (with σµ Pauli matrices) the transformations (12) can be recovered from (23)
as follows:

i) Standard Lorentz transformations, x′µ = Λµ
ν (ω)xν , correspond to B = C = 0 and

A = D−1† ∈ SL(2, C).

ii) Dilations correspond to B = C = 0 and A = D−1 = a1/2σ0

iii) Spacetime translations equal A = D = σ0, C = 0 and B = bµσµ.

iv) Special conformal transformations correspond to A = D = σ0 and C = cµσµ, B = 0 by
noting that det(CX + I) = 1 + 2cx + c2x2:

X ′ = X(CX + I)−1 ↔ x′µ =
xµ + cµx2

1 + 2cx + c2x2

3.3. Unirreps of de conformal group: discrete series
We shall consider the complex extension of M4 = U(2) to the 8-dimensional conformal (phase)
space:

D4 = U(2, 2)/U(2)2 = {Z ∈ Mat2×2(C) : I − ZZ† > 0}
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and the Unirrep

[Uλ(g)φ](Z) = |CZ + D|−λφ(Z ′), Z ′ = (AZ + B)(CZ + D)−1 (24)

on the space Hλ(D4) of square-integrable holomorphic functions φ with invariant integration
measure

dµλ(Z,Z†) = π−4(λ − 1)(λ − 2)2(λ − 3) det(I − ZZ†)λ−4|dZ|,
where the label λ ∈ Z, λ ≥ 4 is the conformal, scale or mass dimension (|dZ| denotes the
Lebesgue measure in C4).

3.4. The Hilbert space of our conformal particle
It has been proved in [14] that the infinite set of homogeneous polynomials

ϕj,m
q1,q2

(Z) =

√
2j + 1

λ − 1

(
m + λ − 2

λ − 2

)(
m + 2j + λ − 1

λ − 2

)
det(Z)mDj

q1,q2
(Z), (25)

with

Dj
q1,q2

(Z) =

√
(j + q1)!(j − q1)!

(j + q2)!(j − q2)!

min(j+q1,j+q2)∑

p=max(0,q1+q2)

(
j+q2

p

)(
j−q2

p−q1−q2

)
zp
11z

j+q1−p
12 zj+q2−p

21 zp−q1−q2
22 (26)

the standard Wigner’s D-matrices (j ∈ N/2), verifies the following closure relation (the
reproducing Bergman kernel):

∑

j∈N/2

∞∑

m=0

j∑

q1,q2=−j

ϕj,m
q1,q2(Z)ϕj,m

q1,q2
(Z ′) =

1

det(I − Z†Z ′)λ
(27)

and constitutes an orthonormal basis of Hλ(D4), (the sum on j accounts for all non-negative
half-integer numbers)

3.5. Hamiltonian and energy spectrum
In [15] we have argued that the dilation operator D plays the role of the Hamiltonian of our
quantum theory. Actually, the replacement of time translations by dilations as dynamical
equations of motion has already been considered in [16] and in [17], when quantizing field
theories on space-like Lorentz-invariant hypersurfaces x2 = xµxµ = τ2 =constant. In other
words, if one wishes to proceed from one surface at x2 = τ2

1 to another at x2 = τ2
2 , this is done

by scale transformations; that is, D is the evolution operator in a proper time τ .
From the general expression (24), we can compute the finite left-action of dilations g = eτD

(B = 0 = C and A = e−τ/2σ0 = D−1) on wave functions,

[Uλ(g)φ](Z) = eλτφ(eτZ). (28)

The infinitesimal generator of this transformation is the Hamiltonian operator:

H = λ +

2∑

i,j=1

Zij
∂

∂Zij
= λ + zµ

∂

∂zµ
. (29)

The set of functions (25) constitutes a basis of Hamiltonian eigenfunctions (homogeneous
polynomials) with energy eigenvalues Eλ

n (the homogeneity degree) given by:

Hϕj,m
q1,q2

= Eλ
nϕj,m

q1,q2
, Eλ

n = λ + n, n = 2j + 2m. (30)
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Actually, each energy level Eλ
n is (n + 1)(n + 2)(n + 3)/6 times degenerated. This degeneracy

coincides with the number of linearly independent polynomials
∏2

i,j=1 Z
nij

ij of fixed degree of

homogeneity n =
∑2

i,j=1 nij . This proves that the set of polynomials (25) is a basis for analytic

functions φ ∈ Hλ(M). The spectrum is equi-spaced and bounded from below, with ground state

ϕ0,0
0,0 = 1 and zero-point energy Eλ

0 = λ.

3.6. The ground state is Poincaré-stable and polarized by accelerations
Under a general conformal transformation, the excited ground state is:

ϕ̃0,0
0,0(Z) = [Uλ(g)ϕ0,0

0,0](Z) = det(CZ + D)−λ. (31)

Therefore, for Poincaré transformations we have C = 0 and det(D) = 1, which means that the

ground state ϕ0,0
0,0 looks the same to every inertial observer (it is stable for zero acceleration

C = 0, i.e., it is Poincaré invariant). We shall restrict from now on to pure accelerations:
D = A = I, B = 0 and C = cµσµ. For arbitrary accelerations, C 6= 0, we can decompose the

accelerated ground state ϕ̃0,0
0,0 using the Bergman kernel expansion (27) as:

ϕ̃0,0
0,0(Z) =

∑

j∈N/2

∞∑

m=0

j∑

q1,q2=−j

ϕj,m
q2,q1

(−C)ϕj,m
q1,q2

(Z). (32)

From here, we interpret the coefficient ϕj,m
q2,q1(−C) as the probability amplitude of finding the

accelerated ground state in the excited level ϕj,m
q1,q2 of energy Eλ

n = λ + 2j + 2m = λ + n

3.7. Mean Energy of the accelerated ground state
The energy expectation value in the accelerated ground state (32) can be calculated as:

E(C) =

∑∞
j=0

∑∞
n=0

∑j
q1,q2=−j |ϕj,n

q1,q2(C)|2(λ + 2j + 2n)
∑∞

j=0

∑∞
n=0

∑j
q1,q2=−j |ϕj,n

q1,q2(C)|2
. (33)

Using (27) and its derivatives in (30), with the Hamiltonian operator given by (29), we obtain:

∞∑

j=0

∞∑

n=0

j∑

q1,q2=−j

|ϕj,n
q1,q2

(C)|2 =
1

det(I − C†C)λ

∞∑

j=0

∞∑

n=0

j∑

q1,q2=−j

|ϕj,n
q1,q2

(C)|2(λ + 2j + 2n) = λ
1 − det(C†C)

det(I − C†C)λ+1
, (34)

so that the mean energy is:

E(C) = λ
1 − det(C†C)

det(I − C†C)
. (35)

For the particular case of an acceleration along the “z” axis, C = cµσµ = cσ3, we have:

E(c) = λ
1 − c4

1 − 2c2 + c4
= λ

1 + c2

1 − c2
= λ + 2λ

c2

1 − c2
. (36)

The mean energy (36) is of Planckian type for

c2(T ) ≡ e
− hν

kBT , (37)
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where we have introduced dimensions, with hν the quantum of energy for our harmonic oscillator.
The last (ad hoc) assignment (37) can be in fact obtained from first thermodynamical principles
(see [11] for the actual computation of the partition function, entropy and temperature). Here
we shall just point out that the formula (37) gives

T = −TE/ ln(c2), TE ≡ hν/kB, (38)

which differs from the Unruh formula (1). It also implies the existence of a maximal acceleration
amax, so that the dimension-full acceleration is a = amaxc (see [18] for a discussion on the physical
consequences of a maximal acceleration and [15] and [11] for more details).

4. Second-Quantized Theory, Conformal Zero Modes and θ-Vacua
We have discussed the effect of relativistic accelerations in first (one particle) quantization.
However, the proper setting to analyze radiation effects is in the second quantized theory. Let
us denote (for space-saving notation) by n = {j, m, q1, q2} the multi-index of the basis functions
(25). The Fourier coefficients an (and a∗

n) of the expansion in energy modes of a state

φ =
∑

n

anϕn, (39)

are promoted to annihilation ân (and creation â†
n) operators in second quantization. The fact

that the ground state of first quantization, ϕ0, is invariant under Poincaré transformations
implies that â0 commutes with all Poincaré generators. It also commutes with all annihilation
operators and creation operators

[â0, â
†
n] = 0, n > 0 (40)

of particles with non-zero energy. Therefore, by Schur’s Lemma, â0 must behave as a multiple
of the identity in the broken theory, which means that Poincaré “θ-vacua” fulfil

â0|θ〉 = θ|θ〉 ⇒ |θ〉 = eθâ0−θ̄â†
0 |0〉. (41)

That is, Poincaré “θ-vacua” are coherent states of conformal zero modes (see [19] and [20] for a
thorough exposition on coherent states).

The second-quantized version of (32) for an acceleration C = cσ3 along the third axis is:

â′
0 =

∞∑

n=0

ϕn(c)ân, (42)

so that accelerated Poincaré θ-vacua become:

|θ′〉 = eθâ′
0−θ̄â′†

0 |0〉. (43)

The average number of particles with energy En in the accelerated vacuum (43) is then given
by

N(c) = 〈θ′|â†
nân|θ′〉 = |θ|2|ϕn(c)|2, (44)

where |θ|2 is the total average number of particles in |θ〉, and |ϕn(c)|2 is the probability of finding
a particle in the energy state En of the accelerated vacuum |θ′〉. One can also compute the mean
energy per mode and see that it reproduces the Black-Body spectrum for (37). See more details
in the coming paper [11].
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Abstract. We report on a group-theoretical revision of the Unruh effect based on the
conformal group SO(4, 2), which has been developed by the authors and collaborators. Special
Conformal Transformations (SCT) are interpreted as transitions to relativistic uniformly
accelerated frames. Poincaré invariant θ-vacua (which turn out to be coherent states of
conformal zero modes) are destabilized by SCT and radiate as a black body.

1. Introduction
The Fulling-Davies-Unruh effect [1, 2, 3] has to do with vacuum radiation in a non-inertial
reference frame and shares some features with the (black-hole) Hawking [4] effect. In simple
words, whereas the Poincaré invariant vacuum |0〉 in QFT looks the same to any inertial observer
(i.e., it is stable under Poincaré transformations), it converts into a thermal bath of radiation
with temperature

T =
~a

2πvkB
(1)

in passing to a uniformly accelerated frame (a denotes the acceleration, v the speed of light and
kB the Boltzmann constant).

This situation is always present when quantizing field theories in curved space as well as in
flat space, whenever some kind of global mutilation of the space is involved (viz, existence of
horizons). This is the case of the natural quantization in Rindler coordinates [2, 5], which leads
to a quantization inequivalent to the normal Minkowski quantization (see next Section), or that
of a quantum field in a box, where a dilatation produces a rearrangement of the vacuum [1].

In the reference [6], it was showed that the reason for the Planckian radiation of the Poincaré
invariant vacuum under uniform accelerations (that is, the Unruh effect) is more profound and
related to the spontaneous breakdown of the conformal symmetry in quantum field theory. From
this point of view, a Poincaré invariant vacuum will be regarded as a coherent state of conformal
zero modes, which are undetectable (“dark”) by inertial observers but unstable under Special
Conformal Transformations (SCT)

xµ → x′µ =
xµ + cµx2

1 + 2cx + c2x2
. (2)
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which can be interpreted as transitions to systems of relativistic, uniformly accelerated observers
with acceleration a = 2c (see e.g. Ref. [7, 8, 9]). Indeed, let use take for simplicity an
acceleration along the “z” axis, cµ = (0, 0, 0, α), and the temporal path xµ = (t, 0, 0, 0). Then
the transformation (2) reads:

t′ =
t

1 − α2t2
, z′ =

αt2

1 − α2t2
. (3)

Writing z′ in terms of t′ gives the usual formula for the relativistic uniform accelerated
(hyperbolic) motion:

z′ =
1

a
(
√

1 + a2t′2 − 1) (4)

with a = 2α. Let us say that at least two alternative meanings of SCT have also been proposed
[10, 11]. One is related to the Weyl’s idea of different lengths in different points of space
time [10]: “the rule for measuring distances changes at different positions”. Other is Kastrup’s
interpretation of SCT as geometrical gauge transformations of the Minkowski space [11].

The point of view exposed here is consistent with the idea that quantum vacua are not really
empty to every observer. Actually, the quantum vacuum is filled with zero-point fluctuations
of quantum fields. The situation is similar to quantum many-body condensed mater systems
describing, for example, superfluidity and superconductivity, where the ground state mimics
the quantum vacuum in many respects and quasi-particles (particle-like excitations above the
ground state) play the role of matter. Moreover, we know that zero-point energy, like other
non-zero vacuum expectation values, leads to observable consequences as, for instance, the
Casimir effect, and influences the behavior of the Universe at cosmological scales, where the
vacuum (dark) energy is expected to contribute to the cosmological constant, which affects the
expansion of the universe (see e.g. [12] for a nice review). Indeed, dark energy is the most
popular way to explain recent observations that the universe appears to be expanding at an
accelerating rate.

In the papers [13] and [14] we construct a conformal-SO(4, 2)-invariant quantum theory in
3+1 dimensions, giving the Hilbert space and an orthonormal basis for our conformal particle.
The construction is based on an holomorphic square-integrable irreducible representation of the
conformal group on the eight-dimensional phase space D4 = SO(4, 2)/SO(4)×SO(2) inside the
complex Minkowski space C4. In [15], the Poincaré invariance of the ground state is highlighted
and the mean energy, partition function and entropy of the accelerated ground state (seen as a
statistical ensemble) is explicitly calculated. This leads us to interpret the accelerated ground
state as an Einstein Solid, to obtain a deviation from the Unruh’s formula (1) and to discuss
the existence of a maximal acceleration. Here we shall just deal with the second quantized
(many-body) theory, where Poincaré-invariant (degenerated) pseudo-vacua are coherent states
of conformal zero modes. Selecting one of this Poincaré-invariant pseudo-vacua spontaneously
breaks the conformal invariance and leads to vacuum radiation.

2. Vacuum radiation as a spontaneous breakdown of the conformal symmetry
Let us offer an alternative explanation for the Unruh effect based on symmetry grounds.
Actually, in Quantum Field Theory, the vacuum state is expected to be stable under some
underlying group of symmetry transformations G (namely, the Poincaré group). Then the action
of some spontaneously broken symmetry transformations can destabilize/excitate the vacuum
and make it to radiate. We argue that this is precisely the case of the Planckian radiation of the
Poincaré invariant vacuum under uniform accelerations. Here, the Poincaré invariant vacuum
looks the same to every inertial observer but converts itself into a thermal bath of radiation in
passing to a uniformly accelerated frame. In fact, we point out that the reason for this radiation
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is related to the spontaneous breakdown of the conformal symmetry in quantum field theory
(see [6] and [15] for more details).

Let us denote by ϕn the energy En eigenstates. The Fourier coefficients an (and a∗
n) of the

expansion in energy modes of a state

φ =
∑

n

anϕn, (5)

are promoted to annihilation ân (and creation â†
n) operators in second quantization. The fact

that the ground state of first quantization, ϕ0, is invariant under Poincaré transformations (see
[6] and [15]) implies that the annihilation operator of zero-(“dark”)-energy modes â0 commutes
with all Poincaré generators. It also commutes with all annihilation operators and creation
operators

[â0, â
†
n] = 0, n > 0 (6)

of particles with non-zero (“bright”) energy. Therefore, by Schur’s Lemma, â0 must behave as
a multiple of the identity in the broken theory, which means that Poincaré “θ-vacua” fulfill

â0|θ〉 = θ|θ〉 ⇒ |θ〉 = eθâ0−θ̄â†
0 |0〉. (7)

That is, Poincaré “θ-vacua” are coherent states of conformal zero modes (see [16] and [17] for a
thorough exposition on coherent states).

In the first-quantized theory, the unitary transformation U(c) that implements the
acceleration (2) does not leave invariant the ground state ϕ0 (see [15]) . In fact, a decomposition
of the “accelerated ground state” in energy modes is obtained:

ϕ′
0 = U(c)ϕ0 =

∞∑

n=0

φn(c)ϕn, (8)

where φn(c) denotes the probability amplitude of finding ϕ′
0 in ϕn for a given acceleration c. In

the second-quantized theory, this acceleration leads to a transformation of annihilation operators

â′
0 =

∞∑

n=0

φn(c)ân, (9)

so that accelerated Poincaré θ-vacua become:

|θ′〉 = eθâ′
0−θ̄â′†

0 |0〉. (10)

The average number of particles with energy En in the accelerated vacuum (10) is then given
by

Nn(c) = 〈θ′|â†
nân|θ′〉 = |θ|2|φn(c)|2, (11)

where |θ|2 is the total average number of particles in |θ〉, and |φn(c)|2 is the probability of finding
a particle in the energy state En of the accelerated vacuum |θ′〉.

In the same way, the probability Pn(q, c) of observing q particles with energy En in |θ′〉 can
be calculated as:

Pn(q, c) = |〈q(n)|θ′〉|2 =
e−|θ|2

q!
|θ|2q |φn(c)|2q =

e−|θ|2

q!
N q

n(c). (12)
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Therefore, the relative probability of observing a state with total energy E in the excited vacuum
|θ′〉 is:

P (E) =
∑

q0, . . . , qk :∑k
n=0 Enqn = E

k∏

n=0

Pn(qn, c) . (13)

For the case studied here, this distribution function can be factorized as P (E) = Ω(E)e−τE ,
where Ω(E) is a relative weight proportional to the number of states with energy E and the
factor e−τE fits this weight properly to a temperature T = kB/τ .

One can also compute the mean energy

E(c) = 〈θ′|
∞∑

n=1

Enâ†
nân|θ′〉 = |θ|2

∑

n=1

|φn(c)|2En. (14)

and see that it is indeed Planckian (see [6] and [15]) .
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[6] V. Aldaya, M. Calixto and J.M. Cerveró, Vacuum Radiation and Symmetry Breaking in Conformally Invariant

Quantum Field Theory, Commun. Math. Phys. 200 (1999) 325-354
[7] E. L. Hill, On accelerated coordinate systems in classical and relativistic mechanics, Phys. Rev. 67 (1945)

358-363.
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