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We report a new kind of field-responsive fluids consisting of suspensions of diamagnetic 
(DM) and ferromagnetic (FM) microparticles in ferrofluids. We designate them as inverse 
magnetorheological (IMR) fluids for analogy with inverse ferrofluids (IFFs). Observations 
on the particle self-assembly in IMR fluids upon magnetic field application showed that DM 
and FM microparticles were assembled into alternating chains oriented along the field 
direction. We explain such assembly on the basis of the dipolar interaction energy between 
particles. We also present results on the rheological properties of IMR fluids and, for 
comparison, of IFFs and bidispersed magnetorheological (MR) fluids. Interestingly, we 
found that upon magnetic field, the rheological properties of IMR fluids were enhanced with 
respect to bidispersed MR fluids with the same FM particle concentration, by an amount 
greater than the sum of the isolated contribution of DM particles. Furthermore, the field-
induced yield stress was moderately increased when up to 30 % of the total FM particle 
content was replaced with DM particles. Beyond this point, the dependence of the yield 
stress on the DM content was non-monotonic, as expected for FM concentrations decreasing 
to zero. We explain these synergistic results by two separate phenomena: the formation of 
exclusion areas for FM particles due to the perturbation of the magnetic field by DM 
particles, and the dipole-dipole interaction between DM and FM particles, which enhances 
the field-induced structures. Based on this second phenomenon, we present a theoretical 
model for the yield stress that semi-quantitatively predicts the experimental results. 
 

1. Introduction 

Controlling the interactions among particles in colloidal systems has attracted much attention 

in recent years.
1-9

 Such an interest is mainly due to the possibility of using these systems as 

smart materials with user-tuneable properties. In addition, it makes possible the bottom-up 

fabrication of materials with organised structures or patterns. This is achieved by controlling 

the positions, orientations and assembly of the particles.
1-9

 

 One of the most advantageous tools to externally self-assemble particles is the use of 

electric or magnetic fields. An important benefit related to them is their reversibility, which 

allows rapidly returning to the disordered state when the field is switched off. Other 

advantages are (i) compatibility for wet and dry environments, (ii) lack of necessity of 

physical contact for assembly and, (iii) easiness to scale from nano-/meso- to macroscale.
3,4

 

The basis of this type of assembly is the dipole-dipole interaction among the particles. When 

polarisable/magnetisable particles are dispersed in a continuous medium under an external 

field, they acquire an electric/magnetic moment which makes them interact. As a result, they 

form particle chains that can evolve to much more complex structures such as percolated 

chains. The dipole-dipole interaction can be easily modified by changing the shape, 

composition, dimensions and electric permittivity/magnetic permeability of the dispersed 

particles or the electric/magnetic properties of the continuous medium. Therefore there is a 

wide range of possibilities to control particle interactions and many examples of field-

responsive fluids and field-induced self-assembly have been reported in the literature.
3-11

 

 A particularly powerful system for the magnetic assembly of colloidal microparticles is 

ferrofluids (FFs). FFs are suspensions of nanometric magnets in a liquid carrier and, as a 

result, they behave as continuous hydrodynamic and magnetic media for micron-sized 

particles dispersed in them. The simplest systems are the dispersions of either ferromagnetic 

(FM) or diamagnetic (DM) microparticles in FFs. In the first case we have the so-called 

extremely bimodal (or bidispersed) magnetorheological (MR) fluids.
12-14

 These kinds of MR 



fluids present some interesting structural properties, such as the fact that at close distances, 

FM microparticles dispersed in the FF can repel each other instead of being attracted upon the 

application of a magnetic field. Such a phenomenon is controlled by the formation of clouds 

by the FF nanoparticles around the FM microparticles.
10

 Furthermore, when DM 

microparticles are dispersed in a FF, a complex fluid known as inverse ferrofluid (IFF) is 

obtained. The main interest of IFFs is as model systems for MR fluids, because DM particles 

are usually smoother and more monodispersed than FM particles, and they also develop an 

effective magnetic moment when dispersed in a magnetic continuum.
15,16

 More complex 

systems using FFs as carriers are obtained when two populations of microparticles 

characterised by a different magnetic nature are dispersed jointly. For example, Erb et al. 

dispersed DM and paramagnetic particles in a magnetised FF. By controlling the magnetic 

permeability of both the FF and the dispersed particles, they obtained self-assembled 

structures such as Saturn rings, flower-like structures and multipole arrangements among 

others.
7
 Similarly, Khalil et al. also used paramagnetic and DM particles to assemble over 

twenty pre-programmed structures in a FF.
8
 Note that for these systems, theoretical 

simulations by Liu et al. predicted an enhancement of the magneto-induced stress.
17

 In 

addition, cell manipulation has profited from FFs by means of negative magnetophoresis, in 

which the environment (i.e., the FF) has higher magnetic permeability than the cells. For 

example, Krebs et al. reported the formation of linear chains of cells in a FF. These chains 

were adhered to cell-adhesive surfaces and kept on growing even after removing the FF and 

the magnetic field.
18

 

 The present work is focused on a new type of field-responsive fluid, consisting of FM and 

DM particles dispersed jointly in a FF. For analogy with IFFs, from now on we will refer to 

these suspensions as inverse magnetorheological (IMR) fluids. In this work, we first analyse 

the internal microstructure (particle assembly) of these new IMR fluids upon magnetic field 

application. We explain the resulting structures on the basis of the dipole-dipole interaction 

energy among the dispersed particles. In addition, we study the particle assembly effects on 

some technological-related properties of the suspensions, namely their rheological –flow– 

properties. More specifically, we show that the field-induced rigidity and the yield stress of 

IMR fluids are considerably enhanced with respect to suspensions of FM microparticles in 

FFs (i.e., extremely bimodal MR fluids). To the best of our knowledge, IMR fluids have 

never been studied before in the literature, in spite of their promising technological 

applications. 

 

2. Experimental 

We prepared IMR fluids by dispersing DM and FM microparticles in a FF. For comparison, 

we also prepared IFFs and extremely bimodal MR fluids by the dispersion of, respectively, 

DM and FM microparticles in a FF. As microparticles we chose PMMA (Microbeads, 

Spheromers CA10) and iron (BASF, HS quality) powders of diameters 9.9±0.4 μm and 

1.0±0.7 μm respectively. We labelled all the suspensions in the general form FMX-DMY, 

where X and Y stood for the FM and DM particle volume fractions respectively. The FF was 

prepared as described in ref.19 and consisted of 5 vol % of oleate-coated magnetite 

nanospheres –particle diameter of 8.7±2.0 nm– dispersed in mineral oil (Sigma Aldrich).  

 We conducted microscopic observations of the samples in the absence of external 

magnetic fields and upon their application. For this purpose, we placed a Haake MARS III 

Rheoscope Module (Thermo Fisher Scientific, USA) between two Helmholtz coils whose 

main axis was perpendicular to the axis of the microscope. We measured the rheological 

properties of all the samples using a Haake Mars III rheometer (Thermo Fisher Scientific, 



USA). The gap between the two rough plates of the measuring system was 400 μm. The 

major source of error when using this type of geometry is connected to the operator error 

associated to the filling of the sample. In order to quantify the importance of such an error we 

performed several measurements filling the gap with different freshly prepared samples. The 

so-estimated error for the measured rheological quantities is taken into account in the 

experimental uncertainties shown in the figures of this manuscript.  

 We conducted the rheological characterization upon magnetic field application by using a 

coil that applied a homogeneous magnetic field perpendicular to the plates of the rheometer. 

We firstly performed two types of steady-state measurements (controlled shear rate or 

controlled shear stress) using the protocol that follows: (i) pre-shear: 30 s of 150 s-1 shear 

rate application; (ii) waiting time: we turned on the magnetic field and the sample was left at 

rest for 2 minutes; (iii) depending on the type of measurement, we subjected the sample to a 

linear ramp of shear rates (controlled shear rate measurements) or stresses (controlled shear 

stress measurements) with a duration of 30 s for each step, upon the same magnetic field as in 

(ii). The shear rate ramps (from 20 to 300 s-1) were performed in order to determine, as it 

will be explained below, the dynamic yield stress of the suspensions, while the so-called 

static yield stress was obtained from shear stress ramps. Secondly, we carried out oscillatory 

measurements with the same pre-shear and waiting time as in the steady state measurements, 

followed by a logarithmic ramp of sinusoidal stresses of fixed frequency, f = 1 Hz, and 

increasing values of the stress amplitude, σ0. The sinusoidal stress at each step was applied 

during 8 periods of oscillations. We recorded the resulting viscoelastic moduli –i.e., the 

storage, G’, and loss, G’’, moduli– during the last 5 periods. 

 

3. Results and discussion 

The microscopic observations of the IMR fluids showed that in the presence of an external 

magnetic field, both populations of particles, FM and DM, built chain-like structures in the 

field direction. In the absence of field, the FM and DM particles inside sample FM10-DM20, 

for example, appeared randomly distributed (Fig. 1a). However, when the field was activated, 

the DM particles, of bigger size, formed single particle chains aligned with the field (Fig. 1b). 

The motion of the DM particles in order to build long, continuous, DM chains more perfectly 

aligned with the magnetic field appeared to be hindered, contrary to what happened in the 

case of the IFF, FM0-DM10 (Fig. 1c). The likely reason for such behaviour was the 

impediment offered by clusters of FM particles placed at both sides of the DM chains. 

Indeed, the FM particles, of a smaller size, built clusters of chains oriented in the field 

direction, rather than single particle chains. Such clusters were attracted to the laterals of the 

DM single chains (Fig. 1b and more clearly seen in Fig. 1d). As a result, the initially isotropic 

suspension became strongly patterned with the formation of alternating bands of FM and DM 

particles when the magnetic field was connected. 

The FM particles in the FM clusters or bands appeared to be densely packed, presumably 

with a concentration close to the maximum packing fraction of spheres (~ 0.7), with almost 

no free space between the chains. Such a distribution was rather different to that found for a 

sample without DM particles and the same concentration of FM particles, FM10-DM0, 

despite using the same volume of sample for the observations. In this latter case, the FM 

chains were more separated and zones of pure FF frequently appeared between chains (Fig. 

1e). For the IMR fluids, pure FF spaces without FM microparticles were almost only found 

(i) at the interstices between DM particles of the same chain –highlighted in the sketch of the 

particle structures of Fig. 1f– and (ii) at the ends of the DM chains –highlighted in the sketch 



of the particle structures of Fig. 1f. Therefore, in the IMR fluids, the FM chains packed 

together into dense zones and formed some sort of “caves” to house the DM chains.  

 We can give an explanation to the formation of the FM caves around the DM chains based 

on the simple dipole-dipole interaction among the dispersed particles. In the case of magnetic 

fields, the magnetic moment acquired by an isolated particle of relative magnetic 

permeability p  when placed in an external magnetic field H0, is 03  f pVm H . Here V, f  and 
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 stand for the particle volume, the relative magnetic permeability of the carrier 

medium and the magnetic contrast factor, respectively.20 In the case of FFs, 1f  , in 

comparison to non-magnetic liquids such as oil, water, etc. for which 1f  . Actually, f  can 

be adjusted by varying the concentration of the FF which is interesting for self-assembly 

purposes as manifested in the work of Erb et al.7 In the case of DM particles dispersed in a 

FF, 0DM  , because for them  

1p  . On the contrary, for the FM ones, 1FM  , because in this case 
1p 
. As a result, the 

DM particles in the FF did acquire an effective magnetic moment that opposed to the external 

field. The FM particles also acquired a magnetic moment, but in their case, aligned with the 

field. Due to their magnetised state, dipole-dipole interaction among the dispersed particles 

took place. The interaction force on a particle δ due to the presence of a particle α of 

magnetic moments, m  and m  respectively, separated by a vector r which connects the centre 

of particle α to the centre of particle δ can be estimated as:21 
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where 0  stands for the magnetic permeability of vacuum. In order to analyse the assembly of 

the particles in the presence of a field, let us firstly consider the case of two particles 

belonging to the same population, that is, a pair of either two FM or two DM particles. In this 

case, their magnetic moments are equal and aligned with the external field,   
0

m m H . As a 

result, the net force on particle δ due to particle α is attractive, that is, opposing to r, when the 

line-of-centres is parallel to the external field, while it is repulsive when it is perpendicular, as 

shown in Fig. 2. At an intermediate angle between these two extreme situations, the pair of 

particles is subjected to a magnetic torque which tends to align the line-of-centres with the 

field. Because of this reason, particles of the same population –either FM or DM particles– 

aligned and assembled into chain-like structures in the field direction. 

 If we consider now the interaction between two particles of different populations, that is, a 

pair of a FM particle and a DM particle, the interaction force is repulsive when the line-of-

centres is parallel to the magnetic field, while it becomes attractive when it is perpendicular – 

Fig. 2. This is due to the opposite sense of their dipoles   m m . As a result, the DM 

particles placed next to the FM ones, side to side, with the centre-to-centre line perpendicular 

to the field, giving rise to the appearance of alternating bands of FM and DM chains. The fact 

that particles of different populations could not align in the same chain –i.e., the line-of-

centres being parallel to the field– also explained the appearance of those zones without FM 

microparticles at the ends of the DM chains seen above. Therefore, the simple dipole-dipole 

consideration explained the formation of the cave-like structures in IMR fluids. 

Since the microscopic structure of a material determines its macroscopic rheological 

behaviour, we should expect differences among the samples consisting just of FM or DM 

particles and the IMR fluids. To corroborate this hypothesis, we first of all measured the 



steady-state rheological behaviour of the samples in the absence of a magnetic field and upon 

its application. In the absence of field, all the suspensions showed a Newtonian behaviour –

i.e., a linear relationship between the shear stress, σ, and the shear rate,  , with negligible 

intercept (Fig. 3). However, when the field was turned on the rheological behaviour changed 

to a plastic behaviour. The plastic behaviour is characterised by the appearance of a yield 

stress, σy, that it is necessary to overcome to induce the flow –i.e., manifested by the 

intermediate pseudoplateau of the plots of Fig. 3. Such field-induced rigidity and resistance to 

the flow appear as a result of the microscopic structures formed by the dispersed particles in 

the field direction –i.e., perpendicular to the direction of the shear. The field-induced 

structures are reinforced when the magnetic field is increased, which explains the increase of 

the shear stress with the field. At a first glance to the rheograms –σ vs.   plots– of Fig. 3, it 

seemed that such an increase was more important for the IMR fluids. For example, the shear 

stress of sample FM10-DM10 for given H0 and  appeared to be generally higher than for 

sample FM10-DM0 (Fig. 3). Nevertheless, the best method to evaluate the strength of the 

particle structures is the estimation of the so-called yield stress. 

Depending on the degree of rupture of the structures, we may define two yield stresses: (i) 

The static yield stress, related to the breakage of the structures at their weakest point, and 

obtained by extrapolating the shear stress at the intermediate pseudoplateau –i.e., 
10.1 s  – in 

log-log rheograms.22 (ii) The dynamic yield stress, related to the complete breakage of the 

structures, and usually estimated by fitting the high-shear rate part of the rheograms in linear 

scale (
-1200 s  ) to Bingham equation, y     where   is the so-called plastic viscosity.22 

We estimated both yield stresses and plotted them against the magnetic field strength for the 

samples of fix concentration of iron, 0.1FM  , and for sample FM0-DM10 in Fig. 4a. 

Both the dynamic and the static yield stresses were higher for the IMR fluids and increased 

with the DM concentration, for a constant FM volume fraction and for all the magnetic fields 

(Fig. 4a). With respect to the dependence on the magnetic field, both the static and the 

dynamic yield stresses increased with the intensity of the field for all the samples (Fig. 4a). 

Such an increase is usually known as the magnetorheological (MR) effect and has important 

technological-related applications.20 The MR effect of sample FM10-DM20 was the highest 

one, followed by sample FM10-DM10. The yield stresses of samples FM10-DM0 and FM0-

DM10 were significantly lower. Actually, for sample FM0-DM10 it was almost negligible for 

all the applied fields (Fig. 4a). The extremely low value of the yield stress in IFFs (i.e., like 

sample FM0-DM10) has been widely studied in the literature.15-16 Actually, it has been 

attributed to the very weak interactions between DM particles, in contrast to the strong 

magnetic interactions between particles of high magnetic permeability like the FM particles. 

The smallness of the yield stress of sample FM0-DM10 made evident that the increase of the 

yield stress of sample FM10-DM10 with respect to sample FM10-DM0 was not just the result 

of the addition of the yield stress of the chains of DM particles. In other words, the yield 

stress of sample FM10-DM10 at a particular field was not the sum of the yield stresses of 

samples FM10-DM0 and FM0-DM10 at the same field. Similarly, the increase for sample 

FM10-DM20 with respect to FM10-DM10 could be neither due just to the contribution of the 

DM chains. Consequently, the DM particles played a negligible role in the yield stress of IFF 

FM0-DM10, but, on the contrary, their role was very significant in IMR fluids. Therefore, 

there was a synergistic effect when mixing both particle populations. 

However, a critical concentration of DM particles at which such a synergistic effect was 

maximal appeared when the total concentration of solids was fixed and the relative volume 

fractions of FM and DM particles were varied. For example, for a total volume fraction of 30 



% and at a given intensity of the magnetic field, the dynamic yield stress increased with the 

DM volume fraction until the latter reached approx. 10 vol % (see Fig. 4b). This is a 

surprising result because, for example, sample FM20-DM10 exhibited higher yield stress 

than sample FM30-DM0, in spite of the fact that the concentration of FM particles was 

decreased by 33 %. Although not huge, such an increase is definitely significant enough 

(32% at a magnetic field of 17.1 kA/m), especially if we take into account that the 

replacement of magnetic particles with non-magnetic particles gives rise to an increase of a 

magnetic-related quantity. For increasing concentrations of DM particles, the dynamic yield 

stress diminished, as a result of the further reduction of the FM volume fraction. The effect of 

the FM  reduction can be taken into account if we calculate a dimensionless dynamic yield 

stress defined as follows: 
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A similar form of the dimensionless yield stress has been proposed in the literature for the 

static yield stress of suspensions of magnetic particles.20 In our case, the so-obtained 

experimental yield stress increased with the ratio of the DM volume fraction to the FM one, 
/DM FMx    (also dimensionless), for constant 0.3DM FM    (Fig. 5). The experimental data 

followed a single master curve for the different values of the external field, despite some 

dispersion due to slight deviations from the quadratic tendency of the yield stress on H0. 

Nevertheless the experimental increase of the dimensionless yield stress with increasing DM  

was clearly observed. 

We also observed an increase of the dynamic (oscillatory) properties of the IMR fluids, in 

agreement with the steady-state results. In the absence of magnetic field, all the samples 

exhibited a liquid-like behaviour, characterised by higher values of G’’ with reference to G’ 

(Fig. 6). We must take in mind that G’ and G’’ respectively represent the elastic –i.e., solid-

like– and the viscous –i.e., liquid-like– contributions to the stress response.23 Therefore, this 

result agreed well with the above-described Newtonian behaviour of the samples at zero field. 

When the magnetic field was activated, both moduli increased for all the samples. For the 

samples with FM particles, G’ became higher than G’’ until a critical value of the stress 

amplitude at which they crossed (Fig. 6). This meant that the samples with FM particles 

showed a solid-like behaviour until such a critical value, and a liquid-like one above it. Such 

a magnetic field-induced change of the oscillatory rheological behaviour was somewhat 

connected to the MR effect mentioned above. On the contrary, for sample FM0-DM10, G’’ 

remained higher than G’ for all the magnetic fields (data not shown here for brevity), and 

therefore this sample preserved its liquid-like behaviour even when the field was applied. 

Again, such behaviour was connected to the almost negligible values of the yield stress found 

for sample FM0-DM10 in the steady-state measurements. 

As it happened for the steady-state results there was always an enhancement of the 

suspension rigidity upon field application when FM and DM particles were mixed together. 

Such rigidity, usually quantified by G’, is also related to the field-induced structures. Let us 

focus, first of all, on the situation in which the field was inactive. In this case, G’ remained 

almost linear and thus, independent of the stress amplitude, for low values of σ0 (Fig. 6). At 

higher values of σ0, G’ abruptly decreased and reached a local minimum. An explanation to 

such a minimum is currently lacking in the literature for suspensions of magnetic particles.24 

After the minimum, G’ slightly increased for the largest values of σ0. When the magnetic 

field was activated, an additional quasi-plateau at intermediate values of the stress amplitude 

appeared only for the suspensions containing FM particles (Fig. 6). 



The appearance of such a second plateau has been previously reported in the literature for 

suspensions of FM particles. The initial decrease of G’ after the first plateau has been 

attributed to short-scale rearrangements of the particles inside the field-induced 

structures.24,25 The second abrupt drop has been explained by large-scale rearrangements 

and rupture-reformation of the particle structures due to their homogeneous 

deformation.24,25 Therefore, the values of G’ in the first plateau  

are an indication of the strength of the particle structures. As it happened for the yield stress, 

these values were higher for the IMR fluids and increased with the DM volume fraction in the 

whole range of magnetic fields. Likewise, the values of G’ were negligible for sample FM0-

DM10 in comparison (Fig. 7). Again, the addition of DM particles strongly enhanced a 

magnetic field-related quantity, by an amount greater than the isolated contribution of the 

DM particles. 

In addition to an increase of the rigidity upon field, the mixture of DM and FM particles gave 

rise to an increased dissipation of energy upon the oscillatory stimulus. The  

quantity related to such a dissipation of energy is the loss modulus, G’’. In the particular case 

of suspensions of FM particles, energy is essentially dissipated by two mechanisms: (i) 

viscous effects in the carrier liquid and (ii) contact friction between particles inside the field-

induced aggregates. In suspensions of FM particles the latter usually dominates.26,27 In our 

case, G’’ at the initial plateau was higher for the samples with FM and DM particles and 

increased with the DM volume fraction. For sample FM10-DM0 was lower and for sample 

FM0-DM10 it was extremely low (Fig. 7). These results suggest that friction between FM 

particles inside the aggregates must have been higher for the IMR fluids –i.e., inside the 

above-seen cave-like structures. 

As evidenced from all the experimental results, there is an enhancement of the MR properties 

of the suspensions when FM and DM particles are dispersed jointly. Such an enhancement 

goes beyond that corresponding to the sum of the MR effect of the DM particle chains, 

because for IFFs, these properties were extremely low. Two main reasons are likely 

responsible for this synergistic effect when DM particles are added to an extremely bimodal 

suspension. Firstly, the presence of DM particles gives rise to a perturbation of the magnetic 

field, which creates some exclusion areas where the formation of chains by the FM particles 

is hindered as evidenced in Fig. 1 and discussed in the related text. These exclusion areas 

imply an increased concentration of FM particles in the permitted areas (something observed 

in Fig. 1 too). Because the MR properties of MR suspensions increase faster than linear with 

the FM particle concentration,20 this could explain the enhancement observed in our case. 

The second mechanism would be the magnetic interaction among FM and DM particles, due 

to a strengthening of the resulting FM/DM structures. 

 

4. Theoretical model 

In this paragraph we analyse the extent of the influence of the magnetic interaction among the 

FM and DM particles on the improvement of the field-induced yield stress of the IMR fluids. 

For this purpose we develop a theoretical model just based on the formation of structures due 

to the interaction among the different types of particles. The theoretical consideration of the 

exclusion areas mentioned above would imply much more complex mathematics. 

Nevertheless, this simple assumption allows us to semi-quantitatively explain the 

enhancement of the yield stress with the DM particle concentration, and to estimate the 

influence of the exclusion areas for the FM particles, as we will see. 

4.1. Internal structures in the IMR fluids 



We consider here a system of micron-sized FM and DM particles suspended in a FF 

subjected to an external magnetic field, H0. The external magnetic field induces a magnetic 

moment mFM on the FM particles and an effective moment mDM on the DM particles 

(magnetic holes). For simplification, we consider that all microparticles have identical size 

and that they are big enough to neglect any Brownian effects in the system. We suppose that 

particles of the same population, FM or DM, form linear chains –i.e., similar to those shown 

in Fig. 1. Because the moments mFM and mDM have opposite directions, the FM and DM 

chains experience lateral attraction and aggregation as mentioned above.   

The determination of the DM particle distribution on the FM chains is a rather difficult 

problem. However, it is clear that such a distribution depends on the ratio of the FM to the 

DM volume concentrations, /DM FMx   . For this reason, let us suppose that the inequality 

FM DM   is held. We denote the numbers of FM and DM particles in the aggregate as NFM 

and NDM respectively. In the framework of the used approximations the following equality 
/ /DM FM DM FMN N    is held. In order to avoid very cumbersome mathematics, we suppose that 

each chain of FM particles aggregates with a single chain of DM particles. The hypotheses of 

a higher FM volume fraction and identical particle size for both particle populations lead to 

shorter DM chains in comparison to FM chains. Calculations of the magnetic interaction 

energy between the FM and NM chains show that the magnetic attraction between the FM 

and DM particles is maximal near the extremities of the chains. For this reason, we suppose 

that the extreme particles of the chains are in contact. As for the relative position of the 

chains, it is identical, from the energetic viewpoint that the DM chains place either near the 

bottom or near the upper point of the FM chains. From now on we suppose that the DM 

chains place near the upper point of the FM chains as shown in Fig. 8a, where we plot the 

supposed structure of the composite aggregate and its deviation from the direction of the 

applied field H0 under the action of the macroscopic shear flow. 

To simplify calculations, we will use here approximations similar to those employed in the 

well-known theory for the magnetoviscous effect in electro- and magnetorheological 

fluids.28 For this reason, we first suppose that the magnetic moments of all the particles in 

the chains have the same magnitude and direction as those of the isolated single particles. 

Secondly, we only take into account magnetic interactions among the nearest particles in the 

aggregate.  

When the aggregate deviates from the applied field by an angle  (Fig. 8a), the angle  

between the aggregate axis and the line connecting the centres of the nearest FM and DM, 

changes from its equilibrium value in the absence of shear ( / 2 ). Nevertheless, simple 

calculations demonstrate that the change of  with  is negligible. The macroscopic 

magnetoviscous effect is thus determined by the size of the aggregate and the angle . This 

latter can be found from the balance between the magnetic and hydrodynamic torques acting 

on the aggregate. The magnetic torque, m , is estimated from the energy of magnetic 

interaction among the particles in the cluster, U, which can be calculated using the simple 

dipole-dipole approximation:28 
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, d being the particle diameter, mFM and mDM the absolute 

magnitudes of the FM and DM particle moments respectively. In the Cartesian coordinate 

system (Fig. 8a), the velocity of the shear flowing suspension can be presented as xv z . Let 



the velocity of the aggregate motion be v0. The hydrodynamic torque h , which compensates 

the magnetic torque, must be determined with respect to the particle of the cluster with the 

coordinate 0z  satisfying the condition 0 0vz  . This point (“particle of equal forces”, 

designated as kc) is determined from the condition that the total hydrodynamic drag force, 

acting on the particles above kc equals to the force, acting on the particles below kc. 

Depending on the ratio of NDM to NFM, the particle with number kc can lie either below the 

chain of the DM particles (kc = k1 in Fig. 8b), or inside the region of the “double” chain (kc 

= k2).  We shall consider these two situations separately. 

a. The particle of equal forces lies “below” the DM particle chain and kc = k1. The 

hydrodynamic force, approximated as the classical Stokes force, can be estimated as in ref.28. 

Upon this approximation, we obtain the forces 1xF   and 1xF  , for particles with numbers from 1 

to k1 and for particles situated above k1, respectively:  
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With 03 d  , 0  being the viscosity of the carrier liquid. Equating 1xF   to 1xF  , we obtain an 

equation on k1. Considering that strong magnetoviscous effects can only be provided by long 

enough chains, i.e. , 1DM FMN N  , we finally get: 
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Where / /DM FM DM FMx N N    . We have supposed that the particle corresponding to k1, lies 

below the DM chain in Fig. 8. In other words, the inequality 1 FM DMk N N   is fulfilled. By using 

(5), we find the criterion of this inequality: 2 1x   . 

b. The particle of equal forces lies “inside” the region of the double chain (kc = k2) and 
1 > x > 2 -1. In this second case, instead of (4), we get respectively: 
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Equating 2 'xF  to 2xF 
 and taking into account the strong inequalities , 1DM FMN N  , we get: 
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The hydrodynamic torques 1h  and 2h , corresponding to the inequalities 2 1x    and 
1 2 1x    respectively, can be estimated as:28 

2 3 2

1 1cos ( )h FMd N q x   ,  2 3 2

2 2cosh FMd N q x         (8) 

1( )q x  and 2 ( )q x being simple functions of x, not shown here for brevity.  

 Equating the torque m  (eqn (3)), to the torques 1h  and 2h  (eqn (8)), we come to equations 

for θ for the cases 2 1x    and 1 2 1x    respectively. These equations include the number of 

FM particles in the cluster, FMN , which can be determined by comparison of the magnetic and 

hydrodynamic forces acting along the cluster axis as follows.28 

a. x < 2 -1  and kc = k1. The attractive magnetic force among the nearest particles in the 

cluster, can be calculated by considering the dipole-dipole approximation as:  
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The hydrodynamic destruction force 1rF  is estimated by summing the Stokes forces acting on 

the cluster particles which are below the particle of number k1 (Fig. 8b). Note that, according 

to the definition of k1, this force equals to that acting on the part of the aggregate above the 

point k1. The resulting force can be therefore calculated as: 
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         (10) 

Here 1  is a simple function of x, not shown here for brevity. 

b. 1 > x > 2 -1 and kc = k2. By taking into account the interaction between (i) two nearest FM 

particles, (ii) two nearest DM particles and (iii) the nearest FM and DM particles, and after 

simple, but cumbersome calculations, we get: 

    
2

2 2 2 20
2 4 5/2

3 1 3cos 1 12cos 28sin 9
4 2

FM
m

f

m y
F y

d


  



 
      

   (11) 

And the hydrodynamic destruction force is: 

  
22

2 2 2sin 1 sin cosh x FMF F dN x                 (12) 

Where 2  is a simple function of x, not shown here for brevity. 

4.2 Macroscopic stress 

The macroscopic stress of the suspension can be estimated on the basis of the considerations 

made by Martin and Anderson (ref.28) as 0 a     , where 0  is the viscosity of the carrier 

and a  is the stress produced by the aggregates, which can be expressed as 

1

2
a a mn  

.28 Here, 
/a FM FMn N V  is the number of aggregates per unit volume of the system, V  being the particle 

volume. By replacement with eqn (3) in the previous expression of a , we get: 
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with 
2( ) 1 ( )g x x y y   . The angle θ can be obtained as a function of x and y by solving the 

system of equations    , ,m FM hj FMN N    ,    , ,mj m hj mF N F N  , j=1,2 for the cases 1 2 1x    (i.e., 

kc=k1)  and 1 2 1x     2ck k , respectively. Once the angle θ is known, we finally estimate 

the viscous stress a  for the regions of relative concentrations of DM and FM particles 
2 1x    and 1 2 1x    respectively. Such stress, in agreement with ref.28, does not depend on 

the shear rate,   and, therefore, can be considered as the dynamic yield stress of the system. 

A dimensionless stress can be alternatively calculated as in eqn (2): 

2 2 2

0 0

8 tan
( ) ( )

9 1 tan

 

    
 



a

f FM FM

s x g x
H

        (14) 

 The theoretical dimensionless yield stress has been plotted in Fig. 5 together with the 

experimental data. As observed, the theory agrees rather well with the experimental results 

and predicts the correct order of magnitude and the trend for the dimensionless yield stress. 

Nevertheless, the theory underestimates the dimensionless yield stress at medium-to-high 

DM particle concentration. The likely reason for this underestimation is that our theory does 

not take into consideration the appearance of the above-mentioned exclusion areas for the 



formation of FM chains due to the presence of the DM particles. Out of these areas 

(permitted zones), there is an increase of the effective concentration of FM particles. This 

would result in such a faster-than-linear increase of the yield stress, because the dependency 

of the yield stress on the FM volume fraction is usually faster than linear for suspensions of 

FM particles.1 Because the number of exclusion areas increases with the DM volume 

fraction, it is logical that at medium-to-high DM particle concentration, the contribution of 

the exclusion areas to the experimental yield stress must be stronger. The step-wise decrease 

of theoretical s at 2 1 0.41x     is explained by the transition from the situation when kc=k1 to 

kc=k2. Of course, because in the real system there will be a distribution of chains over the 

whole number of DM and FM particles, this transition will take place at a different place in 

each chain (i.e., different chains will have different kc) and, consequently, we cannot expect 

to experimentally observe the step-wise fall. 

Conclusions 

In this work we studied a new type of field-responsive fluids constituted by diamagnetic 

(DM) and ferromagnetic (FM) microparticles dispersed in ferrofluids, to which we referred as 

inverse magnetorheological (IMR) fluids. Microscopic observations in IMR fluids showed 

that upon magnetic field application, both the FM and the DM particles aligned in the 

direction of the field, giving rise to the appearance of alternating bands of particles of both 

populations. The formation of such structures was explained on the basis of the dipolar 

interaction force between particles, which was attractive when equal particles (either DM or 

FM) were aligned in the field direction. Nevertheless, the force between dissimilar particles 

was repulsive in this configuration and attractive when they were aligned perpendicularly to 

the field.  

 The field-induced rheological behaviour of IMR fluids was enhanced with respect to 

suspensions of FM particles containing the same amount of FM particles. What is more, we 

even found that the rheological behaviour was enhanced when up to 30 % of the FM particle 

content was replaced with DM particles to obtain an IMR fluid. The enhancement of the 

field-induced rheological behaviour could not be explained just by the contribution of the 

DM chains, since the yield stress and the viscoelastic moduli for a sample with just DM 

particles in a ferrofluid were very low. We explained such synergistic effects by two different 

physical phenomena: (i) the formation of exclusion areas for FM particles as a consequence 

of the perturbation of the magnetic field provoked by the presence of DM particles, and (ii) 

the dipole-dipole interaction between DM and FM particles, which enhanced the field-

induced particle structures. 

 In order to quantify the relative importance of these two phenomena, we finally developed 

a theoretical model which only took into account the dipole-dipole interaction among 

particles, but not the effect of the exclusion areas. Our model correctly predicted the order of 

magnitude and trend of a dimensionless yield stress. However, the theoretical model 

progressively underestimated the values of the yield stress as the concentration of DM 

particles was increased, which was supported by the fact that exclusion areas became 

increasingly important as the DM particle content increased. 

 The studied IMR fluids could be of potential interest for technological purposes, since in 

addition to an enhancement of the field-induced rheological behaviour, the presence of a 

ferrofluid as carrier reduces the sedimentation of FM microparticles, as pointed out in a 

previous work.13 Finally, the enhancement of the field-induced rheological response caused 

by the partial replacement of FM particles with DM particles would also allow producing 

more compact devices –i.e., smaller devices with the same power. In the long term, all these 



features, together with the lower price of the DM particles, would benefit their cost 

competitiveness and commercialization. 
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FIGURES 

 
 

Fig. 1 (a) Initial state of randomly dispersed FM (black zones) and DM (white spheres) 

particles in sample FM10-DM20 at zero field. (b) Assembly of alternating bands of FM and 

DM chains upon the application of a magnetic field. (c) Field-induced chains of DM particles 

in the inverse FF, FM0-DM10. (d) A clearer picture of the field-induced chains in a different 

zone of sample FM10-DM20. (e) FM chains for a sample without DM particles, FM10-DM0, 

in which the FM chains appeared more separated. (f) Sketch of a chain of DM particles (big 

spheres) surrounded by dense clusters of FM particles (small spheres). Two of the pure FF 

zones have been highlighted: the ends of the DM chain and the interstices between DM 

particles. Bar lengths: 20 microns. Arrows designate the direction of the external magnetic 

field, H0, of intensity 9.8 kA/m. 

 



 
 

Fig. 2 Force between magnetised particles based on the dipole-dipole approximation for 

different space configurations. 

 

 

 

Fig. 3 Rheograms (shear stress vs. shear rate plots) of samples FM10-DM0 (a) and FM10-

DM10 (b). The different symbols correspond to different values of the external magnetic 

field, H0. The rheological behavior in the absence of field was Newtonian for both samples 

and changed to a plastic behavior when the field was activated. The shear stress at a given 

shear rate was usually higher in the case of sample FM10-DM10 for all the applied fields. 



 

 

Fig. 4 (a) Dynamic yield stress as a function of the applied magnetic field for all the samples: 

FM0-DM10 (), FM10-DM0 (), FM10-DM10 (), FM10-DM20 (). The yield stress 

was enhanced when DM and FM particles were mixed together, increasing with the DM 

volume fraction. The yield stresses of samples FM10-DM0 and FM0-DM10 were lower for 

all the applied fields. In the latter case it was almost negligible in comparison. Similar results 

were obtained for the static yield stress (inset), although in this second case, its relative 

increase with the DM volume fraction was higher. (b) Dynamic yield stress as a function of 

the DM volume fraction, DM , for different intensities of the applied magnetic field and 

constant total volume fraction 0.3DM FM   . The yield stress exhibited a maximum for a critical 

volume fraction of DM particles, 0.1DM  . Such a maximum indicates that it was possible to 

increase a magnetic-related property, just by replacing 10 % of FM particles with DM 

particles. 

 

 

 

Fig. 5 Dimensionless dynamic yield stress, s, (eq. (2)) as a function of the ratio of the volume 

fractions of DM and FM particles, x. The different symbols correspond to experimental data 

obtained at different magnetic fields. As observed, all the experimental data followed a 

master curve which showed an increasing trend with x. The line corresponds to the theoretical 

predictions of eq. (14), of the same order of magnitude as the experimental data. 



 

 

Fig. 6 Viscoelastic moduli as a function of the amplitude of the applied oscillatory stress for 

samples FM10-DM0 (a) and FM10-DM10 (b) at two values of the external magnetic field: 0 

(squares) and 11.4 (circles) kA/m. G’ and G’’ are represented by full and open symbols 

respectively. In the absence of magnetic field G’’ was always higher than G’. However this 

behaviour reversed when the field was applied for the samples with FM particles in their 

composition. The values of both moduli in the first plateau were higher for the IMR fluid. 

 

 

 

Fig. 7 Increment (with respect to their value at zero field) of the viscoelastic moduli, G’ and 

G’’ at the initial plateau as a function of the applied magnetic field for all the samples: FM0-

DM10 (), FM10-DM0 (), FM10-DM10 (), FM10-DM20 (). Both moduli increased 

when DM and FM particles were mixed together, increasing with the DM volume fraction. 

G’ and G’’ were always lower for samples FM10-DM0 and FM0-DM10. In the latter case 

they were almost negligible in comparison. 

 



 

 

Fig. 8 (a) Sketch of the composite aggregate of DM and FM particles. For simplification, all 

the particles are considered to have the same size. Because the magnetic moments mFM and 

mDM have opposite directions, the FM and DM chains experience lateral attraction and 

aggregation. The extreme particles of the chains are in contact because the energy of 

interaction between the FM and DM particles is maximal near the extremities of the chains. 

(b) Same as (a) but specifying the positions of the particles. k1 and k2 are particle numbers 

where the condition 0 0vz   is held 

 


