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1 Introduction

A complex space form is an n-dimensional Kéhler manifold of constant holomorphic sectional curvature c.
A complete and simply connected complex space form is analytically isometric to a complex projective space CP"
if ¢ > 0, a complex Euclidean space C" if ¢ = 0, or a complex hyperbolic space CH" if ¢ < 0. The complex
projective and complex hyperbolic spaces are called non-flat complex space forms, since ¢ # 0, and the symbol
M, (c) is used to denote them when it is not necessary to distinguish them.

A real hypersurface M is an immersed submanifold with real codimension one in M, (c). The Kihler structure
(J, G), where J is the complex structure and G is the Kihler metric of M, (c), induces on M an almost contact
metric structure (£, ¢, 1, g). The vector field £ is called structure vector field and when it is an eigenvector of the
shape operator A with corresponding eigenvalue o = g(AE, £) the real hypersurface is called Hopf hypersurface.

The study of real hypersurfaces M in M,,(c) was initiated by Takagi, who in [13] classified homogeneous real
hypersurfaces in CP” and divided them into six types, namely (A1), (42), (B), (C), (D) and (E). These real
hypersurfaces are Hopf ones with constant principal curvatures. In case of CH”, the study of real hypersurfaces
with constant principal curvatures was started by Montiel [7] and completed by Berndt in [1]. They are divided into
two types, namely (A) and (B), depending on the number of constant principal curvatures. The real hypersurfaces
found by them are homogeneous and Hopf.

Another important class of real hypersurfaces in M,,(c), which are not Hopf, is the ruled hypersurfaces. They
are constructed in the following way: consider a regular curve y in M, (c) with tangent vector field X. Then at each
point of y there is a unique hyperplane of M,,(c) cutting y in a way to be orthogonal to both X and JX. The union
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of all these hyperplanes is the ruled hypersurface. Equivalently, for ruled hypersurfaces in M, (c) we have that the
maximal holomorphic distribution D of M at any point, which consists of all the vectors orthogonal to £ is integrable
and it has an integrable manifold M;—1(c), i.e g(AD,D) = 0.

Last years many geometers have studied real hypersurfaces in M}, (¢) under certain geometric conditions. More
precisely, the structure Jacobi operator of them plays an important role in the study. Generally, the Jacobi operator
with respect to X on M is defined by R(-, X)X, where R is the Riemannian curvature of M. For X = £ the Jacobi
operator is called structure Jacobi operator and is denoted by [ = Rg = R(-, §)&.

Another topic of great importance in the study of real hypersurfaces in non-flat complex space forms is the
study of them in terms of their generalized Tanaka-Webster connection. The notion of generalized Tanaka-Webster
connection was first introduced by Tanno in [14] in case of contact metric manifolds in the following way

VxY = VxY + (Vxn)(Y)E — n(Y)Vx £ — n(X)gY.

In [2] Cho extended Tanno’s work by defining the generalized Tanaka-Webster connection of real hypersurfaces M
in My, (c) in the following way

VY = VxY + g(pAX, Y)E — n(Y)pAX —kn(X)gY, M

where X, Y are tangent to M and k is non-null real number.
The second author in [12] introduced the notion of k-th Cho operator corresponding to a vector field X as a
tensor field of type (1,1) defined in the following way

FOY = g(pAX, Y)§ —n(Y)pAX —kn(X)gY. @)
So relation (1) due to (2) becomes
VOY = vxy + FPY. 3)

Notice that if X € D, the k-th Cho operator does not depend on k, so it is written Fx Y and is called Cho operator
associated to X.

In [12] the second author began the study of real hypersurfaces in CP”, n > 3, whose k-th Cho operator satisfies
commuting conditions with the structure Jacobi operator of them. More precisely, he classifed real hypersurfaces in
CP", n > 3, whose structure Jacobi operator satisifies the commuting relation F, gk)l = IF g(k). Furthemore, he
also proved that the structure Jacobi operator commutes with the Cho operator, i.e. Fx! = [Fx, only for ruled
hypersurfaces in CP”, n > 3. The condition F)((k)l = IF)((k), for some X € TM is equivalent to Vx ! = @)((k)l.
Geometrically, this means that any eigenspace of / is preserved by F. )((k).

The purpose of this paper is to extend the previous work in case of three dimensional real hypersurfaces in

M>(c) and in case of real hypersurfaces in CH", n > 3. More precisely the following Theorems are proved:

Theorem 1.1. Every real hypersurface M in M>(c), whose k-th Cho operator associated to § commutes with the
structure Jacobi operator, i.e. Fg(k)l = IF E(k) is a Hopf hypersurface. Furthermore, for any non-null constant k M
is locally congruent to:

i) a real hypersurface of type (A),

il) or to a real hypersurface with A§ = 0.

Theorem 1.2. Every real hypersurface M in CH", n > 3, whose k-th Cho operator associated to & commutes with
the structure Jacobi operator, i.e. F, g(k)l =1 Fs(k) is a Hopf hypersurface. Furthermore, for any non-null constant k
M is locally congruent to:

i) a real hypersurface of type (A),

i) or to a real hypersurface with AE = 0.

Theorem 1.3. Let M be a real hypersurface in M>(c), whose Cho operator associated to any vector field X
orthogonal to & commutes with the structure Jacobi operator, i.e. Fxl = [Fx. Then M is locally congruent to a
ruled real hypersurface.
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Theorem 1.4. Let M be a real hypersurface in CH", n > 3, whose Cho operator associated to any vector field
X orthogonal to & commutes with the structure Jacobi operator, i.e. Fxl = [ Fyx. Then M is locally congruent to a
ruled real hypersurface.

This paper is organized as follows: In Section 2 basic relations and results about real hypersurfaces in M, (c) are
provided. In Section 3 proofs of Theorems 1.1 and 1.2 are provided. Furthermore, a Proposition which holds for non-
Hopf hypersurfaces in M;,(c), n > 3 is also presented. Finally, in Section 4 the proof of Theorem 1.3 is included.

Remark 1.5. As an immediate consequence of relation (3) we have that the condition of commutativity of the k-th
Cho operator with respect to any vector field X with the structure Jacobi operator is equivalent with the condition
of coincidence of the covariant and generalized Tanaka-Webster derivatives of the structure Jacobi operator, i.e.
@)((k )| = Vyl. Therefore, from Theorems 1.1 and 1.3 there do not exist real hypersurfaces in M>(c) such that
Vo] = VI for any k € R — {0}.

2 Preliminaries

Throughout this paper all manifolds, vector fields etc. are assumed to be of class C °° and all manifolds are assumed
to be connected. Furthermore, the real hypersurfaces M are supposed to be without boundary.

Let M be a real hypersurface immersed in (M, (c), G) with complex structure J of constant holomorphic
sectional curvature c. Let N be a unit normal vector field on M and &€ = —JN the structure vector field of M.

For a vector field X tangent to M relation

JX =X + n(X)N

holds, where ¢ X and n(X)N are respectively the tangential and the normal component of JX. The Riemannian
connections V in M, (c) and V in M are related for any vector fields X, ¥ on M by

VxY = VxY + g(AX,Y)N,

where g is the Riemannian metric induced from the metric G.
The shape operator A of the real hypersurface M in M, (c) with respect to N is given by

VxN = —AX.

The real hypersurface M has an almost contact metric structure (¢, &, 17, g) induced from J on M, (c), where ¢ is
the structure tensor which is a tensor field of type (1,1) and 5 is an 1-form on M such that

gpX.Y)=G(JX,Y), n(X)=gX, ) =GUX,N).
Moreover, the following relations hold

P’X =X +n(X)E  nop=0, =0, =1,
g@X. oY) =g(X.Y) —n(X)n(Y)., g(X.¢Y¥)=—g(pX.Y).
The fact that J is parallel implies VJ = 0. The last relation leads to
Vx§ = ¢AX, (Vx@)Y =n(Y)AX — g(AX.Y)E. “)

The ambient space M, (c) is of constant holomorphic sectional curvature ¢ and this results in the Gauss and Codazzi
equations to be given respectively by

R(X.Y)Z = -[g(Y.2)X — g(X.2)Y + g(pY. Z)pX ®

C
4
—g(pX, Z)pY —2g(pX,Y)pZ] + g(AY, Z)AX — g(AX, Z)AY,
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(Vx )Y — (Vy A)X = %[U(X)W —n(Y)pX —2g(pX, Y)E], 6)

where R denotes the Riemannian curvature tensor on M and X, Y, Z are any vector fields on M.
Relation (5) implies that the structure Jacobi operator / is given by

IX = JIX = 1(X)§] + aAX — n(AX) A8, %)

for any X tangent vector to M , where o = n(A§).
The tangent space Tp M, for every point P € M , can be decomposed as

TpM = span{t} & D,

where D = kern ={X € TpM :n(X) = 0} and is called (maximal) holomorphic distribution, (if n > 3). Due
to the above decomposition, the vector field A¢ can be written

AE = af + BU,

where B = |pVe&|and U = —%(pVgE € ker(n) is a unit vector field, provided that 8 # 0.
We provide the following Theorem which in case of CP" is owed to Maeda [6] and in case of CH" is owed to
Montiel [7] (also Corollary 2.3 in [9]).

Theorem 2.1. Let M be a Hopf hypersurface in My, (c), n > 2. Then
1) « is constant.
it) If W is a vector field which belongs to D such that AW = AW, then

o Ao ¢
A—2)ApW = (— + —)eW.
(A=) (5 + ¢
iii) If the vector field W satisfies AW = AW and ApW = vpW then
o ¢
Av=—(A -. 8
v 2( +v)+4 (®)

Remark 2.2. In case of real hypersurfaces of dimension greater than three the third case of Theorem 2.1 occurs
when o2 + ¢ #£ 0, since in this case relation A # % holds. Furthermore, the first of (4) and (7) for X = W and
X = oW respectively implies

Vwé = AW and Vowé = —vW, )
W = (% + o)W and loW = (% + av)pW. (10)

Remark 2.3. In case of three dimensional Hopf hypersurfaces we can always consider a local orthonormal basis
{W, oW, E} at some point P € M such that AW = AW and ApW = voW. So relations (8), (9) and (10) hold.

Finally, the following Theorem plays an important role in the study of real hypersurfaces in M), (c), which is due
to Okumura in case of CP” (see [10]) and to Montiel and Romero in case of CH” (see [8]). It provides the
classification of real hypersurfaces in My (c), n > 2, whose shape operator commutes with the structure tensor field

@.

Theorem 2.4. Let M be a real hypersurface of My, (c), n > 2. Then Ap = @A, if and only if M is locally congruent
to a homogeneous real hypersurface of type (A). More precisely:

In case of CP"

(A1) a geodesic hypersphere of radius r, where 0 < r < 7,

LS

(A2) a tube of radius r over a totally geodesic CP*,(1 < k <n —2), where 0 < r < 3

In case of CH"

(Ag) a horosphere in CH", i.e a Montiel tube,

(A1) a geodesic hypersphere or a tube over a totally geodesic complex hyperbolic hyperplane CH ™1,
(A2) a tube over a totally geodesic CH* (1 <k <n —2).
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2.1 Auxilary facts about three dimensional real hypersurfaces in complex space
forms

Let M be a non-Hopf hypersurface in M>(c) and {U, ¢ U, £} be a local orthonormal basis at some point P of M.
Then the following Lemma holds

Lemma 2.5. Let M be a non-Hopf real hypersurface in M>(c). The following relations hold on M

AU =yU + 69U + B¢, ApU = §U + polU, AE = af + BU, (11)
Vu§ =—8U +ypU,  Veu&=—pU+8pU, Ve = BoU,

VuU = k19U + 8§, VouU = k20U + u§, VeU = k39U,

VueU = —1U —yE, VoueU = —k2U — 8¢, VepU = —k3U — BE,

where «, B, y,8, L, K1, k2, k3 are smooth functions on M and 8 # 0.
Remark 2.6. The proof of Lemma 2.5 is included in [11].
The structure Jacobi operator for X = U, X = ¢U and X = £, due to (11), implies
U = (% +ay — AU + adpU, U = adU + (% + au)pU and 1§ = 0. (12)

The Codazzi equation (6) for X € {U,oU} and Y = £ because of Lemma 2.5 implies the following relations

UB — £y = ad — 28k3, (13)
55=01)/+ﬂ/€1+52+MK3+%—VM—VK3—ﬁ2, (14)

Ua — € = —3B5, (15)
En = ad + P — 20k3, (16)
(pU)a = af + Br3 — 3P, a7
(U)B = ay + By +282+%—2yu+a,u, (18)

andfor X =U and Y = U

US— (pU)y = uk1 — K1y — By —28k2 — 2B, 19)
U — (pU)S = yko + BS — kot — 28k7. (20)

Furthermore, combination of the Gauss equation (5) with the formula of Riemannian curvature R(X,Y)Z =
VxVyZ —VyVxZ — V|x.y]Z, taking into account relations of Lemma 2.5 implies

Uky — (pU)k1 = 282—2]/M—K12—)/K3—K%—/J,K3—C. 21

3 Proof of Theorems 1.1 and 1.2

3.1 Three dimensional real hypersurfaces in M;(c)

Let M be a three-dimensional real hypersurface in M>(c) whose k-th Cho operator associated to £ commutes with
the structure Jacobi operator, i.e.
FPIy =1FPy

for any Y € TM . The above relation due to (2) for X = £ implies

kolY = Bg(pU,I1Y)E + Bn(Y)loU + klgY. (22)



326 —— K. Panagiotidou, J. de Dios Pérez DE GRUYTER OPEN

Let \V be the open subset of M such that
N ={P € M: B#0 inaneighborhood of P}.

On N relation (22) for Y = £ taking into account the third of (12) implies /¢ U = 0 and because of the latter relation
(22) for Y = U yields IU = 0. So on N relations [§ = [U = [9U = 0 hold, i.e. / = 0 and due to Proposition 8
in [4] we conclude that N is empty. Thus, the following Proposition is proved:

Proposition 3.1. Every real hypersurface in M (c) whose structure Jacobi operator satisfies relation (22) is Hopf.

Because of the above Proposition relation of Theorem 2.1 and Remarks 2.2 and 2.3 hold.
Relation (22) for Y = W due to (10) results in

a(A—v)=0.
Thus, locally either = 0 or A = v. If @ = 0 in case of CP? we have two cases:

1) if A # v then M is locally congruent to a non-homegeneous real hypersurface considered as a tube of radius
r = % over a holomorphic curve,

2) if A = v then M is locally congruent to a geodesic hypersphere of radius r = 7.

In case of CH? if @« = 0 M is a Hopf hypersurface with A€ = 0 (for the construction of such real hypersurfaces
see [5]).
If @ # 0 then A = v and this implies
(Ap —pA)X =0

for any X tangent to M. So due to Theorem 2.4 M is locally congruent to a real hypersurface of type (A4) and this
completes the proof of Theorem 1.1.

3.2 Real hypersurfaces in CH",n > 3

First we provide the following Proposition which holds for non-Hopf hypersurfaces in M;,(c), n > 3.
Proposition 3.2. There do not exist real hypersurfaces M in My, (c), n > 3, whose shape operator is given by
ﬂZ
AU = (— — —)U + BE, ApU = —4—¢JU and A§ = o€ + BU,

if VeU = k39U, where k3 = g(VeU, oU) and o, B are non-vanishing functions on M.

Proof. The inner product of Codazzi equation, because of the relation for the shape operator yields:

ﬂz B>
= Bk 1+f(f— ), for X =U and Y = & with U, (23)
52 ¢
(@U)B = B> + By + 7(7 — —), for X = ¢U and Y = £ with U due to (23), (24)
4o
((pU)O[zﬂ(Ot—l—/g—i-E), for X = U and Y = & with &, (25)
4 2
s = 29PR2 X — U and Y = € with oU. (26)
B> B> | Br

(pU )(———)—ﬂ(—+———) for X =U and Y = U with U, 27
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4 2
Ua = 372 (0 X — U and Y = oU with oU. 28)
4 2
Uo=tp = P72 o x — U and ¥ = & with £ due to (28), 9)
C
4 |
UB = Bia(— + 1), for X = U and Y = £ with U due to (26) and (29), (30)
C

where k1 = g(VuU,9U), k2 = g(Vou U, @U) and k3 = g(VeU, @U).
Relation (27), because of (23), (25) and (24), yields:

k3 = —4a, 31D

and so relation (23) becomes:

¢ ¢ ,32 5
Br1 = E(a - ;)—4/3 . (32)

The Riemannian curvature on M satisfies relation (5) and on the other hand is given by R(X,Y)Z = VxVy Z —
VyVxZ — Vix y1Z. The combination and the inner product of these two relations for X = Z = U, Y = £ with
pUand X =§£,Y = oU, Z = U with U, owing to Ve(pU) = (Vep)U + ¢V U and the second of (4) implies
respectively:

2
Uses — 1 = ko (P — & ey, 33)
o 4o
(U)ks — £z = K1 (k3 + 4i) + Bles — —). (34)
o 20

Differentiating (31) and (32) with respect to U and £ respectively and substituting in (33) and due to (29), (26) and
(31) we obtain:

Kk2(c —2B% —4a?) = 0. (35)

Owing to (35), suppose that k> # 0 then 282 + 4«2 = c. Differentiation of the last relation along £ and taking into
account (29), (26) and 2/32 +4a%2=c¢ yields k2 = 0, which is a contradiction.
Thus, k> = 0 and relations (30), (29) and (26) become:

Uax=UB =Etaxa=E8=0.
Using the above relations and (31) we obtain:
[U.§la = U(§a) — §(Ua) =0,
[U.¢la = (Vyé —VeU)a = %(4,32 + 1602 — ¢)(pU)a.
Combining the last two relations we have:
(4B? + 16a% — ¢)(pU)a = 0.

Suppose that (¢U)a # 0 then the above relation implies 16> + 482 = c. Differentiating the last relation with
respect to U and taking into account (25), (24), (31), (32) and ¢ = 16a2 + 482, implies: «> = 0, which is

impossible.
So (¢U)a = 0. Then, relations (25), (31) and (32) imply: ¢ = 402 and Bx; = a2 — 5B2. On the other
hand from relation (34), because of (31), we obtain: k; = —2f. Substitution of k1 in fx; = a? — 582 yields:

382 = 2. Taking the covariant derivative along U of 3% = a2, because of (24), we conclude: 8 = 0 which is a
contradiction and this completes the proof of the present Proposition. O
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Let M be a real hypersurface in CH", n > 3, whose structure Jacobi operator commutes with the k-th Cho operator
associated to £. In this case relation (22) also holds. In CH" relation ¢ = —4 holds.
Let \V be the open subset of M such that

N ={P € M: B #0 inaneighborhood of P}.

Following similar steps to those in case of three dimensional real hypersurfaces and taking into account relation (7)
for X = U and X = ¢U we obtain [U = loU = 0.If ¢ # 0 the latter implies

B2 +1
07

AU = (

1
YU + B€ and AU = —¢U.
o

The above relation leads to the conclusion that D¢;, which is the orthogonal complement to span{U, ¢U, £}, is
A-invariant.

Let Z € Dy such that AZ = t Z then relation (22) for Y = Z implies ¢!/ Z = l¢Z. The last one because of
relation (7) yields a(9pA — Ap)Z = 0 and this results in pAZ = A¢pZ. Since AZ = tZ we obtain ApZ = teZ,
for any Z € Dy . The inner product of Codazzi equation forany X = Z € Dy and Y = £ with U and £ respectively
implies

B +1
( " —1)g(VeU,Z) =0 and Za = Bg(VeU, Z).
Suppose that 11 = g(VegU, Z) # 0 then the above relation implies ¢ = %. The inner product of the Codazzi

equation for X = £ and Y = U with Z yields g(Vy U, Z) = g(Vy Z,U) = 0. Furthermore, the inner product of

Codazzi equation for X = U and Y = Z with £ and U because of the latter yields

B> +1
o

ZB =0 and Z(

) = 0.

The last relation taking into account relations of Zf and Z« results in 1 = 0, which is a contradiction. Therefore,
we have that g(VeU, Z) = 0 and that VeU = «3¢U.

Due to Proposition 3.2 we conclude that on N relation @ = 0 holds. Relation (7) for X = ¢U implies [oU =
—@U. On the other hand relation (22) for Y = £ results in /[oU = 0. Combination of the last two relations leads to
a contradiction. Thus, N is empty and the following Proposition is proved:

Proposition 3.3. Every real hypersurface in CH", n > 3, whose structure Jacobi operator satisfies relation (22),
is Hopf.

Since M is a Hopf hypersurface we consider two cases
Casel: > — 4 # 0.
In this case relations of Theorem 2.1 and remark 2.2 hold. Following similar steps to those of the case of three
dimensional real hypersurfaces we obtain
a(A—v)=0.

So we have ApX = ¢AX and Theorem 2.4 holds.
CaseIl: > — 4 = 0.
Suppose that A # 1 then ApW = vpW and (8) results in v = 1. Following similar steps as in the previous case we
lead to a contradiction.

Therefore, A = 1 is the only eigenvalue for all vector fields in D and M is locally congruent to a horosphere and
this completes the proof of Theorem 1.2.

Remark 3.4. For real hypersurfaces in CH" of dimension greater than three it is known that none of real
hypersurfaces of type (A) satisfy o« = 0, but the authors do not know if there exist Hopf hypersurfaces with
vanishing o.
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4 Proof of Theorem 1.3

Let M be a three-dimensional real hypersurface in M>(c) whose k-th Cho operator associated to any vector X € D
commutes with the structure Jacobi operator, i.e.

FxlY =I[FxY,
for any Y € TM . The above relation due to (2) for X € D implies
g(pAX.1Y)E = —n(Y)lpAX. (36)

Suppose M is a Hopf hypersurface then Theorem 2.1 and remarks 2.2 and 2.3 hold.
Relation (36) for Y = £ implies

lpAX =0, for X € D. 37
Relation (37) for X = W and X = ¢ W because of (10) yields respectively
c ¢
A(Z 4+ av) =0 and V(Z + ad) = 0.

Combination of the above two relations implies that A = v and so ApX = @AX, for any X € TM. Thus, because
of Theorem 2.4 M is locally congruent to a real hypersurface of type (A). Furthermore, the above relation results in

A +ar) =0
4o

Therefore, locally either relation A = 0 or relation A = —ﬁ holds. Substitution of the previous values in (8) and
taking into account A = v leads to a contradiction. Therefore, we conclude:

Proposition 4.1. There do not exist Hopf hypersurfaces in M>(c) whose Cho operator corresponding to any X € D
commutes with the structure Jacobi operator.

Next we examine non-Hopf hypersurfaces. Let {U, ¢ U, £} be a local orthonormal basis at some point P € M. The
shape operator with respect to this basis is given by (11).
Relation (36) for Y = £ implies

lpAX =0, for X €D. (38)
The inner product of relation (38) for X = ¢U with U due to (11) and (12) yields
¢ 2
aé =0 and M(Z+ay—,8 ) =0.

Suppose that ;7 0 then the latter implies that § + oy — B2 = 0 and the first of (12) results in /U = 0. Relation
(38) for X = U implies y(§ + ap) = 0.If y # 0O the last relastion results in § 4 au = 0 and the second of (12)
leadsto /U = 0. So the structure Jacobi operator vanishes identically and because of Proposition 8 in [4] we obtain
a contradiction. Therefore, y = 0 and 82 = %. Differentiation of the latter with respect to ¢ U implies (pU)B = 0
and relation (18) implies

By —I—%—i—au —0. (39)
Furthermore, differentiating y = 0 with respect to ¢ U and taking into account relation (19) yields
k1 = 2B. (40)
Relations (13), (15) due to y = 0 and 2% = % implies

Ua=Up =& =&y =0.
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Differentiation of (39) with respect to U because of the above relation yields a(Up) = 0. Suppose that U # 0 then
the latter implies o = 0 and relation (39) because of (40) and 82 = % results in ¢ = 0, which is a contradiction. So
Up = 0 and relation (20) results in k2 = 0.

Concluding we have the following

/3221, k1 =28, y=k2=0 and u #0.
Relation (14), taking into account all the above relations, yields px3 + % = 0. Relation (21), taking into account all
the previous relations, implies that ¢ = 0, which is a contradiction.
So, on M relation u = 0 holds and relation (38) for X = U implies y = 0. Therefore, the shape operator
becomes
AE = af 4+ BU, AU = BE, ApU = 0.

So M is a ruled real hypesurface and this completes the proof of Theorem 1.3.

4.1 Real hypersurfaces in CH” ,n > 3

Let M be a real hypersurface in CH”, n > 3, whose structure Jacobi operator commutes with the Cho operator
associated to any vector field X € D. In this case relation (36) and relation ¢ = —4 hold.

Let M be a Hopf hypersurface. We consider the following two cases:
Casel: 0> —4 #£ 0.
In this case relations of Theorem 2.1 and remark 2.2 hold. Following similar steps to those in the proof of
Theorem 1.3 it is proved that there do not exist Hopf hypersurfaces in CH",n > 3, whose structure Jacobi operator
commutes with Cho operator associated to X € D.
CaseII: > — 4 = 0.
If A # 1 then because of Theorem 2.1 we have ApW = vepW and relation (8) implies v = 1. Relation (36) for
Y = & yields [pAX = 0, for any X € . The latter for X = W and for X = ¢ W respectively implies A = 0 and
A= % Combination of the last two relations gives a contradiction.

Thus, A = 1 is the only eigenvalue for all vector fields X € . In this case following similar steps to those of
the case of A # 1 results in 1 = 0, which is impossible.

Therefore, the following Proposition is proved.

Proposition 4.2. There do not exist Hopf hypersurfaces in CH™ ,n > 3, whose structure Jacobi operator commutes
with Cho operator associated to any X € D.

Next, we examine non-Hopf hypersurface in CH”,n > 3, whose structure Jacobi operator commutes with Cho
operator associated to any X € D, i.e. relation (36) holds. Relation (36) for Y = £ since [§ = 0 yields [pAX = 0,
for any X € ID. The latter due to relation (7) implies

— @AX + adpAX + afg(ApU, X)E + B?g(ApU, X)U =0, forany X € D. (41)
The inner product of relation (41) for any X orthogonal to {U, £} results in
g(AX, pX) = 0.

The above relation for X = U implies g(AU, pU) = g(AeU,U) = 0. Relation (41) for X = U due to the last
relation yields
AU = aApAU.

The inner product of relation (41) for any X € D with U because of the above relation results in

g((1 + B> ApU — pAU. X) = 0.
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So the vector field (1 + f2)AgU — ¢ AU has no component in ID and since g((1 + f2)ApU — @AU,£) = 0 we
conclude that

@AU = (1 + %) AgU. (42)

Let Dy be the orthogonal complement to span{U, ¢ U, £}. The inner product of relation (36) for X € D with ¥ €
Dy implies g(ApY — aApAY, X) = 0. So the vector field ApY — aApAY has no component on D and since
g(ApY —aApAY, &) = afg(ApU, Y)E we conclude that

ApY —aApAY = aBg(ApU, Y)E, (43)

for any Y € Dyy. Combination of relation (41) for Y € Dy with above relation implies A¢Y + B2g(ApU, YU —
@AY = 0. The inner product of the latter with U taking into account relation (42) implies

(1+ BHglpApU.Y) = 0,

for any Y € Dy . The above relation for ¥ = ¢V results in g(ApU, Y) = 0. So ApU has no component in Dg; and
because of (42) AU also has no component in Dg;. The latter implies that Dg; is invariant by A. Furthemore, the
shape operator on U and ¢ U takes the form

AU = (B 4+ DuU + BE and ApU = peU.
Relation (41) for X = @U because of the above yields

pu(l—ap) =0.

If (1 —ap) #0then u = 0and ApU = 0 and AU = BE. Consider a vector field Z € Dy such that AZ = tZ.
Combination of relations (41) and (43) for X = Z results in ApZ = t@Z. Thus, relation (41) for X = Z yields
t(l—ta) =0.

If | —ta # Othent = 0 and M is a ruled hypersurface.

If 1 —ta = 0 it is obvious that ¢ # 0 and this results in ¢ = é The inner product of Codazzi equation for
X =ZandY = £ with U and for X = £ and Y = U with Z respectively implies

1
ZB = ~g(VeU.Z) ZP = Bg(VuZ.U).

The inner product of Codazzi equation for X = U and Y = Z with £ due to the above relations results in Z8 = 0
and so g(VgU, Z) = 0. The latter implies V¢ U has only component on ¢ U. The inner product of Codazzi equation
for X = U and Y = U with U implies g(Vy U, U) = 0. So the inner product of Codazzi equation for X = U
and Y = & with @U results in 82 + 1 = 0, which is contradiction.

So the remaining case is that of © = é The shape operator in this case has the form

AU

2
= L+5 U + p§ A(pU:le.
o o
In this case we also have that Dy, is A-invariant and g-invariant. So if AZ = tZ then ApZ = t¢Z. Following
similar steps as in the proof of Theorem 1.2 we conclude that the struture Jacobi operator of such real hypersurfaces
does not commute with the Cho operator associated to any X € ID and this completes the proof of Theorem 1.4.
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