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dalućıa la concesión de una beca FPI en la marco del proyecto de investigación de excelencia

RNM-968, sin la cual hubiera sido imposible este trabajo. Igualmento agradezco a esta
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Abstract

Three-dimensional and Earth’s rotation effects on the generation and propagation of

internal solitary waves in the Strait of Gibraltar are studied. These tidally generated waves,

with horizontal scale of several hundred meters and even one hundred meters amplitude

(maximum vertical isopycnal displacement), are the most spectacular phenomenon occurring

in the Strait.

The analysis of high temporal resolution observations collected during May 2003 at two

different locations of the Strait of Gibraltar is the starting point of the thesis. Data set reveals

that during neap tides solitary waves are normally generated during alternative tidal cycles

due to the influence of the diurnal tide, which induces a remarkable diurnal inequality. It is

shown that diurnal tidal currents in fact considerably modulate the propagation velocity of

internal waves.

About half the detected solitary wave packets present an anomalous structure: in contrast

with classical theory predictions, waves are not rank-ordered within the packet, that is, they

do not show decreasing amplitude from the front to the tail, due to the nonlinear dispersion.

This fact is investigated within the framework of a three-dimensional, fully nonlinear, non-

hydrostatic numerical model. It is shown that this unexpected behaviour is the result of the

interaction of internal waves with the irregular bottom topography and lateral boundaries of

the Strait, that favour the leakage of energy from the leading wave to the waves behind.

The effect of rotation on the dynamics of internal solitary waves in a rectangular channel is

also numerically investigated. As it happens in the open ocean, rotation plays a fundamental

role in the long-term. When a two-dimensional internal solitary wave enters a rotating channel

it evolves into a Kelvin solitary wave that losses energy due to the continuous radiation of

Poincaré waves. Eventually secondary Kelvin waves may arise at the tail as a result of

reflections from the lateral boundaries, and finally reach the leading wave to produce a quasi-

stable wave packet.

Finally the numerical model has been used to investigate the generation process of internal

waves at Camarinal sill, in the Strait of Gibraltar. Several scenarios of wave generation, which

depends on the barotropic tidal forcing, are identified. Rotation and 3D effects related to

local variations of the bottom topography are also evaluated.





Índice general

Abstract XIII

1 Introducción 1

1.1 Importancia de las ondas internas en el océano . . . . . . . . . . . . . . 3
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Apendix C: Calculation of Wave Energy 177

References 179

XVII
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1.1 Importancia de las ondas internas en el océano

Las ondas de superficie como las inducidas por el viento o la marea barotrópica son un

fenómeno bien conocido y estudiado en el océano, en parte por su cotidiana y directa

observación. Sin embargo, existe otro tipo de ondas de gravedad de igual o mayor

relevancia, ondas internas o baroclinas, observadas por primera vez hace apenas un

siglo (Petterson, 1908). Las ondas internas son generadas fundamentalmente a partir

de la interacción de la marea barotrópica con accidentes batimétricos como montañas

submarinas y plataformas continentales, y deben su existencia a la fuerza de flotabilidad

en flujos estratificados, que actúa como fuerza restauradora. Por la relativa debilidad de

ésta frente a la fuerza de la gravedad, ondas internas pueden alcanzar amplitudes mucho

mayores que las superficiales, superando en ocasiones los 100 metros de amplitud.

Recientemente las ondas internas han sido foco de atención debido al papel que

juega en procesos de mezcla vertical y consecuente implicación en fenónemos de escala

global (Munk y Wunsch 1998, Garret 2003). En una visión general de la circulación

meridional del océano (en literatura anglosajona,“Meridional Overturning Circulation”,

MOC), masas de agua cálidas procedentes de zonas ecuatoriales fluyen en superficie

hacia altas latitudes donde se enfŕıan y se hunden hacia profundidades abisales (ver

parte derecha de la Figura 1.1). Estas fŕıas aguas retornan hacia el ecuador y el hemis-

ferio Sur describiendo un recorrido de miles de kilómetros (Conveyor belt), aflorando

posteriormente en zonas tropicales donde ganan calor y cierran un ciclo de cientos de

años que se repite. De la proposición de Sandström1 (1908) aplicado a un océano

que es calentado y enfriado en superficie, se sigue que sin mezcla éste seŕıa un fluido

sin movimientos convectivos verticales con una estratificación tipo bicapa: una capa

profunda de aguas fŕıas y salinas, y una superficial cálida y de baja salinidad, lo que

supondŕıa un desastroso escenario para la vida. Afortunadamente existen fenómenos

con enerǵıa disponible para procesos de mezcla vertical en el océano: mareas y vientos.

A partir de medidas “in situ” de temperatura Munk y Wunsch (1998) dieron una

estimación de la enerǵıa necesaria para establecer los perfiles verticales de temperatura

actuales (suaves, lejos de ser una configuración bicapa) frente a la producción de aproxi-

1“Una circulación estacionaria en el océano sólo es posible si las fuentes de calor se sitúan a mayor

profundidad que las fuentes de enfriamiento”.
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T(z)

Figura 1.1: Izquierda: Las corrientes de marea interaccionan con elementos notables del

relieve submarino, generando ondas internas que dan lugar a mezcla y turbulencia. Derecha:

esta mezcla hace que el perfil de temperatura T (z) mantenga una variación gradual con la

profundidad, evitando una estratificación tipo bicapa, formada por cálidas aguas supeficiales,

y fŕıas aguas profundas formadas en los polos (de Garret 2003).

madamente 30 Sverdrups (30 Sv, 1 Sv = 106m3s−1) de aguas profundas. La potencia

destinada a mezcla se estima en 2 teravatios (2 TW, 1 TW = 1012 W). La tarea a

partir de ese momento ha sido cuantificar cual es la contribución de la marea y el viento

en los 2 TW necesarios para mantener la circulación meridional, aśı como identificar

los procesos de mezcla. Observar que el asunto es de gran relevancia, pues sin esta

potencia relativamente pequeña (2 TW), los 2000 TW de flujo de calor hacia los polos

asociados con la circulación meridional se interrumpiŕıan, con consecuencias climáticas

desastrosas.

En la actualidad se cree que la marea es el máximo responsable de los fenómenos

de mezcla: la marea barotrópica interactúa con el relieve submarino, genera ondas

internas, y finalmente parte de su enerǵıa es transformada en mezcla turbulenta (ver

parte izquierda de la Figura 1.1). Egbert y Ray (2001) concluyen a partir de datos

de altimetŕıa que la marea es disipada en el océano abierto al menos a razón de 1

TW. Esta enerǵıa es casi exclusivamente transferida a la generación de ondas internas,

pues la pérdida de enerǵıa debida a fricción con el fondo en zonas de mar abierto es

despreciable. No es aśı en mares poco profundos, donde la marea pierde la mayor parte

de su enerǵıa debido a rozamiento, a un ritmo estimado de 2.6 TW. En cuanto al viento,

Alford (2003) estima su flujo de enerǵıa al océano en 0.47 TW, que junto al teravatio
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aportado por la marea no seŕıa suficiente para mantener el MOC, especialmente pen-

sando en que no toda la enerǵıa es empleada en mezcla pues parte es disipada. Tal

panorama hace pensar que existen zonas muy concretas en el océano, aun desconocidas,

donde se producen procesos de mezcla extraordinariamente efectivos. Esta idea parece

corroborarse según un estudio de Niwa e Hibiya (2001), que sostiene que hasta el 84%

de la enerǵıa baroclina en el Océano Paćıfico es generada en unos pocos accidentes del

relieve submarino. Numerosas observaciones en los últimos años también revelan la

existencia de cuantiosos puntos del planeta donde se generan vigorosas ondas internas

(Jackson y Apel 2004).

Mucha incertudumbre rodea aún el asunto sobre dónde se disipa la marea, y cuánta

de su enerǵıa es invertida en la formación de ondas internas. La investigación de este

importante asunto viene acompañada en los últimos años de avances en el conocimiento

de la dinámica de ondas internas (Apel 2003, Vlasenko 2005), cómo se generan y cómo

es su posterior evolución. La presente tesis pretende ahondar en el conocimiento de

la generación y propagación de ondas internas en el Estrecho de Gibraltar, uno de

los lugares conocidos en el mundo donde existen ondas de extraordinaria amplitud.

Antes de proseguir con caṕıtulos posteriores, conviene tener una visión general sobre

la compleja oceanograf́ıa del Estrecho. La siguiente sección está dedicada a ello.

1.2 Oceanograf́ıa general del Estrecho de Gibraltar

1.2.1 Marco Geográfico.

La mitoloǵıa cuenta que Hércules creó el Estrecho de Gibraltar, dando lugar a la forma-

ción del Mediterráneo. Algo en común tiene con la realidad, y es que el Mediterráneo

estuvo casi seco hace unos 6 millones de años, fruto de la colisión de Africa con Eurasia

(Hsu, 1983). La formación del Estrecho con posterioridad debió producir un espec-

tacular caudal de agua atlántica que llenaŕıa la cuenca Mediterránea en cientos de

años.

El Estrecho de Gibraltar es la única conexión relevante entre el Mar Mediterráneo y

el resto de los océanos. Su longitud es de 60 kilómetros aproximadamente, y su anchura

mı́nima de 14 kilómetros en torno a la posición de Punta Cires (Ver Figura 1.2). La
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profundidad máxima es de unos 900 metros, t́ıpica del Mar de Alborán, y se da en la

parte oriental cerca de la sección de mı́nima anchura. El relieve entre Gibraltar y Tarifa

es por tanto un profundo cañón que termina en el umbral de Camarinal, el lugar más

somero del eje central de Estrecho con 290 metros. Siguiendo hacia el Oeste se encuentra

la cuenca de Tánger u hoyas de poniente, un reservorio de 20 kilómetros de longitud

y 630 metros de profundidad máxima, limitado por otro umbral menos escarpado, el

umbral de Espartel (360 metros). Inmediatamente más hacia el Oeste existen una serie

de umbrales secundarios de menor entidad, y a partir de ah́ı la profundidad decrece

hacia varios miles de metros, valores del Golfo de Cádiz.

1.2.2 El intercambio medio

La circulación media2 en el Estrecho de Gibraltar es explicada mediante una estructura

bicapa: una corriente superficial de agua Atlántica relativamente cálida y poca salina

entrando al Mediterráneo, y otra saliente en profundidad de agua Mediterránea más fŕıa

y bastante más salina (Lacombe y Richez, 1982; Bryden y Kinder, 1991). El origen de

esta circulación antiestuarina (Figura 1.3) es el exceso de evaporación sobre la cuenca

Mediterránea, que da lugar a una pérdida de flotabilidad y a la formación de aguas

profundas. De la diferencia de densidades se deriva un gradiente de presión que fuerza

el intercambio.

Desde la verificación de este intercambio baroclino debida a Carpenter y Jeffreys3

(1870), se han intentado estimar los flujos y su variabilidad. Las primeras estima-

ciones se deben a Knudsen (1899), basándose en la conservación de masa y sal en el

Mediterráneo se llega trivialmente a las relaciones que llevan su nombre:

2Como normalmente en la literatura la circulación media es entendida aqúı como circulación ter-

mohalina, aunque estrictamente éstas no tienen porqué ser iguales debido a la posible existencia de

interacciones no lineales con flujos de otro origen, como los flujos de marea.
3La existencia de una corriente saliente del Mediterráneo en profundidad a través del Estrecho

se conoce desde los experimentos de Carpenter y Jeffreys (1870) durante la expedición cient́ıfica

“Challenger” (1872-1876), consistentes en sumergir un cabo sujetando un objeto a modo de cometa.

La sospecha de esta corriente profunda se remontaba a Marsigli’s (1681), que hab́ıa observado algo

similar en el Bósforo.
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Figura 1.2: Mapa batimétrico del Estrecho de Gibraltar. La isóbata de 370 metros ha sido

dibujada para la mejor visualización de los dos umbrales principales, el umbral de Camarinal

(290 m), y el umbral de Espartel (360 m).

QM =
SA

SM − SA
(P +R −E)

QA =
−SM

SM − SA
(P +R −E)

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(1.1)

donde QM , QA, son los flujos, y SM , SA las salinidades Mediterráneas y Atlánticas

respectivamente. El término (P + R − E) es el flujo de agua dulce debido a pre-

cipitaciones, descarga de agua provenientes de ŕıos, y evaporación. Una estimación

relativamente moderna de los flujos a partir de las expresiones anteriores fue dada por

Lacombe y Richez (1982). Para una evaporación neta de 0.55· 105m3s−1 (80 cm/año),

y salinidades SA = 36.15, SM = 37.9, obtuvieron QM = -1.14 Sv, QM = 1.19 Sv.

La limitación de esta estimación concierne sobretodo al cálculo del término (E-P-R).

Por otro lado, no se tiene en cuenta que el Estrecho de Gibraltar es un cuello de botella

para el flujo entrante/saliente, la geometŕıa limita la cantidad de agua que se puede

intercambiar para una distribución dada de densidades. La consideración adicional de

la ecuación de Bernoulli permite establecer esta cota para los flujos intercambiados
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Figura 1.3: Esquema del intercambio medio en el Estrecho de Gibraltar.

(Armi y Farmer 1986-1987). El intercambio máximo se establece cuando existe un

doble control hidráulico en las secciones de mı́nima profundidad (umbral de Camarinal,

Figura 1.2) y de mı́nima anchura (estrechamiento de Tarifa, Figura 1.2), siendo el flujo

entre ambas secciones subcŕıtico. En este contexto, un flujo se dice controlado si el

número de Froude es igual a la unidad, y supercŕıtico (subcŕıtico) si es mayor (menor)

que uno. Para un flujo bicapa el número de Froude G viene dado por:

G2 = F 2
1 + F 2

2 =
u2

1

g′h1
+

u2
2

g′h2
, (1.2)

donde ui, ρi, hi (i =1,2); son la velocidad, densidad y profundidad de la capa superior

(i = 1), e inferior (i = 2). Por su parte, g′ = g(ρ2 − ρ1)/ρ2 es la gravedad reducida.

Bryden y Kinder (1996) llegan a la siguiente expresión para los flujos máximos en

función de la geometŕıa y suponiendo que el flujo neto es pequeño en comparación con

los flujos absolutos:

QA
∼= −QM = P · (g′bc)Wcbc

2
, (1.3)

siendo bc y Wc la profundidad y la anchura del Estrecho en superficie en la posición

del umbral de Camarinal, y P un número adimensional dependiendo de la fricción con

el fondo y la geometŕıa del canal. Para un canal triangular y parámetros basados en

observaciones obtuvieron una transporte de QA = −QM = 1.06 Sv, lo que a ráız de

estimaciones previas sugiere un intercambio al menos, cercano al máximo posible.

Uno puede pensar con buen criterio que estos valores para el transporte son poco
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fiables debido a diversas simplificaciones, la más seria probablemente es la consideración

de una geometŕıa tan poco realista, aśı como el simplificado sistema bicapa. No obs-

tante tanto medidas “in situ” como los modernos modelos numéricos tridimensionales

proporcionan flujos realmente cercanos (Sannino et al. 2002, Sánchez Román et al.

2009).

Por último es importante comentar el motivo de tantos esfuerzos en el cálculo de flu-

jos y su variabilidad (Garćıa Lafuente 2007, Tsimplis y Bryden 2000). Se espera que un

incremento de CO2 en la atmósfera aumente la evaporación en las zonas subtropicales,

incluyendo el Mediterráneo. Esto debe traducirse en la formación de mayor cantidad

agua progunda, y consecuentemente en un aumento del intercambio en el Estrecho (ver

ecuación 1.3). La monitorización de los flujos es clave para diagnosticar qué ocurre en

la cuenca Mediterránea.

1.2.3 Flujos subinerciales

Los flujos subinerciales tienen peŕıodos que van desde varios d́ıas a pocos meses, y

fundamentalmente están asociados a fenómenos meteorológicos. La mayor variabilidad

en esta banda de frecuencia está asociada a cambios de presión uniforme en el Medite-

rráneo (Crepon 1965, Garret 1983), que inducen un flujo practicamente barotrópico a

través del Estrecho. Candela (1989) estima mediante un modelo anaĺıtico un flujo de

unos 0.08 Sv/mb para la banda de fecuencia 0.08-0.3 cpd, de acuerdo con observaciones

previas. Otro fenómeno meteorológico a considerar son los fuertes vientos que suelen

darse en la zona (Garćıa Lafuente et al. 2002a). La influencia del viento se deja notar

sólo en las primeras decenas de metros, y junto con la influencia de una alta presión en

la cuenca Mediterránea pueden suprimir el flujo de entrada de forma eventual (Garćıa

Lafuente et al. 2002b).

1.2.4 Marea superficial

Los flujos de marea en el Estrecho son tremendamente intensos, llegando a alcanzar

hasta 5 Sv en mareas vivas (Bryden et al. 1994, Garćıa Lafuente et al. 2000). Ésto

provoca que asiduamente se invierta el flujo en alguna de las dos capas, Mediterránea o

Atlántica, en determinadas partes del Estrecho o incluso en ambas en la parte central
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a)

b)

Figura 1.4: Cartas de marea del Estrecho de Gibraltar (columna derecha) y su contorno

occidental (columna izquierda) para las constituyentes de marea a) M2 y b) K1 (de Garćıa

Lafuente 1986).

del mismo (cercańıas del umbral de Camarinal).

La estructura de la marea es muy compleja, como cabe esperar en una zona que

conecta dos cuencas con mareas tan diferentes. Debido a las dimensiones del Atlán-

tico, cuya escala espacial es mayor que el radio externo de deformación de Rossby, se

desarrolla un sistema anfidrómico (ver panel izquierdo de la Figura 1.4a-b). La marea

consiste en una onda Kelvin que se propaga en sentido antihorario a una velocidad

de unos 750 km/h. El Mediterráneo sin embargo es pequeño para que se desarrolle

un sistema anfidrómico, y la marea tiene caracteŕısticas de una onda estacionaria de

pequeña amplitud. La banda de marea más energética en el Estrecho es con diferencia

la semidiurna, con un 90% de la enerǵıa según Garćıa Lafuente (1986), y predomi-

nando con mucho la constituyente M2, seguida de la S2. A grandes rasgos el Estrecho

se encuentra, para las constituyentes de esta especie entre el nodo y el antinodo (más

próximo a éste) de la onda de marea estacionaria que se forma en el Mediterráneo.
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La amplitud aumenta de Este a Oeste (Figura 1.4a), por lo que la ĺınea antinodal se

situaŕıa estrictamente a algunas decenas de kilómetros al Oeste del Estrecho. Las fases

aumentan ligeramente hacia el Sur, pero en cualquier caso las diferencias no son impor-

tantes, y localmente esta especie puede considerarse en efecto una onda estacionaria.

Esta caracteŕıstica hace que las oscilaciones de la superficie libre y las corrientes de

marea estén desfasadas unos 90◦.

La siguiente especie en importancia es la diurna, y las constituyentes más relevantes

por orden son K1 y O1, aunque la enerǵıa asociada a ambas es bastante similar. Esta

especie presenta una estructura bien distinta a la semidiruna, con ĺıneas de cofase

variando notablemente a lo largo del Estrecho, lo que indica el comportamiento de una

onda progesiva (Figura 1.4b) que, realmente, seŕıa consecuencia de la degeneración que

impone la rotación a una ĺınea nodal. En otras palabras, para la especie diurna el

Estrecho tiende a comportarse como nodo. La consecuencia inmediata es que para las

corrientes, la marea diurna tiene cierta importancia y da lugar a una desigualdad diurna

considerable, especialmente importante cuando coinciden mareas muertas semidiurnas

con mareas vivas diurnas. La desigualdad es mucho menos notable en la oscilación del

nivel del mar ya que la amplitud de la oscilación diurna es muy pequeña como debe ser

en las inmediaciones de un nodo. Debido a la rotación terrestre, la amplitud es mayor

en la parte Sur del Estrecho (ver Figura 1.4b), y la desigualdad es más acusada alĺı.
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2.1 Introducción

El primer estudio acerca de los mecanismos de generación de ondas internas en un

fluido estratificado se remonta a principios del siglo XX, llevado a cabo por Zeilon

(1912). Tras esta primera experiencia se sucedieron multitud de estudios experimen-

tales (Beardsley 1970, Baines 1983) y teóricos (Cox y Sandström 1962, Baines 1973,

Baines 1983) persiguiendo conocer en profundidad el proceso mediante el cual parte

de la enerǵıa de una onda barotrópica (como la marea superficial) es transferida a

enerǵıa baroclina (ondas internas) debido a su interacción con accidentes del relieve

subacuático.

La literatura acerca de la dinámica de ondas internas es extensa, de tal forma que

libros clásicos de mecánica de fluidos geof́ısicos (Le Blond and Mysak 1978, Lighthill

1978, Gill 1982) suelen dedicar una amplia sección a su estudio. Mención especial

merece la reciente publicación de Vlasenko et al. (2005), dedicando exclusivamente

un libro a la generación de la marea baroclina en el océano abordando el problema

anaĺıtica y numéricamente, aśı como la extensa revisión llevada a cabo por Garrett y

Kunze (2007). Obviamente repetir una revisión tan profunda no es objetivo aqúı, pero

śı lo es exponer de forma muy breve algunos aspectos teóricos sobre ondas internas con

objeto de introducir ideas y conceptos previos útiles para abordar caṕıtulos posteriores,

al mismo tiempo que comentar algunas caracteŕısticas relacionadas con ondas internas

en el Estrecho de Gibraltar.

2.2 Teoŕıa lineal

2.2.1 Ecuaciones de gobierno

Es conveniente partir de las ecuaciones que rigen el movimiento, las ecuaciones de

Reynolds bajo la aproximación de Boussinesq1 para un fluido en rotación en coorde-

nadas cartesianas:

Momento

1La aproximación de Boussinesq es normalmente aceptable en el océano. Siguiendo la notación

del texto, se basa en que (ρ̃/ρ0) << 1, y consiste en mantener la densidad sólo como función de z,

ρ = ρ0(z) (o constante) en todos los términos excepto en el de flotabilidad.
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du

dt
− 2Ω sinθ · v + 2Ω cosθ · w = − p̃x

ρ0
+ νh(uxx + uyy) + (νvuz)z

dv

dt
+ 2Ω sinθ · u = − p̃y

ρ0
+ νh(vxx + vyy) + (νvvz)z

dw

dt
− 2Ω cosθ · u = − p̃z

ρ0

− g
ρ̃

ρ0

+ νh(wxx + wyy) + (νvwz)z

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

(2.1)

Continuidad

1

ρ

dρ

dt
+ ∇ · u = 0 (2.2)

Balance de enerǵıa térmica y de sal

dT

dt
= κh(Txx + Tyy) + (κvTz)z

dS

dt
= κh(Sxx + Syy) + (κvSz)z

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (2.3)

A estas ecuaciones hay que añadir la ecuación de estado ρ = ρ(S, T, P ). Las variables

con tilde denotan variaciones respecto al estado de no movimiento, de tal forma que la

densidad se escribe ρ = ρ0(z) + ρ̃, y p̃ es la diferencia entre la presión total del fluido

y la hidrostática. Es bastante común despreciar el término que involucra a cosθ en

las ecuaciones (2.1), no obstante es mostrado aqúı pues con posterioridad se prestará

atención a ellos. Respecto a la notación en las anteriores ecuaciones, d/dt = (∂/∂t+∇)

es la derivada total o material, Ω la frecuencia angular de rotación terrestre, g la

aceleración de la gravedad, θ denota la latitud, y ν, κ los coeficientes de viscosidad y

difusión turbulentos respectivamente, verticales y horizontales según sub́ındides.

Consideremos un océano ilimitado en las coordenadas espaciales (x, y) y estratifi-

cado con perfil de densidad dinámicamente estable ρ0(z) (ρ0 creciente con la profun-

didad). Consideremos también una onda interna infinitesimal en él. La velocidad de

fase una onda infinitesimal es mucho mayor que la velocidad del fluido, y por tanto

introduciendo escalas t́ıpicas se comprueba sin dificultad que los términos no lineales

en las ecuaciones del movimiento pueden ser despreciados frente a las derivadas locales.

Aśı pues se asume la aproximación lineal. Es razonable suponer que los efectos rela-

cionados con la mezcla turbulenta deben ser mı́nimos para pequeñas perturbaciones,
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con lo que los términos de viscosidad y difusión son también eliminados. En el caso de

una onda bidimensional, que no sufre variación a lo largo de la coordenada espacial y

(∂/∂y = 0), las ecuaciones anteriores se reducen a

ut − fv = −p̃x/ρ0

vt + fu = 0

wt = −p̃z/ρ0 − gρ̃/ρ0

ρ̃t + wρ0z = 0

ux + wz = 0

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(2.4)

donde f = 2Ωsin(θ) es el parámetro de Coriolis. Introduciendo una función de corriente

ψ(x, z, t) tal que u = ψz, w = −ψx, y buscando soluciones periódicas en tiempo de (2.4)

de la forma:

{u, v, w, ψ, p̃, ρ̃} (x, z, t) =
{

∗
u,

∗
v,

∗
w,

∗
ψ,

∗
p̃,

∗
ρ̃
}

(x, z)eiσt, (2.5)

tras algunas manipulaciones se obtiene la siguiente ecuación para ψ:

∗
ψzz − N2(z) − σ2

σ2 − f 2

∗
ψxx +

N2(z)

g

∗
ψz = 0. (2.6)

Aqúı N(z) = −(gρz/ρ0)
1/2 es la frecuencia natural de oscilación o de Brunt-Väisälä,

la frecuencia angular con la que una part́ıcula fluida oscila verticalmente en torno a su

posición de equilibrio frente a un desplazamiento inicial infinitesimal. Es importante

observar que la frecuencia de Brunt-Väisälä proporciona una medida de la estratifi-

cación de un fluido, valores mayores de N indican estratificación más intensa. En el

océano la situación más común es que, al menos durante la estación estival, los máximos

valores de N se localicen en la termoclina, unas decenas de metros bajo la superficie.

Obviamente también la salinidad puede jugar un papel fundamental en la estratifi-

cación, como ocurre en el Estrecho de Gibraltar. En el Estrecho existe una picnoclina

permanente debido a la constante presencia del agua mediterránea en profundidad,

cuya posición vaŕıa en función de la zona. La Figura 2.1ab muestra un perfil medio de

densidad y de Brunt-Väisälä asociado obtenido en Abril en las cercańıas de la Cuenca
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Figura 2.1: a) Perfiles de densidad en la zona de la cuenca de Tánger obtenidos en Septiem-

bre. En ĺınea gris se dibujan perfiles instantáneos, y en ĺınea negra el promedio. b) Perfil de

Brunt-Väisälä asociado al promedio de densidad obtenido en a). c)-d) Igual que a)-b) para

Abril.

de Tánger (ver Figura 1.3). La picnoclina se sitúa a unos 150 metros de profundidad.

En Septiembre aparece además otra picnoclina asociada al calentamiento estival a unos

20 metros de la superficie (Figura 2.1c-d). En cualquier caso los valores máximos de

N no suelen superar en el océano 5 · 10−2s−1, y en virtud de ello el tercer término de

la parte izquierda de la igualdad en la ecuación (2.6) suele despreciarse frente al resto.

La resolución de (2.6) requiere condiciones de contorno para los ĺımites verticales

del dominio, es decir, la superficie y el fondo del océano. Para una onda interna los

desplazamientos verticales de las isopicnas en el interior del océano son mucho mayo-

res que los inducidos en la superficie con lo que podemos asumir que w|z=0. Ésto se
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denomina condición de contorno ŕıgido, y es conveniente insistir en que no es asumida

en base a que fluctuaciones de la superficie libre asociadas a ondas internas son des-

preciables frente a las inducidas por la marea barotrópica. En la superficie suponemos

que existe continuidad entre la fricción inducida por el viento, y la existente en el

propio fluido τw = (ρ0νvuz)|z=0. Con la ausencia de viento esta condición exige que

uz|z=0 = vz|z=0 = 0. Respecto al fondo, imponemos la condición obvia de flujo nulo a

través de él, 
un = 0, donde 
un es la componente normal a la superficie del fondo del

vector velocidad. De todas estas consideraciones se deduce que la función de corriente

en los contornos debe depender sólo del tiempo:

ψ|z=0 = C1(t), ψ|z=−H = C2(t), (2.7)

donde H = H(x) es la profundidad del océano.

El significado f́ısico de estas las condiciones de contorno se hace aparente calculando

el transporte en una sección vertical:

∫ 0

−H

udz =

∫ 0

−H

∂ψ

∂z
dz = ψ|z=0 − ψ|z=−H = C1(t) − C2(t). (2.8)

Las condiciones de contorno determinan la dependencia temporal del flujo neto. Fije-

mos ψ|z=0 = 0. Las ondas lineales baroclinas no inducen transporte neto alguno, y por

tanto los movimientos puramente baroclinos deben satisfacer:

ψ|z=0 = ψ|z=−H = 0. (2.9)

Por otro lado, la presencia de una onda de marea barotrópica con máximo transporte

asociado Ψ0 y frecuencia σ debe satisfacer:

ψ|z=0 = 0, ψ|z=−H = −z(Ψ0/H)eiσt. (2.10)

2.2.2 Modos baroclinos

Antes de proseguir conviene familiarizarse con las soluciones de (2.6) para el caso más

simplificado posible. Consideremos un océano estratificado de profundidad constante
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en el que queremos investigar la estructura de las ondas baroclinas que pueden existir.

Buscando soluciones periódicas de la forma
∗
ψ(x, z) = q(z)eikx, (2.6)-(2.9) se reduce a:

qzz + k2α2(z)q = 0

q(−H) = q(0) = 0

}
(2.11)

donde

α2(z) =
N2(z) − σ2

σ2 − f 2
, (2.12)

y el tercer término de la ecuación (2.6) ha sido eliminado. Partimos de un océano de

estratificación estable, N2(z) > 0, y también asumimos que α2(z) > 0. Observemos que

para α2(z) ≤ 0 la ecuación (2.6) deja de ser hiperbólica, y consecuentemente no es una

ecuación de ondas. Bajo estas hipótesis el problema anterior constituye un problema

de autovalores de tipo Sturm-Liouville, cuya solución es una familia de autovalores

y autovectores ortogonales2 {kn, qn}∞n=1 con ki < kj para i < j. El problema (2.11)

parece simple, pero sólo se encuentran soluciones anaĺıticas para determinados perfiles

de N(z) tales como N(z) = N0 constante: kn =
√
αnπ/H , qn = sin(nπz/H). En

general, el problema debe resolverse de forma numérica.

Independientemente de la estratificación se verifica siempre que el autovalor o modo

vertical n posee (n− 1) ceros, como se observa en la Figura 2.2a, que muestra los tres

primeros modos verticales para el caso N(z) = N0. Como consecuencia sólo el primer

modo posee velocidades verticales de igual signo, y las isopicnas oscilan en fase. Para

los modos con n > 1 siempre hay zonas en la columna de agua donde las isopicnas

oscilan en oposición de fase. Por otra parte las velocidades horizontales siempre han

de contener regiones en fase y en oposición de fase para poder cumplir la condición de

flujo neto nulo (ver paneles b, c y d en la Figura 2.2). Apuntar por último que para

una estratificación más realista el máximo del primer modo se localiza a escasos metros

por debajo del máximo de N , cerca de la zona más estratificada.

2Ortogonales para el producto escalar < f(z), g(z) >=
∫ 0

−H
f(z)g(z)α2(z)dz
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Figura 2.2: (a) Primeros tres modos baroclinos obtenidos para una estratificación con

N(z) = N0 constante. (b),(c),(d) Velocidad asociada al primer, segundo y tercer modo

baroclino respectivamente.

2.2.3 Marea baroclina generada por un umbral submarino

Anteriormente vimos la estructura de las soluciones puramente baroclinas en un océano

de fondo plano. En esta sección vemos de que forma son excitadas debido a la inte-

racción de la marea barotrópica con un umbral submarino. Se sigue trabajando bajo

la hipótesis de ondas de pequeña amplitud, de modo que los términos advectivos son

despreciados y las ecuaciones (2.4) son aplicables. Partimos nuevamente de un océano

estratificado con un obstáculo bidimensional de longitud 2L como aparece en el esquema

de la Figura (2.3). Impongamos un flujo barotrópico periódico sobre él, y veamos cual

es la respuesta baroclina del sistema resolviendo (2.6)-(2.10). En general el problema

sólo puede ser abordado mediante técnicas numéricas, sin embargo se pueden encontrar

soluciones anaĺıticas aproximadas bajo ciertas condiciones para la forma del obstáculo

y para la dependencia de la frecuencia de Brunt-Väisälä con z. Un interesante ejemplo

de tales soluciones, tomado de Vlasenko et al. (2005) se comenta a continuación.

Asumimos un obstáculo representado por el perfil anaĺıtico (ver Figura 2.13)

H(x) = Hmax

[
1 + cos (πx/L)

2

]
, (2.13)

y perfiles de frecuencia de Brunt-Väisälä de la forma
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Figura 2.3: Esquema representando la situación para el problema de la generación de ondas

internas (ver texto). El perfil de la izquierda representa la frecuencia de Brunt-Väisäla. A la

derecha una montaña submarina con perfil de ecuación (2.13).

N2(z) = σ2 + (σ2 − f 2)
[
c1(z + c2)

2 + c3
]−2

, (2.14)

que simulan perfiles bastante realistas (Figura 2.3). Los parámetros c1, c2, c3 vienen

dados por

c1 = 4(σ2 − f 2)1/2ΔH−2
p

[
(N2

p/4 − σ2)−1/2 − (N2
p − σ2)−1/2

]
c2 = Hp

c3 = α−1/2(Hp)

⎫⎪⎪⎬
⎪⎪⎭ (2.15)

siendo N(Hp) = Np el máximo de N , y ΔHp una medida de la anchura de la picno-

clina, como se representa en el esquema de la Figura (2.3). Bajo estas condiciones es

relativamente fácil encontrar soluciones de primer orden para el desarrollo asintótico

∗
ψ(x, z) =

∗
ψ0(x, z) + ε · ∗

ψ1(x, z) + ε2 · ∗
ψ2(x, z) + ... (2.16)

donde
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Figura 2.4: Amplitud de las oscilaciones de las isopicnas (a(j)
ξ = aj ·kj/σ) asociada a los dos

primeros modos baroclinos en función de la longitud de obstáculo (de Vlasenko et al. 2005).

ε =

∫ H0

Hmax
N(z)dz∫ H0

0
N(z)dz

. (2.17)

Como se comentó anteriormente y queda ilustrado en la Figura (2.3) normalmente en

el océano la estratificación es intensa sólo en capas superficiales por lo que ε << 1 y la

aproximación de primer orden es satisfactoria. Bajo estas consideraciones la solución

es:

∗
ψ(x, z) = (Ψ0z/H0) (2.18)

+ε
∞∑

j=1

qj(z) ×

⎧⎪⎪⎨
⎪⎪⎩

bj ·exp(i[kjx+ π(j + 1/2)]) , x < −L
(bj + aj)cos(kjx)·exp(iπ[(j + 1/2)]) , |x| ≤ L

aj ·exp(i[−kjx+ π(j + 1/2)]) , x > L

donde

aj = −bj =
Ψ0(c1 · c3)1/2

∫ H0

0
N(z)dz

α1/2(0)sin[(c1c3)1/2
∫ H0

0
N(z)dz]

· sin(kjL)

(kjL)2 − π2
· π3k−2

j . (2.19)

El primer término es la solución de orden cero y es el flujo barotrópico impuesto

sobre el umbral; el segundo es la solución para los términos de orden uno, y para |x| > L

representa la suma de los modos baroclinos con diferentes amplitudes. Observar que la
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respuesta baroclina a ambos lados del umbral es idéntica, consecuencia de la simetŕıa

del obstáculo, y que la amplitud para todos los modos es directamente proporcional a

ε y Ψ0, el máximo valor del flujo barotrópico.

Más interesante es la dependencia respecto a la anchura del obstáculo. Como es de

esperar los modos baroclinos tienden a desaparecer cuando la pendiente del umbral se

hace pequeña, aj → 0 para L → ∞. No obstante aj no es estrictamente decreciente,

posee ceros para L = nπk−1
j , n = 2, 3, ... y máximos locales para L = (n+1/2)πk−1

j , n ∈
{1/2 ∪N} (Figura 2.19), lo que indica cierta resonancia con la topograf́ıa. En lo

anterior kj denota el número de onda del modo j-ésimo, que para el perfil de N(z) en

(2.14) viene dado por:

kj =

[(
jπ

H0

)2

− c1c2

]2

. (2.20)

Por otra parte para una anchura del obstáculo fija 2L, de (2.19)-(2.20) se deduce

que aj ∝ j−4, lo que indica que los modos de orden inferior son los predominantes. Ésto

se ilustra también en la Figura (2.4), que muestra la amplitud de las oscilaciones de

las isopicnas asociada a los dos primeros modos baroclinos para un caso concreto. Es

interesante ver en la gráfica que el segundo modo es igual de importante que el primero

sólo para obstáculos de pequeña longitud o de fondo inclinado. La presencia de modos

de alto orden es la caracteŕıstica más notable de la marea interna generada en obstáculos

con gran pendiente, abruptas montañas submarinas o plataformas continentales. La

pendiente a partir de la cual se produce una gran transferencia de enerǵıa a modos

superiores es α (ecuación 2.12), denominada pendiente cŕıtica. La superposición de

multitud de modos produce lo que se denomina en la literatura anglosajona un sistema

de“wave beams”(Figura 2.5), a través de los cuales gran parte de la enerǵıa es reflejada

en ciertos puntos de los contornos ŕıgidos (la superficie libre y en el obstáculo) siguiendo

las ĺıneas caracteŕısticas.
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Figura 2.5: Mapas de densidad de enerǵıa baroclina para la marea interna generada en

una plataforma continental con diferentes pendiente, creciente de (a) hasta (c). La ĺınea

discont́ınua representa ĺıneas caracteŕısticas, χ = x ± α−1(z) (de Vlasenko et al. 2005).

2.3 Teoŕıa no lineal

2.3.1 Generación de ondas internas no lineales

En muchos lugares del océano el proceso de generación de ondas internas se produce

bajo condiciones del flujo tales que los términos no lineales de las ecuaciones (2.1)-(2.2)

no pueden ser ignorados, y lo expuesto en la sección anterior deja de ser formalmente

válido.

Para ilustrar el papel que juegan los efectos no lineales en el proceso de generación

consideremos un flujo barotrópico U = (Ψ0/H) cos(ωt). La ecuación que gobierna

perturbaciones baroclinas respecto a este flujo viene dado por (Baines 1995):

(
∂

∂t
+ U

∂

∂x

)2

∇2ψ +N2ψxx = 0, (2.21)
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con condiciones de contorno homogéneas (perturbaciones baroclinas). En lo anterior,

se ha despreciado los efectos de la rotación, y no se han linealizado las ecuaciones

respecto al flujo medio.

Si el término convectivo (U∂/∂x) es despreciado a la derivada local (∂/∂t), la

búsqueda de soluciones periódicas da lugar a la ecuación (2.6) excepto por lo que

concierne a la rotación y al término que involucra a la gravedad, que como se pun-

tualizó es normalmente despreciado. Por tanto la solución es la que conocemos bajo

la aproximación lineal: superposición lineal del modo barotrópico y modos baroclinos.

Por otro lado, si el término convectivo es dominante, la solución consiste en la su-

perposición de la onda barotrópica con ondas de Lee (ondas de corta escala espacial

formadas a sotavento) quasi-estacionarias (Bell 1975, Nakamura et al. 2000). En el

caso de que ambos términos sean del mismo orden ambos mecanismos de generación

coexisten.

Es importante notar que la importancia relativa de la derivada local frente al tér-

mino convectivo viene dada en términos del número de Froude interno, Fr = U/c, donde

c es la velocidad de fase la oscilación interna. Vlasenko et al. (2005) discute extensa-

mente los mecanismos de generación en función del número de Froude, la inclinación

del relieve, y la rotación.

Para Fr << 1 la aproximación lineal es válida y los resultados anteriores aplicables:

solución como suma de modos baroclinos, predominancia del primer modo excepto

para relieves de gran pendiente, y supresión de la marea interna para latitudes tales

que f > σ (para estos valores α < 0 en 2.11).

Para un número de Froude en torno a la unidad, además de la onda interna de

frecuencia de marea (marea interna), parte de enerǵıa es transferida a escalas cortas

debido a efectos no lineales que tienden a peraltar las isopicnas generando un bore3

interno. En su propagación el bore se desintegra en un paquete de ondas solitarias o

solitones4, ondas no lineales del orden de un kilómetro de longitud de onda que deben su

existencia al equilibrio establecido entre los efectos no lineales y dispersivos (Whitham

3Un “tidal bore” o simplemente “bore” es una perturbación de corta escala que se propaga en el

frente de una onda de marea. El fenómeno es bien observado en algunos estuarios del mundo.
4Estrictamente hablando el término soliton se emplea para ondas solitarias solución de ecuaciones

integrables, pero es bastante común en la literatura no hacer distinción entre ambos términos.
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1974). La aparición de ondas solitarias también pueden ser fruto de la evolución de

ondas cortas formadas en el umbral (ondas de tipo Lee). Al igual que en el caso lineal,

el primer modo predomina también para las ondas solitarias en fondos de pendiente

subcŕıtica (∂H/∂x < α), y la rotación puede llegar a suprimir la generación de ondas

solitarias internas, pues éstas pueden deberse exclusivamente a la evolución no lineal

de la marea interna.

Para Fr > 1 la transferencia de enerǵıa barotrópica a ondas cortas es más efectiva.

A sotavento del obstáculo se forma un salto hidráulico interno o bore interno quasi-

estacionario acompañado de intensa mezcla turbulenta. Al ser el flujo supercŕıtico

(Fr > 1) el bore no puede propagarse aguas arriba y queda atrapado por la corriente

extrayendo enerǵıa del flujo de marea barotrópico hasta que finalmente se pierde el

control hidráulico (Fr < 1). En ese momento se libera desistegrándose en un paquete

de ondas solitarias a medida que se propaga. Debido a que la escala espacial del salto

hidráulico es del mismo orden que la de la topograf́ıa (normalmente pocos kilómetros),

misma caracteŕıctica que las ondas de Lee, la rotación no juega un papel determinante

y es incapaz de inhibir la formación de ondas internas es este caso.

Obviamente todo lo anterior son aspectos generales sobre el proceso de generación

de ondas internas, no exentos de error o inexactitud en lugares particulares como el

Estrecho de Gibraltar, con una hidrodinámica muy compleja, en el que junto a intensos

flujos de marea existe un intercambio baroclino subyacente no despreciable, que además

induce gradientes horizontales relativamente intensos en la estratificación. Cualquiera

que sea el mecanismo exacto de generación, la existencia tanto de marea interna y ondas

solitarias en el Estrecho es un hecho observado (Morozov 2002, Garćıa Lafuente 2000).

La Figura 2.6 muestra la oscilación de una isoterma en un punto situado a la entrada del

Mar de Alborán a partir de datos experimentales que se describirán con posterioridad,

e ilustra muy claramente los dos tipos de oscilaciones, una de periodicidad semidiurna,

la marea interna, y ondas cortas no lineales que consisten en paquetes de unos 5-6

solitones.

2.3.2 La ecuación Korteweg de Vries.

El estudio de ondas solitarias se remonta a los experimentos de John Scott Russell en

1844, motivado por las primeras observaciones de la evolución de una onda superficial
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Figura 2.6: Evolución temporal de la isoterma T = 13.5◦C a la entrada del Mar de Alborán.

Dos tipos de oscilaciones son distinguibles, una de frecuencia semidiurna (marea interna, ĺınea

gris), y otra de alta frecuencia, ondas solitarias.

sin pérdida aparente de enerǵıa a lo largo de un canal (Russell 1844). A ráız de estas

observaciones se sucedieron los primeros avances en la teoŕıa de solitones y sistemas

integrables (Boussinesq 1871, Rayleight 1876, Korteweg y de Vries 1895), que son de-

sarrollados profundamente a lo largo del siglo XX en el ámbito de la f́ısica matemática.

La ecuación Korteweg de Vries (KdV) y sus generalizaciones son modelos anaĺıticos

que describen la evolución de ondas largas débilmente no lineales en un fluido (Benney

1966, Lamb y Yan 1996). Para ondas internas se puede deducir por medio del método

de las perturbaciones a partir de las ecuaciones:

du

dt
= − p̃x

ρ0
dw

dt
= − p̃z

ρ0
− g

ρ̃

ρ0
dρ

dt
= 0

ux + wz = 0

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

(2.22)
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con condidiones de contorno w|z=0 = w|z=−H = 0.

Las ecuaciones (2.22) difieren de las (2.1)-(2.2) en que las primeras no incluye los

efectos de la rotación ni la viscosidad, son bidimensionales, y en la ecuación de con-

tinuidad la derivada material de la densidad ha sido despreciada frente a la divergencia

de la velocidad. Uno puede comprobar que para las escalas de movimiento que consi-

deramos esta última aproximación (fluido incompresible) es válida.

En virtud de que el campo de velocidades es solenoidal (de divergencia nula), se

puede introducir nuevamente una función de corriente ψ(x, y, z, t) y expresar (2.22) en

función de ésta. De las ecuaciones de momento se puede eliminar la presión derivando

respecto de z la primera, respecto de x la segunda y restando. Se obtiene

(ψxx + ψzz)t + J(ψxx + ψzz, ψ) − bx = 0, (2.23)

donde J(A,B) = AxBz−AzBx es el operador Jacobiano, y b = gρ̃/ρ0 el llamado término

de flotabilidad. Igualmente, haciendo tranformaciones básicas la tercera ecuación de

(2.22) se expresa como

bt + J(b, ψ) +N2(z)ψx = 0. (2.24)

Lamb y Yan (1996) adimensionaliza las ecuaciones anteriores y llega al siguiente

problema para las variables adimensionales,

(ψzz + μψxx)t + εJ(ψzz + μψxx, ψ) = bx,

bt + εJ(b, ψ) +N(z)2ψx = 0,

}
(2.25)

donde ε = (a/H), μ = (H/λ)2, con a la amplitud y λ la longitud de onda. Los

parámetros ε y μ proporcionan una medida de los efectos no lineales y dispersivos

respectivamente. Para una onda larga y de pequeña amplitud (μ << 1, ε << 1) se

puede buscar una solución de la forma:

ψ(x, z, t) =
∞∑
i=0

∞∑
j=0

εiμjψi,j(x, z, t), (2.26)

b(x, z, t) =

∞∑
i=0

∞∑
j=0

εiμjbi,j(x, z, t). (2.27)
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La ecuación KdV resulta de despreciar los términos de orden dos y asumir que existe

un equilibrio entre los efectos no lineales y dispersivos, ε = μ2. Recuperando variables

f́ısicas se escribe:

At + cAx + α1AAx + βAxxx = 0. (2.28)

Los parámetros α y β dependen de la solución del problema de Sturm-Liouville

φzz +
N2(z)

c2
φ = 0

φ(−H) = φ(0) = 0

⎫⎬
⎭ (2.29)

de la siguiente manera

α1 =
3c

2

∫ 0

−H
(φz)

3dz∫ 0

−H
(φz)2dz

, β =
c

2

∫ 0

−H
φ2dz∫ 0

−H
(φz)2dz

. (2.30)

En lo anterior A(x, t) y φ(z) determinan la función de corriente:

ψ(x, z, t) = cA(x, t)φ(z), (2.31)

y por tanto también el desplazamiento de las isopicnas respecto a su posición de equi-

librio, ξ(x, z, t) = ψ(x, z, t)/c = A(x, t)φ(z). Observar que existen ondas de infinitos

modos, de tal forma que si φ es el modo n-ésimo, se habla de solución de modo n.

2.3.3 Ondas solitarias

La ecuación KdV posee varias soluciones anaĺıticas de las cuales sólo una de ellas es no

periódica, la onda solitaria. Desde un punto de vista práctico su importancia respecto

a las demás soluciones (solución cnoidal, dnoidal) radica en que una condición inicial

arbitraria para la ecuación KdV evoluciona a la solución“N-solitones”(Whitham, 1974),

es decir a la formación de cierto número de solitones que depende de la condición inicial.

Por tando suele ser la solución f́ısica. La solución onda solitaria de (2.28) es la siguiente:
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Figura 2.7: Ondas solitarias soluciones de la ecuación KdV de parámetros β = 8.3·103m3s−1,

α1 = −1.2·10−2s−1 (perfiles en ĺınea negra), α1 = 1.2·10−2s−1 (perfiles en ĺınea gris).

A(x, t) = a · cosh−2

(
x− cNLt

λ

)
, (2.32)

donde λ y cNL son la longitud de onda o escala espacial del solitón y su velocidad

de fase respectivamente, dependientes de la amplitud a, y los parámetros definidos en

(2.30) como sigue:

λ =

(
12β

α1a

)1/2

, cNL = c+
aα1

3
. (2.33)

Varias caracteŕısticas de la solución son rápidamente identificadas, como por ejemplo

que solitones de mayor amplitud poseen longitud de onda más corta (Figura 2.7). Esta

caracteŕıstica es coherente con el hecho de que los efectos dispersivos deben incremen-

tarse (reduciendo la onda su escala espacial) para compensar los no lineales. Observar

también que el parámetro β es siempre positivo con lo que existe solución siempre y

cuando la amplitud a y el parámetro α1 posean el mismo signo. En virtud de esta co-

rrespondencia de signos la velocidad de fase no lineal cNL excede siempre la velocidad

lineal c, y provoca que α1 determine la polaridad del solitón de modo 1 (Figura 2.7),

ésto es, si es de elevación (α1 positivo, cresta del solitón hacia arriba), o de depresión

(α1 negativo, cresta del solitón hacia abajo). Lo común en el océano es encontrar ondas
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Figura 2.8: Esquema de un fluido bicapa.

solitarias de depresión. Imaginemos un fluido estratificado de la forma más simple, un

fluido bicapa como el representado en la Figura 2.8, con capa superficial de espesor y

densidad h1, ρ1 respectivamente y h2, ρ2 para la capa profunda. En esta situación α1

y β se escriben de la siguiente forma (Choi y Camassa 1999):

α1 = −3c

2

ρ1h
2
2 − ρ2h

2
1

ρ1h1h2
2 + ρ2h2

1h2
β =

c

6

ρ1h
2
1h2 + ρ2h1h

2
2

ρ1h2 + ρ2h1
(2.34)

Un solitón será de depresión (α1 < 0) si

(ρ1/ρ2)
1/2 > h1/h2. (2.35)

En una situación normal la diferencia de densidades es muy pequeña, por lo que

(ρ1/ρ2) ≈ 1. Por otro lado como se comentó anteriormente la picnoclina se locali-

za a varias decenas de metros de la superficie en la inmensa mayoŕıa de los casos, de

tal modo que en la mayor parte de las situaciones h1/h2 < 1 y la relación (2.35) se

verifica.

Uno puede observar también en (2.33) que la solución no está definida para α1 = 0,

cuando

(ρ1/ρ2)
1/2 = h1/h2. (2.36)

En tal caso el término no lineal en la ecuación KdV (2.28) se anula, y debe incluirse el

término de orden O(ε2) en la expansión (2.26)-(2.27) para tener en cuenta los efectos

no lineales. Este nuevo término da lugar a una extensión de la ecuación KdV (eKdV)

a veces llamada ecuación de Gardner:
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b)

d)

Figura 2.9: Evolución de una onda solitaria a través de un turning point (modificado de

Grimshaw et al. 1999).

At + cAx + α1AAx + α2A
2Ax + βAxxx = 0, (2.37)

donde también α2 = f(φ).

En un medio en el que la estratificación cambia de forma paulatina, de forma que

la escala espacial de la variación del medio es menor que la longitud de onda de la onda

solitaria (del orden de un kilómetro usualmente en el océano, Figura 2.7), los coeficientes

de la ecuación KdV, o su versión extendida, pueden incluir una dependencia espacial.

Aśı de forma numérica se puede investigar cómo es la transición de una onda solitaria

a través de un punto en el que α1 = 0, denominado “turning point”. La Figura (2.9)

muestra como se produce este cambio, un soliton de elevación o de polaridad positiva

(panel 2.9a) evoluciona por el medio cambiante hasta transformarse en una onda de

depresión (panel 2.9b). El cambio no se produce de forma adiabática ya que la onda

pierde enerǵıa en el “turning point”, que es irradiada en forma de ondas secundarias

(paneles 2.9c y d).

Respecto a lo ocurrente en el Estrecho de Gibraltar, en la parte oriental las ondas

son de depresión (Figura 2.6), lo que tiene sentido pues la picnoclina alĺı está a menos

100 metros de profundidad, con un fondo superior a los 600 metros. Al Oeste de

Camarinal la situación no está tan clara, la picnoclina está más profunda y la zona

es más somera. En el perfil mostrado el la Figura 2.1b, perteneciente a la cuenca de

Tánger, la picnoclina está cerca de la profundidad intermedia, lo que determina un valor

de α1 cercano a cero. Desafortunadamente no existen medidas “in situ” adecuadas que
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cofirmen si las ondas solitarias en esta zona del Estrecho, si existen, son de depresión

o elevación.

2.4 Uĺtimas notas

En estas secciones se ha intentado hacer un breve repaso de teoŕıa de ondas internas

lineales y débilmente no lineales. En gran cantidad de situaciones la dinámica es muy

no lineal y los efectos tridimensionales importantes, por lo que aplicabilidad de estos

resultados es muy limitada. El Estrecho de Gibraltar es ejemplo de ello. Para tratar el

problema de generación y propagación de ondas internas se requiere en la práctica mo-

delos numéricos, como se verá en caṕıtulos posteriores. No obstante, siempre resultados

teóricos son la base para la interpretación de resultados.
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Time-spatial variability observed in velocity of propagation of

the internal bore in the Strait of Gibraltar1

Abstract

Some aspects of the time-spatial variability of the phase speed of the internal bore

generated in Camarinal Sill, Strait of Gibraltar, almost every tidal cycle are revised

using a set of high resolution experimental data collected in two different positions of the

Strait during May 2003. This variability is mainly driven by the intense tidal currents,

comparable with the intrinsic propagation velocity of the first mode baroclinic bore.

It is shown that the importance of the diurnal tide in the Strait of Gibraltar induces

a considerable diurnal inequality on the bore velocity, with an observed maximum

difference of 0.7 ms−1 between the speed of two consecutives bores propagating along

the eastern part of the Strait. A regularly spatial pattern has been also found: the

internal bore reaches its maximum velocity in Tarifa Narrows. A theoretical estimation

predicts an extreme phase speed of 2.6 ms−1 during our period of study.

1Sánchez Garrido, J. C., J. Garćıa Lafuente, F. Criado Aldeanueva, A. Baquerizo, and G. Sannino

(2008), Time-spatial variability observed in velocity of propagation of the internal bore in the Strait

of Gibraltar, J. Geophys. Res., 113, C07034, doi:10.1029/2007JC004624.
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3.1 Introduction

The Strait of Gibraltar, the only connection between the Atlantic Ocean and the

Mediterranean Sea, is a well known scenario of inverse estuarine circulation, with an

undercurrent of colder and saltier Mediterranean water (MW) flowing at depth towards

the Atlantic and a surface current of warmer and fresher Atlantic water (AW) moving

opposite exceeding slightly the deep flow to compensate the net evaporative loses in

the Mediterranean reservoir (Lacombe and Richez, 1982; Bryden and Kinder, 1991;

Garćıa-Lafuente et al., 2002). Although the main focus of study has been the long-

term exchange due to the role the MW could play in the global circulation and to follow

the climate variability in the Mediterranean Sea area (Candela 2001; Garćıa-Lafuente

et al., 2007), the internal tide and associated mixing in the Strait has also been a

widely revised topic (Ziegenbein, 1969, 1970; La Violette and Arnone, 1988; Farmer

and Armi, 1988; Richez, 1994; Bruno et al., 2002; Morozov et al., 2002; Vázquez et

al., 2006). The stratification originated by the salinity contrast between AW and MW,

the intense tidal currents and the abrupt topography of the Strait of Gibraltar (see

Figure 3.1) convert this place in a very favourable environment for the generation of

large amplitude internal tides and tidally-related internal perturbations, among which

the internal hydraulic jump formed at the lee side of Camarinal sill (Figure 3.1) du-

ring the flood tide (tidal currents towards the Atlantic) is the most outstanding one

(Farmer and Armi, 1988). The jump remains trapped by the flow, extracting energy

from the background current, until the tidal current weakens and the flow becomes

subcritical over the sill, which happens shortly before high water (HW). In addition to

tidal forcing, the time of the bore release is also influenced by other factors, mainly the

subinertial meteorological forcing, as showed by Pistek and La Violette (1999). After

its release, the internal jump propagates as an internal bore towards the Mediterranean

Sea and starts disintegrating into a packet of solitary internal waves (SIWs).

During its progression towards the Mediterranean Sea, the packet of SIWs under-

goes different conditions of stratification, variable tidal currents and mean flow that

determine the time-space variability of the internal bore velocity. Tidal influence on

the variability was found by Watson and Robinson (1990), who observed a remarkable

diurnal inequality in the time arrival of internal waves to Gibraltar due to the relative

intense diurnal tidal currents (Garćıa-Lafuente et al., 2000). Recent numerical studies
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Figure 3.1: Bottom topography of the Strait of Gibraltar. Location of stations are indicated

with letters T and E. Dotted line indicates the section of Camarinal Sill.

have also shown the existence of a location between Tarifa and Punta Cires (Figure

1) where the propagation speed of the bore reaches a maximum (Brandt et al., 1996,

Izquierdo et al., 2001; Sannino et al., 2004). The analysis of the time-space variability

of the internal bore velocity using observations of temperature and flow velocity in two

locations of the Strait of Gibraltar is the scope of this paper.

3.2 Data set

During May 2003, two mooring lines were deployed in two strategic positions of the

Strait of Gibraltar, one in Tarifa narrows, the section of minimum width of the Strait,

at 35ž 57.58’ N, 5ž 32.99’ W (T in Figure 1) and the other in the entrance of the Alboran

Sea at 36ž 3.35’ N, 5ž 10.09’ W (E in Figure 1). The mooring array consisted of several

currentmeters at different depths that measured velocity and temperature every 2 or

5 minutes (see Table 3.2 for details). For unknown reasons, the mooring line in point

T broke beneath the second uppermost instrument 22 days after deployment and the

remaining instruments of the line fell down to the sea floor doing senseless observations.

The two shallowest currentmeters were lost. Conductivity-Temperature-Depth profiles

in the Strait were retrieved from MEDATLAS database (MEDAR Group (2002)) for
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Station T (29/04/2003 - 22/05/2003; 35◦ 57.58’N, 5◦ 32.99’W)

Currentmeter Depth (m) Sampling interval (min)

T1 156 2

T2 204 2

T3 250 5

T4 341 5

Station E (01/05/2003 - 03/06/2003; 36◦ 3.35’N, 5◦ 10.09’W)

E1 52 2

E2 85 2

E3 116 2

E4 166 2

E5 231 5

E6 348 5

Table 3.1: Arrangement of the mooring lines used in the study.

May months in order to obtain a monthly climatology of the area. The numerical

model described by Sannino et al. (2004) was run using improved bathymetry and

different initial and tidal forcing. The main diurnal (O1, K1) and semidiurnal (M2,

S2) tidal constituents have been computed via OTIS package [Egbert and Erofeeva

(2002)] while initial conditions, in terms of salinity and temperature, have been also

taken from MEDATLAS database. The model provided continuous vertical profiles of

the background flow at specific places that have been used subsequently to analyse the

observations.

3.3 Identification of SIWs

Internal waves at station E are clearly depicted by the temperature series collected

by RCM E2 at 85 m depth (Figure 3.2a). Throughout the time-series, peaks with

semidiurnal periodicity are observed except around days 130 and 145 that correspond

to neap tides. The zoom of the series showed in Figure 3.2b reveals the short period

oscillations associated with SIW packets. Internal waves are less sharply detected in

the temperature series at site T. The reason is that the recovered instruments were

well below the thermocline (located at 80 m depth according to CTD data) in depths
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Figure 3.2: a) Temperature recorded at 85 m depth in site E (RCM E2). b) Enlargement of

the section selected in A. c) Along-strait component of the velocity recorded at 341 m depth

in site T (RCM T4). Panel d: Enlargement of the section selected in c). Double arrows in

panels b-d point at the signatures left by the same internal wave packets in both stations.

where the vertical gradient of temperature is small. The equation of conservation of

thermal energy, neglecting thermal diffusion and horizontal gradients of temperature,

∂T

∂t
= −w∂T

∂z
(3.1)

indicates that temporal variations of temperature are imperceptible in homogeneous

regions. However, high frequency motions are recognisable in velocity time-series at T.

Figure 3.2c shows the horizontal velocity collected at T4, which follows the ebb and

flood cycles quite regularly. The enlargement showed in Figure 3.2d reveals distur-

bances linked to the internal bore and SIWs packets about 6 hours before they pass

through position E.

3.4 Influence of the diurnal inequality

Watson and Robinson (1990) monitored the arrival of SIW to Gibraltar by means of

shore based marine radar during three months. They noted a remarkable difference
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(panel a) and T (panel b). Panel c: mean propagation speed of the internal bore between
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together using dotted and solid lines respectively to highlight the evolution of the diurnal

inequality (see text for details).

between the arrival time of two consecutive SIWs packets after high water. The diffe-

rence was maximum (about 8 hours) during periods of diurnal spring tides, and null

during periods of diurnal neap tides. It was then suggested that the horizontal ad-

vection by diurnal tidal currents exerts an important influence on the propagation

velocity of the internal bore. In the Strait of Gibraltar, the main diurnal tidal cons-

tituents K1 and O1 account for an important part of the total barotropic tidal energy

(Garćıa-Lafuente et al., 2000; Sánchez Román et al., in press). This result is strongly

supported by our observations. Figures 3.3a and 3.3b show the time arrival of SIWs,

measured from the immediately previous HW (Ceuta is the reference harbour for HW

throughout this paper), to stations E and T respectively. They arrive to position E
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between 5-12 hours after HW, whereas they get position T 0.5-4.5 hours after HW.

Events of SIWs corresponding to odd and even semidiurnal cycles have been joined to-

gether with different line style to highlight the diurnal inequality. The diurnal age, the

lag between the extreme moon declination and its maximum effect on the tidal range,

is determined by the phase difference of K1 and O1 constituents. In the eastern half of

the Strait the difference is around 50◦ (Garćıa-Lafuente et al., 1990) and the diurnal

age is around two days. The diurnal inequality reaches its maximum two days after the

extreme values of the declination of the moon, which happened in May 6 (maximum

declination) and May 19 (minimum), or Julian days 127 and 140 respectively. Mini-

mum delay after HW is then expected to occur in one of the two semidiurnal cycles

(and maximum delay in the other one) near Julian days 129 and 142 and, in fact,

Figure 3a shows this minimum (maximum) in odd (even) cycles around day 128 and

in even (odd) cycles near day 141 (notice that diurnal inequality changes from odd to

even cycles when the moon passes over the Equator, which happens around day 134).

Figure 3.3b does not illustrate this behaviour as nicely as Figure 3a since velocity is

less sharp indicator of SIWs pass. The mean propagation speed of the internal bore

between T and E (separated 36 km) has also been straightforward calculated in those

tidal cycles when internal waves were tracked in both stations. Speed ranges from 1.2

to 2 ms−1 mainly due to the diurnal inequality (Figure 3.3c).

3.5 Local maximum speed in site T

The result produced by numerical experiments that the internal bore propagates faster

in the surrounding of station T due to the influence of tidal currents (Brandt et al.,

1996, Izquierdo et al., 2001; Sannino et al., 2004) is investigated next from our dataset.

One commonly used statistical procedure to extract the barotropic contribution from

time-series of velocity is the Empirical Orthogonal Functions (EOF) analysis, which

decomposes the signals into empirical orthogonal modes. The analysis has been carri-

ed out to the along-strait component of the velocity in both stations after removing

noise and high frequencies oscillations not directly linked with tides (by means of a

butterworth filter with cut off period 3 hours). At T, the first empirical mode does

not reveal any remarkable spatial structure, that is, it is nearly z-independent with no

zero-crossing, which can therefore be identified with the barotropic mode. It explains
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Figure 3.4: Barotropic contribution of the along-strait component of the tidal currents at

stations T (panel a) and E (panel b) deduced from EOF analysis. Dots indicate the time

when SIWs are identified in either station. In station T, SIWs find the most favourable

current conditions with regularity.

85% of the variance, and its temporal coefficients are plotted in Figure 3.4a. As far

as the spatial coefficients have been normalized, the physical units are included in

the time coefficients of Figure 3.4a, which therefore represents the amplitudes of the

barotropic mode. It can reach values as high as 1ms−1. Dots in the Figure indicate the

arrival of wave packets at station T and confirms that, indeed, the SIWs meet the most

favourable tidal conditions (0.14±0.84 hours before the maximum inflow) to progress

faster towards the Mediterranean in this site, in agreement with the aforementioned

numerical references. Figure 3.4b shows the barotropic mode in station E and the

arrival of SIWs at this site. The maximum tidal amplitude is less than 0.25 ms−1

and the location of the dots throughout the curve indicates that on average SIWs

face unfavourable tidal currents to progress eastward, which diminishes its propagation

speed.

3.6 Propagation speed from analytical models

Due to the relatively intense currents associated with the mean exchange in the Strait of

Gibraltar a first estimate of the speed of the internal bore could be computed from the
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Taylor-Goldstein equation, which provides the modal structure of a linear perturbation

in a stable shear flow. Under the Boussinesq approximation, it reads:

d

dz
[(U − c)2 dξ

dz
] + [N2 − k2(U − c)2] · ξ = 0, (3.2)

where N(z) is the buoyancy frequency, U(z) the long-term mean of the along-strait

velocity profile, ξ(z) the the amplitude of vertical velocity, k the wave number, and

c the linear phase speed. Figures 3.5a-b show averaged N profiles for stations T and

E obtained from MEDATLAS database. The long-term U(z) velocity in equation

(3.2) could be somewhat approximated from the time averaged values of the registered

data by interpolation/extrapolation (see Figure 3.5). On the other hand, the vertical

profile of horizontal velocity achieved by averaging the model output during one month,

matches closely the observations at the different depths (see solid line in Figure 5). For

this reason, the U(z) averaged profile of the model, which has much better spatial

resolution, has been used instead.

The equation has been solved for long-wave approximation (k = 0) imposing rigid

lid boundary conditions [ξ(−H) = ξ(0) = 0; H being the water depth] since we are

only interested in baroclinic modes. The propagation speed of the first mode (the one

with the highest eingevalue c) in stations T and E are 1.62 and 1.23 ms−1 respectively.

Since stratification is similar in both locations, the difference must be ascribed to the

higher upper layer velocity at station T (about 0.8 ms−1, Figure 3.5a). If the influence

of the barotropic tidal current derived in Section 5 is taken into account and added to

the previous calculations, the propagation speeds would range between 1.72 - 2.62 ms−1

at T and 1.0 - 1.37 ms−1 at E. These values agree with the experimental observations

(Figure 3.3c).

The internal tide in the Strait of Gibraltar cannot be satisfactorily described by

linear theory. In fact, the disintegration of the internal bore into SIWs packets is an

unequivocal signature of non-linear effects. A theoretical approximation often used to

describe non-linear internal waves is the weakly nonlinear dispersive Korteweg-de Vries

(K-dV) theory. It holds provided that the so-called nonlinear, ε = a/H , and dispersive,

μ = (H/λ)2, parameters (a the wave amplitude, λ the wavelength) are much less than

one.
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Figure 3.5: a) Buoyancy frequency from MEDATLAS database (dashed line, top scale) and

vertical profile of the long-term along-strait velocity from the numerical model (solid line,

bottom scale) in station T. Dots indicate the mean velocity recorded by the instruments. b)

Same as A for station E.

The large amplitude internal waves reported in the Strait of Gibraltar (Ziegenbein

1969, 1970; Vazquez et al., 2006) fulfil only partially the conditions for the validity

of this theory. However, Vlasenko et al. (2000) found that K-dV theory provides a

satisfactory approximation to nonlinear speed of solitons whenever the vertical density

gradient is relatively weak. The stratification showed in Figure 3.5a varies slowly

within the first 200 m, with a maximum Nmax = 1. 5 · 10−2s−1 , which is similar to the

stratification used in Vlasenko et al. (2000). Within the first order K-dV theory, the

nonlinear phase velocity of a solitary wave cNL is

cNL = c+
α1 · a

3
, (3.3)

where α1 is the coefficient of nonlinearity in the K-dV equation defined as

α1 =
3
∫ 0

−H
(U − c)2(

dξ

dz
)3dz

2
∫ 0

−H
(U − c)(

dξ

dz
)2dz

(3.4)

under the Boussinesq approximation (Grimshaw et al. 2002).
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For stations T and E, αT
1 = 3. 20 · 10−3 s−1 and αE

1 = 1. 02 · 10−2 s−1 , respectively.

For extreme large solitary waves of 100 m amplitude, K-dV equation only predicts

an increment of 7% of the linear phase velocity at station T and a higher increase

of 27% at station E. In this last station, however, the wave radiation caused by the

widening of the topography reduces the amplitude of the wave, thus balancing the

increase introduced by parameter. Therefore, in both cases nonlinear effects are not

expected to substantially increase the linear phase speed.

3.7 Summary and conclusions

A high resolution experimental data of current velocity and temperature collected in

the Strait of Gibraltar have been analysed in order to study the time-space variabi-

lity of the propagation speed of the tidally-generated internal bore. Diurnal species

induce an important diurnal inequality on the internal bore velocity associated with

the declination of the moon, a result already mentioned by other authors (Watson and

Robinson, 1990; Richez, 1994). During our experiment, phase speed of SIWs packets

propagating along the eastern half of the Strait linked to two consecutive semidiurnal

cycles can differ more than 0.7 ms−1. It has been also shown that SIWs regularly

reach maximum speed nearby Tarifa narrows because the wave packets are progressing

through this area when the tidal current peaks towards the Mediterranean Sea. A theo-

retical approximation derived from linear theory along with tidal advection deduced

from the analysis indicate that phase speed can exceed 2.6 ms−1 in this area during the

period of study. Nonlinear theory has also been considered to compute the propagation

speed more accurately but its contribution does not turn out to be very different from

the prediction of linear theory.
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4.1 Introducción

Como se comentó en el Caṕıtulo 2 en la práctica un estudio de la dinámica de ondas

solitarias debe hacerse de forma numérica. Para la existencia de ondas solitarias se

requiere un modelo además de no lineal, no hidrostático, de forma que se considera

los efectos dispersivos. Por ello se ha considerado el modelo de circulación general del

“Massachusetts Institute of Technology”, MITgcm. Información extensa y detallada

del modelo se encuentra en Marshall et al. (1997a-b) y referencias incluidas, al igual

que en el sitio web http://mitgcm.org/, provisto del código fuente.

La posibilidad de considerar una formulación no hidrostática permite abordar además

otros fenómenos de corta escala en el océano. Marshall et al. (1997a) delimitan los

márgenes de aplicabilidad de la hipótesis hidrostática en un fluido estratificado. Se de-

duce que un fenómeno de escala horizontal L, con velocidad t́ıpica U puede considerarse

hidrostático si (ver apéndice B)

(
U

L

)2

<< N2.

Fenómenos de escala espacial L < 5−10 km como movimientos convectivos en capas de

mezcla inducidos por el viento o por pérdida de flotabilidad son ejemplos de fenómenos

no hidrostáticos en el océano. Los últimos son bien observados en el Golfo de León

en el Mediterráneo Occidental (Stommel 1972), donde a finales del invierno se forman

aguas profundas que se hunden a través de sumideros de pocos kilómetros de diámetro,

llamados chimeneas. En lo que atañe a las ondas internas, no sólo las ondas solitarias

en śı son un fenómeno no hidrostático, también lo son movimientos derivados como los

resultantes de su interacción con la topograf́ıa.

En las siguientes secciones se comentan algunas notas generales del MITgcm, y se

demuestra su capacidad para simular con éxito ondas solitarias de gran amplitud. La

documentación del modelo es muy extensa; para una detallada y completa información

se debe recurrir a las referencias y dirección web anteriormente citadas.
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4.2 Modelo de circulación general MITgcm

4.2.1 Ecuaciones y estrategia de resolución

Las ecuaciones que se consideran son las de Reynolds para un fluido incompresible bajo

la aproximación de Boussinesq. Por tanto las mismas que el conjunto (2.1)-(2.3) excepto

la ecuación de continuidad, que es reducida a divergencia de la velocidad cero. MITgcm

considera tres algoritmos diferentes según reǵımenes: hidrostático, quasi-hidrostático

y no hidrostático. Para aclarar en qué consisten es conveniente reescribir la ecuación

de conservación de momento lineal (ecuación 2.1):

ut = − p̃x

ρ0

Gu︷ ︸︸ ︷
−u · ∇u+ 2Ω sinθ · v − 2Ω cosθ · w + Fu

vt = − p̃y

ρ0
+

Gv︷ ︸︸ ︷
−u · ∇v − 2Ωsinθ · u+ Fv

wt = − p̃z

ρ0

Gw︷ ︸︸ ︷
−g ρ̃

ρ0

− u · ∇w − 2Ω cosθ · u+ Fw

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.1)

Aqúı u = (uh, w) = (u, v, w) es el vector velocidad y F = (Fu, Fv, Fw) son los

términos viscosos y de forzamiento, que se incluyen en los términos Gu = (Gu, Gv, Gw)

junto con los no lineales y los que atañen a la rotación. El esquema hidrostático no

considera los términos subrayados ni doblemente subrayados, y el quasi-hidrostático

hace lo propio sólo con los doblemente subrayados. El no hidrostático considera todos

los términos.

La presión se obtiene a partir de la ecuación de Poisson que resulta al tomar la

divergencia en las ecuaciones (4.1), y teniendo en cuenta que ∇ · u = 0 (ecuación de

continuidad):

∇2p = ∇ · Gu. (4.2)
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En virtud de la condición de flujo nulo a través de los contornos ŕıgidos, u · n = 0,

donde n es un vector unitario normal a la superficie que constituye la frontera, y las

ecuaciones de momento se obtiene la condición de contorno para (4.2):

n · ∇p = n · Gu. (4.3)

Para separar los diferentes esquemas el campo de presión se descompone de la siguiente

forma:

p(x, y, z) = ps(x, y) + pHY (x, y, z) + pNH(x, y, z), (4.4)

donde ps es un término independiente de la profundidad, pNH es una contribución no

hidrostática, y pHY es una extensión de la presión hidrostática, definida como:

pHY =

∫ z

0

−
[
g
ρ′

ρ0
− 2Ωu · cosφ

]
dz. (4.5)

La forma de proceder consiste en primer lugar en calcular ps a ráız de la ecuación

para la presión independiente de z. A ésta se llega mediante el mismo procedimiento que

da lugar a la ecuación (4.2), pero considerando previamente las variables promediadas

en la columna de agua. Recordar que para una variable cualquiera χ, este promedio se

define como:

χ̄(x, y) =
1

H

∫ 0

−H

χ(x, y, z)dz. (4.6)

La ecuación para ps resulta:

∇h · (H∇hps) = ℘, (4.7)

donde ℘(x, y) depende de H , la componente horizontal de Gu, y la presión hidrostática:

℘(x, y) = ∇h · (HḠuh) −∇2
h(Hp̄HY ) + ∇h · [pHY (H)∇hH ]. (4.8)
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Figure 4.1: Algoritmos para la resolución del modelo hidrostático, quasi-hidrostático y no

hidrostático (modificado de Marshall et al. 1997a).

El cálculo de la presión no hidrostática, si procede, exige la resolución de una

ecuación eĺıptica extra y tridimensional, lo cual conlleva un mayor esfuerzo computa-

cional. Esta ecuación se obtiene a partir de (4.2) y ps, anteriormente calculada:

∇2pNH = ∇ · G̃u −∇2
h(ps + pHY ), (4.9)

donde G̃u = (Guh,−u · ∇w + Fw). Observar que la tercera componente de G̃u es

igual a Gw menos el término de flotabilidad y el que involucra a la rotación, que

ya determinaron la presión hidrostática (4.5). A partir de los campos de presiones, se

obtiene las distintas componentes de velocidad según el esquema mostrado en la Figura

4.1, que resume el algoritmo. Temperatura y salinidad son calculadas tras obtener el

campo de velocidades.

4.2.2 Aspectos numéricos

Para la integración de las ecuaciones respecto a la variable espacial se sigue el método de

Volúmenes Finitos (Versteeg y Malalasekera 1995), basado en la aplicación del teorema
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de la divergención a las ecuaciones de conservación en pequeños volúmenes o celdas

de control. La topograf́ıa está representada en este caso mediante secciones de celdas

(“partial-cells”). Por su parte, la discrezación temporal se realiza de la forma:

un+1
h − un

h

Δt
= G

n+1/2
uh −∇h(ps + pHY + qpNH)n+1/2

wn+1 −wn

Δt
= G̃n+1/2

w − ∂p
n+1/2
NH

∂z

∂wn+1

∂z
+ ∇h · un+1

h = 0

Sn+1 − Sn

Δt
= G

n+1/2
S

T n+1 − T n

Δt
= G

n+1/2
T

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4.10)

donde q toma el valor uno si el régimen es no hidrostático y cero en otro caso; y GS,

GT contienen los términos de advección y difusión de las ecuaciones de temperatura y

salinidad (2.3). Los términos Gn+1/2 son evaluados siguiendo una variación del método

de Adams-Bashforth de segundo orden:

Gn+1/2 = (3/2 + γ)Gn − (1/2 + γ)Gn−1. (4.11)

Aqúı γ es un parámetro libre normalmente cercano a cero (γ = 0 determina el esquema

de Adams-Bashforth de segundo orden). Para los trazadores, temperatura y sal, se

consideran en MITgcm diversos esquemas alternativos. Éstos junto con el tratamiento

de las ecuaciones eĺıpticas que determinan los campos de presión (ecuaciones 4.7-4.9)

se describen en detalle en Marshall et al. (1997b) y en la dirección web anteriormente

indicada.

4.3 Aplicación a la simulación de ondas solitarias.

En esta sección verificamos la capacidad del modelo MITgcm para simular ondas soli-

tarias de gran amplitud. Una forma de proceder para obtener solitones internos en un

fluido estratificado podŕıa consitir en dejar evolucionar una perturbación inicial arbi-

traria de amplitud considerable. No obstante, conocemos la estructura de un solitón
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Figure 4.2: a) Posición de las isopicnas asociadas a una onda solitaria de 100 m de amplitud

solución de la ecuación KdV. b) Velocidad horizontal (ms−1) asociada a la onda solitaria

presentada en a). c) Velocidad vertical (ms−1) asociada a la onda solitaria presentada en a).

débilmente no lineal proporcionado por la ecuación KdV, que no debe diferir demasiado

de uno de gran amplitud, y por tanto su evolución a una onda solitaria real debe ser

más rápida si aquel es tomado como condición inicial.

Consideremos una canal bidimensional {(x, z); x ∈ [0, L0], z ∈ [−H, 0]} de profundi-

dad constante H = 600 m y longitud L0 = 100 km, conteniendo un fluido estratificado

de temperatura Tb(z) y salinidad Sb(z). Para tomar un ejemplo concreto, consideremos

perfiles de temperatura y salinidad t́ıpicos de la zona del Estrecho de Gibraltar que

producen un perfil de frecuencia de Brunt-Väisäla como el mostrado en la Figura 3.5a.

Para este perfil se obtiene el solitón solución de la ecuación KdV de 100 m de ampli-

tud (ver sección 2.3.2), cuyos campos de densidad y velocidad asociados se muestan

en la Figura 4.2. Esta onda, fuera del rango de aplicabilidad de la teoŕıa débilmente

no lineal, es situada en el canal en la posición x0 = 10 km (Figura 4.3a), y se deja

evolucionar según el modelo numérico.

El dominio es discretizado mediante una malla cartesiana de resolución horizontal

Δx = 50 m, y vertical Δz = 7.5 m. Se eligen los siguientes valores para los coeficientes

de viscosidad (ν) y difusión (κ) turbulentos: νh = 1 · 10−2m2s−1, κh = 1 · 10−2m2s−1
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para los coeficientes horizontal; y νv = 1 · 10−3m2s−1, κv = 1 · 10−5m2s−1, para los

verticales. Las condiciones de contorno para el problema son

u = w = 0 , Tz = Sz = 0 ; z = H

w = uz = 0 , Tz = Sz = 0 ; z = 0

u = w = 0 , T = Tb, S = Sb ; x = 0, L0

⎫⎪⎪⎬
⎪⎪⎭ (4.12)

Respecto a la velocidad la primera condición impone la condición de no deslizamiento

y flujo nulo a través del fondo, la segunda asume la aproximación de contorno ŕıgido en

superficie (apropiada para el estudio de ondas internas) y cizalla inducida por el viento

cero. También se asume que a través estos dos contornos (fondo y superficie) no existe

flujo de calor ni de sal. La tercera condición se aplica en los contornos laterales, donde

se asume que el estado inicial de equilibrio se mantiene con el tiempo. Ésto puede dar

lugar a la reflexión de enerǵıa procedente del dominio, y por tanto a la introducción

de una señal no f́ısica. Sin embargo, este hecho no es un problema cuando la zona de

interés está “suficientemente lejos” de los contornos, como ocurre en este caso.

El modelo es estable (proporciona soluciones acotadas) para un paso de tiempo

Δt = 5 s, y se desprende de experimentos preliminares que las soluciones son indepen-

dientes de la malla, con lo que el modelo proporciona soluciones f́ısicas. Analicemos a

continuación el experimento. La falta de validez de la teoŕıa débilmente no lineal se

manifiesta apenas iniciado el experimento, transcurrida media hora el campo de densi-

dades muestra una adaptación del solitón inicial a las nuevas condiciones (Figura 4.3b).

Como resultado de este proceso de adaptación la perturbación inicial pierde parte de

enerǵıa en forma de ondas secundarias que con el tiempo quedan atrás debido debido

a la dispersión no lineal (Figura 4.3c-d). Por esta razón, la primera onda aparece to-

talmente aislada del resto tras 9 horas de evolución (Figura 4.3e), que efectivamente

consiste en una onda solitaria de gran amplitud. La estructura de la onda final (Figura

4.3f) se presenta en detalle en la Figura 4.4. En una primera observación llama la

atención la similitud de los campos de densidad y velocidades con los predichos por

la ecuación KdV (4.2), exceptuando los efectos de la viscosidad en la capa ĺımite de

fondo, que produce campos de velocidades ruidosos. No obstante la similitud, existen

diferencias importantes entre ambas soluciones. Por ejemplo, la profundidad donde se

alcanza la máxima amplitud o, equivalentemente, donde la velocidad horizontal es cero,
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Figure 4.3: Experimento numérico mostrando la evolución de un solitón KdV inicial de 100

m de amplitud a lo largo de un canal de H =600 m de profundidad y L0=100 km de longitud.

Se considera una malla cartesiana para la discretización espacial de resolución Δx =50m, y

Δz=7.5 m. El solitón inicial se sitúa en la posición x0= 10 km.
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la onda solitaria presentada en a). Notar que se presenta los primeros 550 m de la columna de

agua, en los 50 m restantes hasta el fondo los campos asociados a la onda son muy ruidosos

debido a los efectos viscosos.

es considerablemente mayor en el solitón numérico: aproximadamente 200 m frente a

100 m en el solitón KdV (comparar Figura 4.4b-4.2b). Otra diferencia importante está

en la escala espacial de ambas ondas, la solución KdV predice un solitón de longitud de

onda menor que el completamente no lineal (Figura 4.2a-4.4a). Un análisis detallado

de la estructura y propiedades de ondas solitarias de gran amplitud se puede consultar

en el trabajo de Vlasenko et al. (2000).

Este experimento demuestra la potencialidad del modelo MITgcm para estudiar la

dinámica de ondas internas no lineales. En este caso se ha considerado un sencillo do-

minio bidimensional, pero se puede extender a geometŕıas 3D irregulares para afrontar

problemas más complejos, como la rotura de las ondas internas con accidentes de la

topograf́ıa, o problemas de difracción. Este estudio se lleva a cabo en el siguiente

caṕıtulo para la geometŕıa del Estrecho de Gibraltar, donde se utiliza una estrategia

como la desarrollada aqúı para generar ondas internas solitarias de gran amplitud para

inyectarla en el dominio tridimensional que supone la topograf́ıa del Estrecho.
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Three-Dimensional Evolution of Large-Amplitude Internal

Waves in the Strait of Gibraltar1

Abstract

The modeling of large amplitude internal waves (LAIW) propagating in the Strait of

Gibraltar is carried out using a fully-nonlinear nonhydrostatic numerical model. The

focus of the modeling efforts was on three-dimensional peculiarities of LAIW evolu-

tion, viz. cross-strait variability, interaction with lateral boundaries (including wave

breaking and water mixing), radiation of secondary waves from orographic features and

interaction of secondary scattered internal waves.

The along-channel propagation of packets of LAIWs reveals remarkable three-

dimensional behaviour. Due to the Coriolis force and multiple reflections from the

lateral boundaries, the largest leading LAIW loses its energy much faster than that

in the packet tail, which captures the scattered energy from the leading wave as it

propagates and grows in amplitude. As a result of the energy transfer, the initially

rank-ordered wave packet loses its regular structure to evolve into a non-rank-ordered

wave structure. In-situ data collected in the eastern part of the Strait of Gibraltar

confirm the idea that the non-rank-ordered structure is a common feature of internal

wave packets emerging from the strait into the Alboran Sea.

1V. Vlasenko, J.C. Sánchez Garrido, N. Stashchuk, J. Garćıa Lafuente and M. Losada (2009),

Three Dimensional Evolution of Large-Amplitude internal waves in the Strait of Gibraltar. Journal

of Physical Oceanography, in press.
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5.1 Introduction

Large amplitude internal waves (LAIW) are one of the most striking phenomena ob-

served in the Strait of Gibraltar. These waves appear as packets propagating along the

strait to evolve into groups of well-separated solitary waves entering the Alboran Sea.

The mechanism of their generation is described in many papers (for instance, Armi y

Farmer 1988; Brandt et al. 1996; Izquierdo et al. 1996; Bruno et al. 2002; Vázquez

et al. 2005). According to these investigations, LAIWs observed in the strait are the

result of the nonlinear evolution of a baroclinic bore generated by a barotropic tidal

flow over Camarinal Sill (CS, see Figure 5.1). The waves have several hundred meters

of wavelength and vertical displacements of one hundred meters and even more (Wes-

son and Gregg 1988). Nonlinear wave theory suggests that a propagating baroclinic

bore normally disintegrates into a packet of well rank-ordered solitary internal waves

(Whitham 1974; Apel 2003). However, not all observational data support this theo-

retical result. In many cases measurements reveal a chaotic rather than a well-ordered

structure of packets. In particular, this statement concerns the data collected in the

Strait of Gibraltar at positions TN and AS (see Figure 5.1).

Figure 5.2a shows a five-day temperature series at AS. Packets of LAIWs are clearly

identified by the fast temperature oscillations recorded every tidal period (a detailed

analysis of these data is presented in Sánchez-Garrido et al. 2008). Figures 5.2b, 5.2c

and 5.2d show that the expected rank-ordered structure is not a necessary attribute

of the wave packets observed in the strait. statistical analysis of all recorded wave

trains (46 well defined packets) reveals that only 46.5% of them can be identified as

well rank-ordered wave trains like that presented in Figure 5.2b. The rest, i.e. 53.5% of

packets, was either partly rank-ordered (23.3% as presented in Figure 5.2c) or chaotic

rather than organized (30.2% as in 5.2d). A similar conclusion was formulated earlier

by La Violette et al. (1986). This empirical fact of a clear tendency to disorder in wave

packets was a starting point of the present study.

There are several possible reasons for the discrepancy between theoretical predic-

tions and real observations. One of these is the wave refraction over the complex

bottom topography which in some cases can be studied using the linear geometrical

optics. More sophisticated methods are required for the investigation of the refrac-
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Figure 5.1: Sea-surface manifestation of a group of LAIWs propagating from the strait

toward the Alboran Sea (Courtesy of ESA). CS is Camarinal Sill; Symbols TN and AS

denote the location of the moorings deployed at Tarifa Narrow and in the Alboran Sea.

tion of strongly nonlinear internal waves when wave breaking, water mixing, gener-

ation of higher baroclinic modes, nonlinear wave dispersion, wave-wave interaction

and some other nonlinear effects can develop. Amongst them, we could mention the

use of the higher-order weakly nonlinear equations like the extended Korteweg-de Vries

(KdV) equation Grimshaw et al. (2002), Grimshaw et al. (2004), the rotation-modified

Kadomtsev-Petviashvili equation Grimshaw and Melville (1989), Grimshaw and Tang

(1990), Grimshaw et al. (1998), or even fully-nonlinear three-dimensional (3D) nonhy-

drostatic numerical models Vlasenko and Stashchuk (2007).

We hypothesize here that the irregular structure of the wave packets observed in the

Strait of Gibraltar is the manifestation of a sophisticated 3D mechanism of interaction

of LAIWs with the lateral boundaries of the rotating strait where wave refraction and

reflection, extensive wave breaking and water mixing take place. Being repeated many

times in every wave packet, these processes produce a complex spatial structure in
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Figure 5.2: (a) Fragment of the temperature time series recorded by the AS-mooring at

85 m depth (see Figure 5.1). Panels (b), (c) and (d) are zoom of three particular fragments

representing a well organized (b), partly rank-ordered (c) and non-rank ordered (d) packets

of LAIWs.

which wave energy is transferred from wave to wave or converted into turbulence. The

goal of this paper is to study the 3D evolution of LAIWs in the strait and to describe

the pathway of the energy in order to explain the irregular structure of the observed

wave packets. The paper is organized as follows: the model and its initialization are

described in section 5.2; section 5.3 presents the basic set of numerical experiments,

whereas discussion, comparison with observational data and conclusions are included

in section 5.4.



Caṕıtulo 5 67

5.2 Model description and initialization

The model domain presented by the dashed rectangle in Figure 5.1, includes a 61×42

km2 sector of irregular bottom topography and shoreline. Consider the Cartesian

system of coordinates Oxyz, with Oxy within the undisturbed free surface and the

Oz-axis directed vertically upward, while the Ox-axis eastward and the Oy-axis to the

north. It is assumed that LAIWs observed in the strait are the result of disintegration

of a baroclinic bore generated by the barotropic tide interacting with Camarinal Sill

(solid rectangle in Figure 5.1). The baroclinic bore propagates eastward along the strait

and disintegrates into a packet of solitary waves, which further enter the Alboran Sea,

as presented on the Synthetic Aperture Radar image in Figure 5.1. The details of

the bore generation and disintegration are not addressed in this paper which focuses

only on the evolutionary stage of the tidally generated LAIWs. The task is split into

two subtasks: (i) the first step is the model initialization, i.e. the preparation of the

initial field of solitary LAIWs; (ii) the second objective is to study the wave evolution

itself when the LAIWs propagate along the strait and interact with the 3D bottom

topography and shoreline.

The Massachusetts Institute of Technology general circulation model (MITgcm) was

used for both problems (Marshall et al. 1997). The MITgcm solves the non-hydrostatic,

non-linear equations and has a free surface formulation allowing to trace the position

of the solitary waves in (x, y)-space. Earth rotation is also taken into account. The

model resolution, Δx and Δy was equal to 50 m and 200 m, respectively, which gave

more than 40 grid points across the wave. The vertical step Δz was equal to 7.5 m

in the upper 300 m layer and 50 m below it, which allowed a fairly good resolution of

the pycnocline. The mean buoyancy frequency profile (Figure 5.3) was obtained from

MEDATLAS data base collected near TN point. According to these historical data

the pycnocline was located at 75-meter depth. The bottom topography was extracted

from the fine-resolution bottom chart of Sanz et al. (1991) and the shoreline was settled

at 20m depth contour. No-slip conditions at the bottom and lateral boundaries were

used in the model. Assuming strong wave breaking near the lateral boundaries, the

Richardson number-dependent parameterizations (Pacanowski and Philander 1981) of
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turbulent closure for vertical viscosity ν and diffusivity κ was chosen:

ν =
ν0

(1 + αRi)n
+ νb, κ =

ν

(1 + αRi)
+ κb,

Here Ri is the Richardson number, Ri = N2(z)/(u2
z + v2

z), νb=10−3 m2s−1 and

κb=10−5 m2s−1 are the background parameters, ν0=1.5·10−2 m2s−1, α=5 and n=1 are

the adjustable parameters. Such a parameterization increases ν and κ in areas where

the Richardson number is small. Horizontal diffusivity and viscosity were 10−2 m2s−1.

As showed by Vlasenko et al. (2005), with this parameterization the numerical model

gives quite robust results even in the case of wave breaking. We set zero value for all

wave disturbances at the eastern boundary until the wave reaches the boundary; ath

this moment the calculations are terminated. At the western boundary the Orlanski-

type conditions were used.

An initial plane LAIW of depression (or packet of waves) is set at t=0. According

to previous investigations (Vlasenko et al. 2005), Sánchez-Garrido et al. 2008) the

LAIWs generated over Camarinal Sill are trapped there up to 4 hours and then they

are released and propagate along the channel. They can be identified as solitary waves

4 km to the east of Camarinal Sill. The initial wave or wave packet in the model was

taken parallel to y-axis, propagating eastward (see Figure 5.1). Such a choice of initial

fields is justified by the specific model geometry which is generally two-dimensional in

the area of Camarinal Sill and oriented in north-south direction so that oscillating east-

west barotropic tidal flow produces roughly two-dimensional internal waves propagating

eastward, as schematically presented in Figure 5.1 by dashed lines.

The procedure of preparation of the initial fields for the incident LAIWs (subtask 1)

is described in Vlasenko et al. (2005) in detail. At a first stage the model is initialized

by the first-mode solitary wave of depression obtained from the KdV equation. The

KdV solitary waves do not satisfy the fully nonlinear, non-hydrostatic equations if

their amplitudes are large. Thus, taking the amplitude of the initial KdV LAIW

from the range typically observed in the strait (more than 60 m, Wesson and Gregg

1988, which is far beyond the applicability of any weakly nonlinear model), we expect

a substantial discrepancy with the hydrodynamic equations. Once inserted into the

numerical scheme, the strong non-linear LAIW will evolve propagating in a basin of

constant depth. During this evolution the initial large amplitude KdV solitary wave is
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Figure 5.3: Typical density (solid line), buoyancy frequency (dashed line) and vertical wave

displacement (dashed-point line) profiles at TN point.

modified, and a new stationary solitary wave is formed at the front of the wave field.

The leading wave has the largest amplitude and, as a result, the largest phase speed.

This is the reason why this wave detaches from the wave tail and propagates further

as an independent internal solitary wave. The model is run until the leading wave

separates from the wave tail. The fragment containing the wave is cut from the wave

field and used as an initial condition for subtask 2, i.e. for the study of its evolution in

the strait.
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5.3 Model results

5.3.1 One-wave experiments

We start our analysis with the “one-wave experiment”, the propagation of one internal

solitary wave. This experiment allows one to study an effect of a single wave so that

the response of the strait to a wave packet can be treated in terms of a nonlinear super-

position of several individual signals. In the first numerical experiment the amplitude

of incident LAIW was 83 m. The wave evolution is presented in Figure 5.4, where the

free surface elevation produced by the internal wave of depression (a few centimeters,

in fact) is shown in dark. Note, that an internal wave of elevation produces a similar

small-scale depression at the free surface (shown in Figure 5.4 by light color). Free

surface disturbances are used hereafter as a tracer for the analysis of spatial structure

of the wave fields.

At the initial stage of evolution the incident LAIW retains the characteristics of a

plane wave in the domain except for two small regions at the lateral boundaries where

the “edge” effects of wave-bottom interaction (refraction and breaking) are evident

(Figure 5.4b). The wave-bottom interaction is getting stronger over time, and in a-

ddition to the refraction and wave breaking, another important process, - viz. energy

reflection from lateral boundaries, starts to develop in shallow water. As a result of

back scattering and dissipation, the propagating LAIW loses energy (the quantitative

analysis of wave attenuation is discussed below). This energy leakage, in turn, leads

to the formation of secondary internal waves attached to the initial wave (Figures 5.4c

and 5.4d). The intensity of wave-topography interaction is stronger at the south, near

the African coast, than at the northern part of the strait, near the Spanish coast. The

reason is the Coriolis force that transfers energy from the central and the northern parts

of the wave to the right side (South) boundary of the strait. This behaviour has been

reported in a number of papers on the structure and evolution of the weakly-nonlinear

internal solitary waves in idealized channels (see the review by Helfrich and Melville

2006 and references herein). Figure 5.4 demonstrates another evidence of this effect but

for strongly nonlinear waves, which appears to be more complicated due to the reflection

and breaking caused by the irregular bottom topography and coastline. This energy

transfer along the wave front does not occur if the rotation of the Earth is not included
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in the model (the influence of Earth rotation is discussed in the next subsection). At

the final stage of evolution the internal waves (both initial, and secondary) leave the

strait and enter into the Alboran Sea (Figure 5.4e), showing an spatial pattern that

recalls the pattern often displayed in satellite images (Figure 5.1).

Let us analyze the spatial structure of scattered internal waves. Figure 5.4 suggests

that these waves are basically formed after the passage of the incident wave through the

narrowest part of the strait, i.e. Tarifa Narrows. Eastwards of this site the incoming

LAIW starts to lose its energy, mostly near the lateral boundaries, due to interaction

with the shallow coastal areas. Scrutiny of the 3D wave evolution shows that wave

breaking near the strait boundaries is accompanied by wave reflection, which in turn,

leads to the formation of secondary scattered waves. The initial stage of this process

is shown in Figure 5.4c, where the system of two quasi-plane waves reflected from the

northern and southern borders of the strait is clearly seen. The superposition of these

waves leads to the formation of the “X”-type spatial structure of the wave fronts which

is typical for the interaction of two obliquely propagating solitary internal waves. Note,

however, that this “X”-type structure is unstable in space and time. After 5.7 hours of

evolution it has become a fairly stable quasi-plane solitary wave of depression located

just behind the leading wave (Figure 5.4e). The “one-wave” experiment initiated by a

single incoming LAIW illustrates that the formation of secondary solitary wave can be

explained only in the terms of scattering of the initial wave.

An important characteristic of the wave evolution is its dissipation rate. The white

numbers on the wave fronts in Figure 5.4 are the local amplitude of internal waves

(wave amplitude is assumed to be a vertical excursion of isopycnals at the depth of

maximum displacement, see dot-dashed line in Figure 5.3). Comparison of the wave

amplitude in different times indicate the attenuation of the internal wave propagating

along the strait: the amplitude in the wave center decreased from 83 m (Figure 5.4a)

to 18 m after ten-hour evolution (Figure 5.4e). The wave damping is more efficient at

the wave periphery. For instance, at the end of the simulation the wave amplitude at

the southern edge of the wave is less than 10 m.



72 3D Evolution of Large-Amplitude Internal Waves in the Strait of Gibraltar

Figure 5.4: Sea surface topography produced by a LAIW of depression at different stages

of evolution. Initial amplitudes of propagating wave was 83 m. Surface elevations and de-

pressions are shown by black and white colors, respectively. Bottom topography is shown

by solid lines. The light numbers on the wave fronts represent the wave amplitude at this

particular point (in metres). The black numbers nearby show the porcentage of the initial

energy inside the area limited by the white contours.
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Thus, another conclusion from this experiment is that the wave attenuation depends

on the position along the wave front. The wave loses its initial spatial homogeneity and

evolves into a wave with higher energy concentration in the central part of the strait.

In terms of energy the wave attenuation looks even more dramatic (the procedure

of energy calculation is described in Appendix A). Taking the total energy (kinetic

and available potential) of the initial LAIW as 100%, we found that after 2.3 hours of

propagation (Figure 5.4b) LAIW contains only 82.8% of its initial value (the area for

energy calculation is shown in Figure 5.4b by a white contour). The rest of energy,

i.e. 17.2%, is either dissipated due to lateral effects (wave breaking, mixing, viscosity),

or transformed into secondary scattered short-scale internal waves located beyond the

contour. At the times of snapshots in Figures 5.4c, 5.4d and 5.4e, the energy of the

leading wave is 44.3, 31.1 and 15.8%, respectively, which illustrates a fast dissipation

of LAIWs in the strait: the propagating wave could deliver to the Alboran Sea only

about 16% of its initial energy.

Figure 5.5 shows the evolution of the total energy of the leading and the secondary

solitary waves. The solid line reveals a very fast energy lost by the leading wave during

the first six hours of evolution. Interestingly, the new-born attached secondary wave

does not demonstrate similar decay. On the contrary: its energy is basically conserved

in the course of the propagation. It looks like the dissipation and reflection from the

bottom topography occurring in the leading wave do not apply to the second wave

or these processes proceed differently. One possible explanation of its stability could

be that the energy dissipated by the second wave is balanced by the gain of energy

that has been radiated by the leading LAIW, which brings the energy of both waves

to similar values. For instance, as seen in Figure 5.4e (see also Figure 5.5), the second

internal solitary wave accumulates about 5% of the total initial wave energy, a figure

comparable with the energy of the leading wave at its final stage, and this value hardly

changes during five hours of evolution. In terms of wave amplitude the two waves reveal

more similar characteristics: at the final stage, their amplitudes are 17.5 m and 16 m,

respectively (see Figure 5.6). So, this result illustrates the importance of the described

mechanism of energy accumulation by the scattered waves.

The energy accumulation by secondary internal waves takes place in a wide range

of initial wave amplitudes. As an example, Figure 5.7 shows the resulting surface



74 3D Evolution of Large-Amplitude Internal Waves in the Strait of Gibraltar

0 1 2 3 4 5 6 7 8 9 10 11
0

20

40

60

80

100

Time (hours)

E
/E

0 (
⋅1

00
%

)

Total energy (1st soliton)

Total energy (2nd soliton)

Figure 5.5: Time evolution of the total energy of the leading LAIW (solid line) and generated

secondary internal solitary wave (dashed line) normalized by the energy of the initial LAIW.

The procedure of energy calculation is explained in Figure 5.4 and in the Appendix A. The

energy of secondary wave was calculated for t >4.5 hours when its shape was clearly identified

as a quasi-2D propagating wave.

elevation produced by the internal solitary wave with initial amplitude of 33 m. This

wave reveals a very similar behavior during its propagation as the three times larger

LAIW discussed above. The second new-generated solitary internal wave has amplitude

comparable with that of the leading LAIW although it contains four times less energy

due to a more compact spatial structure.

The last remark about the one-wave experiment concerns the generation of a system

of relatively large internal waves that propagate across the strait. The energy flux in

the incident wave directed initially from west to east (Figure 5.4e) is however scattered

by the strait in all other directions producing cross-strait propagating internal waves.

This system of randomly arranged waves is clearly seen in the far field of the wave

pattern presented in Figure 5.4e. They can also be identified in Figures 5.6 and 5.7.

The observational evidence of waves propagating northward was reported by Watson

and Robinson 1991a. The authors put forward that are generated due to the reflection
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Figure 5.6: Zonal cross-section of density along 36o1.5′N (solid line in Figure 5.4e) showing

the vertical structure of LAIWs entering the Alboran Sea. The time corresponds to that in

Figure 5.4e.

of the along-strait propagated LAIWs from the strait boundaries. The generation

of cross-strait propagating waves is much stronger in the case of wave trains and is

discussed in subsections 5.3.3 and 5.3.4 in greater detail.
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Figure 5.7: Same as in Figure 5.4 but for 33 meter-amplitude initial solitary wave.
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5.3.2 Influence of rotation

The internal Rossby radius of deformation in the Strait of Gibraltar is about 13.4 km, a

value that is comparable with the its width. Therefore the contribution of the Coriolis

force to the wave dynamics can be notable.

An asymptotic analysis of the Ostrovsky equation (Ostrovsky 1978) which incorpo-

rates weak nonlinearity and rotational dispersion, shows that internal waves of perma-

nent form can not exist in rotating media (Leonov 1981). Being inserted into the model

with rotation as an initial condition, a KdV solitary wave starts to radiate secondary

waves (Gilman et al. 1996) and ultimately decays completely due to the permanent

energy leakage (Grimshaw et al. 1998). There is however a strongly-nonlinear limit

of this theory which has been found recently by Helfrich (2007) and Grimshaw and

Helfrich (2008). The fully nonlinear weakly nonhydrostatic equations by Choi and

Camassa (1999) were generalized here to include weak rotation. It was found that in

the case of strong waves not all energy of LAIW is scattered to the infinity due to

the rotation dispersion. Part of it (up to 50%) can be accumulated in a secondary

wave generated from the evolution of the initial quasi-stationary LAIW. This process

of generation of a compact packet of solitary-like waves from a single wave occurs as

follows. At the first stage of evolution the LAIW (which is the exact solution of the

non-rotating Choi-Camassa equations) starts to decay radiating inertia-gravity waves.

These waves eventually transform into a packet of amplitude modulated solitary waves

that propagate through a long wave envelope. The group velocity of the envelope is

less than the phase speed of every individual solitary wave. As a result, solitary waves

emerge in the tail, propagate forward through the envelope growing in amplitude until

the middle of the packet, to finally attenuate and decay at the leading edge. The ins-

tantaneous cross-section of such a packet is a non-rank ordered but it has maximum

amplitude in the middle of the packet. It can be seen as modulated periodic waves

(Helfrich 2007, Grimshaw and Helfrich 2008), or in the light of the present results, as

a non-rank ordered packet of solitary internal waves similar to that shown in Figure

5.2d.

Another important factor in the evolution of LAIWs in the Strait of Gibraltar is the

influence of lateral boundaries. Maxworthy (1983) first observed in the laboratory the

transformation of an internal solitary wave due to the rotation. Similar experiments
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Figure 5.8: Plan view of the wave field after 10 hours of evolution of initial 83 m amplitude

LAIW of depression in a rotating channel (36 ◦N) of constant width (17 km) and depth (600

m). Small numbers indicate waves amplitude (in meters).

were performed by Renouard et al. (1987) who reported the formation of a secondary

wave train trailing the main wave. As a result of the energy transfer to the radiated

waves, the internal solitary wave attenuates in the course of its propagation along the

channel. A first theoretical explanation of this effect was given by Grimshaw (1985)

who derived the rotation-modified Kadomtsev-Petviashvili equation assuming that the

rotation effect is of the same order as nonlinearity and nonhydrostatic dispersion. Fur-

ther theoretical and numerical analysis of this problem performed by Grimshaw and

Tang (1990), and by Katsis and Akylas (1987) has shown that Coriolis force gives rise

to wave-front curvature and permanent radiation of secondary waves which leads to

the decay of initial wave due to radiation damping.

In the context of the present paper the important outcome from all reported studies

is that every internal solitary wave (propagating either along a channel or in the open

sea) generates secondary waves due to rotation. In the case of several incoming waves



Caṕıtulo 5 79

0 50 100 150 200 250 300 350
0

10

20

30

40

50

60

70

80

90

Time (hours)

A
m

pl
itu

de
 (

m
)

without rotation

without rotation

83m

33m

Northern section
Central section
Southern section
Without rotation

Figure 5.9: Time evolution of the amplitude of the leading solitary wave calculated for

two numerical runs (initial 83 and 33 m LAIWs of depression) in different zonal sections.

Northern and southern periphery of the wave are presented by the dashed-dotted and dashed

lines, respectively. The central section is shown by solid lines. The dotted lines corresponds

to the no-rotation experiment.

the superposition of the many secondary wave systems can produce an irregular pattern

with chaotic distribution of wave amplitudes. Thus, the non-rank ordered structure

of the wave packets in the Strait of Gibraltar can be presumably explained (at least

partly) by the action of the Coriolis force on a system of initially rank-ordered packet

of LAIWs. The examination of this problem is the topic of the present section.

We start our analysis considering an idealized situation of a long straight channel

of constant depth to exclude any influence of variable bottom topography. The input

parameters for the MITgcm were close to the averaged values occurred the Strait of

Gibraltar: the depth was equal to 600 m, the width - 17 km, and the latitude - 36◦. The
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Figure 5.10: Sea surface topography produced by a 83-metre amplitude LAIW of depression

at different stages of evolution with and without rotation (shaded areas and thick contours

respectively). The contour line of 1.3 cm free-surface elevation was taken for both cases.

vertical fluid stratification and the initial amplitude of the LAIW were the same as in

the one-wave experiment in section 5.3.1. Figure 5.8 represents the spatial distribution

of amplitudes of propagating LAIW and generated secondary wave tail after 10 hours

of the wave evolution (typical time of wave propagation in the Strait of Gibraltar).

The most obvious effects of rotation (Figure 5.8) are the tilting of the wave front

and the radiation of secondary waves, as it was predicted theoretically (Grimshaw

1985, Grimshaw and Tang 1990, Katsis and Akylas 1987). The effect is relatively weak

and accounts only 10% of wave amplitude: after 10-hour evolution the leading wave

still predominates; its amplitude decreased by 6-8 m (from 83 to 77-75m), and the

amplitude of the radiated waves has this same order. The only area where secondary

waves have noticiable amplitude (22.4 m) is located near the northern boundary due

to wave reflection, but this local maximum does not characterize the whole picture.

Another evidence of weak response to the Coriolis force in 5.8 is the relatively slow
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decrease of the wave amplitude across the channel. The weakly-nonlinear theory pre-

dicts an exponential decay of wave amplitude along its front (Grimshaw and Tang 1990,

Katsis and Akylas 1987), which does occur for the considered set of input parameters.

This decay is correctly simulated by the model as can be seen from Figure 5.9 that

shows the evolution of the wave amplitude of the leading wave in three positions across

the channel. Wave amplitude decreases relatively fast during first 100-150 hours after

which the leading LAIW tends to some kind of quasi-stationary state with the theo-

retically predicted exponential decay of amplitude across the channel (see Figure 5.9

for t >100 hours). To make sure that the wave attenuation is not the consequence

of viscous dissipation, the results of numerical experiment without rotation are also

presented in Figure 5.9. The difference between rotation and no-rotation experiments

(dotted and solid lines in Figure 5.9) is a clear evidence of the radiation damping of

the leading wave induced by the rotation.

The described scenario of wave evolution is valid in a wide range of amplitudes of

incoming LAIWs (only two extreme runs for 83 and 33 m amplitude of the initial LAIWs

are presented in Figure 5.9). For the objectives of the present study an important result

of these experiments is that the wave field does not change much during the first 10

hours of LAIW evolution. Within 10-15% accuracy, we can conclude that the wave

amplitude in the domain remains basically the same (see the portion of the plot to the

left of the verical dashed line in Figure 5.9), and the radiated waves are substantially

weaker than the leading LAIW (Figure 5.8). The change of the wave field under the

action of the Coriolis force is fairly weak because the time span of wave propagation

(10 hours) is not long enough for the development of substantial rotational effect in the

relatively narrow strait (its width, 17 km, is comparable with the internal Rossby radius

of deformation, 13.4 km). In summary, one should not expect dramatical changes in

the wave structure caused by the rotation alone during the propagation of LAIWs

along the Strait of Gibraltar. Figure 5.9 shows that we can expect some oscillations of

amplitude across the channel in the range of about 10-15% and predict the generation

of weak wave tail. Hence, any substantial modification of the wave form should be

attributed to the influence of the variation of the bottom topography. To verify this

hypothesis one extra numerical experiment without rotation has been performed for a

LAIW with initial amplitude of 83m with all other input parameters similar to that
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described in the “one-wave” experiment. The spatial structure of the leading LAIW

and scattered secondary wave in selected moments for both runs, with and without

rotation, are presented in Figure 5.10. It shows different spatial structures such as the

evident shift of the maximum amplitude area to the southern border at intermediate

stages of evolution (6< t <8 hours), which tends to fade out as time goes on (see t =9.5

hours). In any case, differences in the two wave patterns are not dramatic, suggesting

that the formation of scattered secondary wave tail in the Strait of Gibraltar is due to

topographic effect, rather than to rotation.

5.3.3 Evolution of wave trains: Two-wave experiment

The results of the“one-wave”experiment give hints about the behavior of wave packets:

the propagating LAIW radiates energy in the course of its evolution, and this process

eventually leads to the formation of a second solitary wave with comparable amplitude.

In the case of an initial wave train, the question then arises as whether the secondary

waves radiated from the leading wave will propagate further independently as solitary

waves (scenario 1), or they will be absorbed by the subsequent incoming LAIWs (sce-

nario 2). The answer can be found in Figure 5.11 where three stages of evolution of

two initially isolated LAIWs are presented. The methodology of this experiment is the

same as described in section 5.3.1. The only distinction is that the initial field in this

experiment contains two LAIWs with amplitudes of 83 m and 73 m for the leading and

second waves, respectively, instead of a single wave.

The initial LAIWs were separated a distance of 3 km in order to be independent.

Taking into account that the first, larger wave has the greater phase speed due to the

nonlinear dispersion, there is no chance for their interaction in the course of propaga-

tion. However, the secondary waves produced by the first LAIW during the interaction

with lateral boundaries can interfere with the second incoming wave. The implications

of this interaction is the focus of the present section.

Wave patterns presented in Figure 5.11 suggests that it is scenario 2 of the wave

evolution that is realized. In other words, the waves radiated by the first LAIW near

the strait boundaries are absorbed by the second LAIW.



Caṕıtulo 5 83

Figure 5.11: Same as in Figure 5.4 for two propagating LAIWs with initial amplitudes of

83 and 73 m for the first and second waves, respectively.
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The energy absorption is so efficient that the second wave gets even larger than the

first one, as shown in Figure 5.11b and 5.11c. It is also shown in Figure 5.12, where

the evolution of the total energy of the two waves is presented. Of particular interest

is the time span t=6-7 hours when the second wave contains two times more energy

than the leading LAIW.

Notice that a third internal wave which was expected to be generated in the course

of superposition of secondary scattered waves, is not visible during most part of the

packet evolution. It is formed behind the first two waves only in the very end of the

experiment when the packet leaves the strait (Figure 5.11c). The energy of this third

wave is remarkably smaller than the energy of the two leading waves and amounts only

2.3 % of the total initial energy. Obviously the second LAIW also radiates part of its

energy during its propagation, but the energy supply from the first wave compensates

for this loss. This energy balance is suggested in Figure 5.12 by the slower attenuation

of the second wave in the interval 3-6 hours.

Another effect of wave-wave interaction develops at the final stage of the packet

evolution. The nonlinear collision of two internal solitary wave is possible when the

leading wave is not the largest. In this case, the rear wave with larger phase speed

starts to overtake the leading one. This overtaking eventually leads to the collision of

the two internal solitary waves during which the rear wave transfers part of its energy

to the leading wave. Figure 5.12 illustrates this process: after 8 hours of evolution, the

gradual attenuation of the leading LAIW is followed by a slow increase of its energy.

This process has been illustrated recently by Vlasenko and Stashchuk (2006) (see Figure

5.10 in their paper).

5.3.4 Evolution of wave trains: Three-wave experiment

A new experiment with three initially rank-ordered LAIWs of amplitudes of 83, 73 and

63 m has been carried out. The experiment simulates the situation when initially rank-

ordered wave packet generated over CS contains three or more waves (Sánchez-Garrido

et al. 2008). This run was organized in the same way as the“two-wave” experiment

when LAIWs in the packet were well separated (3 km between the wave centers) which

excludes wave interaction at the initial stage.
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Figure 5.12: Time evolution of the total energy of the leading and second LAIWs (solid and

dashed lines, respectively) as well as the generated secondary internal solitary wave (dotted

line) normalized by the energy of the two initial LAIWs.

Figures 5.13a and 5.13b show two intermediate stages of the packet evolution.

Scrutiny of these two patterns as well as their comparison with Figures 5.4 and 5.11

allows one to conclude that the mechanism of energy transfer from the leading wave to

the wave behind in the “three-wave” experiment works even more efficiently than that

in the case of two waves. For instance, the value of total energy located in the first,

second and third waves, i.e. 42.6, 32.8, 24.6%, respectively, corresponding to the initial

rank-ordered distribution of waves at t=0, changes dramatically. At t=7.7 h (Figure

5.13b) the energy remaining in the first, second and third waves is 10.1, 17.0 and 13.9%

respectively. This fact clearly illustrates the inhomogeneity of energy dissipation along

the train, from the leading LAIW to the wave tail. The second wave is the most e-

nergetic at t=7.7 h whereas the first one has lost most of its energy. At t=11.4 h the

second wave is no longer the strongest one. It contains 11.1 % of initial energy whereas

the first and third contain 11.1 and 6.7 %, respectively.
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Figure 5.13: Sea surface topography produced by a rank-ordered system of LAIWs of

depression. Initial amplitudes of propagating waves were 83, 73 and 63 m (from the right to

the left), respectively. Porcentage of energy are indicated.
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The first wave is now more energetic than 3.7 hours before, a controversial result whose

explanation has been mentioned above: the second LAIW has been accumulating most

of the energy radiated by the leading one and started to overtake it. Under such

conditions the collision of two LAIWs becomes inevitable (this is especially clear in

Figures 5.13c and 5.14a), and, as a consequence of the wave-wave interaction, the

second LAIW returns part of its energy back to the first one. The growth of the energy

of the leading LAIW in Figure 5.15 suggests that the collision of the two LAIWs starts

about 8 hours after the beginning of the experiment, and that at t=11.4 h presented

in Figure 5.13c the process is still in progress.

An interesting conclusion can be drawn from the analysis of the three-wave experi-

ment: the third wave being less energetic in the global sense, is however more compact

in space and reveals the greatest local energy concentration. This fact is seen from the

comparison of the gray contrasts in Figure 5.13c, as well as from Figure 5.14a where

the zonal cross-section of density along the latitude 36 ◦3.7′ is presented. The in-situ

measurements along this line would record a clear non-rank ordered system of eastward

propagating progressive solitary waves in which the amplitude of the first wave is equal

to 20 m, the second wave has 24 m amplitude, and the largest wave is the third one

with amplitude of about 30 m. This fact is in a good agreement with the observations

of large internal waves registered at the AS mooring (see Figure 5.2 and the appropriate

discussion in the introduction).
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Figure 5.14: a) Zonal cross-section of density along 36o3.7′N (see Figure 5.13c) showing

a non-rank-ordered system of LAIWs propagating eastward to the Alboran Sea. b) similar

cross-section along 35o57.9′N showing a well-rank-ordered system of LAIWs.
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Figure 5.15: Time evolution of the total wave energy of the three initial LAIWs.

5.4 Summary and Conclusions

The results of the numerical simulations presented here illustrate a number of impor-

tant aspects on the dynamics of the tidally generated internal waves in the Strait of

Gibraltar. In particular, it was found that initially plane LAIWs propagating along

the strait reveal remarkable three-dimensional behavior. This effect is a direct conse-

quence of many factors one of which is the Coriolis force that initiates currents along

wave fronts. In the conditions of the constrained geometry these currents increase the

wave amplitudes near the Moroccan coast, as seen in Figures 5.4a-d and 5.11a,b. It

is also confirmed by a comparison of the results obtained with and without rotation

for the idealized rectangular channel presented in Figure 5.9. The latter, in particu-

lar, illustrates that the initial tilting of the free surface produced by the Coriolis force

across the channel is not stationary, but has an oscillatory character. The period of

these cross-channel oscillations (as it follows from Figure 5.9) is about 22 hours and

attenuate quickly (within 2-3 periods) being replaced by a stationary cross-channel

sea surface tilting (Figure 5.9 for t>50 h). A similar effect of free surface tilting was
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obtained analytically for the same idealized rectangle channel in the framework of a

weakly-nonlinear theory (Grimshaw 1985; Katsis and Akylas 1987; see also the review

by Helfrich and Melville 2006 and references herein). Our results expand this conclusion

to the case of strongly-nonlinear waves.

Another result found in the present study concerns the wave-wave energy transfer

in internal wave packets propagating along the strait. Multiple reflections from lateral

boundaries along with friction and wave breaking near the shoreline lead to attenuation

of the propagating waves. However, the leading LAIW loses its energy much faster than

those in the wave tail (Figure 5.15), as the latter absorbs part of the energy scattered

by the leading wave in the course of its evolution. As a result, the initially rank-

ordered wave packet (the usual assumption for the generation mechanism) loses its

regular structure and transforms into a non-rank ordered wave packet (Figures 5.13

and 5.14a). This result is one of the major findings of the present study and deserves

to be commented in greater details.

The energy decay presented in Figure 5.15 illustrates that at the first stage of

evolution (t < 3.5 hours) the wave packet maintains its initial rank-ordered structure

even though the leading wave is losing its energy at a very high rate. From 4 to

8.5 hours the leading LAIW contains the minimum energy in comparison with the two

others, but after 8.5 hours of evolution it starts to recover energy from the second wave.

This is due to the energy transfer from the larger second wave which overtakes the first

one, interacts with it and transforms part of energy in the course of soliton-soliton

interaction; a detailed description of this process for LAIWs can be seen in Vlasenko

and Stashchuk(2006). At the end of the evolution when the wave packet leaves the

strait entering into the Alboran Sea, its initial rank-ordered structure can be partly

recovered due to wave-wave interaction but at a much lower energy level. Probably

this is the reason why almost a half of all wave packets measured at AS mooring (see

Figure 5.2) were well rank-ordered or partly rank-ordered. Generally speaking, the

well rank-ordered packets are expected to be the ultimate structure of all packets when

they have been propagating long enough along a basin of constant depth.

It should be noted that the rank-ordered structure of wave packets arranged by

the energy does not necessarily mean a similar rank order in terms of wave amplitude.

This effect takes place because of substantial three-dimensionality of the problem. In
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fact, the total energy accumulated by the leading LAIW in the whole domain does

not guarantee that this wave has the local energy maximum. In some cross-sections

the amplitude of successive waves can be larger so that the greatest amplitudes can be

recorded in the less energetic (in global sense) wave.

Such an example is illustrated by Figure 5.14 where two cross-sections of the same

wave packet are presented: the cross-section in Figure 5.14a is for t=11.4 h (see Fi-

gure 5.13c) along the latitude 36o3.7′, whereas Figure 5.14b is latitude 35o57.9′. The

third wave in Figure 5.14a has the maximum amplitude despite the fact that it is the

least energetic wave in the packet (Figure 5.13c and Figure 5.15). This contradictory

result can be explained in terms of the cross-strait variability of the wave (see Figure

5.11b), which is the consequence of the Coriolis force and three-dimensional effects.

These results can be a matter of further scrutiny which is necessary for the correct

interpretation of in-situ observations when the data collected at different sites of the

packet can lead to the opposite conclusions. It is also interesting to mention the sharp

decrease of the wave amplitude at the southern periphery of the waves as they radiate

out from the strait. This fact is obviously related to the sudden change of the shoreline

orientation near 5◦16′W.

The structure of wave packets in the strait is substantially dependent on the position

of the observer. At two different fixed points the same wave train can reveal either well-

rank ordered or rather chaotic structures. The local organization of amplitude-ranking

cannot be inferred directly from the energy content, as a more global variable. From

the point of view of observations, this randomness would explain the similar proportion

of rank and non-rank ordered LAIWs packets found in the temperature records at the

mooring AS (Figures 5.1 and 5.2). It is expected that these results, obtained for the

Strait of Gibraltar, will also be valid for some others straits of the World Ocean.
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Caṕıtulo 6

Long-Term Evolution of Strongly

Nonlinear Internal Solitary Waves

in a Rotating Channel





Long-Term Evolution of Strongly Nonlinear Internal Solitary
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Abstract

The evolution of strongly nonlinear solitary waves in a rotating channel is numer-

ically investigated with a fully-nonlinear, nonhydrostatic, three-dimensional numerical

model. The aim of the study is the investigation of strong nonlinear effects out of the

scope of the well developed weakly nonlinear theory, which however does not formally

hold for large-amplitude solitary waves observed in many places of the World Ocean.

In agreement with the weakly nonlinear theory, it was found that an initial straight

soliton immediately evolves into a wave of curved wave-front due to the nonlinear cou-

pling of a Kelvin wave mode and emerging Poincaré modes which are radiated backward

due to its lower phase speed. Nevertheless, during the course of its propagation a Mach

stem system eventually is formed at the tail of the leading Kelvin mode as a result of

multiple reflections with the lateral boundaries. At the final stage of the evolution the

Mach stem transforms into a soliton-like wave more energetic than the leading wave,

and finish by interacting with it. This process eventually leads to the formation of

a quasi-stationary wave packet of little energy (in comparison to the initial energy),

and enhances as either the amplitude of the initial soliton, the effect rotation, or the

channel width increases.

1J.C. Sánchez Garrido and V. Vlasenko (2009). Long-Term Evolution of Strongly Nonlinear In-

ternal Solitary Waves in a Rotating Channel. Draft, to be submitted to Nonlinear Processes in

Geophysics.
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6.1 Introduction

It is well known from numerous observations that internal waves are an extensive phe-

nomenon in the World Ocean (Jackson 2004, Helfrich and Melville 2006, Vlasenko et

al. 2005). They have in the vast majority of occasions tidal origin, generated by the

interaction of the incident barotropic tide over prominent bathymetric features, as con-

tinental shelves, seamounts and submarine canyons. The energy transfer from the long

barotropic tidal wave to internal or baroclinic modes is of major relevance in the Ocean,

since baroclinic energy is available for dyapicnal mixing, crucial in the development of

marine ecosystems and with implications for the global ocean circulation and associa-

ted heat transport (Munk and Wunsch 1998). In some specific areas internal waves are

particularly large, with amplitude surpassing 100 m. Large amplitude internal waves of

short scale, described successfully by the Internal Solitary Wave (ISW hereafter) solu-

tion of the KdV equation (Benney 1978, Lee and Beardsley 1974, Vlasenko 2005), are

able to propagate throughout hundreds of kilometres until breaking in shallow regions

where its energy is finally dissipated through water mixing and turbulence. Due to the

important impact of ISWs on the regional and global environment the deep study of

their dynamics is of great interest.

There are many parameters that control their generation, subsequent evolution and

ultimate dissipation, such as tidal excursion, bottom topography, background stratifi-

cation and mixing and some others. The rotation of the Earth plays a fundamental

role in the dynamics of baroclinic tidal waves (Vlasenko et al., 2005), not only in their

generation but also in their disintegration into packets of ISWs. Gerkema and Zim-

merman (1995) and Gerkema (1996) were probably the first who found that, in weakly

nonlinear nonhydrostatic media, sufficiently strong rotation suppresses the disintegra-

tion of progressive baroclinic tidal wave into packets of short ISWs. This theory was

revised recently by Helfrich and Grimshaw (2008) who considered how the balance

between hydrostatic and nonhydrostatic parts of the long-wave solution influences its

disintegration into a packet of ISWs.

In addition to the generation process of these short-scale ISWs, rotation also plays a

significant role on their dynamics. In a very general theoretical context the influence of

rotation on ISWs was considered in a number of papers using the Ostrovsky equation
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(Ostrovsky, 1978)

(At + cAx + α1AAx + βAxxx)x = Af 2/2c, (6.1)

where A(x, t) is the interfacial displacement, α1, β, c (phase speed) parameters de-

pending on the stratification, and f the Coriolis parameter. The equation incorporates

weak nonlinearity and rotational dispersion and is usually subjected to an asymptotic

analysis. One of the conclusions was that internal waves of permanent form can not

exist in rotating systems (Leonov, 1981). Under small rotation, when a KdV solitary

wave is used as the initial condition of the Ostrovsky equation, it will slowly decay due

to radiation of inertial gravity waves (Grimshaw et al. 1998). Details of the dynamics

were described by Gilman et al. (1996): radiated long inertial waves eventually steep-

ens to produce a new solitary wave, which in turn, fades out repeating the process of

wave-radiation and further formation of a new solitary wave. The long-term behaviour

of this recurrent mechanism was studied in detail by Helfrich (2007) by means of an

inviscid, two-layer, fully nonlinear, weakly nonhydrostatic model. It was found that the

recurrent process of decay and rebirth of solitary waves eventually leads to the forma-

tion of a wave packet modulated by a long wave envelope. This packet can account for

as much as one half of the initial energy in a mature state. The wave packet undergoes

very weak energy leakage, and consequently it has very long decay timescale.

In a channel, the effect of rotation on solitary waves dynamics is somehow different

that within an open domain. The influence of lateral boundaries leads to the formation

of Poincaré and trapped Kelvin waves. For the first time this effect was observed in

a laboratory tank by Maxworthy (1983) and Renouard et al. (1987), who conducted

experiments with stratified fluids. Observations revealed that an initial soliton evolves

into a leading Kelvin wave with curved wave-front, accompanied by a train of small

amplitude waves on the weak of the main disturbance.

Essential theoretical advances of the problem were carried out by Grimshaw (1985),

Katsis and Akylas (1987), and Grimshaw and Tang (1990). Using perturbation theory

Grimshaw (1985) deduced a set of equations for long weakly nonlinear waves in a

rotating channel. In case of weak rotation, when the Rossby radius is much greater

than the wavelength, and provided that rotational effects are equal to nonlinear and
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dispersive effects, the evolution equation is the so-called Rotation-Modified Kadomtsev-

Petviashvili (RMKP) equation. Further studies of this equation (Katsis and Akylas

1987; Grimshaw and Tang 1990; Akylas 1991), demonstrated that an initial straight

soliton curves due to nonlinear resonances between Kelvin and Poincaré modes. In

fact, the continuous generation of Poincaré modes, radiated backward of the leading

Kelvin mode, is the reason of the terminal damping of the initial wave.

Therefore, although the mechanism is different, the weakly nonlinear theory predicts

the same ending for an initial solitary wave propagating within a channel and in an

open domain under rotation: its total disappearance by energy radiation. However

as commented before, Helfrich (2007) found that for fully nonlinear waves in an open

ocean an interesting process of recurrence occurs in the long term evolution, leading

to the formation of waves packets with very weak energy leakage, and consequently,

very long-living. Motivated by this result obtained by Helfrich (2008), our aim here is

to investigate the long-term evolution of strongly nonlinear internal solitary waves in

a rotating rectangular channel, a topic still unexplored.

This paper investigates numerically the propagation of internal waves in a rotating

rectangular channel focusing on long-term effects of rotation on their structure and

evolution. It is organized as follows: section 6.2 outlines the weakly nonlinear theory

based on the RMKP equation, section 6.3 describes the numerical model and its ini-

tialization. In section 6.4 the reference numerical experiment is discussed. Sensitivity

of the model to the wave amplitude and rotation effect is examined in sections 6.5 and

6.6. Finally section 6.7 contains discussions and conclusions.

6.2 Outline of the weakly nonlinear theory

The detailed analysis of the evolution process of ISWs in a rotating channel was per-

formed in a number of theoretical works (Grimshaw, 1985; Katsis and Akylas, 1987;

Grimshaw and Melville, 1988; Melville et al., 1989; Grimshaw and Tang, 1990; Akylas,

1991; Grimshaw et al., 1998). The analysis is normally based on the RMKP equation

for wave amplitude A(x, y, t), where x, y and t are along-channel, across-channel coor-

dinate and time, respectively. With the appropriate boundary conditions at the lateral

boundaries y = 0, l the problem on evolution of weakly nonlinear internal waves in a
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rotating channel reads:

(At + νAAx + λAxxx)x +
1

2
c0(Ayy − γ2A) = 0, (6.2)

Ay + γA = 0, y = 0, l. (6.3)

Here c0 is the linear phase speed and γ = R−1
0 is the inverse internal Rossby radius

which provides a measure of rotation. The parameters ν and λ are coefficients of

nonlinearity and dispersion, respectively, both dependent on the associated vertical

mode g0 calculated from the eigenvalue problem:

d2gj

dz2
+
N2

c2j
gj = 0, j = 0, 1, ..., (6.4)

gj(−H) = gj(0) = 0, j = 0, 1, ... (6.5)

Here N(z) is the buoyancy frequency and H is the water depth.

For the first time problem (6.2)-(6.3) was formulated by Grimshaw (1985). It was

used for study of propagation of weakly nonlinear internal waves in a continuously

stratified rotating shallow-water channel in a case when the rotation as well as nonlin-

earity, three-dimensional effects and dispersion are weak and of the same order. It was

found that conditions (6.3) at lateral boundaries of the channel constrain the choice

of initial solitary form satisfying equation (6.2) by waves in which the mass of the

wave in planes parallel to channel walls varies exponentially across the channel. An

attempt to find a solitary-wave solution of the RMKP equation in the form suggested

by Maxworthy (1983) (with strait or curved wave front) was not successful because

of boundary conditions (6.3). In other words, any stationary ISW inserted into (6.2)-

(6.3) as an initial condition will evolve in a system of nonstationary secondary waves.

This problem was studied numerically for two-layer fluid in the paper by Katsis and

Akylas (1987). It was found that the initially straight-crested solitary internal waves

transforms into slowly decaying three-dimension system of internal Poincaré waves as

it propagates along the channel. Similar result was obtained by Grimshaw and Tang

(1990) for continuously stratified fluid. The leading quasi-steady solitary wave gradua-

lly transforms into a Kelvin wave whose cross-channel structure is characterized by an

exponential decrease of the wave amplitude with wave crests curved backward.
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The system of waves satisfying both the RMKP equation (1) and boundary condi-

tion (2) was suggested by Grimshaw and Tang (1990) in the form:

A =
∞∑

n=0

An(x, t)φn(y), (6.6)

where φ0 = e−γy; φn = cos
(

nπy
l

) − γl
nπ

sin
(

nπy
l

)
; n = 1, 2..., are the complete set of

orthogonal functions in which n = 0 represents the Kelvin mode, and n ≥ 1 the

radiated Poincaré modes. The following equations for the wave amplitude of each

mode was found:

A0t + λA0xxx +
1

2
ν

{ ∞∑
p=0

∞∑
q=0

C0pq(ApAq)x

}
= 0, (6.7)

(Ant + λAnxxx)x + b2nAn − 1

2
ν

{ ∞∑
p=0

∞∑
q=0

Cnpq(ApAq)xx

}
= 0. (6.8)

Where

Cnpq =

∫ 0

l
φnφpφqdy∫ 0

l
φ2

ndy
, b2n =

1

2
c0(γ

2 +
n2π2

l2
). (6.9)

Note that equations (6.7), (6.8) are coupled in the nonlinear terms, and as pointed

out by Grimshaw and Tang (1990), this is the ultimate cause that inhibits the existence

of a stationary solution. To illustrate the mechanism, let us suppose the inexistence

of Poincaré modes at t = 0 (Ai = 0, i = 1, .., n, for t = 0). In this case (6.7) admits

the solitary wave solution, which together with the transversal Kelvin mode φ0 form a

Kelvin solitary wave, taken as initial condition. Following equation (6.8), the Kelvin

mode itself will excite the Poincaré modes, subtracting energy from the initial wave,

and radiated backward due to their slower phase speed.

If one take a straight-crest wave across the channel for the initial wave as Renuard

et al. (1987) did, this wave starts to evolve as discuss above transforming into exponen-

tially decreased across the channel wave with curved backward fronts. Even though the

wave profile consistent with the boundary condition (6.3) is taken as the initial wave,

it also start to evolve on similar scenario as shown in Katsis and Akylas (1987) and
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Grimshaw and Tang (1990), so that their conclusion was that the exponential decrease

of the wave amplitude is not a crucial condition for the wave evolution.

So, we used this result as a justification of our approach to take straight-crest

LAIW as an initial condition for the investigation of its long-term evolution. The new

element introduced by this study is that we did not assume a weak nonlinearity of

the propagated waves. Similar to Herfrich and Grimshaw (2008) (but for continuously

stratified fluid) we do not restrict our analysis considering only weakly-nonlinear waves.

The initial amplitude can be as large as 100 m or more for oceanic-scale waves (as

observed in many places) which demands application of fully-nonlinear approach.

6.3 Model description and initialization

Some results on modelling of ISWs propagating in the Strait of Gibraltar have been

recently reported by Vlasenko et al. (2009, See Chapter 4). One of the conclusions of

that paper was that this strait is too short for weak rotational dispersion to introduce

any substantial corrections into the wave field. The rotational effects in the Strait

of Gibraltar typically account for only about 10% of wave amplitudes. The purpose

of this paper is to study the situations of long-term evolution in order to investigate

the ultimate stage of propagation of strongly nonlinear ISW under the action of ro-

tation. In doing so we simplify the bottom topography considering only rectangular

straight channels. This circumstance excludes any effect related to scattering of in-

ternal wave over variable bottom topography. Hence, all changes in wave structure

can be attributed to the influence of rotation. The channel depth is taken 600 m, and

vertical fluid stratification (see Figure 6.1) were typical to the observed in the Strait of

Gibraltar.

The Massachusetts Institute of Technology general circulation model (MITgcm)

which is a fully non-linear, non-hydrostatic hydrodynamic model, was used in our

study. A detailed description of the model can be found in the paper by Marshall

et al. (1997). At the first stage the model was used for the preparation of the initial

fields. It was initialized by the first-mode solitary wave of depression obtained from the

Korteveg-de Vries (KdV) equation. Such a wave represents a stationary weakly non-

linear solution of the KdV equation. It does not however satisfy the fully nonlinear
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Figure 6.1: Solid line: density profile used in the numerical experiments. Dashed line:

associated buoyancy frequency. Dashed-point line: Normalizad vertical wave displacement of

the first baroclinic mode.

non-hydrostatic equations in the case of large amplitude waves considered here. So,

being inserted into the numerical model the wave start to evolve (even without the

rotation) and transforms into a new steady-state wave in which strong nonlinearity is

in a balance with all other effects. It takes about 20-30 wavelengths for the leading

wave to evolves into a isolated stable ISW well separated from the secondary wave tail.

This leading ISW is taken hereafter as initial field for our numerical experiments.

The computational domain is a rectangular grid with resolution Δx = 50 m, Δy =

900 m, along and cross-channel, respectively, and vertical step Δz = 7.5 m in upper

300 m layer and 50 m below it. This configuration was found quite realistic to capture

all the details of the three-dimensional evolution of ISWs. All other model parameters

were as follows: vertical turbulent viscosity and diffusivity coefficients were νV =10−3

m2s−1 and κV =10−5 m2s−1, whereas horizontal coefficients were both νH = κH =10−2
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m2s−1.

At the eastern boundary of the domain we set zero value for all wave disturbances

provided that the wave did not reach this boundary yet. At the western boundary the

radiating type Orlanski open boundary conditions were used. Moreover this western

boundary is taken far enough to prevent any reflected unphysical signal. At the solid

boundaries, the non-slip condition is imposed.

6.4 Reference Experiment

In this section we analyze the reference experiment (RE) in which the transformation

of 83m-amplitude ISW in a rectangular channel of l = 17 km width situated at 60◦

latitude is investigated (f = 1.263·10−4s−1). Figure 6.2 shows a plan a view of the wave

field at several stages of wave evolution. The free surface perturbations produced by

the internal waves are used as a tracer of wave fronts. This method of visualization is

possible because internal waves of depression produce small-scale elevations at the free

surface (a few centimetres, in fact), while internal waves of elevation produce similar

small-scale depressions (elevation and depression are depicted in dark and light colour,

respectively). The black solid numbers in Figure 6.2 represent the wave amplitude at

the position where they are located. For instance, panel 2a shows the initial plane ISW

of depression with 83 m amplitude. The vertical wave excursion at different depths

can be estimated from Figure 6.1 where the dashed-dotted line represents the first

eigenfunction of the boundary value problem (6.4)-(6.5).

Figure 6.2 reveals that the above discussed effects related to the influence of the

rotation on the propagation of a weakly nonlinear ISW, i.e. formation of a leading

Kelvin wave with its ultimate attenuation due to the radiation of secondary Poincaré

waves, take place in a strongly-nonlinear case as well. It is clear from Figure 6.2b that

after 14.4 hours of evolution the initially plane ISW loses its original two-dimensional

structure and starts to radiates secondary Poincaré waves, as predicted by the weakly

nonlinear theory. Due to this energy leakage its amplitude decreases from 83 m to

about 60-68 m during the first 15 hours of evolution. In addition to that the leading

wave gradually transforms into a Kelvin wave with its front curved backward and

exponentially decreasing amplitude across the channel, as it was discussed in the afore-
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Figure 6.2: Surface topography produced by a ISW of depression at different stages of evo-

lution. Initial amplitudes of propagating wave was 83 m. Surface elevations and depressions

are shown by black and white colors, respectively. The black numbers on the wave fronts

represent the wave amplitude (in metres) at its particular position. The contours, containing

the leading and secondary waves, indicate the volume where total energy is calculated.
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mentioned papers on the dynamics of weakly nonlinear waves.

This similarity between the evolution of weak and strong waves does not hold how-

ever for a long period of time. At the latest stages of evolution the weakly nonlin-

ear and strongly nonlinear waves behave differently; the former slowly attenuate and

gradually vanish transfering their energy to the radiated Poincaré waves, while the

large-amplitude ISWs produce also fairly pronounced wave packet of secondary Kelvin

waves attached to the leading ISW (see Figure 6.2g). This is a new result which has

not been reported yet.

The formation of a packet of secondary Kelvin waves is possible because of the large

quantity of energy accumulated in the initial ISW. As a result, not all the energy of

the initial wave is radiated in form of Poincaré waves, but part of it remains allocated

in the leading wave packet. Similar result on the formation of a localized secondary

wave packet from the initial large ISW propagating in infinite rotating basin has been

reported recently by Grimshaw and Helfrich (2008). The process of self-organization of

secondary Poincaré waves into a packet of Kelvin waves is shown in Figures 6.2b-g. At

the first stage the radiated waves are relatively weak with their crests tilted backward.

The strongest waves experience multiple reflections from the channel boundaries. It is

interesting that the wave amplitude at the point of reflection is much larger than in

the middle of the channel. This is a manifestation of the well-known nonlinear effect

when the obliquely propagating ISWs, incident and reflected from the wall, generate

the Mach stem in the place of interaction, i.e. near the wall in the present case. Several

such fragments are seen in panels b, c and d (compare wave amplitudes in the place of

reflection with the central part of the channel).

With the course of time the Mach stem gradually transform into a system of sec-

ondary Kelvin waves. Analysis of their position with respect to the leading wave gives

an amazing result that Mach-stem fragments overcome the leading wave even thought

they are weaker (the distance between the leading and second wave decreases from 14.1

km at t=14.4 h to 9.5 km at t=49.4 h and 7.1 km at t=70.3 h). This effect can not

be explained in terms of traditional nonlinear dispersion because even when the wave

amplitude of secondary wave is substantially smaller until t=40 h, the distance between

the leading ISW and secondary waves decreases over time. As it does so, the second

wave is getting even more energetic than the leading one absorbing the energy from
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the latter and gradually approaching to it (compare panels d, e and f). Similar effect

of secondary Kelvin waves formation occurs in the wave tail as well. Finally, after 120

hours of evolution the initial large-amplitude ISW transforms into a well rank-ordered

packet of internal Kelvin waves with their fronts curved backward and amplitudes de-

creasing exponentially across the channel. This structure is followed by a quite chaotic

wave tail (see Figure 6.2d).

An explanation of this transformation (fast wave tail propagation, in particular)

can be found in terms of permanent energy radiation. In fact, the system of secondary

waves propagating behind the leading ISW is not a quasi-stationary structure, but a

system where new born waves are permanently generated. In the course of evolution

the leading ISW loses its energy continuously decreasing in amplitude and decelerating

due to the nonlinear dispersion. As a result of this wave weakening, the new-born

radiated wave is generated closer and closer to it. The situation has analogy with the

structure of a shock wave produced by a supersonic object when its speed decreases

and, consequently, the associated Mach cone gets wider.

To check the hypothesis that the structure of the attached wave tail remains quasi-

stable only due to the permanent transference of the energy from the leading wave to

the tail, an additional numerical experiment has been conducted. The initial condition

for this experiment was the wave field taken from the RE at t= 10 hours when both the

leading Kelvin ISW, and the attached radiated Poincaré waves are well developed (see

Figure 6.3a1). To exclude the energy transfer from the leading wave to the wave tail

from the analysis, this wave field was “truncated” by removing the leading ISW. The

resulting field is presented in Figure 6.3a2. The evolution of the truncated wave system

is shown in Figures 6.3b2-6.3c2 while the evolution of the whole (“non truncated”) wave

field is shown in panels 6.3b1 and 6.3c1.

Comparison analysis of the RE with the “truncated” experiment clearly shows that

the “far field” of the radiated secondary Poincaré waves (to the left of x=120 km in

panels c1 and c2) coincides in both cases almost perfectly. Apparently the “far field”

does not feel the truncation of the leading wave during the first 20 hours of evolution at

all (probably because of the large distance from it). At the same time the “near-field”

(between x=135 and 150 km in the same panels) in both experiments are completely

different.
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Figure 6.3: a/b/c(1): Plan view of the surface topography during different moments of the

RE. a/b/c(2): Evolution of the wave field after removing the initial soliton at the moment

presented in panel a.1.
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It is empty in the “truncation experiment” (no internal wave signal is observed in this

zone) which allows to conclude that the “near-field” is really generated exclusively by

the leading ISW, and not by a superposition of overcoming old radiated waves and

new-born Poincaré waves.

Thus, the basic outcome from this analysis is that the reconstruction and discussed

“compression” of the leading wave field at the early stage of the evolution can be

attributed to the high rate of energy loss of the leading ISW. On the other hand, at

the latest stages (when t > 50 hours) the wave amplitude of secondary waves is getting

even larger than that in the leading ISW (see Figures 6.2e-f). This is the reason

why the nonlinear effects due to the amplitude dispersion make possible an additional

compression of the packet. In addition, the nonlinear collision of several incidentally

propagating waves and energy transfer from overcoming stronger rear waves to weaker

leading waves (Figure 6.2f) leads to the formation of a well rank-ordered packet of

Kelvin waves (see Figure 6.2g).

Let’s consider some more spatial characteristics of the “far-field” of the radiated

waves. Figure 6.4 shows the wave field a t =120 hours, the same as in Figure 6.1g, over

a larger portion of the domain of computation. Panel 6.4a represents the plan-view of

the wave field (surface elevation, as in Figures 6.2 and 6.3) which can be characterized

as a superposition of several mostly regular systems of obliquely propagating internal

waves generated by multiple reflections from the boundaries. This superposition leads

to a less regular spatial distributions of wave amplitude along the channel, as it is seen

in Figures 6.4b-d where the profile of isopycnal σθ = 28.5 along the northern, central

and southern sections of the channel is presented. It is clear that only the leading wave

packet of Kelvin waves is well rank-ordered whereas the amplitude of the radiated

wave tail is nearly randomly distributed (locally they are even bigger than the leading

waves).

In order to evaluate the intensity of the energy leakage due to the radiation of the

Poincaré waves and to compare this loss with the effect of viscosity on the propagating

ISW, another numerical experiment was conducted. All conditions in this experiment

were kept the same as in RE except for the rotation, which was removed. As long as

the nonlinearity and dispersion in the initial ISW are in a balance (see section 6.2), all

changes in its energy (amplitude) can be attributed only to the viscosity. Figure 6.5a



Caṕıtulo 6 109

Figure 6.4: (a)Same as Figure 6.2g but covering a larger area. (b),(c),(d) show the isopycnal

σθ = 28.5 along the cross sections indicated with white dashed line in panel a).

shows the rate of change of the total energy (kinetic and available potential) for both

cases, with and without rotation (the total energy is calculated within the contours

depicted in Figure 6.2).

The basic conclusion which can be drawn from the analysis of Figure 6.5 is that the

influence of the viscosity on the wave damping is substantially weaker than that of the

rotation. At all stages of evolution the total energy of the leading ISW is several times

larger in the case without rotation. This is the result of the wave radiation: during the

first 20 hours the total energy decreases several time faster due to this effect than due

to the viscous damping, which is seen from the Figure 6.5b where the rate of change

of total energy is presented.

It is interesting that the energy of the secondary wave formed within the first 20

hours (dashed lines in Figure 6.5) is practically conserved after that over the whole

period of evolution. One can infer from this fact that this energy conservation is



110 Strongly Nonlinear Internal Solitary Waves in a Rotating Channel

0

20

40

60

80

100

   
 T

ot
al

 e
ne

rg
y 

   
  

(%
 to

 in
iti

al
 IS

W
)

a)

0 20 40 60 80 100 120
−4

−3

−2

−1

0

1

Time (hours)

R
at

e 
of

 c
ha

ng
e 

of
 to

ta
l e

ne
rg

y 
   

   
   

 (
%

⋅ h
−

1 ) 
   

   
   

   

b)

Leading wave
Secondary wave
Without rotation

Leading wave
Secondary wave
Without rotation

Figure 6.5: a) The total wave energy (kinetic and available potential) of the leading ISW

normalized by its initial energy (solid line) and the energy of the secondary wave (dashed

line) generated in RE (see Figure 6.2). Dotted line represents the evolution of total energy of

the same initial wave (Figure 6.3a) propagating in a nonrotating channel. (b) Rate of change

of the total energy ∂E/∂t over time.

established because of the equilibrium between the energy loses (viscosity, radiation)

and energy supply from the leading wave. Another important outcome from the this

analysis is that the leading ISW not only loses the energy but can also gain some part

of energy from the wave tail after t=120h (see Figure 6.5) due to the effect of the

nonlinear wave-wave collision, as discussed above (see Figure 6.2f).

Let’s discuss now the cross-channel structure of the leading wave which we treated

as a Kelvin wave. This classification is only correct after passing a transition time

which is necessary to radiate the Poincaré waves. Evidence of Poincaré waves is seen

in Figure 6.6 where the cross-channel distribution of the amplitude of the leading wave
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Figure 6.6: Across channel variations of amplitude of the leading wave at different stages

of its evolution.

is shown at different times. High order modes influence over the first 40 hours of the

experiment is clear from the transverse wave amplitude oscillations. However, as time

goes by and these waves are radiated away, a well developed exponential decrease of

the wave amplitude peculiar to the Kelvin mode is established across the channel. Note

that despite the shape of this curve is fairly stable and close to the exponential one,

the amplitude of the leading wave gradually decreases due to a permanent radiation

damping.

Another evidence of wave attenuation and higher mode existence is shown in Figure

6.7 which depicts the temporal variations of the wave amplitude at the northern, central

and southern section of the channel (see Figure 6.4a). The wave amplitude of the non-

rotation experiment is included for comparison. Unsteady transverse oscillations of

amplitudes last for about 40 hours after which the regular radiation damping applies.

The temporal growth of amplitude after t=100 hours is just a manifestation of the

nonlinear collision of two waves discussed above (see also Figure 6.2 f and g).

Once examined the evolution of the wave field and the interesting mechanism of

the formation of a wave front formed by several Kelvin solitary waves (Figure 6.2g),



112 Strongly Nonlinear Internal Solitary Waves in a Rotating Channel

0 20 40 60 80 100 120 140
0

10

20

30

40

50

60

70

80

90

100

Time (hours)

A
m

pl
itu

de
 (

m
)

Northern section
Central section
Southern section
Without rotation

Figure 6.7: The temporal dependence of amplitude along the northern (dashed-dotted

line), central (solid line) and southern (dashed line) sections of the channel (figure 4a). The

variations of amplitude for the non-rotation experiment is depicted in dotted line.

we follow the further evolution of the wave packet in order to verify if this structure is

or not quasi-stable, i.e, if the process of wave-radiation is still remarkable, or, on the

contrary, such structure is preserved, at least partially. Figure 6.8 shows the extension

of the RE up to 518 hours. Panels 6.8a-6.8b reveals that is the first scenario that take

places, since a secondary disturbance is formed at the rear of the packet, and once again

interact with the wave front (Figure 6.8c) by the process described above. As a result

of the wave packet adopts a new structure containing three internal waves. However

this structure conserves a very similar shape and very weak energy loss during the

last stage of the numerical experiment (Figure 6.8c-6.8e) suggesting that is the second

scenario that dominates in the last stages of evolution. Note that during the last 238

hours the amplitudes of the leading wave is reduced in no more than 40%. Taking into

account that the amplitude of the initial solitary wave is reduced in about the same

proportion during the first 130 hours due to viscosity (Figure 6.7), one can conclude

that the mean reason of the energy damping for the wave packet is the viscosity, rather

than the radiation of secondary waves.
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Figure 6.8: Extension of the wave field presented in Figure 6.2.

6.5 Sensitivity to the initial wave-amplitude

The sensitivity of the experiment to the amplitude of the initial solitary wave is analysed

next. We start considering an initial soliton of 31 meters amplitude, smaller that in

the reference experiment. Its evolution is presented in the Figure 6.9. The situation

is rather similar to the RE, namely, fast attenuation of the leading wave-amplitude,

generation of radiating Poincaré waves, generation of a Mach stem near the wall (6.9b),

and its subsequent evolution to a secondary Kelvin wave that eventually overtakes the

leading perturbance (6.9c-e).

Some details certainly present some differences during this first stage of the evo-

lution. The secondary Kelvin wave is developed earlier in the RE (compare Figure

6.2e-Figure 6.9c), and there is not any event of formation of a third Kelvin wave, as

occurred in the RE (Figure 6.8a). After the interaction with the secondary wave (Fig-

ure 6.9e) the wave packet is restructured, conserving a quite stationary form with weak

energy leakage. Interestingly, despite the initial soliton was remarkably smaller than

in the RE and its evolution somehow different, the final wave front looks really similar
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Figure 6.9: As Figure 6.2 with incoming solitary wave of 31 m amplitude.

to the one obtained in the RE (compare Figure 6.8c-e with Figure 6.9f-i).

In a second sensitivity experiment to the initial wave amplitude, we have considered

an initial solitary wave of 10 m amplitude. In this case the Mach stem is also formed

(6.10b), however it does not reach the wave front during this first stage. In fact,

it seems that it will never occur. Panel 6.10e shows the wave field after 500 hours of
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Figure 6.10: As Figure 6.2 with incoming solitary wave of 10 m amplitude.

propagation. Here, the second perturbance still remains far from the leading wave. The

latter is quite weak, with maximum amplitude of 2.8 m. The second process favouring

the “compression” of the wave front, whose origin is the intense energy radiation from

the leading wave, cannot take place due to the limited available energy.

Therefore the conclusion one may draw from this analysis is that there exists a

threshold of initial amplitude or energy, for the “compression”process of the wave front

described above to take place. It is worth mentioning here that the smaller solitons,

with less energy and therefore less available energy to be radiated, losses its energy

slower. This fact can be observed in the Figure 6.11, where the temporal evolution of

the normalized energy is presented for initial solitons of 83, 31 and 10 metres amplitude.

It should be noted that based on the RMKP equation, Akylas (1991), demonstrated

that under the assumption of weak rotation effects (R >> l), the radiation damping

of the solitary wave due to non-linear resonances with Poincaré modes indeed reduces

as the initial amplitude decreases. In order to check that this is the reason of the fast

energy damping of higher solitons for strongly nonlinear waves, we have investigated the

evolution of the cross-channel structure of the wave amplitude for the three solitary

waves mentioned above (Figure 6.12). The Figure indeed shows that the smallest
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Figure 6.11: The total wave energy (kinetic and available potential) of the leading ISW

normalized by its initial energy. Solid line: reference experiment; dashed line: Incoming wave

of 31 m amplitude; dotted-dashed line: Incoming wave of 10 m amplitude.

soliton immediately transform in a well developed Kelvin wave, higher Poincaré modes

are weak, and consequently, its energy damping is weak as well. On the other hand,

larger incoming solitons exhibit cross channel spatial oscillations of amplitude that

reveal the presence of Poincaré modes. The higher the soliton, the more energetic are

the Poincaré modes, and hence the higher is the energy lost by radiation.

6.6 Sensitivity to rotation and width of the channel

In the last section we have observed that the “compression”process depends on the rate

of energy damping of the leading wave. Since this damping by radiation exclusively

depends on rotation, it is intuitive that the process will enhance when the effect of

rotation increases. This effect can be achieved either by increasing f for a fixed channel

width, or increasing the width for f constant.

We have performed two new experiments to analyze the sensitivity to the effect of

rotation. In the first one the channel keeps the dimension of the RE and the rotation is
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Figure 6.12: Across channel variations of amplitude of the leading wave at different stages of

its evolution. Solid line: reference experiment; dashed line: Incoming wave of 31 m amplitude;

dotted-dashed line: Incoming wave of 10 m amplitude.

decreased down to f = 0.857·10−4 s−1 (latitude 36◦), whereas in the second experiment

the width of the channel is increased to 36 km, and f remains the same as in the RE.

Figure 6.13 shows the evolution of the normalized energy for the two experiments. The

curve corresponding to the RE is also depicted for comparison.

The energy loss is higher when rotation increases. After 40 hours of evolution, the

incoming soliton in case of smaller f loss half of the energy (normalized) of that in the

RE. As a result, the secondary Kelvin wave is formed much latter (220 hours, Figure

6.14d) than in the RE (70 hours, Figure 6.2e). As in the RE, after the nonlinear collision

a wave packet is formed, keeping a quasi-stationary form with very weak energy loss

(panels 6.14f-6.14i).

On the other hand, the energy damping in the wider channel looks quite similar

to the observed in the RE. This fact is at first unexpected, at least under the linear

perspective, since the effect of rotation should become more important when the ratio

l/R increases. However we are dealing with strongly nonlinear waves. The intermediate
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Figure 6.13: The total wave energy (kinetic and available potential) of the leading ISW

normalized by its initial energy. Solid line: reference experiment; dashed line: latitude

φ = 36◦; dotted-dashed line: channel width l = 35 km.

stage is the weakly nonlinear regime, that we can explore to find an explanation of this

result. Under the weakly nonlinear theory (section 6.2) the intensity of nonlinear

coupling between the Kelvin and Poincaré modes, and therefore of the energy damping

of the first, depends on the value of |C0pq| (equation 6.7) which are not in general

monotonically increasing with l. Figure 6.15 shows the coefficients |C001| (= |C010| =

|C100|) as a function of the channel width for the parameters of the present study.

Note that this term is expected to be the mean responsible of the resonance, since

C001A
2
0A1 should be the most important part in the third term of the equation 6.7. It

follows from the fact that the first modes dominate, as normally happens in physical

systems and can be observed in Figures 6.6-6.12. As it can be observed it increases

monotonically just from about 23 km, well beyond the internal Rossby radius, of about

10 km. Another important conclusion from Figure 6.15 is that, for a channel narrower

than, say, 60 km width, it is not true that in the wider channel nonlinear resonances

becomes more important, as it is observed in our case. In turn, for the two channels
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Figure 6.14: As Figure 6.2 at 36◦ latitude.

considered here, of 17 and 35 km width, the weakly nonlinear theory predict almost

the same value for |C001|. This is in agreement with the fact that the energy loss is

similar in the two cases.

Provided that the energy loss of the leading wave is similar in the RE and in the

wider channel, we can study the sensitivity of the wave field evolution exclusively

to the width of the channel. In this case, the mechanism of reflection, formation

of a Mach stem system near the wall and subsequent evolution to a secondary wave
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Figure 6.15: Dependence of the coefficients |C001| with the width of the channel. For

the computation the mean propagation velocity of the soliton during the first 100 hours of

evolution has been taken (c = 1.30 ms−1).

described above looks more effective (Figure 6.16b-e). Note that the second event of

secondary wave formation takes place after 118 hours (Figure 6.16f), whereas in the

RE it happened after 200 hours (Figure 6.8b). Moreover additional collisions events

(not shown) occur further on.

Another interesting difference is that as a result of the higher width of the channel,

the Mach stem is formed farther behind the leading wave (see Figures 6.2c and 6.16b),

but despite of it, the final collision takes place about the same time, after 90 hours

of propagation (Figures 6.2f and 6.16e). At the final stage of the evolution a quasi-

stationary wave packet is formed as in the former cases (6.16g-i). Note however that

it presents a different structure of the final packets observed in the narrower channel.
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Figure 6.16: As Figure 6.2 in a channel of 35 km width.
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6.7 Summary and conclusions

In this work we have numerically investigated long term processes on the evolution of

strongly nonlinear solitary waves in a rotating channel. It was found that as a result

of multiple reflections at the wall a Mach stem system is formed at the tail of the

leading wave, which gradually approaches the latter due to its deceleration induced

by its energy loss (nonlinear dispersion). Eventually this Mach stem, as a result of

energy absorption from the leading wave transforms into a secondary Kelvin wave more

energetic than the leading one, and finish by overtaking it. This process enhances as

either the amplitude of the initial soliton, the effect rotation, or the channel width

increases, and finally leads to the formation of a quasi-stationary wave packet of little

energy.

The results obtained here have a similarity of the findings of Helfrich (2007) for the

propagation of solitary waves through an open ocean. In such open domain, solitary

waves, able to propagate during several hundred kilometres without losing remarkable

amount of energy attributed to viscosity, are likely to undergo long-term processes due

to rotation.

On the other hand natural channels of length such as long-term processes described

here may take place (several hundred kilometres) do not exist in the ocean. Nevertheless

the academic issue investigated here implies a new evidence that, in the long-term,

rotation effects play a crucial role on solitary waves dynamics.
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Escenarios de generación de ondas

internas en el Estrecho de Gibraltar
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7.1 Introducción

Hasta el momento se ha abordado exclusivamente problemas asociados con la propa-

gación de ondas internas, sin investigar con detalle las causas de su generación. En

el caṕıtulo 2 se explicó con brevedad los mecanismos generales de generación de on-

das como fruto de la interacción de un flujo barotrópico con un umbral; no obstante

un análisis detallado del fenómeno en el Estrecho está aún pendiente. A Brandt et

al. (1996) se debe el primer experimento numérico capaz de reproducir el proceso de

generación de ondas internas en Gibraltar de forma satisfactoria. Su modelo, con-

tiene muchas e importantes simplificaciones; es bicapa, unidireccional, débilmente no

hidrostático y sin considerar la rotación. Aún aśı es capaz de reproducir la generación

de un bore interno en Camarinal y su posterior desintegración en ondas solitarias. A

pesar del relativo éxito para explicar ese complejo e interesante fenómeno, las con-

clusiones aportadas por estos autores se limitan esencialmente a aspectos cinemáticos

de las ondas como la dependencia espacial de la velocidad y los efectos dispersivos.

Más tarde a partir de datos experimentales y un modelo más complejo Vázquez et al.

(2006) sugieren la existencia de un segundo modo baroclino generado en Camarinal,

que se añade al primer modo más conocido y estudiado, segundo modo cuya presencia

ya hab́ıa sido observada y analizada por Armi y Farmer (1988) con menos detalle. En

el presente caṕıtulo se pretende avanzar en el conocimiento del fenómeno mediante

un modelo más realista que incluya la práctica totalidad de aspectos ignorados. En

especial, la naturaleza totalmente 3D del modelo lo hace particularmente novedoso y

proporciona multitud de detalles sobre la generación y propagación del bore interno

que escapan a formulaciones más sencillas.

Los datos obtenidos en un dominio 3D de alta resolución son potencialmente una

fuente de extensa e interesante información acerca del fenómeno de generación de ondas

internas de corta escala y procesos derivados. Dejando aparte detalles minuciosos, este

caṕıtulo aborda dos de los aspectos más importantes (sino los dos más fundamentales):

el anális de escenarios de generación en función de la intensidad de flujo barotrópico

de marea que incide sobre el Umbral de Camarinal, y algunos efectos transversales

inducidos por la rotación.
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Figure 7.1: a) Resolución espacial del modelo en la dirección a lo largo del Estrecho (en

metros). Resolución espacial del modelo en la dirección transversal al Estrecho (en metros).

7.2 Modelo para el estudio de la generación

7.2.1 Dominio y cierre turbulento

Nuevamente el esquema no hidrostático del MITgcm es la base del modelo. El dominio

consiste en una región de unos 120x100 km2 centrada en el Estrecho, discretizado me-

diante una malla curviĺınea ortogonal cuya resolución se muestra en la Figura 7.1. La

mı́nima resolución en la dirección longitudinal del Estrecho es de 50 m, mantenida prác-

ticamente desde Cabo Espartel a Punta Europa. La resolución en dirección transversal

es 200 m en esta sección, disminuyendo paulatinamente hacia los contornos abiertos.

La componente vertical es discretizada mediante 53 z-niveles. En los primeros 300 m de

la columna de agua la resolución es de 7.5 m, disminuyendo gradualmente hasta los 100

m. Al igual que en el caṕıtulo 5 se sigue la parametrización de Pacanowski y Philander

(1981) para los coeficientes de viscosidad y difusión turbulentos verticales, dependi-

ente del número de Richardson. Los coeficientes de viscosidad turbulentos horizontales

son parametrizados según Leith (1968, 1996), proporcionales al producto del gradiente

horizontal de vorticidad por el cubo de la escala espacial de la malla. Esta constante

de proporcionalidad K, los parámetros libres del esquema de Pacanowski y Philander

(1981, ver caṕıtulo 5), y el coeficiente de fricción con el fondo Cd son seleccionados de

tal forma que:
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• Estén dentro del rango de lo razonablemente asumible.

• La intensidad de mezcla sea similar a la observada en el Estrecho. Una medida

de ella la han proporcionado series temporales sinópticas de salinidad obtenidas

en el fondo de los Umbrales de Camarinal y Espartel. Cerca del fondo, el agua

Mediterránea saliente por el umbral de Camarinal posee una salinidad de prác-

ticamente 38.5 (Bryden et al. 1994; Tsimplis y Bryden 2000; Millot 2006) en

tanto que por el umbral de Espartel, cerca del fondo también, la salinidad se ha

reducido a 38.4 o valores ligeramente inferiores. La razón de esta disminución hay

que buscarla en la intensa mezcla con Agua Atlántica que ocurre en la Cuenca de

Tánger, entre ambos umbrales, forzada por el salto hidráulico interno. De hecho,

Garćıa- Lafuente et al. (2007) indican que la proporción de Agua Atlántica en las

inmediaciones del fondo en Camarinal es inferior al 2% en tanto que en Espartel

pasa a ser del 5% aproximadamente. Estos hechos se han tenido en cuenta a la

hora de asignar valores numéricos a los coeficientes de difusión turbulentos.

• Los perfiles medios de velocidad que proporcionan el modelo en distintas secciones

(Camarinal, Espartel) se ajusten a los medidos experimentalmente.

• El modelo sea numéricamente estable.

Los valores numéricos K=2, νb=1.5·10−4 m2s−1, κb=10−5 m2s−1, ν0=1.5·10−2 m2s−1,

α=5, n=1 y Cd=2· 10−2, cumplen satisfactoriamente los anteriores requisitos.

7.2.2 Establecimiento del intercambio medio

Para obtener el intercambio medio en el Estrecho, el modelo parte de condiciones ini-

ciales que determinan una situación de lock-exchange. Ésto es, el Estrecho es separado

por una barrera imaginaria situada en el Umbral de Camarinal en dos cuencas de

diferentes perfiles de salinidad y temperatura, caracteŕısticos de la entrada del Mar

de Alborán al Este y de la Cuenca de Tánger al Oeste. En las fronteras abiertas se

prescribe salinidad, temperatura y velocidad fijas, obtenidas de las salidas del modelo

sin forzamiento de marea descrito en Sannino et al. (2004). También, se establece

una capa adyacente a los contornos (“sponge layer”) dentro de la cual los campos antes

mencionados son relajados hacia los valores prescritos siguiendo a Glenn et al. (2007).
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Tras abrir la barrera imaginaria que separan los dos tipos de aguas se produce

un brusco intercambio debido a los intensos gradientes de densidad, que se ajusta

paulatinamente según la imposición de las condiciones de contorno. Tras 12 d́ıas de

evolución la enerǵıa cinética del sistema se estabiliza, dando lugar a un estado de

intercambio quasi-estacionario. La Figura 7.2a muestra la velocidad en superficie de

este estado estacionario, donde se aprecia el chorro de agua Atlántica adentrándose

en el Mar de Alborán, tomando dirección Noroeste debido a la presencia del giro

anticiclónico de Alborán. El transporte en la sección de Espartel asociado a este estado

es de aproximadamente 1 SV para el flujo entrante y saliente, tal como se estima

en el Estrecho (Sánchez-Román et al. 2008). Por tanto las condiciones de contorno

efectivamente parecen determinar un intercambio razonable.

Es interesante observar la estructura transversal del flujo. El panel 7.2b muestra

la sección de Camarinal, donde se registran velocidades de hasta -1.5 ms−1. Tal como

predice el balance geostrófico, la isoĺınea de velocidad cero está inclinada, estando más

profunda hacia el Sur. De hecho esa inclinación predicha por el modelo reproduce

correctamente la estimada a partir de una aproximación de flujo bicapa. Es fácil

comprobar que bajo un balance geostrófico la pendiente de la interfaz, coincidente con

la isoĺınea de velocidad nula en un modelo bicapa, viene dada por:

tanγ =
f

g

ρMuM − ρAuA

ρM − ρA
, (7.1)

donde ρA, uA son la densidad y velocidad de la capa Atlántica, y ρM , uM lo propio para

la Mediterránea. Promediando en las regiones separadas por la isoĺınea de velocidad

cero, se obtiene ρM=1029.0 Kg·m3, ρA=1027.2 Kg·m3, uA= 0.32 ms−1, uM= -0.72 ms−1.

Estos valores determinan una pendiente de un 0.5%, acorde a la inclinación observada

en la Figura 7.2b (ver ĺınea discont́ınua).

7.2.3 Forzamiento astronómico

Una vez resuelto el problema de lock-exchange y alcanzar el estado de equilibrio corres-

pondiente al “intercambio medio”, se incluye el forzamiento astronómico. La manera

de hacerlo es imponer un flujo barotrópico de periodicidad mareal en los contornos

abiertos. Las constituyentes de marea consideradas son las dos más importantes de
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a)

b)

Figure 7.2: a) Velocidad en superficie asociada al intercambio medio (componente zonal

de la malla, en ms−1). Con ĺıneas discont́ınuas se marcan la sección de Camarinal (C), y

la de Espartel (E). b) Velocidad en la sección de Camarinal (en ms−1). La ĺınea cont́ınua

es la isoĺınea de velocidad cero, y la discot́ınua indica la inclinación ésta según un balance

geostrófico (ver texto).

las especies diurna y semidiurna en el Estrecho (Garćıa-Lafuente et al. 2000), K1, O1,

M2, S2. Nuevamente las salidas del modelo presentado por Sannino et al. (2004) son

tomadas para extraer los armónicos correspondientes.
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Amplitud Observaciones
����������Const.

Posic.
Espartel Camarinal Tarifa Algeciras Alborán

M2 46.09±1.60 109.08±2.10 60.64 ± 10.76 34.25 ± 0.65 13.38 ± 1.15

S2 15.61±5.12 36.31±2.09 18.08 ± 10.14 11.16 ± 0.77 4.33 ± 1.05

O1 15.55±0.71 27.15±1.03 11.27 ± 4.23 6.82 ± 0.81 2.40 ± 0.35

K1 15.78±0.77 24.66±1.02 13.69 ± 4.19 7.82 ± 0.69 2.16 ± 0.35

Fase Observaciones

M2 151.3±1.9 139.6±1.0 131.6 ± 10.5 155.9 ± 1.3 138.4 ± 4.8

S2 166.3±5.1 166.1±3.0 151.4 ± 32.2 159.6 ± 3.5 131.2 ± 15.9

O1 30.7±2.3 8.9±2.4 349.6 ± 19.9 0.6 ± 6.2 11.6 ± 7.7

K1 92.7±3.1 86.2±2.2 52.9 ± 17.7 53.1 ± 5.6 80.6 ± 9.2

Amplitud Modelo

M2 60.07 ± 0.23 119.22 ± 0.46 58.14 ± 1.09 43.86 ± 0.62 14.97 ± 0.29

S2 20.7 ± 0.23 42.11 ± 0.43 19.14 ± 0.99 14.68 ± 0.57 5.33 ± 0.254

O1 8.42 ± 0.11 18.01 ± 0.26 8.36 ± 0.28 4.69 ± 0.21 2.31 ± 0.21

K1 7.98 ± 0.13 18.59 ± 0.25 8.86 ± 0.31 5.12 ± 0.28 2.20 ± 0.24

Fase Modelo

M2 166.8 ± 0.2 167.2 ± 0.2 164.7 ± 1.1 160.1 ± 0.7 164.9 ± 1.1

S2 198.3 ± 0.6 198.7 ± 0.5 197.1 ± 2.9 193.1 ± 2.4 193.3 ± 3.0

O1 2.4 ± 0.8 353.2 ± 0.7 351.1 ± 1.8 337.1 ± 2.9 340.1 ± 5.7

K1 260.1 ± 0.9 256.7 ± 0.7 252.4 ± 1.7 240.5 ± 2.9 238.1 ± 5.9

Table 7.1: Resultado del análisis armónico realizado a las velocidades barotrópicas (prome-

dio vertical) en diferentes puntos del Estrecho de Gibraltar: el umbral de Espartel, el umbral

de Camarinal, el Estrechamiento de Tarifa, frente a la bah́ıa de Algeciras, y en la entrada

del Mar de Alborán (ver nota en pie de página). Se muestra una comparativa de las series

pertenecientes a datos experimentales, y a las salidas del modelo. El análisis armónico es

escalar, realizado a las series de velocidad en su componente a lo largo del Estrecho.

Tras un mes de simulación, se han comparado los valores numéricos con observa-

ciones procedentes de datos históricos de velocidades de corrientes en el Estrecho, con

objeto de comprobar la fiabilidad de los resultados producidos por el forzamiento de

marea. La Tabla 7.1 muestra una comparativa de los resultados del análisis armónico re-

alizado a las series de velocidad, numéricas y experimentales1, en cinco puntos situados

1Series de tiempo obtenidos en los umbrales de Espartel y Camarinal en el marco de los proyecto
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a lo largo del eje central del Estrecho. Para simplificar la comparativa se ha considera-

do las series promediadas verticalmente, que en el caso de los datos numéricos debe ser

una buena estimación de la velocidad asociada a la onda de marea barotrópica, pues

las series abarcan toda la columna de agua. No lo es tanto para las observaciones dado

que su cobertura espacial en la columna de agua no es completa.

Globalmente, existe una buena correspondencia entre las amplitudes de las cons-

tituyentes armónicas predichas por el modelo y las calculadas de forma experimental.

Para las constituyentes semidiurnas, que comprenden la mayor parte de la enerǵıa,

el error es en todos los casos inferior al 25%, con excelentes predicciones en casos

particulares como por ejemplo la M2 en Camarinal, Tarifa y Alborán (errores del 9.2

%, 4.1 % y 8.7 % respectivamente). La comparación de las constituyentes diurnas

es algo menos benigna. Bastante satisfactoria desde Camarinal hacia la posición de

Alborán, con errores inferiores al 33%, pero subestimando la amplitud en Espartel en

torno al 50%. Respecto a las fases, éstas difieren a las observadas en 26.5◦±15.0◦ para

las constituyentes M2, S2 y O1. A diferencia del resto, la correspondencia de fases para

la constituyente K1 no es buena.

En lo anterior hemos considerado fujos de marea barotrópicos (promedios verti-

cales). Para comprobar además que la marea baroclina también es reproducida de

forma adecuada se puede comparar la estructura vertical de las constituyentes de marea.

Según lo visto en el caṕıtulo 2, las velocidad de la corriente para una constituyente de

marea en una sección vertical puede expresarse según:

U(z, t) = UB · cos(ωt− φB) +
∞∑

j=1

Uj(z) · cos(ωt− φj), (7.2)

donde UB, φB son la amplitud y fase asociadas al modo barotrópico; Uj, φj al modo

baroclino j-ésimo, y ω la frecuencia angular de la onda. Si sólo existiese el modo

barotrópico, un análisis armónico realizado a las series obtenidas en toda la columna

de agua proporcinaŕıa una estructura vertical de amplitudes y fase casi homogéneas

INGRES (Intercambios en el Estrecho de Gibraltar y su respuesta al forzamiento meteorológico y

climático, REN03-01608/MAR), en las cercańıas de la Bah́ıa de Algeciras (5◦ 22.67’W,36◦59.80’N,

proyecto CANIGO, Canary Islands Azores Gibraltar Observations, MAS3-CT96-0060), y en el es-

trechamiento de Tarifa y la entrada del Mar de Alborán (posiciones T y E respectivamente, caṕıtulo

3)
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(excepto en una región cercana al fondo debido a fricción), iguales a UB y φB respecti-

vamente. Por el contrario, la presencia de modos baroclinos da lugar al acoplamiento

entre éstos y el barotrópico, resultando perfiles de amplitud y fase variables con la pro-

fundidad. Por ejemplo, la superposición del modo barotrópico con el modo baroclino

j0 da lugar a la serie temporal:

U(z, t) = Us(z) · cos(ωt− φs), (7.3)

donde

Us(z) =
[
U2

B + U2
j0(z) + 2UBUj0(z) · cos(φB − φj0)

]1/2

φs = arctan

(
UB · sinφB + Uj0(z) · sinφj0

UB · cosφB + Uj0(z) · cosφj0

)
⎫⎪⎪⎪⎬
⎪⎪⎪⎭ (7.4)

Debido a la presencia de marea interna en el Estrecho de Gibraltar este acoplamiento

de modos efectivamente existe, y los perfiles verticales de amplitud y fase para las

diferentes constituyentes armónicas poseen una estructura compleja (Tsimplis 2000,

Sánchez Román et al. 2007). Ésto puede observarse en la Figura 7.3, que muestra dicha

estructura para M2 y S2 en Camarinal, obtenida a partir de los datos experimentales

y numéricos. Tsimplis (2000) y Sánchez Román et al. (2007) describen con detalle la

estructura baroclina de la marea en Camarinal y Espartel respectivamente mediante

una descomposición de la señal en modos dinámicos. Tal análisis no será realizado

aqúı por su extensión, sin embargo śı es preciso observar que la estructura vertical de

amplitudes y fases, numéricas y experimentales, presentan una gran similitud en todos

los casos, y en virtud de ello podemos afirmar que el modelo reproduce bien la señal

baroclina en el Estrecho.

Resumiendo, teniendo en cuenta la compleja estructura de la marea en el Estrecho,

podemos concluir de esta sección que el modelo reproduce satisfactoriamente la señal

de marea, externa e interna. Particularmente el acuerdo es bueno en lo referente a

las amplitudes. Las fases muestran un comportamiento algo menos satisfactorio. El

desfase entre M2 y S2, reales y numéricas, es cercano excepto en la parte oriental (Ver
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Figure 7.3: a) Estructura vertical de la amplitud de la constituyente de marea M2. La

ĺınea cont́ınua muestra la estructura calculada a partir de la observaciones, y la discont́ınua

a partir de los datos numércos. b) Igual que a) para la constituyente de marea S2. c) Igual

que a) para las fases. d) Igual que b) para las fases.

Tabla 7.1 y Figura 7.3), con lo podŕıamos decir que para las constituyentes semidi-

urnas, que contienen la mayor parte de la enerǵıa, efectivamente el modelo reproduce

bastante bien la señal. Menos bueno es el desfase entre M2/S2 y O1, y nada satisfac-

torio lo que involucra a las fases de K1. Respecto al problema de generación de ondas

internas de corta escala, el desacuerdo existentes en las fases no constituye un problema

para la simulación adecuada del proceso de generación. En lo que atañe a la marea,

éste depende fundamentalmente de la enerǵıa del flujo que incide sobre Camarinal,

ciertamente bien predicho por el modelo (amplitudes de velocidad de corriente bien

reproducidas). El desacuerdo de fases, sólo determinaŕıa el tiempo relativo en el que se

suceden los eventos asociados al proceso de generación, como por ejemplo el tiempo de

liberación del bore respecto a la pleamar en un punto determinado. Por ello, la falta

de un mejor acuerdo entre fases observadas y modeladas no afecta para nada procesos
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de generación deducidos del modelo numérico, los cuales se describen a continuación.

7.3 Escenarios de generación de ondas internas

Un estudio exhaustivo de la ingente cantidad de información proporcionado por el

modelo has permitido discernir cuatro escenarios en los que el proceso de generación

de ondas internas es sensiblemente diferente. Estos escenarios vienen determinados por

la intensidad del flujo barotrópico que incide sobre el umbral de Camarinal, y por tanto

también en función del número de Froude máximo durante el ciclo de marea, Frmax,

definido como

Frmax =
Umax

c
, (7.5)

donde Umax es el máximo valor de la velocidad del flujo barotrópico durante el ciclo de

marea y c la velocidad del primer modo baroclino. Esta velocidad se obtiene al resolver

el problema de autovalores 3.2 (Apéndice A), que necesita información sobre los perfiles

de densidad y de velocidad media asociados al intercambio baroclino subyacente. Para

valores representativos de estos campos de densidad y velocidad media la ecuación 3.2

da un valor c ≈ 0.85 ms−1. Tomando este valor como referencia, los distintos escenarios

de generación de ondas internas tienen lugar en los siguientes rangos de Frmax:

• Escenario 1: Frmax < 1.0

• Escenario 2: Frmax ≈ 1.0

• Escenario 3: 1.0 < Frmax < 1.6

• Escenario 4: Frmax > 1.6

Ejemplos de los cuatro escenarios identificados ocurren en los ciclos de marea indi-

cados en la Figura 7.4, que muestra la velocidad del flujo de marea barotrópica sobre

el umbral de Camarinal. Los cuatro eventos ocurrentes en los ciclos marcados, repre-

sentativos de aquellos escenarios, se analizan a continuación.
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Figure 7.4: Velocidad del Flujo barotrópico sobre Camarinal durante parte del experimento

numérico. Se indica en la Figura los ciclos de marea seleccionados para describir los diferentes

escenarios de generación.

7.3.1 Escenario 1: Marea interna

El primer evento a discutir transcurre durante mareas muertas (Figura 7.4). El máximo

valor del número de Froude durante el ciclo de marea es de Frmax = (Umax/c) = 0.62,

con lo que el flujo es subrcŕıtico (Fr < 1) para el primer modo durante todo el ciclo de

marea.

La Figura 7.5 muestra la evolución de diferentes isohalinas durante el ciclo de marea.

En el instante inicial (Figura 7.5a) se observa un paquete de ondas internas progresando

hacia el Mar de Alborán, generado durante el ciclo de marea anterior. Los detalles de

la generación de este tren de ondas solitarias es descrito posteriormente en el escenario

3. Durante las primeras 2.3 horas la velocidad del flujo de marea saliente se incrementa

hasta su valor máximo (Figura 7.5d), y fruto de ello se produce un mayor flujo de

agua Mediterránea saliente, elevándose de este modo las isohalinas (consecuentemente

también las isopicnas) sobre Camarinal. La isohalina de 37.5, clásicamente separando

el agua Mediterránea y Atlántica (Bryden et al. 1994, Vargas et al. 2006) sube hasta

una profundidad de unos 125 m. En las siguientes tres horas el flujo saliente se debilita

hasta finalmente invertir sin la presencia de ondas solitarias: el débil forzamiento de

marea no es capaz de generarlas. Lo interesante en este escenario es la presencia de
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una onda de larga escala: la marea interna que se aprecia claramente en los paneles

7.5f-7.5j. La velocidad de fase de esta onda puede ser estimada siguiendo la evolución

del máximo de las isopicnas (posición marcada en ĺınea discont́ınua). La onda progresa

unos 25 km en 4 horas, lo que supone una velocidad de 1.74 ms−1, valor razonable para

la velocidad de un modo interno teniendo en cuenta que la onda progresa en este periodo

a favor del flujo. Es interesante observar que las isohalinas oscilan en fase a medida que

son alcanzadas por la perturbación; se trata pues de una oscilación interna de modo 1

que domina totalmente la estructura interna. Es igualmente interesante notar que esta

propagación es solamente ostensible durante medio ciclo de marea aproximadamente.

No sólo la Figura 7.5 sino la que le siguen muestran que la zona más complicada

dinámica y energéticamente es la cuenca de Tánger, entre los umbrales de Espartel y

Camarinal. Aunque el objetivo principal de este caṕıtulo concierne a la generación y

evolución de ondas internas que ocurre en la parte oriental (Mediterránea) del Estrecho,

i.e, al Este de Camarinal, merece la pena dedicar un breve comentario de carácter

general a los fenómenos de dicha cuenca. La evolución temporal de las isopicnas indican

la generación de un modo interno de orden 2 (segundo modo baroclino, isopicnas en

oposición de fase) que es claramente notorio en las Figuras 7.5d-f y también en otros

paneles de los siguientes escenarios.

Un segundo punto a destacar es el papel que desempeña el umbral de Espartel.

Realmente, la mayor parte de los fenómenos que ocurren en la cuenca de Tánger es

consecuencia de la presencia de este umbral que impone un nuevo y más permanente

control hidráulico al flujo Mediterráneo (Sánchez-Román et al. 2009, Sannino et al.

2009). Las Figuras 7.5 a 7.8 muestran que ocurre en este umbral es una réplica en menor

escala de lo que sucede en Camarinal con la diferencia que, salvo en instantes extremos

(como la que corresponde al escenario 4), alĺı el control no llega a perderse con la

inversión del flujo barotrópico. El análisis de este interesante comportamiento dinámico

excede los objetivos de este trabajo y forma parte de planes futuros de investigación.
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Figure 7.5: Evolución de distintas isohalinas a lo largo de una sección vertical a lo largo del

eje central de Estrecho durante el escenario 1 (ver Figura 7.4). Las velocidades indicadas se

refieren a la velocidad barotrópica en el Umbral de Camarinal.
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7.3.2 Escenario 2: Ondas solitarias como resultado de la evolu-

ción de la marea interna

En esta ocasión la velocidad máxima del flujo saliente es de Umax = 0.85ms−1, lo que

determina un número de Froude máximo prácticamente igual a la unidad. Durante las

primeras horas de este ciclo de marea la evolución del campo de salinidad es bastante

similar a lo presentado en el escenario anterior, se produce una elevación de las iso-

halinas debido a la intensificación del flujo Mediterráneo sobre Camarinal, llegando la

isohalina de 37.5 hasta los 100 m de profundidad (Figura 7.6d). A medida que el flujo

se debilita, se comienza a ver nuevamente la progresión de la onda de marea interna

progresando hacia el Este (Figuras 7.6g-h-i).

A diferencia del caso anterior sin embargo, y fruto de la gran inclinación de las

isopicnas, junto a la larga onda interna de marea se forma un bore interno, el cual

empieza a desintegrarse en ondas solitarias llegando a la posición de Tarifa (Figura

7.6j). En Punta Cires, apenas 10 km más hacia el Este se distingue ya un tren de 4

ondas solitarias de unos 25 metros de amplitud (Figura 7.6m), estructura que no llega

a desarrollarse en el escenario 1. Sin embargo śı vuelve a observarse una estructura

baroclina de segundo modo (isopicnas en oposición de fase) al Oeste de Camarinal, en

la cuenca de Tánger. Ésta se empieza a distinguir en la Figura 7.6d, alcanzando su

máxima expresión en el panel 7.6g. La naturaleza de este bore baroclino de segundo

modo es diferente a la del modo 1; no es consecuencia de la evolución de la marea

interna, sino que posee caracteŕısticas de una onda de Lee. Su velolocidad de fase

intŕınseca es de 0.54 ms−1, menor que la velocidad del flujo durante parte importante

del ciclo de marea (Figuras 7.6b-f). Por tanto esta perturbación queda bloqueada por el

flujo en el umbral, más débil que el necesario para bloquear el modo 1, constituyendo

una estructura quasi-estacionaria. El carácter estacionario se refiere sobretodo a su

posición, pues su enerǵıa aumenta en detrimento de la del flujo medio hasta que la

corriente de fondo se debilita y se pierde el control para este modo. Ésto ocurre en

nuestro caso en la situación representada en la Figura 7.6h, donde el segundo modo

empieza a progresar lentamente aguas arriba.
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Figure 7.6: Evolución de distintas isohalinas a lo largo de una sección vertical a lo largo del

eje central de Estrecho durante el escenario 2 (ver Figura 7.4). Las velocidades indicadas se

refieren a la velocidad barotrópica en el Umbral de Camarinal.
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7.3.3 Escenario 3: Ondas solitarias como resultado de la evolu-

ción de un doble bore interno atrapado en Camarinal

En este escenario, a diferencia de los anteriores, el flujo se hace supercŕıtico (para el

primer modo baroclino) durante parte del ciclo de marea. La máxima velocidad del

fujo saliente es de 1.26 ms−1, que determina un número de Froude de Frmax=1.5. Como

cabe esperar, al aumentar el forzamiento respecto al episodio anteriormente descrito,

podemos adelantar que se formarán ondas solitarias en este ciclo.

En el instante inicial (Figura 7.7a) no se observa tren de ondas solitarias alguno

generado en el ciclo de marea anterior, al igual que en el posterior (escenario 1), hecho

que está de acuerdo con lo que revelan los datos experimentales: normalmente durante

peŕıodos de mareas muertas, los trenes de ondas solitarias son generados en ciclos de

marea alternativos debido a la desigualdad diurna (caṕıtulo 3 de esta memoria).

Al final de la fase de flujo saliente (Figuras 7.7b-e), las isohalinas se elevan sobre

Camarinal llegando la de 37.5 hasta los 50 m de profundidad. Casi toda la columna de

agua sobre Camarinal está ocupada por tanto por agua Mediterránea. En el umbral

se forma un doble bore interno, uno de menor amplitud justo sobre él, y otro mayor a

sotavento de más de 100 m de amplitud. El origen de este doble bore o salto hidráulico

interno puede estar vinculado a la topograf́ıa del fondo que presenta cierta peridiocidad

espacial, insinuada en la Figura. Tal posibilidad ha sido sugerida por Bruno et al.

(2002). Ninguno de ellos puede progresar debido a la condición de flujo supercŕıtico

en el umbral, quedando atrapados por el intenso flujo (Figura 7.7e). Se empieza a

distinguir además una estructura de segundo modo más a sotavento, que debido a su

menor velocidad de propagación queda atrapada aguas más abajo. Observar que estas

estructuras aumentan considerablemente de amplitud durante las siguientes tres horas

(Figuras 7.7d-f), extrayendo enerǵıa del flujo barotrópico.

Entre las 5 y 6.3 horas (paneles 7.7f-g) la velocidad del flujo barotrópico vaŕıa de

-1.13 ms−1 a -0.69 ms−1, pasando de supercŕıtico a subcŕıtico para el primer modo. En

consecuencia las perturbaciones de primer modo empiezan a progresar hacia el Este en

esta fase del ciclo, iniciándose además el proceso de desintegración en ondas solitarias

(Figura 7.7g). Para el segundo modo sin embargo las condiciones son aún supercŕıticas,

y sigue atrapado aguas abajo de Camarinal. Debe esperarse un tiempo aún (1.5 horas
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aproximadamente) para encontrar condiciones subcŕıticas (en algún momento entre las

7.3 y 8.3 horas, paneles 7.7h-i).

Aunque el campo de salinidad asociado a las ondas solitarias está algo distorsionado

debido a su superposición con la onda larga de marea interna, parece claro que antes de

llegar a Tarifa, los dos bores baroclinos de primer modo evolucionan a un tren de ondas

solitarias ordenados en amplitud (la mayor al frente) debido a la dispersión no lineal

(Figura 7.7i). No obstante, a medida que progresa hacia el Este el tren de ondas pierde

su estructura ordenada (Figura 7.7k-l) debido al intercambio dinámico de enerǵıa entre

los solitones que forman el tren de ondas, tal y como se explicó en el caṕıtulo 4.
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Figure 7.7: Evolución de distintas isohalinas a lo largo de una sección vertical a lo largo del

eje central de Estrecho durante el escenario 3 (ver Figura 7.4). Las velocidades indicadas se

refieren a la velocidad barotrópica en el Umbral de Camarinal.



148 Generación de ondas internas

7.3.4 Escenario 4: Ondas solitarias como resultado de la evolu-

ción de un bore interno atrapado a sotavento de Camari-

nal

El último escenario ocurre durante marea vivas, con máximo flujo saliente de Umax =

1.72 ms−1, un número de Froude interno de Frmax=2.0. Ésta es una situación extrema

en el Estrecho de Gibraltar. Los tres primeros paneles de la Figura 7.8 recuerdan la

situación del escenario anterior, con la formación de un doble bore interno de primer

modo sobre Camarinal, el mayor a sotavento y el otro algo aguas arriba sobre la primera

cresta del umbral. En la Figura 7.8c éstos ya alcanzan una gran amplitud, de 250 m

y 125 m respectivamente y aún la velocidad del flujo sigue aumentando. La diferencia

cualitativa con el caso anterior es que el intenso flujo hace retroceder el bore más

pequeño, que queda fusionado con el que se sitúa a sotavento (Figura 7.8d), sugiriendo

que este escenario es un estado evolutivo más avanzado del anterior debido obviamente

a una mayor disponibilidad de enerǵıa barotrópica para ser transferida a estructuras

baroclinas. El intenso flujo también provoca que la isohalina de 37.5 se sitúe a escasos

metros de la superficie y, ahora śı, la práctica totalidad de la columna de agua en

Camarinal está ocupada por agua Mediterránea.

Como se comentó anteriormente para el segundo modo baroclino, las caracteŕısticas

del bore interno son en cierto modo las de una onda de Lee no estacionaria, ésto es, una

onda a sotavento del umbral de su misma escala espacial que ve aumentada su enerǵıa

debido a la interacción con el flujo medio. Gran parte de la enerǵıa del flujo barotrópico

es empleada también en mezcla en este régimen. El estado caótico del campo de

salinidad en la cuenca de Tánger indica que es un lugar de intensa mezcla turbulenta,

como se deriva del brusco descenso de salinidad, de más de 0.1, que experimentan las

aguas Mediterráneas entre los umbrales de Camarinal y Espartel, apenas separados 20

km (Garćıa Lafuente 2007). El flujo deja de ejercer control sobre el primer modo cuando

su velocidad baja de los 0.84 ms−1, que es la velocidad de fase lineal de este primer

modo, y eso parecen reflejar las Figuras 7.8g-h. El bore interno empieza a propagarse

lentamente aguas arriba. Superado el umbral, inicia su proceso de desintegración en

ondas solitarias, de amplitudes en torno a los 200 m entre Camarinal y Punta Cires,

que figuran entre las mayores observadas en el Océano (Figuras 7.8k-o).
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Para forzamientos mareales de esta intensidad ocurre que, en la fase de flujo en-

trante, también se forma un bore interno o tren de ondas atrapadas al Este del umbral

de Camarinal (Figura 7.8o-q) de amplitud bastante inferior. Según Hibiya (1990) esta

asimetŕıa en tamaño se debe a la presencia del fujo medio. Este bore“oriental”además,

no evoluciona de forma clara en un tren de ondas solitarias hacia el Oeste, contraria-

mente a lo que hace su contrapartida occidental, formado en la fase entrante, en su

propagación hacia el Este. Existe una posible explicación para ello: en la fase de flujo

saliente la marea barotrópica y el flujo “medio” asociado a la capa profunda llevan la

misma dirección, formando un bore de gran amplitud al Oeste de Camarinal. En la

fase de flujo entrante ocurre lo opuesto, el flujo mareal y el asociado al flujo medio

poseen direciones contrarias, formando un bore más pequeño al Este, y eso es justo lo

que indica la Figura 7.8. Morozov et al. (2002) mantienen esta idea para argumentar

que el bore formado al Este, efectivamente más pequeño, inmediatamente encuentra

una corriente a favor relativamente intensa (la asociada al flujo medio de agua Medite-

rránea saliente) que hace disminuir la inclinación de las isopicnas. Consecuentemente

los efectos no lineales no se hacen lo suficientemente importantes para la formación de

ondas solitarias de considerable amplitud.

En cualquier caso un estudio acerca de la posible generación y propagación de ondas

solitarias hacia el Oeste está aun pendiente. No se tienen referencias de observaciones

regulares de trenes de ondas solitaria en la parte occidental de Estrecho, un hecho que

coincide con las predicciones del modelo aqúı estudiado. No obstante, imágenes SAR

ponen de manifiesto su existencia en la época estival (Jackson y Apel 2004), donde la

estratificación cambia sensiblemente (Figura 2.1) debido a la formación de una segunda

picnoclina estacional, más somera, de naturaleza térmica (Figura 2.1).
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Figure 7.8: Evolución de distintas isohalinas a lo largo de una sección vertical a lo largo del

eje central de Estrecho durante el escenario 4 (ver Figura 7.4). Las velocidades indicadas se

refieren a la velocidad barotrópica en el Umbral de Camarinal.
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7.4 Variaciones transversales inducidas por la rotación

y la topograf́ıa

En la Sección anterior se ha realizado un análisis del proceso de generación de ondas

internas a lo largo de una sección longitudinal que es evidentemente la dirección de

máximo interés por ser la de propagación. Sin embargo también existen importantes

variaciones transversales. Estas variaciones se deben básicamente a la irregular to-

pograf́ıa del umbral, que presenta variaciones transversales considerables y a la rotación

terrestre. Sobre estos aspectos se incide en esta sección.

Como se vió en los caṕıtulos 5 y 6, la rotación terrestre tiene una considerable

importancia en la dinámica interna. Las oscilaciones lineales internas en un canal

tienden a encontrar un balance geostrófico y, por tanto, a comportarse como una onda

Kelvin, cuya amplitud decrece hacia la izquierda respecto a su dirección de propagación

(hemisferio norte). Esta asimetŕıa a través del canal es tanto más importante cuanto

mayor sea el tamaño del radio interno de Rossby respecto a la anchura del canal.

En el Estrecho ambos son aproximadamente iguales, y por tanto la rotación en su

dinámica interna juega un papel relevante. Lo dicho aqúı también concierne a las ondas

solitarias, ondas no lineales, que como es lógico comparten bastantes caracteŕısticas con

las lineales.

Aparte de la importancia que la rotación ejerza directamente sobre la dinámica

de las ondas internas, hemos de recordar que éstas deben su existencia a la onda de

marea superficial (barotrópica) que, aunque no está afectada tan fuertemente por la

rotación (radio de Rossby externo bastante mayor que la anchura del Estrecho), śı

está modificada en cierta medida (Garćıa-Lafuente 1986). De hecho, Garćıa Lafuente

et al. (2000) muestran como el balance geostrófico se mantiene transversalmente en

las escalas temporales de la marea, determinando la estructura espacial de los mapas

de marea. Por tanto los efectos de la rotación en el proceso de generación de ondas

internas pueden proceder directamente de la influencia que ejerce la rotación terrestre

sobre la marea barotrópica.

Debido al balance geostrófico, la fase y amplitud de la velocidad de marea barotrópica

semidiurna (dominante en el Estrecho) sobre la sección de Camarinal crecen hacia el
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Figure 7.9: Estructura transversal de amplitud y fase de la constituyente M2 de la velocidad

de marea barotrópica sobre el umbral de Camarinal (sección mostrada en la Figura 7.10a).

Amplitud y fase son crecientes hacia el Sur debido a la influencia de la rotación. Obviamente

la rotación es responsable fundamentelmente de lo ocurrente en la parte central del canal

(entre los 35.85◦ y 36.0◦N). En los márgenes los bruscos cambios se deben a otros efectos

como la fricción o no la no linealidad del flujo.

Sur, como se representa en la Figura 7.9. Este comportamiento tiene un efecto evidente

sobre el bore interno atrapado por la corriente en los escenarios 3 y 4 descritos: Debido

a que la corriente empieza a debilitarse antes en el Norte del Canal (fase menor, Figura

7.9) y es además más débil alĺı, el salto hidráulico o bore interno inicia su liberación y

propagación por esta parte del Canal.

Este hecho se observa claramente en la Figura 7.10, que muestra la velocidad en

superficie en ciertos momentos del escenario 3. La velocidad es un buen trazador de las

ondas solitarias, con valores sobrepasando incluso los 2 ms−1. La subsiguiente evolución

del tren de ondas internas, que ya empieza a distinguirse en la Figura 7.10c, se presenta

en los paneles 7.11. A la altura de Tarifa, el frente de ondas está claramente inclinado

estando adelantado en la parte Norte del Estrecho debido a que alĺı se perdió antes

el control hidráulico. Sin embargo, esta asimetŕıa tiende a compensarse debido a la

influencia de la rotación sobre la propia dinámica interna. Las ondas solitarias empiezan
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Figure 7.10: Velocidad en superficie (ms−1, componente a lo largo de la malla cuviĺınea)

en diferentes instantes del escenario 3 (Ver Figura 7.7). La ĺınea discontinua transversal al

Estrecho señala la sección del umbral de Camarinal, y la longitudinal la sección utilizada en

la Sección 7.3 para describir los distintos escenarios.

a ganar localmente enerǵıa hacia el Sur (ver análisis en el caṕıtulo 6), aumentando alĺı

la amplitud (local) e incrementando su velocidad de propagación. Tres horas después

de su paso por Tarifa, a la entrada de la bah́ıa de Algeciras los frentes de ondas poseen

una estructura transversal perpendicular al Estrecho, incluso un poco adelantados hacia

el Sur. Curiosamente, los efectos de la rotación actúan en sentidos opuestos en la

generación (se libera antes el bore en el Norte) y en la propagación (avanza más rápido

en el Sur), tendiendo a cancelarse a medida que el tren de ondas progresa hacia el

Mediterráneo.

Un segundo efecto de la rotación es la asimetŕıa de amplitudes que las ondas internas

tienen en dirección Norte-Sur. Esta asimetŕıa se aprecia en la Figura 7.12, que muestra

la estructura vertical de salinidad a lo largo de dos secciones longitudinales al Sur y

al Norte del canal (ver secciones en el panel 7.11b) cuya profundidad es muy similar,

de modo que la cantidad de enerǵıa baroclina puede compararse en términos de la

amplitud. Al Sur, las ondas internas alcanzan una amplitud de unos 50 m, mientras

que en el Norte sólo la primera onda, la mayor del tren, alcanza los 20 m. Cabe
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recordar que consideramos un ejemplo donde el forzamiento de marea responsable de

la generación del tren de ondas es de intensidad media (ver Figura 7.4). En mareas

vivas la asimetŕıa Norte-Sur de enerǵıa baroclina se mantiene, y aún aśı al Norte

se registran ondas solitarias de hasta 100 m de amplitud a la altura de la bah́ıa de

Algeciras. Sobrepasando el Estrecho (Figura 7.11c) las ondas solitarias empiezan su

progresión hacia el Mar de Alborán, una mar abierto donde los efectos de la rotación

difieren de los inducidos en un canal (Helfrich 2007).

Adicionalmente a la rotación, las variaciones transversales de la topograf́ıa local in-

ducen también variaciones en las ondas que hacen algo diferente la respuesta baroclina.

Analicemos brevemente el escenario 3 como ejemplo de de ello.

La Figura 7.13 muestra la evolución de la isohalina de 37.5 durante la etapa de

generación del bore interno en las secciones Norte y Sur comentadas. En la Figuras

7.13a-d y en la sección Sur se distingue la formación del doble bore interno existente

en este escenario. En la sección Sur se distingue claramente un abrupto repunte de

unos 50 m en el relieve, que claramente favorece la formación de esta discontinuidad

sobre el umbral. Debido a las diferencias en la intensidad del flujo y, sobre todo, a

diferencias topográficas, el bore formado sobre el umbral es bastante más intenso en

el Sur. El panel 7.13e ilustra bien como se produce la pérdida de control hidráulico

antes en la sección Norte, iniciando localmente el bore interno su evolución hacia el

Este. En el Sur ésto se produce aproximadamente una hora más tarde (7.13f). Durante

la evolución, como señalamos anteriormente, el bore baroclino se desintegra en ondas

solitarias, que tienen a acumular su enerǵıa en el Sur. Esta acumulación es ya más un

efecto de la rotación que de la topograf́ıa ya que, al Este del umbral, ambas secciones

presentan similares caracteŕısticas del fondo marino.
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Figure 7.11: Velocidad en superficie (ms−1, componente a lo largo de la malla cuviĺınea)

en diferentes instantes del escenario 3 (continuación de la Figura 7.10).
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Figure 7.13: Evolución de la isohalina de 37.5 en diferentes instantes del escenario 3 en las secciones

Norte y Sur de Camarinal indicadas en la Figura 7.11b. Elementos en negro, isoĺınea y topograf́ıa se

refieren a la parte Sur, y la gris al Norte.
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7.5 Resumen de aspectos relevantes

El mecanismo de generación de ondas internas en Gibraltar es bien conocido desde

hace tiempo: es el resultado de la interacción topográfica del intenso flujo barotrópico

con el acusado umbral de Camarinal (Ziegenbein, 1969, 1970; La Violette and Arnone,

1988; Richez, 1994). La prensencia del umbral de Espartel es cŕıtica para permitir la

acumulación de agua en la cuenca de Tánger durante la fase de generación del bore

interno (Armi y Farmer 1988, ver también Figuras 7.7e-7.13e).

Los resultado numéricos mostrados gráficamente en este caṕıtulo confirman el meca-

nismo de generación. La gran resolución espacio-temporal del modelo permite discernir

e identificar distintos escenarios de forzamiento que producen a su vez distintas respues-

tas. En término de la intensidad del forzamiento se han analizado cuatro escenarios

representativos que se corresponden con flujo mareal máximo subcŕıtico (Frmax < 1,

escenario 1), marginalmente cŕıtico (Frmax ≈ 1, escenario 2), cŕıtico (Frmax ≈ 1.5, es-

cenario 3), y claramente supercŕıtico (Frmax ≈ 2, escenario 4) cuyas respuestas pueden

resumirse como: no generación de ondas internas de corta escala (ondas solitarias), sólo

marea interna (escenario 1); generación de un tren de ondas solitarias como fruto de la

desintegración de un bore interno a medida que progresa hacia el Este (escenario 2);

generación de un doble bore interno (consecuencia probable de una pseudo-periodicidad

en la topograf́ıa del fondo) bloqueados por el flujo barotrópico durante parte del ciclo

de marea, los cuales inician el proceso de desintagración en ondas cortas prácticamente

sobre el umbral (escenario 3); y generación de un único y gigantesco bore a sotavento

del umbral resultado de la fusión de los anteriores que da lugar a la formación de en-

ergéticas ondas de Lee no estacionarias, y a ondas solitarias de más de 150 metros en

su posterior evolución (escenario 4).

Las perturbaciones internas mencionadas son todas de modo 1, aunque también se

distingue la generación de ondas de modo 2 en la cuenca de Tánger que permanecen

mucho más tiempo bloqueadas debido a su menor velocidad de propagación intŕınseca.

Eventualmente y cuando el flujo barotrópico se reduce lo suficiente, remontan el umbral

progresando hacia el Mediterráneo a menor velocidad, quedándose rezagado más y más

respecto a las de modo 1.
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Se han estudiado los efectos de la rotación y topograf́ıa en la dirección Norte-Sur

en las ondas internas (efectos 3D). El ajuste geostrófico de las corrientes mareales y la

oscilación del nivel del mar obliga a que las primeras sean más débiles e inviertan antes

en el Norte, originando una liberación anticipada del bore interno alĺı. El patrón inicial

de propagación es pues un frente inclinado hacia el Norte (Figura 7.11a). Sin embargo

la rotación fuerza una mayor amplitud de las ondas en el Sur que, a su vez, aumenta

la velocidad de propagación localmente y cancela la inclinación transversal original.

Otra consecuencia inmediata de esta acumulación de enerǵıa baroclina en el Sur es la

intensificación de procesos de mezcla, asociados a la interacción onda-topograf́ıa, en la

costa Africana del Estrecho (Figura 7.11b).

La topograf́ıa es también responsable de variaciones de la estructura del bore interno

formado en Camarinal. Prueba de ello es la acentuación del doble salto hidráulico como

respuesta a la topograf́ıa periódica, más acentuada en el Sur.

El estudio realizado en este caṕıtulo ha ilustrado muchos detalles recogidos en las

observaciones de ondas internas en Gibraltar. Lejos de ser exhaustivo, puede conside-

rarse una primera aproximación al estudio de este interesante e importante fenómeno,

que deja las puertas abiertas a futuras investigaciones.
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Conclusions
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1.- Some aspects of internal solitary waves (ISWs) cinematics have been derived from

the analysis of high time-resolution observations in the Strait of Gibraltar. Although

tides are mainly semidiurnal in the Strait, diurnal tidal currents play a significant role

in the generation and subsequent propagation of ISWs. It has been observed that

normally during neap tides ISWs are generated during alternative tidal cycles due to

the diurnal inequality. Moreover, due to the importance of tidal advection on the

propagation velocity of ISWs, there exists a remarkable diurnal inequality on it. The

phase speed of two consecutives wave packets of ISWs can differ as much as 0.4 ms−1

between the western section of Tarifa Narrows and the entrance of the Alboran Sea.

The diurnal inequality is even more noticeable when observing the arrival time (relative

to high water) of ISWs to the latter location: consecutives wave packets can arrive with

a maximum time difference as high as 6 hours at this point with respect to the high

water time at Ceuta.

2.- Observation of temperature records reveals that ISWs packets quite often present

an irregular structure. Statistical analysis of all recorded wave trains (46 well defined

packets) reveals that only 46.5% of them can be identified as well rank-ordered wave

trains (decreasing wave amplitude from the front to the tail). The rest, i.e. 53.5%

of packets, was either partly rank-ordered (23.3%) or chaotic rather than organized

(30.2%). This abnormal fact was investigated within the framework of a high resolution,

fully nonlinear, non-hydrostatic numerical model. It was found that the interaction of

the ISWs with the complex bottom topography and lateral boundaries of the Strait

leads to wave reflections and formation of secondary waves which in turn produces

such irregular ISWs packets structure. The energy reflected back from the boundaries

is partially absorbed by the smaller ISWs propagating at the rear of the packet, this

making these smaller waves increase their amplitude. This mechanism is responsible

for the formation of non rank-ordered wave packets.

3.- Coriolis force plays a significant role on the ISWs dynamics in the Strait of

Gibraltar, a result that is not unexpected since the first internal Rossby radius if about

the Strait width. Because of rotation ISWs tend to accumulate energy at the Southern

coast of the Strait (to the right of the direction of the wave propagation in the northern
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hemisphere), a fact that enhances wave-topography interactions on this shore, such as

wave reflection, wave breaking, and derived mixing processes.

4.- Motivated by recent interesting results concerning long-term processes induced

by rotation on ISWs dynamics in an open ocean (Helfrich 2007), an analogous study

has been carried out for a rectangular channel of constant depth. It was found that an

initial straight soliton evolves rapidly into a Kelvin wave-like soliton, with exponential

cross-channel distribution of amplitude. This evolution, which agrees with the weakly

nonlinear theory predictions, takes place through the continuous radiation of Poincaré

modes, responsible of the fast energy damping of the leading Kelvin mode. As a result

of multiple reflections with the lateral boundaries, a Mach stem system is formed

behind the leading soliton, which eventually transform into a secondary Kelvin wave

that collides with the leading perturbance. At the end, a quasi-steady wave packet of

Kelvin waves is formed with few energy damping by radiation.

This mechanism of secondary wave formation and final collision with the leading

perturbance is enhanced, as either the amplitude of the initial soliton, or the effect

rotation, or the channel width increase.

5.- A tidally forced model has been run in order to investigate 3D characteritiscs

of the generation mechanism of ISWs over Camarinal Sill. The model is 3D, high

resolution (Δx ≈ 50 m, Δy ≈ 200 m), fully nonlinear, and fully non-hydrostatic. A

first scrutiny of the vast information it provides has allowed us to distinguish four

different scenarios of internal waves generation, which depend on the intensity of the

tidal forcing. In terms of the maximum value of the internal Froude number during

the tidal cycle, they are the following:

• Frmax < 1.0 : Generation of internal tides (long wavelength tidal wave).

• Frmax ≈ 1.0 : Generation of ISWs as a result of the nonlinear evolution of the

long wavelength internal tide.

• 1.0 < Frmax < 1.6 : Generation of ISWs as a result of the evolution of a double

internal bore generated in Camarinal Sill. One leewards, the other just over
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Camarinal crest. It is argued that local ondulatory variations of the bottom

topography at Camarinal Sill favour such structure.

• Frmax > 1.6 : Generation of a huge internal bore trapped at the lee side of

Camarinal Sill, which evolves into a series of energetic unsteady Lee waves. The

further evolution of this baroclinic structure leads to the formation of ISWs of

more than 150 meters nearby Tarifa Narrows.

6.- Transversal (across channel) variations of the baroclinic response at Camarinal

Sill are mainly driven by rotation effects and local variations of the bottom topography.

Due to the influence of rotation on the barotropic (external) tides, amplitude of semid-

iurnal tidal currents (dominant in the Strait) are smaller at the northern section of the

channel, and phases are delayed. Because of it, the baroclinic bore trapped by tidal

currents at Camarinal is locally released before at the northern section, which induces

a regular pattern on the shape of the generated ISWs wave front: at the beginning

of its evolution it goes ahead in the north of the Strait. Eventually this asymmetry

tends to fade out as the influence of rotation starts exerting influence directly on the

internal dynamics. Solitary waves accumulate energy at the southern section and the

wave front tilts anticlockwise, compensating the initial inclination.

7.- The numerical experiments do not predict the generation of ISWs propagating

westward of the Strait. This is in agreement with observations, and the idea that this

“western” bore, must be linked to a shallower second pycnocline formed during the

summer season.
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Apéndice A: Ecuación de Taylor-Goldstein y su resolución

numérica

La ecuación de autovalores que gobierna la estructura de los modos verticales de

una perturbación infinitesimal en un fluido estratificado bajo la influencia de un flujo

paralelo es la ecuación de Taylor-Goldstein (Baines 1995):

∗
ψzz +

{
N2

(U − c)2 − Uzz

(U − c)
− k2

}
∗
ψ = 0. (A.1)

Donde
∗
ψ es la estructura vertical de la función de corriente ψ(x, z) =

∗
ψ(z)eik(x−ct), U(z)

el perfil de velocidad del flujo, N(z) la frecuencia de Brunt-Väisäla, c la velocidad de

fase, y k el número de onda. Esta ecuación también suele expresarse en términos de la

elevación vertical de las isopicnas ξ = ψ/(U − c), dando lugar a la ecuación (3.2). Para

obtener los modos internos se puede asumir la condición de superficie ŕıgida (w|z=0 = 0),

con lo que las condiciones de contorno para (A.1) resultan ser homogéneas:

∗
ψ(0) =

∗
ψ(−H) = 0 (A.2)

Fijado el número de onda k, el problema (A.1)-(A.2) debe ser resuelto de forma

numérica para perfiles arbitrarios de U(z) y N(z) dados. Observar que la ecuación

no está definida en la profundidad z0 tal que U(z0) = c, llamada capa cŕıtica. En esta

región de la columna de agua, si existe, los efectos de la viscosidad y difusión, ignorados

por la ecuación de Taylor-Goldstein, juegan un papel importante (Drazin y Reid 1981).

Una condición suficiente para la ausencia de capas cŕıticas y estabilidad del flujo es que

Imag(c) ≤ 0, que puede ser dada en términos del número de Richardson (Miles 1961):

Ri>1/4 en todo el fluido, donde:

Ri(z) =
N2

U2
z

(A.3)



172 Apéndice A

0 0.2 0.4 0.6 0.8 1
600

500

400

300

200

100

  0

c = 1.62 ms−1

c = 1.10 ms−1

a)

P
ro

fu
nd

id
ad

 (
m

)

ξ(z)
0 0.2 0.4 0.6 0.8 1

800

700

600

500

400

300

200

100

  0

c = 1.23 ms−1

c = 1.05 ms−1

b)

ξ(z)

Figura A.1: a) Ĺınea negra: Amplitud normalizada de las oscilaciones verticales de las isopic-

nas del primer modo baroclino para los perfiles de velocidad y de Brunt-Väisäla mostrados en

la Figura 3.5a. Ĺınea gris: lo mismo que lo anterior pero considerando un perfil de velocidad

nulo. b) Lo mismo que a) para los perfiles de la Figura 3.5b.

Si asumimos que U 
= c en toda la columna de agua, la ecuación (A.1) es equivalente

a:

(U − c)2D
∗
ψ − Uzz(U − c)

∗
ψ +N2

∗
ψ = 0, (A.4)

donde D ≡ (d2/dz2 − k2).

Desarrollando (A.4) y agrupando términos en potencias de c se llega a la siguiente

expresión para
∗
ψ:

c2D
∗
ψ + c(Uzz

∗
ψ − 2UD

∗
ψ) + (U2D − UzzU +N2)

∗
ψ = 0, (A.5)

que puede ser expresado en forma matricial como sigue:

(
A B

0 C

)( ∗
ψ

c
∗
ψ

)
= c

(
0 D

C 0

)( ∗
ψ

c
∗
ψ

)
, (A.6)
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donde A = (−U2D + UzzU −N2), B = (2UD − Uzz), C = 1.

Para discretizar la ecuación consideremos la partición de [−H, 0]: −H = z0 < z1 <

z2 < ... < zn−1 = 0, con zj − zj−1 = Δz, j = 1, 2, ..., n− 1, y aproximamos la segunda

derivada de
∗
ψ mediante diferencias finitas centradas de segundo orden:

∗
ψ

′′
j =

∗
ψj+1 − 2

∗
ψj +

∗
ψj−1

Δz2
+O(Δz2) (A.7)

donde
∗
ψj ≡

∗
ψ(zj). El operador A, B y C se escriben entonces en forma discreta de la

siguiente manera:

A = − 1
Δz2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(Δz2 − k2)U2
0 0 0 0 · · · 0

U2
1 −(2 + k2)U2

1 U2
1 0 · · · 0

0 U2
2 −(2 + k2)U2

2 U2
2 · · · 0

...
...

. . . . . . . . .
...

0 0 0 U2
n−2 −(2 + k2)U2

n−2 U2
n−2

0 0 · · · 0 0 (Δz2 − k2)U2
n−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+

+

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

U0U
′′
0 0 0 · · · 0

0 U1U
′′
1 0 · · · 0

0 0 U0U
′′
2

...
... 0 0

. . . 0

0 0 0 0 Un−1U
′′
n−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

N2
0 0 0 · · · 0

0 N2
1 0 · · · 0

0 0 N2
2

...
... 0 0

. . . 0

0 0 0 0 N2
n−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A.8)

B =
2

Δz2

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(Δz2 − k2)U0 0 0 0 · · · 0

U1 −(2 + k2)U1 U1 0 · · · 0

0 U2 −(2 + k2)U2 U2 · · · 0
...

...
. . . . . . . . .

...

0 0 0 Un−2 −(2 + k2)Un−2 Un−2

0 0 · · · 0 0 (Δz2 − k2)Un−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+
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−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

U ′′
0 0 0 · · · 0

0 U ′′
1 0 · · · 0

0 0 U ′′
2

...
... 0 0

. . . 0

0 0 0 0 U ′′
n−1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (A.9)

C = In.

(A.10)

Donde In es la matriz identidad de orden n. La ecuación de autovalores (A.6) se

resuelve mediante el algoritmo QZ (Moller y Stewart 1973).

En el Estrecho de Gibraltar el flujo medio es suficientemente intenso para modificar

sensiblemente la estructura y velocidad de fase de los modos baroclinos. La Figura A.1

muestra el primer modo, dinámicamente estable en ambos casos, para los perfiles de

N(z) obtenidos en el estrechamiento de Tarifa y la entrada del Mar de Alboran (ver

Caṕıtulo 3, Figura 3.5) con flujo medio y sin él. Para las dos posiciones el flujo medio

provoca que la máxima amplitud se alcance a menor profundidad y que las velocidades

de fase aumenten considereblemente. La diferencia es más acusada en la posición de

Tarifa al ser el flujo más intenso alĺı, con un incremento de velocidad del primer modo

de 0.52 ms−1, y de posición de máxima amplitud de unos 75 m.
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Apéndice B: Validez de la aproximación hidrostática

Consideremos la ecuación vertical de momento despreciando los términos viscosos

y bajo la aproximación de Boussinesq:

Dw

Dt
+

1

ρ0

∂p̃

∂z
− b = 0 (B.1)

donde p̃ es la desviación de presión respecto a la hidrostática, ρ0 una densidad de

referencia, b = −g(ρ̃/ρ0) el término de flotabilidad, yD/Dt la derivada total o material.

La aproximación hidrostática será válida si

Dw

Dt
<< b, (B.2)

Consideremos un fenómeno de escala horizontal caracteŕıstica L, escala vertical H , y

con velocidades t́ıpicas horizontal y vertical U , W respectivamente. Supongamos por

simplicidad que la derivada temporal es del mismo orden, o de orden inferior, que los

términos advectivos. En ausencia de difusión, la densidad de una part́ıcula fluida es

constante, es decir que Dρ/Dt = 0, o equivalentemente,

Db

Dth
+N2w = 0. (B.3)

Aqúı N2 = −(g/ρ0)(∂ρ/∂z) es la frecuencia de Brunt-Väisälä, y D/Dth la componente

horizontal de la derivada total, que quedaŕıa escalada por U/L. De la ecuación (B.3)

se deduce que w estaŕıa escala entonces por bU/LN2, y por tanto Dw/Dt << b si

U2

L2N2
<< 1. (B.4)

La aproximación hidrostática es pues válida cuando la escala temporal del movimiento

(U/L) es mucho menor que N−1. Para ondas lineales, la conclusión es equivalente a la

dada por Gill (1992), ω << N , donde ω ∼= (U/L) es la frecuencia angular de la onda.
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Apendix C: Calculation of Wave Energy

Let’s define ρB(z) as the background unperturbed density profile (see Figure 5.3).

The three dimensional fields of density and velocity associated with the internal wave

perturbations are defined as ρ and 
u ≡ (u, v, w), respectively. Defining ξ(x0, y0, z0) as

the vertical excursion of the fluid particle from the equilibrium position (x0, y0, z0), the

work per unit volume Wp required to displace the particle from z0 to z0 + ξ0 reads:

Wp = −g
∫ z0+ξ0

z0

(ρB(z0) − ρB(z))dz, (C.1)

where g is the acceleration due to gravity. For infinitesimal waves, the above expression

can be computed by taking the Taylor expansion of ρB(z) centered at z = z0. With

first order accuracy it can be found that

Wp = ρB(z0)
N2(z0)

2
ξ2
0 .

However, for the large-amplitude internal waves analyzed here, this approximation is

not valid, and (C.1) has been computed using the standard trapezoidal integration

technique.

The total energy ET of the internal wave is obtained by integrating the energy within

the fluid volume V which includes the wave. Thus the total energy is ET = EAP +EK ,

where EAP and EK are the available potential and kinetic energy respectively Vlasenko

and Stashchuk (2007). They are calculated separately according to the formulas

EAP =

∫
V

WpdV, EK =
1

2

∫
V

ρ(u2 + v2 + w2)dV.
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