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Abstract
Weanalyze the structure of phosphorene Landau energy levels under electric andmagnetic fields
perpendicular to thematerial sheet. The electric fieldΔ provides a tunable band gap, and a topological
phase transition occurs at a critical valueΔc. Low energy Landau levels and edge states are analyzed
with different information theoreticmeasures (like participation ratio,fidelity and entropy) and some
order parameters, which turn out to be goodmarkers of the topological phase transition.

1. Introduction

Phosphorene is amonolayer of black phosphorus, belonging to the group of 2D gappedDiracmaterials similar
to graphene, which has been studied theoretically and experimentally (it has been firstly synthesized by
Bridgman [1–9]). In phosphorene there are sp3 bondswith two different bond angles (96.34° and 103.09°), each
atomhas two neighbors at 2.224Åand a third one at 2.44Åand, due to these characteristics, it has an
orthorhombic structure with a great stability. This anisotropic structure results in a lighter effectivemass along
the x axis (chair direction) and a heavier effectivemass along the y axis (zig-zag direction). Phosporene is relevant
for optical properties and it can be used as a photodetectingmaterial [10]. It also has interest in the framework of
field effect transistor applications in nanoelectronics [11–13], because of its direct band gap (up to 2eV) and a
high carriermobility (1000 cm2 V−1 s−1 ) at room temperature. Phosphorene’s electronic devices have been
manufacturedwith considerable success, showing a great performance [7, 14–16].

The low energy physics of phosphorene can be described using an effective k·pHamiltonian. The Landau
levels (LLs) spectra and themagneto-transport properties ofmonolayer phosphorene under a perpendicular
magnetic field have been investigated by Zhou et al [17]. The effect of a vertical electric field on the electronic
band structure and transport ofmultilayer phosphorene has also been studied in [18]. In [19] and [20], a study of
the even–odd and the giant Stark effects in zigzag and armchair edge states, respectively, for phosphorene
nanoribbons under a transverse electric field, has been carried out. However, the effect of the electric field on
LLs, as a trademark of the topological phase transition, has not been fully understood in phosphorene.

The application of a perpendicular electric field to thematerial sheet, in some 2Dgappedmaterials
analogous to graphene (such as silicene, germanene, stannene, etc.), provides a tunable band gap, and a
topological phase transition occurs, from a topological insulator (TI) to a band insulator (BI), at a charge
neutrality (gap cancellation) point [21]. In general a TI-BI transition is characterized by a band inversionwith a
level crossing at some critical value of a control parameter. Topological phases can be characterized by
topological charges like Chern numbers [22]. Recently, information theoreticmeasures have been proved to be
useful in the description and characterization of topological phase transitions [23–28].

In this paperwe further explore the effects of electric andmagnetic fields in the band structure of
phosphorene, showing that there appears a topological phase transition at a critical value of this electricfield.
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Thework is organized as follows. Firstly in section 2we introduce the low energyHamiltonian describing the
properties of phosphorene in the presence of electric andmagnetic fields. In section 3we solve the eigenvalue
problem for thisHamiltonian, studying the LLs and edge states. In section 4we use informationmeasures to
describe the topological phase transition. Finally, section 5 is devoted tofinal conclusions.

2. Tight binding and low energy ·k pmodelHamiltonian

A tight bindingmodel, = åá ñ
˜ †H t c ci j ij i j4 , , of phosphorene has been proposed by [29], where summation runs

over lattice sites, tij is the transfer energy between sites i and j (it has been shown [29] that it is enough to consider
five hopping links t1, ..., t5), and †ci (ci) is the creation (annihilation) operator of electrons at site i. The unit cell of
phosphorene contains four phosphorus atoms: two in the upper layer and two in the lower layer (see figure 1).
Therefore, in themomentum representation, the energy dispersion of phosphorene is described by a four-band
Hamiltonian = å˜ ( ) ( ) ( )†H c H ck k kk4 4 where (see [30])
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f̄i is the conjugate of fi, and (ax, ay) are the primitive vectors.
The four-bandmodel can be reduced to a two-bandmodel, due to theD2h point group invariance (i.e., to

consider two points, intead of four, per unit cell), withHamiltonian
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with energy spectrum =  + + +( ) ∣ ∣E f f f f fk 4 1 2 3 5 (strongly anisotropic) and band gap
= + + +E t t t t4 2 4 2g 1 2 3 5. Expanding around theΓ point of the Brillouin zone (up to second order in k) and

doing a coordinate rotation (for convenience, like in [17, 29]) of the Paulimatrices (s s s s ,x z y x), one
obtains the following simplified k·pmodel for phosphorene (weuse the same notation as in [17])

Figure 1.Top view of phosphorene. Red (blue) balls represent phosphorus atoms in the lower (upper) layer. The in-plane bond length
and angle are a=2.22 Åand θ=96.79°, respectively. The primitive vectors ax=3.32 Å and ay=4.38 Å are denoted by dashed
arrows. The firstfive neighbor hopping sites tjnecessary to describe phosporene [29] are denoted by solid arrows.
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Thiswill be our starting point. The hopping parameters are t1=−1.220 eV, t2=3.665 eV, t3=−0.205 eV,
t4=−0.105 eV, t5=−0.055 eV, and the lengths of the unit cell are ax=3.32Åand ay=4.38Å.With these
values, the conduction and valence energies areEc=0.34 eV andEv=−1.18eV, respectively, so that the energy
gap is = - =E E E 1.52 eVg c v . The off diagonal parameter γ=−5.2305eVÅdescribes the interband
coupling between the conduction and valence bands. As in Reference [17], it will be useful to relate the
Hamiltonian parameters ax y, andβx, y to some effectivemasses as a = ( )m2x y cx cy,

2
, and b = ( )m2x y vx vy,

2
, .

For phosphorene, we have = = =m m m m m m0.793 , 0.848 , 1.363cx e cy e vx e and =m m1.142vy e , whereme

denotes the free electronmass.
A perpendicularmagnetic fieldB=(0, 0,B) can be introduced through theminimal (Peierls) substitution

 -ˆ ˆ ep p A. Taking the Landau gauge = -( )ByA , 0, 0 and defining the the annihilation (and creation ˆ†a )
operator,
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2 and =ℓ ( )eBB the cyclotron frequency, center andmagnetic length,

respectively, the correspondingHamiltonian adopts the following form
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where w g r w w= = +g ℓ ( )r r2 ,B v x y c and w w¢ = -( )r r 2x y c , with r = ( )m mcy cx
1 4,

= ( )r m m2x y cx cy vx vy, , , andσ0 is the two-dimensional identitymatrix.

In addition to themagnetic field, we shall add an electric field interaction in the usual form s= D
D

Ĥ z2 , with
Δ the electric potential. Therefore, our totalHamiltonianwill be

= +
Dˆ ˆ ˆ ( )H H H . 7

B
2 2 2

The role of the electric fieldwill be to provide a tunable band gap.

3.Diagonalization: parity, Landau levels and edge states

Let us denote by ñ∣n s, the basis states of ourHilbert space, with n=0,1,2,K, the eigenvalues of =ˆ ˆ ˆ†n a a and
s=±1 the eigenvalues ofσz. For convenience, in the following analysis, we are disregarding the degeneracy in kx
due to translational invariance in the x axis. Firstly we notice that time evolutionwith Ĥ2 preserves the parity
p = p( )n s e, i ns of the state ñ∣n s, , with = + +( )n n s 1 2s . That is, the parity operator P = p sˆ ˆei n , with

s s= + +sˆ ˆ ( )n n 2z 0 , commutes with Ĥ2. Therefore, both operators can then be jointly diagonalized. This
means that thematrix elements dá ¢ ¢ñ µ p p ¢ ¢∣ ˆ ∣ ( ) ( )n s H n s, , n s n s2 , , , are zero between states of different parity. This

parity symmetry helps in the diagonalization process. Indeed, any (non-degenerate) eigenstate of Ĥ2 has a
definite parity.We shall denote by

åy ñ = ñ∣ ∣ ( )( )c n s, 8k
n s

n s
k

,
,

theHamiltonian eigenstates with LL index Îk (k>0 for conduction and k<0 for valence band). The sum
ån s, is constrained toπ(n, s)=±1, depending on the even (+) and odd (−) parity of k. The coefficients ( )cn s

k
, are

obtained by numerical diagonalization of theHamiltonianmatrix, which is truncated to n�N, withN large
enough to achieve convergent results for given values of themagnetic and electric fields. In order to study the
effect of a band inversion (topological phase transition), we shall consider electric potentials around
D - = - E 1.52 eVg , more precisely, we shall analyze thewindow  - D -2.2 1.0. For amagnetic field
ofB=10 T (like the one used in [17]), convergence is achieved forN=450 states, with an error in the energies
less than 10−9, inside the range−2.2�Δ�−1.0.We have seen thatNmust growwith D∣ ∣ forΔ<−2.2
(topological insulator region) in order to achieve convergence. Similar qualitative results are obtained for lower
values of themagnetic field.

Infigure 2we represent the electronic band structure of phosphorene as a function of the electric potential
Δ.We select thefirst 13 low energy LLs k=−6,K,0,K,6: 6 valence states (3 even plus 3 odd), 6 conduction
states (3 even plus 3 odd) and the edge state k=0 (black solid line). Even conduction states are in blue and even
valence states in red. Odd states (both valence and conduction) are in dashed black. The edge state k=0

3

Mater. Res. Express 6 (2019) 106316 OCastaños et al



undergoes a band inversion around the critical valueD = -Ec g , thus indicating the presencce of a topological
phase transition from a band insulator to a topological insulator phase. Note that even and odd parity eigenstates
degenerate forΔ<Δc (topological insulator regime) inside the conduction and valence bands. The edge state
k=0 and thefirst conduction LL k=1 (odd) degenerate forΔ<Δc.

Let us have a closer look to the structure of thesefirst 13 low energy LLs. Actually, we shall restrict ourselves
to the even parity conduction (blue) and valence (red) eigenstates, together with the edge state (solid black), since
odd states display a similar behavior. To analyze the structure of these LLs, we shall use different information
theoreticmeasures and order parameters, which turn out to be goodmarkers of the topological phase transition.

4. Informationmeasures of energy eigenstates and topological phase transition

We shall start by studying the expectation value á ñn̂ of the number operator n̂, its standard deviationΔn,
togetherwith the occupation probability sá ñz of the valence and conduction bands.We shall see that they turn
out to be goodmarkers of the topological phase transition occurring atD = - = -E 1.52 eVc g , from the band
insulator regionΔ>Δc to the topological insulator regimeΔ<Δc.

The calculation of these quantities is done by determining the corresponding reduced densitymatrix of the
Hamiltonian eigenstate (8) in the Landau (L) and band (B) sectors.More precisely, tracing out the band
(conduction s=1 and valence s=−1) indices from the densitymatrix r y y= ñá∣ ∣k k k , we arrive to the reduced
densitymatrix in the Landau sector

år = ñá ¢
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In the samemanner, tracing out the LL indices from rk, we arrive to the reduced densitymatrix in the band
sector
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wherewe have defined the probability of the eigenstate y ñ∣ k to be at the Landau level n as  = å( ) ∣ ∣( )n ck s n s
k
,

2, and

the probability to be at the band s as  = å( ) ∣ ∣( )s ck n n s
k
,

2. The results are shown infigures 3 and 4, wherewe
represent the expectation values of n̂ andσz as function of the electric potential strengthΔ for thefirst six even
low energy LLs =   k 6, 4, 2 and the edge state k=0.

Figure 2. Low energy spectraEk of phosphorene as function of the electricfield strengthΔ for thirteen LLs = - ¼ ¼k 6, ,0, ,6
(magneticfieldB=10 T). Valence (conduction) band LLs of even parity k=−6,−4,−2 (k=6, 4, 2) are represented in red (blue)
color. Odd parity LLs k=±5,±3,±1 are represented by black dashed lines. The edge state k=0 (with even parity) in solid black
suffers band inversion aroundΔc=−1.52 eV (markedwith a vertical orange gridline) and degenerates with the odd parity
conduction band LL k=1 forΔ<Δc. Note that this degeneracy extends to other (even and odd) states at some valuesΔ<Δc of the
electric field. These values agree with theminima values of thefidelity infigure 6.
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Weappreciate that both, conduction and valence low energy LLs, have a small expectation value á ñn̂ in the
band insulator region and a high one (smaller than the thresholdN=450 used to achieve convergence) in the
topological insulator regime. The standard deviationDn̂ infigure 4 has a similar behavior. Thismeans that the
low energy LLs participate ofmore andmore basis states ñ∣n s, , with higher and higher n, as wemove from the
band to the topological insulator regions, with a sudden change at the critical pointΔc. This can be better
appreciated by computing the inverse participation ratio (IPR) of a given LL (8), which is defined as:

Figure 3.Expectation values of n̂ andσz as function of the electric potential strengthΔ for thefirst six even low energy LLs k=±6,
±4,±2 and the edge state k=0 (in black); conduction band LLs in blue and valence band LLs in red. The critical point
Δc=−1.52 eV, separating the band from the topological insulator regime, ismarkedwith a vertical orange grid line.

Figure 4. Standard deviation Dn̂ as function of the electric potential strengthΔ for the first six even low energy LLs and the edge state
(in black); conduction band LLs in blue and valence band LLs in red. The critical pointΔc=−1.52 eV ismarkedwith a vertical
orange grid line.
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åy =( ) ∣ ∣ ( )( )M c . 12k
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N

n s
k
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,

,
4

The IPR is y =( )M 12 whenψ participates on only one single state ñ∣n s, , whereas it isM2(ψ)=1/N→0when
ψ participates of all basis states with the same probability =∣ ∣( )c N1 ;n s

k
,

2 this is why it is denominated ‘inverse’
participation ratio. Infigure 5we represent the IPR for the low energy LLs.

Infigure 4we also represent the expectation value sá ñz , which gives information aboutwhich kind of basis
states ñ∣n s, (conduction s=1 or valence s=−1) participate on a given LL.We observe that, in the band
insulator regime, conduction LLsmainly participate of states ñ∣n s, with s=1 (that is, sá ñ  1z ), whereas
valence LLsmainly participate of states ñ∣n s, with s=−1 (that is, sá ñ - 1z ), as expected. However, as we
move to the topological insulator region, both conduction and valence LLs equally participate of states ñ∣n s,
with s=±1 (that is, sá ñ  0z ). Again, there is a sudden change of behavior for sá ñz as we cross the critical point
Δc.

This sudden change of behavior in the internal structure of LLs, when crossing the critical point, is better
appreciatedwith another interesting information-theoretic concept like ‘fidelity’, widely used as, for example, a
precursor of a quantumphase transsition. Fidelity is defined by

d y y dD D = á D D + D ñy ( ) ∣ ( )∣ ( ) ∣ ( )F , . 132

It is ameasure of the distance between two close statesψ(Δ) andψ(Δ+δΔ), with δΔ=1. Therefore, it has
values in the range 0�F�1, with F=1 indicating that the states are the same (up to a global phase) and F=0
when they are orthogonal. Infigure 6we plot the fidelity for the low energy LLs (valence, conduction and edge),
using δΔ=0.025.We see that LLs suffer a drastic structural change, with a sudden descent of the fidelity F,
around the critical pointΔc.

For completeness, we have also studied quantum correlations between level n and band s spaces for low
energy even parity LLs as a function ofΔ (the odd parity case yields similar results). Tomeasure correlations, we
have used the linear entropy = -( ) ( )S k 1 trL k

2 , where ñk is either the reduced densitymatrix in the Landau
sector (9) or in the band sector (10). The explicit expression of the linear entropy can be given trough the purity

 å=
¢ ¢

¢ ¢ ¢ ¢( ) ¯ ¯ ( )( ) ( ) ( ) ( )c c c ctr . 14k
n n s s

n s
k

n s
k

n s
k

n s
k2

, , ,
, , , ,

The results are included infigure 7. The linear entropy ranges from SL= 0 (no correlations) in the band insulator
regimeΔ?Δc to SL=1/2 (maximally entangled) in the topological insulator regimeD D c . This behavior
is common to valence, conduction and edge states. The value SL=1/2 typically corresponds to a parity
symmetric state, which has an even and odd contribution of equal weight.

5. Conclusions

Wehave seen that a topological-band insulator transition can be induced in phosphorene through an external
electric field, which provides a tunable band gap.We have studied several properties of low energy Landau levels,
as a function of the electric field, in the topological and band insulator regimes, which provide good signatures
andmarkers of the corresponding transition.We have computed the low energy spectra (by numerical
diagonalization of theHamiltonian) and showed the existence of edge states suffering a band inversion. Level á ñn̂

Figure 5. Inverse participation ratio of the first 7 low energy even LL (3 conduction band states in blue, 3 valence band states in red and
edge state in black) as a function of the electric potential. The critical pointΔc=−1.52 eV ismarkedwith a vertical orange grid line.
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and band sá ñz number expectation values display a sudden change of behavior across the critical point. This
abrupt change in the low energy Landau levels is also captured by other informationmeasures like: the inverse
participation ratioM2, fidelity F and linear entropy SL, the last one evidencing the appearance quantum
correlations between level n and band s quantumnumbers in the topological insulator phase. Thesemeasures
provide information about the different internal structure of Landau levels in the topological and band insulator
regimes.

Electric-fieldmodulation of phosphorene can realize, among other device functionalities, afield-effect
transistor action.We believe that phosphorene can provide nano-electronic devices based on the emergence of
new and exotic physical properties.
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Figure 7. Linear entropymeasuring level and band correlations as a function of the electric potential for thefirst seven k=±6,±4,
±2, 0 low energy, valence (red) conduction (blue) and edge (black), even LLs. The critical point ismarkedwith a vertical orange grid
line.
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