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Introduction
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Chapter 1

Background

In this chapter we give an overview of the state-of-the-art in the �eld of
magnetic �eld-driven colloids, with special focus on the latest advances for
magnetic particle suspensions.

1.1 Magnetic �eld-driven colloids

Magnetic �eld-driven colloids are smart materials whose physical (espe-
cially mechanical) properties can be controlled by means of external mag-
netic �elds. This is possible because particles of magnetizable materials,
usuallymicron-sized, are used as the disperse phase. Themagnetizable par-
ticles are dispersed in a continuous matrix that de�nes the �nal form of the
colloid. As an example wemay cite here magnetic �eld-driven suspensions,
elastomers, foams and gels [Bossis et al. (2002b); Carlson and Jolly (2000);
de Vicente et al. (2011); Ginder et al. (1996); Park et al. (2010a); Schneider
et al. (2014)].

This thesis is focused on dispersions ofmagnetizable particles in a liquid
carrier, that is, on suspensions ofmagnetizable particles ormagnetic particle
suspensions. There are many kinds of magnetic suspensions depending on
the nature of either the carrier liquid or the dispersed particles, which can
be classi�ed according to very di�erent criteria. Here we will classify them
on the basis of the magnetic nature of the liquid carrier.
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1.2 Magnetic �eld-driven suspensions based on a
diamagnetic liquid

The most typical example of suspensions based on a diamagnetic liquid are
conventional magnetorheological (MR) �uids, suspensions of micron-sized
(i.e., multi-domain) ferro- or ferrimagnetic particles in diamagnetic liquids
such as kerosene, silicone/mineral oil, etc. In the absence of amagnetic �eld,
the net magnetic moments of the dispersed particles are negligible and as
a result, the particles are, in principle, randomly distributed. As a result,
the suspension rheological behavior (i.e., �ow behavior) approaches that of
a Newtonian �uid. However, when an external magnetic �eld is applied,
the dispersed particles acquire a magnetic moment of the same direction
as the applied �eld. Due to their magnetized state, there is a magnetic in-
teraction among the particles and they build chain-like structures aligned
with the �eld whose strength can be controlled by changing the intensity of
the applied �eld [Bossis et al. (2002b); de Vicente et al. (2011); Ginder et al.
(1996); Park et al. (2010a)]. Such a particle arrangement minimizes the mag-
netostatic energy of the system [Bossis et al. (2002b)]. From a macroscopic
approach, the particle chains make the suspension behave like a solid when
subjected to low enough shear stresses. Nevertheless, when the shear stress
exceeds a critical value, the yield stress, the chains break and the suspension
starts to �ow with a shear rate-dependent viscosity which also depends on
the size and orientation of the chain fragments. Such a change of the rheo-
logical properties of the suspension from an almost Newtonian behavior to
a yielding (plastic-like) behavior upon the application of a magnetic �eld is
known as theMR e�ect [Bossis et al. (2002b); de Vicente et al. (2011); Ginder
et al. (1996); Park et al. (2010a)].

The MR e�ect has been commercially exploited in �elds as di�erent as
civil, mechanical and automotive engineering, aerospace, medicine or op-
tics [Carlson et al. (1996); Flores et al. (2000); Jolly et al. (1999); Klingenberg
(2001); Park et al. (2010a); Schneider et al. (2014)]. The best known appli-
cation of MR �uids is as lubricants with �eld-dependent viscoelasticity, in
shock absorbers or dampers used in large trucks or race and high-quality
cars [Klingenberg (2001); Lozoya-Santos et al. (2013); Wereley et al. (2008);
Zhu et al. (2012)]. In addition, they are used as shock/vibration absorbers in
structures for seismic control of buildings or bridges, and in household ap-
pliances [Berasategui et al. (2014); Caterino et al. (2011); Li andWang (2011);
Spelta et al. (2009)]. Similarly, they can absorb irregularities of the ground
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and improve the performance on inclined surfaces of prosthetic legs [Klin-
genberg (2001)].

Many of these applications, especially damping applications, require a
strong MR e�ect. This can be easily achieved by using strong ferromag-
netic metals as the material of the dispersed phase (e.g., iron, cobalt, nickel).
However, such particles have two main disadvantages in terms of colloidal
stability. First, they tend to aggregate even in the absence of a magnetic
�eld due to van der Waals and magnetic attractions –the latter caused by
the remnant magnetization of the particles [Bossis et al. (2002b); de Vicente
et al. (2011); Phulé et al. (1999)]. Particle aggregates result in a quite high
shear viscosity and stress even in the o�-state –i.e., in the absence of �eld.
This is undesirable for many commercial applications [Carlson (2002)]. Sec-
ond, the high density of the ferromagnetic particles in comparison to that
of the liquid carrier, gives rise to fast gravitational settling, with the for-
mation of compact sediments that can be hardly redispersed [Klingenberg
(2001); López-López et al. (2006b)]. This is an important drawback in the
case of shock/vibration absorbers for the seismic control of structures be-
cause, in this case, the damper is expected to remain inactive most of its
lifetime [Carlson (2002); Jolly et al. (1999); Klingenberg (2001)]. Therefore,
in most applications a trade-o� between a strong response to the external
�eld and a good colloidal stability is required [Carlson (2002)].

Many attempts to improve both the MR e�ect and the colloidal stability
of MR �uids have been reported in the literature. Here we summarize the
most important as follows:

1. Addition of surfactants or polymers. These additives, when included
in the formulation of MR �uids, are adsorbed on the surface of the
ferromagnetic particles. This creates a physical barrier which keeps
the particles apart and partially avoids particle attraction [Bombard
et al. (2007); Fang et al. (2008); Galindo-González et al. (2005); Hu et al.
(2007); López-López et al. (2010a); Park et al. (2010b)]. This pheno-
menon is called steric repulsion. In addition, coating ferromagnetic
particles with a polymer also reduces chemical oxidation [Park et al.
(2010a)]. However, such additives do not entirely prevent from par-
ticle settling, although they considerably ease the redispersion of the
sediments [López-López et al. (2006b)]. Particle settling is better re-
duced by using thickening/thixotropic agents, the most extreme case
being the use of a viscoelastic matrix as for MR elastomers –e.g., natu-
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ral and synthetic rubbers, silicones and polyurethanes– and MR gels
–e.g., xantham gum, silica gel, stearates and carboxylic acids [Ginder
et al. (1999); Jolly et al. (1996); Lokander and Stenberg (2003); Mit-
sumata (2009); Shahrivar and de Vicente (2013); Wang et al. (2007); Xu
et al. (2013)]. However, the lack of mobility of the dispersed particles
inside the matrix in these materials also hinders the development of
a high MR e�ect. Such a disadvantage has been overcome in the case
of MR elastomers by applying an external magnetic �eld during the
curing of the matrix so that magnetic particle chains are built in the
direction of the �eld. Once the matrix is cured, the anisotropic struc-
ture is kept and theMRe�ect considerably increases [Bellan andBossis
(2002); Coquelle and Bossis (2006)]. An additional disadvantage of the
use of thickening agents is the very high o�-viscosity of the resulting
materials, which results in a great penalty in the turn-up ratio –i.e., the
ratio of the yield stress upon the application of a magnetic �eld to the
yield stress in its absence [Carlson (2002); Foister (1997)].

2. Use of �ber-like magnetic particles. Suspensions based on magnetic
micro�bers have shownbetter colloidal stability anddeveloped a larger
�eld-induced yield stress than conventional MR �uids of spherical
particles of the same particle volume fraction, and at the same mag-
netic �eld intensity [Bell et al. (2007, 2008); de Vicente et al. (2009);
Gómez-Ramírez et al. (2009); Kuzhir et al. (2009, 2011a); López-López
et al. (2007, 2009a); Ngatu et al. (2008); Vereda et al. (2009)]. This can be
explained in terms of the interparticle solid friction, which is higher
for the synthesized �bers because of their much rougher and irregular
surface. In addition, the magnetic susceptibility of the suspensions of
anisotropic �ber-like particles is enhanced with respect to that of sus-
pensions of spherical particles. Such an enhancement also contributes
to increase the stress level of the suspension [Gómez-Ramírez et al.
(2009); Kuzhir et al. (2009, 2011a); López-López et al. (2009a); Vereda
et al. (2009)].

3. Reduction of particle size. It is widely known that in the case of
ferro�uids (FFs), suspensions of nanometric-sized magnetic particles
coated by a polymer or a surfactant, both particle agglomeration and
gravitational settling are almost completely avoided. However, such
ultrastable FFs only exhibit small changes of their viscosity when the
magnetic �eld is activated, with negligible values of the MR e�ect
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[Ilg and Odenbach (2009); Odenbach (2002, 2003); Rosensweig (1997)].
This can be explained by the predominance of Brownian motion over
magnetic attraction among the particles due to their very small size
[Bossis et al. (2002b)]. Therefore, smaller particle sizes are expected to
improve the colloidal stability of the resulting suspensions, although
the improvement would be accompanied by a decrease of the MR ef-
fect. Nevertheless, López-López et al. [López-López et al. (2009b,
2010b)] showed that the particle size could be reduced down to ap-
prox. 100 nm without great penalty in the MR e�ect. In a more recent
publication, it has been shown that magnetic colloids on the frontier
of ferro�uids developed yield stressesmuch greater than conventional
–ultrastable– FFs in the presence of amagnetic �eld, and still exhibited
good colloidal stability [López-López et al. (2012)].

4. Addition of diamagnetic particles. Diamagnetic (non-magnetic) par-
ticles such as silica, polymer or clay particles usually have much lower
densities than magnetic metals [de Vicente et al. (2003); Hong et al.
(2013); Klingenberg andUlicny (2011, 2012); López-López et al. (2008a);
Ulicny et al. (2010); Zhou et al. (2013)]. Consequently, the particle
weight and its buoyancy are much more balanced. As a result, the
gravitational settling, according to Stokes’ law, is considerably reduced
in comparison to ferromagnetic particles. The presence of the diamag-
netic particles slows down the settling of the ferromagnetic particles
too [de Vicente et al. (2003); López-López et al. (2008a)]. What is more,
diamagnetic particles have proved to be useful not only to decrease
particle settling, but also to increase the �eld-induced yield stress.
Such a counter-intuitive e�ect was �rst pointed out by López-López
et al. (2008a) who found an increase of the MR e�ect when dispersing
iron and clay particles together. The authors explained such an e�ect
as a consequence of the combination of the magnetically-induced iron
chains and a clay gel. Similar results were reported in some works
of Klingenberg’s team [Klingenberg and Ulicny (2011, 2012); Ulicny
et al. (2010)]. In these works, an increase of the MR e�ect was ob-
tained when mixing iron particles and di�erent types of diamagnetic
particles such as hollow glass beads. The authors performed particle-
level simulations in three dimensions and by con�ning the spheres
to a monolayer. In the �rst case, the simulations were in agreement
with the experimental results. In the second one, however, such an
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enhancement did not appear. The authors themselves stated that a
mechanistic explanation to the phenomenon was still lacking [Ulicny
et al. (2010)].

1.3 Magnetic �eld-driven suspensions based on a
ferro�uid

FFs can also be used as carrier �uids for the dispersion of micron-sized par-
ticles. Because of their large particle size, one or more orders of magni-
tude larger than the size of the FF nanoparticles, the micron-sized particles
are immersed in a practically continuous magnetic medium [Bossis et al.
(2002b)]. The �rst reported magnetic suspensions using a FF as the liquid
carrier were the so-called inverse ferro�uids (IFFs) [Kashevskii et al. (1988)].
In IFFs, diamagnetic micron-sized particles like polymer particles are used
as the dispersed phase. From amagnetic point of view, they behave as mag-
netic holes in themagnetic medium [de Gans et al. (1999b, 2000); Ekwebelam
and See (2008); Jian et al. (2008); Kashevskii et al. (1988); Ramos et al. (2011);
Saldívar-Guerre ro et al. (2006)]. For this reason, in the presence of external
magnetic �elds, each diamagnetic particle possesses a magnetic moment,
corresponding to the volume of the displaced �uid, whose direction is op-
posite to the one of the �eld –see chapter 6 for amore detailed description of
particle interactions in IFFs. As for ferromagnetic particles, the diamagnetic
particles also build chain-like structures parallel to the �eld inside the FF
in order to minimize the magnetostatic energy of the system. However, the
intensity of the magnetic dipoles is muchweaker than for the ferromagnetic
particles of conventionalMR �uids, and the resultingMR e�ect is not strong
enough for practical applications, like damping applications [de Gans et al.
(1999b, 2000); Kashevskii et al. (1988); Ramos et al. (2011); Saldívar-Guerre
ro et al. (2006)]. However, due to the very well de�ned shape and size of
commercial diamagnetic particles, IFFs are very useful as models for the
study of the MR e�ect [Bossis and Lemaire (1991)]. Furthermore, the study
of particle interactions in IFFs also leads to a better understanding of similar
phenomena that involve FFs, such as the inverse magnetophoresis of cells
[Krebs et al. (2009)].

More recently, novel suspensions of ferromagnetic microparticles in FFs
have been reported in the literature [Bossis et al. (2011); Foister (1997); Igle-
sias et al. (2012); López-López et al. (2005a, 2006a, 2010d); Patel (2011); Shi-
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mada et al. (2002, 2004); Susan-Resiga et al. (2010); Viota et al. (2007, 2009)].
These suspensions are referred to as extremely bidisperse or bimodal MR
�uids. In this case, irreversible aggregation of the ferromagneticmicroparti-
cles is almost completely avoided because of the formation of clouds or halos
of magnetic nanoparticles around them due to their remnant magnetization
[Iglesias et al. (2012); López-López et al. (2005a); Patel (2011)]. Such clouds
prevent the magnetic microparticles from approaching at a distance close
enough so that magnetic attraction is dominant, by some sort of steric re-
pulsion. The reduction of aggregation also avoids the formation of compact
sediments and favors the redispersion of the suspension after periods of
inactivity [Iglesias et al. (2012); López-López et al. (2005a)]. Furthermore, it
has been found that for certain concentration andparticle size distribution of
the FF, at close distances the ferromagnetic micron-sized particles dispersed
in the FF can repeal each other instead of being attracted upon the applica-
tion of a magnetic �eld, because of the formation of the above-mentioned
nanoparticle clouds [Bossis et al. (2011); López-López et al. (2010d)]. Finally,
if the concentration of magnetic nanoparticles is su�ciently high, the set-
tling rate of the microparticles can be considerably reduced in comparison
to conventional MR �uids [López-López et al. (2005a)].

In addition to a better colloidal stability, these extremely bidisperse MR
�uids also exhibit a strong MR e�ect, which is more reproducible than in
the case of conventionalMR�uids [Foister (1997); López-López et al. (2005a,
2006a); Shimada et al. (2002, 2004); Susan-Resiga et al. (2010)]. The explana-
tion given to such an improvement is the formation of complex structures
among the nano- and the microparticles [López-López et al. (2006a); Patel
(2011)]. Therefore, extremely bimodal MR �uids seem to be promising can-
didates to be used in technological applications.

Althoughmuchwork has been done in the �eld of magnetic �eld-driven
colloids, there are still some topics that have been relatively poorly studied.
In the next chapter we identify some of these research gaps with the aim of
justifying the research done in this thesis.





Chapter 2

Justi�cation

Taking the literature review of the previous chapter as a starting point, in
this section we aim to put our research in context and to state the main pur-
poses of our work. Finally we give a justi�cation for the linkage of the fol-
lowing chapters, which are scienti�c articles published in or submitted to
international journals.

2.1 Motivation, starting hypotheses and aims

Most of the reported experimental systems employed for the development
of theoretical models in the �eld of magnetic particle suspensions strongly
di�er from the suspensions used in practical applications, that is, they can
be considered quite ideal. For example, the considered magnetorheologi-
cal (MR) �uids usually consist of rather monodisperse particles, of a single
shape, in concentrations not very high, etc., and the only additive habitually
employed is just a surfactant to reduce particle aggregation. In addition,
the theoretical models that explain some phenomena associated to MR �u-
ids, use approximations in order to simplify calculations (perfectly spherical
particles, diluted suspensions, etc.) that are often far from reality. Such is
the case that some of the bestmodels to explain the �eld-induced yield stress
of MR �uids are (as mentioned in the previous chapter) inverse ferro�uids,
despite the poor technological applicability of these latter.

Indeed, the formulation of realMR �uids is much more complex. Let us
cite here a sentence taken from the webpage of one of the most important
MR �uid manufacturers, LORD corporation®: a variety of proprietary addi-
tives, similar to those found in commercial lubricants to discourage gravitational

13
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setting and promote particle suspension, are commonly added to LORD Corpora-
tion’s state-of-the-art MR �uids to enhance lubricity, modify viscosity and inhibit
wear. Some of these typical additives are anti-oxidant, anti-friction, anti-
wear and extreme pressure agents, various surfactants, thixotropes, viscos-
ity modi�ers, dyes or pigments, pH shifters, salts, deacidi�ers or corrosion
inhibitors (see for examples patents by Barber and Nixon (2009), Carlson
et al. (1997), Foister (2000), Forehand and Barber (2012), Golden and Ulicny
(2003) and Durán et al. (2009)).

In this thesis we focus on two systems that deviate from the ideal MR
�uid. More speci�cally, we study two clearly di�erentiated systems: (i)mag-
netic suspensions consisting of amixture of diamagnetic particles and ferro-
magnetic particles, and (ii) highly concentrated MR �uids. In the �rst case,
we study the in�uence of the inclusion of diamagnetic particles in the for-
mulation, on the suspensionmagnetic and rheological properties. In the sec-
ond case, we investigate the rheological properties and the �ow instabilites
associated to these suspensions. Let us �rst brie�y discuss the motivation
to these studies.

2.1.1 Studyof the in�uence of inclusions of diamagnetic par-
ticles on the magnetic and rheological properties of
magnetic �eld-driven suspensions

As mentioned in the previous chapter, there are several previous works in
the literature that point out an enhancement of the magnetic �eld-induced
yield stress when diamagnetic particles are added to a conventional MR
�uid (i.e., based on a diamagnetic liquid carrier) [Klingenberg and Ulicny
(2011, 2012); López-López et al. (2008a); Ulicny et al. (2010)]. For example,
López-López et al. (2008a) showed that suspensions of 20 g/L of organ-
oclay particles and 10 vol % of iron exhibited yield stresses up to 4 times
higher than MR �uids of just 10 vol % of iron at low �eld. Similar e�ects
were found for the viscoelastic moduli of the studied suspensions upon
oscillatory shear. From a microscopic point of view, the authors observed
that some of the iron particles were free in the suspension while other par-
ticles formed heterogeneous aggregates with the clay particles. They at-
tributed the enhancement of the yield stress to a combined e�ect of the
�eld-induced chaining of iron and clay-iron aggregates, and the formation
of a clay gel. Nevertheless, the authors did not clearly explain the in�u-
ence of such mixed aggregates on the magnetic properties of the suspen-



CHAPTER 2. JUSTIFICATION 15

sions [López-López et al. (2008a)].
More recently, other authors have also reported an enhancement of the

yield stress upon magnetic �eld application of about 40 % when 15 vol % of
hollow glass beads were added to a suspension of 30 vol % of iron. In addi-
tion, the experimental results were con�rmed by particle level simulations
in three dimensions. However, and according to the authors, the mechanis-
tic explanation to the enhancement was not clear [Ulicny et al. (2010)]. In a
di�erent work, they employed diamagnetic particles of di�erent nature and
size to con�rm that the inclusion of diamagnetic particles always caused
an increase of the MR yield stress, independently of the type of diamagne-
tic particles. As a result, they concluded that the enhancement should be
attributed to the non-magnetizability of the particles, rather than to some
other material-speci�c interaction among the diamagnetic particles [Klin-
genberg andUlicny (2011)]. In this secondwork, new simulations suggested
that the diamagnetic particles increased the size of the �eld-induced clusters
formed by the magnetic particles of the MR �uid. They attributed such an
increase to an additional mean force of attraction among the latter created
by the diamagnetic particles [Klingenberg and Ulicny (2011)].

Therefore, in all the works mentioned above, the explanations to the in-
crease of the yield stress in suspensions of dia- and ferromagnetic particles
were related to the formation of big clusters or mixed aggregates by the dis-
persed particles. However, the e�ect of such particle aggregates/clusters
on the �eld-induced rheology of the suspensions is still rather controver-
sial with no general agreement on the Physics behind the phenomenon. In
this thesis we aim to �nd themechanistic explanation to the aforementioned
phenomena based on two hypotheses.

Our �rst hypothesis is that the magnetic properties of the MR �uids
might be enhanced by the addition of the diamagnetic particles, even though
the latter are inactive from the magnetic point of view –contrarily to the case
of inverse ferro�uids (IFFs) in which diamagnetic particles are magnetically
active because of the surrounding magnetic medium. Such a change of the
suspension magnetic properties should play an important role on the rhe-
ological properties of the suspensions. The improvement of the magnetic
properties could be attributed to the formation of complex/mixed aggre-
gates by the ferro- and the diamagnetic particles, as observed by López-
López et al. (2008a).

The following speci�c aims are intended to test this �rst hypothesis:
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1. Con�rm the enhancement of the magnetic �eld-induced yield stress
of MR �uids due to the addition of diamagnetic particles. With this
aimwewill prepare bi-component suspensions of di�erent concentra-
tions of ferro- and diamagnetic particles andmeasure their rheological
properties upon magnetic �eld application.

2. Determine whether there is some kind of interaction among the fer-
romagnetic and the diamagnetic particles. For this purpose we will
perform rheological measurements in the absence of a magnetic �eld
which allow gaining information on the aggregation state of the sam-
ples. In addition we will conduct microscopic observations of diluted
bi-component samples with and without magnetic �eld application.
Finally, we will employ infrared spectroscopy to analyze the nature of
the interaction.

3. Investigate the in�uence that diamagnetic/ferromagneticmixed struc-
tures could have on the magnetic properties of the suspensions. This
will be done by measuring the magnetization curves of the samples.
In addition we will simulate the suspension magnetic behavior using
basic magnetostatics and �nite element method simulations.

4. Find a theoretical reason for the enhancement of the �eld-induced
yield stress of the suspensions of ferro- and diamagnetic particles. To
this end we will adapt a theoretical model which takes into account
the e�ect of the enhancement of the magnetic properties on the �eld-
induced yield stress of the suspensions.

Our second hypothesis is based on a much more rheological approach,
namely the increase of the rotational di�usion of the �eld-induced ferro-
magnetic aggregates upon shear due to the presence of the diamagnetic
particles. The importance of rotational di�usion on the MR e�ect of MR
suspensions has been discussed in a previous work [Kuzhir et al. (2011a)].
As shown in this work, MR �uids subjected to shear �ows under an external
magnetic �eld aligned with the streamlines exhibit a strong MR behavior,
contrarily to the predictions of conventional theories. According to the au-
thors the high level of stress of the suspensions can be interpreted in terms
of stochastic rotary oscillations of the �eld-induced aggregates due tomany-
body magnetic interactions with neighboring aggregates. This results in an
e�ective rotational di�usion process [Kuzhir et al. (2011a)]. In our case, col-
lisions among the diamagnetic particles and the �eld-induced aggregates of
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ferromagnetic particleswould impart supplementary �uctuations of the ori-
entations of themagnetic aggregates under shear. This is a completely novel
approach to explain the enhancement of the yield stress in suspensions of
ferro- and diamagnetic particles.

In order to test this hypothesis, we de�ne the following speci�c aims:

1. Isolate the contribution of the rotational di�usion to the yield stress
in bi-component suspensions. For this purpose we will hinder other
factors that could increase the �eld-induced yield stress, such as the
formation of mixed aggregates of ferro- and diamagnetic particles of
enhanced magnetic properties. To this end we will use appropriate
surfactants that partially avoid this heterogeneous aggregation.

2. Measure the rheological properties of the suspensions upon external
magnetic �elds at di�erent diamagnetic particle concentrations. We
will conduct measurements using a parallel plate geometry with the
magnetic �eld oriented along the velocity gradient and also using a
cylindrical Couette geometry with the magnetic �eld oriented along
the vorticity. In this second case we expect the rotational di�usion of
the magnetic aggregates (and its enhancement because of the diamag-
netic particles) to be the predominantmechanism for the development
of the yield stress.

3. Develop a theoretical model that takes into account the increase of the
rotational di�usion of the ferromagnetic aggregates due to the colli-
sions with the diamagnetic ones.

In addition to suspensions based on a diamagnetic liquid carrier, we
also study the e�ect of adding diamagnetic particles to suspensions of ferro-
magnetic particles in a ferro�uid (FF). In this second case, the diamagnetic
particles become active from the magnetic point of view and tend to build
structures in the presence of a �eld. As mentioned in the previous chapter,
suspensions of ferromagnetic particles in a FF (i.e., bidispersed MR �uids)
have been previously studied in the literature [Bossis et al. (2011); Foister
(1997); Iglesias et al. (2012); López-López et al. (2005a, 2006a, 2010d); Patel
(2011); Shimada et al. (2002, 2004); Susan-Resiga et al. (2010); Viota et al.
(2007, 2009)]. Similarly, suspensions of diamagnetic particles in ferro�uids,
IFFs, have also been reported [de Gans et al. (1999b, 2000); Ekwebelam and
See (2008); Jian et al. (2008); Kashevskii et al. (1988); Ramos et al. (2011);
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Saldívar-Guerre ro et al. (2006)]. However, the mixture of both types of par-
ticles have never been studied to the best our knowledge. We think that such
a mixture would gather the typical advantages of using FFs as carriers –e.g.,
reduction of the ferromagnetic particle aggregation– and those related to the
addition of diamagnetic particles to conventional MR �uids –e.g., lower par-
ticle settling and enhanced �eld-induced yield stress. In addition to these
motivations, which are especially interesting from the applied point of view,
we think that such an study would be worthy of investigation from a funda-
mental approach too. Indeed, Erb et al. (2009) have reported that micropar-
ticles of di�erent magnetic behavior (i.e., dia- and paramagnetic) built com-
plex structureswhenmixed in a FF.More speci�cally they obtained di�erent
self-assembled structures such as Saturn rings or �ower-like arrangements,
depending on the FF concentration and its magnetic susceptibility.

Our study will be performed according to the following speci�c aims:

1. Study the interactions between ferro- and diamagnetic particles in FFs
upon the application of amagnetic �eld. Wewill performmicroscopic
observations in the presence of external magnetic �elds and justify the
observed structures from a theoretical point of view.

2. Study the rheological properties of suspensions of ferro- and diamag-
netic particles in FFs upon magnetic �eld application. For this pur-
pose, we will conduct steady-state and dynamic rheological measure-
ments for suspensions of various ferro-/diamagnetic concentration ra-
tios.

3. Theoretically study the e�ect of ferro- and diamagnetic mixed struc-
tures on the rheological properties of the suspension.

2.1.2 Study of the rheological properties and �ow instabili-
ties of highly concentrated MR �uids

Concerning the study of concentrated MR �uids, our motivation is the lack
of rheological studies forMR�uids of particle volume concentrations higher
than 45 %, especially in what concerns the theoretical modeling of such sus-
pensions. To the best of our knowledge there are only a few experimental
works [Chin et al. (2001); de Vicente et al. (2002); Laun et al. (2008a,b)] deal-
ing with concentrated MR suspensions in spite of the technological impor-
tance of concentrated colloidal suspensions in general [Clausen et al. (2011)].
Furthermore, the existing theoretical models for the static yield stress fail
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when applied to concentrated MR �uids. For example, the microscopic ap-
proaches to the modeling are usually based on the a�ne deformation and
rupture of single chains of magnetic particles [Bossis et al. (2002b); Clercx
and Bossis (1993); Ginder and Davis (1994); Ginder et al. (1996); Klingen-
berg and Zukoski (1990)], something unrealistic for concentrated MR �u-
ids in which thick columnar aggregates and more isotropic structures are
built in the direction of the �eld [Bossis et al. (2002b); Cutillas and Bossis
(1997)]. Macroscopic models based on thermodynamic principles [Bossis
et al. (1997)] neither predict the correct values of the yield stress of concen-
trated suspensions, because of the di�erent assumptions made for the cal-
culations, such as the Maxwell-Garnett approximation, invalid for highly
concentrated suspensions of strongly magnetizable particles. For this rea-
son, our overall goal is to develop a theoretical model for the yield stress of
concentrated MR �uids based on realistic hypotheses.

More speci�c aims are as follows:

1. Conduct an exhaustive rheological characterization of highly concen-
trated MR suspensions upon the application of magnetic �elds. For
this purpose, long rheological measurements that ensure a steady-
state behavior of the suspension will be carried out.

2. Develop an appropriate theoretical model for the rheological proper-
ties of highly concentrated MR suspensions. This model should be
based on realistic particle structures for these suspensions.

In addition to a stronger MR e�ect, concentrated MR suspensions may
display �ow irregularities in the presence of external magnetic �elds at very
low values of the shear rate. Such �ow instabilities, manifested as well-
de�ned temporal oscillations of the shear stress, have been widely studied
in the literature for other types of systems such as concentrated colloidal and
granular suspensions, emulsions andmicelle solutions, polymer liquids and
polymer blends [Bécu et al. (2006); Bonn et al. (2002); Coussot et al. (2002);
da Cruz et al. (2002); Huang et al. (2005); Jarny et al. (2005); Ovarlez et al.
(2006); Ragouilliaux et al. (2007); Rodts et al. (2005); Varadan and Solomon
(2003)]. Nevertheless, very little attention has been paid in the case of MR
�uids. To the best of our knowledge there is only a previous short com-
munication by Jiang et al. (2012) that reports such a phenomenon for the
plate-plate rheometry of MR �uids. In view of the lack of additional works
we aim to conduct a detailed study on �ow instabilities of MR �uids. This
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will be done for two di�erent �ow con�gurations: (i) the �uid is con�ned
and sheared between two parallel surfaces, and (ii) the �ow is pushed thro-
ugh a capillary (pressure-driven �ow). In the �rst case our main hypothesis
for the appearance of instabilities is the periodic failure and reformation
of the structures at small shear rates, a fact supported by some observa-
tions of Klingenberg and Zukoski (1990) for electrorheological (ER) �uids
(the electric counterparts of MR �uids), and by particle level simulations
[Bonnecaze and Brady (1992); Klingenberg et al. (1991)]. For the pressure-
driven �ow,we expect the competition amongmagnetic, hydrodynamic and
friction forces to be responsible. The latter also govern the phenomenon of
particle clogging in the very narrow channels of some smart MR devices.
Therefore, this study will also be useful for the proper design of such de-
vices.

To test these hypotheses we aim to:

1. Measure the rheological properties of concentrated MR �uids at very
low values of the shear rate upon the application of magnetic �elds.
This will be done by using rotational plate-plate rheometry and a cap-
illary rheometer.

2. Characterize the �ow irregularities by an analysis of the temporal os-
cillations of the shear stress.

3. Gain information on the suspension behavior during the �ow insta-
bilities. To this end we will carry out visualizations of its macroscopic
deformation. In the particular case of the pressure-driven �ow we
will monitor the MR structures and their evolution upon shear inside
transparent capillaries.

4. Develop a theoretical model based on the above-mentioned hypothe-
ses to test their validity.

2.2 Structure of the thesis

The thesis is divided in two parts, each part devoted to one of the two main
topics described above. The part devoted to the inclusions of diamagnetic
particles in suspensions of magnetic particles includes chapters 3 to 6, while
chapters 7 to 9 are related to concentrated MR �uids and their �ow instabil-
ities.

A brief description of the chapters is detailed in the following points:
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• Chapter 3 consists of a �rst experimental part in which we study the
rheological behavior upon magnetic �eld application of suspensions
of ferromagnetic (iron) and diamagnetic (poly(methylmethacrylate),
PMMA) particles. These suspensions are referred to as multicompo-
nent suspensions in this chapter, in contrast to single-component sus-
pensions of either just iron or PMMA, which are also studied for com-
parison. The rheological characterization is accompanied by an study
of the interactions among the ferro- and the diamagnetic particles.
Chapter 3 also has a theoretical/simulation part inwhich themagnetic
response of mixed ferromagnetic/diamagnetic structures is studied,
and a model for the static yield stress of single-component magnetic
suspensions (further developped in chapter 7) is adapted for themulti-
component case.

• Chapter 4 is the experimental evidence of a surprising result obtained
in chapter 3 by computational simulations. More speci�cally, it was
pointed out that suspensions of hollow ferromagnetic spheres should
have higher magnetic permeability than suspensions of solid ferro-
magnetic spheres for a given volume fraction of ferromagnetic mate-
rial. What is more, such suspensions of hollow particles would dis-
play, as theoretically pointed out in chapter 3, higher �eld-induced
yield stresses than suspensions of solid particles for the same amount
of magnetic material. To experimentally con�rm such a phenomenon
we use commercial nickel-coated hollow ceramic spheres and com-
pare the magnetization curves of a suspension consisting of them, to
a suspension of solid nickel spheres. The obtained results are corrob-
orated by theoretical calculations and �nite element method simula-
tions based on basic magnetostatics. Finally, we conduct rheological
measurements in the presence of a �eld to con�rm the increase of the
�eld-induced yield stress.

• In chapter 5 we analyze the e�ect on the rotational di�usion of the
�eld-induced aggregates of the addition of diamagnetic (PMMA) par-
ticles to a suspension of iron particles in silicone oil. In order to dis-
card the contribution of an enhanced magnetic response due to mixed
structures of ferromagnetic and diamagnetic particles (like those de-
scribed in chapters 3 and 4) we use a surfactant that presumably ad-
sorbs on the iron surface. The absence of ferromagnetic/diamagnetic
particle aggregation is con�rmedbymicroscopic observations andmag-
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netization measurements. We conduct rheological measurements in
plate-plate geometry as in chapter 3 but also in cylindrical Couette
geometry as mentioned above. Finally, the chapter has a theoretical
part where we develop a theoretical model which takes into account
the collisions of the diamagnetic particles and the aggregates of ferro-
magnetic particles.

• While chapters 3 to 5 deal with suspensions based on a diamagnetic
liquid, chapter 6 is an study of what we have denominated ”inverse
magnetorheological �uids”, suspensions of diamagnetic (PMMA) and
ferromagnetic (iron) microparticles in a ferro�uid. In this chapter we
study the aggregation upon the application of a magnetic �eld of both
types of particles and the e�ect of such an aggregation on the rheo-
logical behavior of the samples. Finally we adapt the classical model
of Martin and Anderson (1996) for the yield stress of conventional MR
�uids, to this particular kind of suspension.

• Chapter 7 is the �rst chapter related to the rheological behavior of con-
centrated conventional MR �uids. In this chapter we rigorously study
the steady-state rheological behavior of a conventional MR �uid of
concentration of 50 vol % in the presence of external magnetic �elds.
In addition, we obtain a theoretical model for the static yield stress
based on the change of the magnetic permeability of the suspension
as interparticle gaps are formed and enlarged by the shear inside re-
alistic particle structures for concentrated MR �uids.

• In chapter 8 we study the appearance of stick-slip instabilities in the
shear �ow of concentratedMRwhen using plate-plate rheometry. For
this purpose we analyze the temporal evolution of the shear stress at
low values of the shear rate. We also investigate the macroscopic de-
formation of the suspension upon shear and in the presence of a �eld.
Based on the observed rupture/reformation of the suspension, we �-
nally develop a theoretical model which aims to predict the experi-
mental results.

• The last chapter of this thesis, chapter 9, is also devoted to the stick-slip
instabilities of a quite concentrated MR �uid. This time, in a di�erent
�ow con�guration, namely the pressure-driven �ow of the �uid thro-
ugh capillaries upon inhomogeneous magnetic �elds. The rheologi-
cal measurements are accompanied by observations of the outlet �ow
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rate of the suspension during oscillations and by observations of the
evolution of the �eld-induced structures in transparent tubes. The ex-
perimental rheograms are well adjusted by a theoretical model based
on the stick/rupture of the �eld-induced magnetic aggregates on the
capillary walls due to the shear.

Finally, chapter 10 is devoted to the main conclusions of our work and
chapter 11 is a summary in Spanish of the main results of the thesis.
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Chapter 3

Steady-state rheological behavior
of multi-component magnetic
suspensions

Laura Rodríguez-Arco, Modesto T. López-López, Pavel Kuzhir and Juan
D.G.Durán, SoftMatter, 2013, 9, 5726-5737, DOI: 10.1039/C3SM50609F. Pub-
lished by The Royal Society of Chemistry.

Abstract

In this paper we study the rheological behavior (in the absence of magnetic
�eld and upon its application) of multi-component magnetic suspensions
that consist of a mixture of magnetic (iron) and non-magnetic (PMMA) par-
ticles dispersed in a liquid carrier. These suspensions exhibit considerably
higher viscosity and yield stress in the absence ofmagnetic �eld than single-
component suspensions of the same solid fraction, as a consequence of the
adsorption of the iron particles on the PMMA ones. The adsorbed layer of
iron particles on the PMMA ones is observed through optical microscopy
of dilute samples and con�rmed by attenuated total re�ectance. Micro-
scopic observations also show that the resulting non-magnetic-core–mag-
netic-shell composites move uponmagnetic �eld application and aggregate
into particle structures aligned with the applied �eld. These structures,
which consist of both types of particles, give rise to high values of the static
and dynamic yield stresses upon �eld application. Actually, both quantities
are much higher than those of a suspension with the same volume fraction
of magnetic particles, and increase when the amount of non-magnetic ones
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increases. These trends are adequately predicted by a theoretical model that
considers that the main contribution to the yield stress is the change of the
suspension magnetic permeability when particle chains are deformed by
the shear.
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3.1 Introduction

Multi-component �uid systems have attracted much attention in the last
decades, especially in the search for new tailor-made smartmaterials, whose
properties can be controlled by changing the nature either of the di�erent
phases dispersed in the continuousmatrix, or of the continuousmatrix. The
combination of di�erent materials turns out to be very interesting because
each of them provides with a speci�c feature to the whole blend. This is the
case, for example, for multi-component mixtures of surfactants, whose in-
terfacial properties are di�erent from those of a solution involving a single
one [Fainerman et al. (2010)]. Furthermore, the mixture of di�erent materi-
als may lead to the enhancement of the properties of the whole blend with
respect to those of the single components. An example of this synergic e�ect
is the increase of both the yield stress and the current density for bidisperse
electrorheological �uids that consist of large particles and a small fraction of
�ne particles dispersed in a liquid carrier [Jun et al. (2004)]. Similarly, mag-
netic microparticles have been dispersed in a ferro�uid. In this case, the
stability against aggregation and redispersion were better than those of a
suspension constituted only by the magnetic microparticles [López-López
et al. (2005a)]. Nevertheless, the inclusion of di�erent phases is not only
interesting because of the improvement of the technological-related prop-
erties. It is very interesting from the fundamental point of view too. As
an example, the existence of magnetic �eld-induced repulsion (instead of
attraction) between magnetic microparticles dispersed in a ferro�uid was
recently reported, even though theirmagneticmomentswere in line [López-
López et al. (2010b)]. This surprising phenomenon is due to the phase con-
densation of the ferro�uid carrier near the micron-sized particles and, as a
result, the interactions between the microparticles could be controlled just
by changing the concentration of the nanoparticles in the ferro�uid [López-
López et al. (2006b)].

The control of the interaction between the dispersed particles in suspen-
sions is very important in �elds such as self-assembly, which has actually
taken advantage of multi-component systems too. For example, Lee et al.
(2003) have theoretically proved that the inclusion of bidisperse systems of
spheres in block copolymers, allows control of both the morphology of the
polymermatrix and the spatial organization of the spheres. Something sim-
ilar has been found by Cho et al. (2005) who prepared colloidal aggregates
of nano- andmicron-sized particles inwater-in-oil emulsion droplets. How-
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ever, self-assembled structures can be obtained, not only by the use of di�er-
ent particle sizes, but also by the combination of particles of di�erent nature.
In this sense, it is particularly interesting the work recently published inNa-
ture [Erb et al. (2009)] which reports the formation of symmetric magnetic
superstructures due to the interactions between diamagnetic and paramag-
netic particles dispersed in a ferro�uid.

The broad range of commercially available diamagnetic (non-magnetic)
particles has resulted in other attempts to include them in the formulation
of magnetic suspensions [de Vicente et al. (2011)]. For example, inverse fer-
ro�uids consist of micron-sized non-magnetic particles dispersed in a fer-
ro�uid [de Gans et al. (1999a); Gao et al. (2007); Ramos et al. (2010)]. Sim-
ilarly, López-López et al. (2008b) prepared suspensions that consisted of
iron microparticles stabilized by the addition of organoclay particles. They
found that these suspensions developed, at low magnetic �elds (up to H ≈
10 kA·m−1), higher yield stresses than suspensions of just magnetic (iron)
microparticles (also known as magnetorheological (MR) �uids). The expla-
nation given by the authors to this behavior was a combined e�ect of the
�eld-induced iron chains and a gel formed by the clay particles. The forma-
tion of such a gel gave rise to high yield stresses in the absence of a mag-
netic �eld too [López-López et al. (2008b)]. Other authors [Klingenberg and
Ulicny (2011); Levin et al. (1997); Ulicny et al. (2010)] have pointed out that
the addition of non-magnetic particles to conventional MR �uids led to an
enhancement of their �eld-induced yield stress.

In the present paper, we rigorously study the steady-state rheological
behavior of a particular kind of multi-component �uid system both in ab-
sence of a magnetic �eld and upon its application. More speci�cally, the
studied systems consist of two di�erent particle populations which di�er
in both their magnetic behavior and size. As a matter of fact the dispersed
phase is composed of magnetic and non-magnetic microparticles with par-
ticle diameters of about 2.3 µm and 10 µm respectively. The non-magnetic
particle volume fraction for the prepared suspensions is varied from 10 to
30 vol %, while themagnetic particle one is kept constant and equal to 10 vol
%. The rheological behavior of samples constituted just bymagnetic or non-
magnetic particles (i.e., single-component suspensions) is studied for com-
parison too. As will be shown, in the absence of the �eld, the multi-compo-
nent suspensions show higher values of viscosity and yield stress than the
single-component ones. This makes it evident that there must be some kind
of interaction between both populations of particles and, for this reason, mi-



CHAPTER 3. STEADY-STATE RHEOLOGICAL BEHAVIOR OF MULTI-COMPONENT
MAGNETIC SUSPENSIONS 31

croscopic observations and attenuated total re�ectance measurements were
performed. The particle structures formed upon �eld application were also
observed by microscopy in order to better understand the rheological be-
havior in the presence of external magnetic �elds. In the end, a theoretical
model for the static yield stress is applied to these suspensions. In order
to estimate the theoretical static yield stress, �nite element method (FEM)
simulations of the suspension magnetic permeability were also required.

3.2 Experimental

3.2.1 Materials

Iron andpoly(methylmethacrylate) (PMMA) powderswere purchased from
BASF (HS quality) and Microbeads (Spheromers CA10) respectively. The
�rst one consists of polydisperse spherical particles with a median particle
size of d50 � 2.3 µm (particle diameter ranges from 0.5 to 3 µm) and an iron
content of 97 % (density � 7.5 g·cm−3). Its physicochemical properties are
reported elsewhere [Gudmundsson et al. (2011)]. PMMA powder is com-
posed of particles with an average diameter of (9.9 ± 0.4) µm and a purity of
99.5 % (density � 1.2 g·cm−3). Mineral oil (Sigma Aldrich) was used as the
liquid carrier for all the suspensions; its viscosity at 25 ◦C is (0.028 ± 0.001)
Pa·s.

3.2.2 Suspension preparation

First of all, several suspensions of PMMAmicroparticles were prepared. For
this purpose, the desired amounts of the solid powderwere dispersed in the
liquid carrier and the suspension was stirred both manually and mechani-
cally in order to homogenize it. The volume fraction of PMMA ranged from
20 to 40 vol %. In a similar way, multi-component suspensions constituted
by both iron and PMMA microparticles dispersed in mineral oil were pre-
pared. Iron:PMMA volume fractions in mineral oil were as follows: 10:10,
10:20 and 10:30. These samples will be labeled from now on as S1(10:10),
S2(10:20) and S3(10:30) respectively. Note that the resulting multi-compo-
nent suspensions were similar to the PMMA suspensions in which 10 vol
% of the PMMA particles (with respect to the total volume) were substi-
tuted by the same amount of iron particles -i.e., the solid concentration of
the multi-component suspensions ranged from 20 to 40 vol %, as it did in
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the above-mentioned PMMA suspensions. In addition, suspensions com-
posed of just iron microparticles (10 and 14 vol %) were also prepared for
comparison (samples S0(10:0) and S0b(14:0)).

3.3 Experimental results

3.3.1 Steady-state rheological measurements in the absence
of a magnetic �eld

The rheological behavior of the samples in the absence of a magnetic �eld
was �rstly studied with the aim of gaining information on the zero-�eld
state of the samples. The rheological characterization (at 25 ◦C) was per-
formed with a Haake MARS III (Thermo Fisher Scienti�c, USA) rheometer.
Themeasurement system geometry was a 3.5 cm diameter parallel plate set.
The gap between the two plates was kept at 400 µm and the plate surface
was rough in order to avoid wall slip. The reported quantities are those at
the outer radial edge of the plate. All the samples were well redispersed
by hand and by a vortex mixer prior to being placed in the measuring sys-
tem. Before carrying out each measurement, we subjected the samples to
the following protocol: (i) pre-shear: 30 s of 150 s−1 shear rate application;
(ii) waiting time: sample at rest for 2 minutes. The reproducibility of the re-
sults was checked by performing several repetitions of the measurements;
the obtained relative dispersion was always lower than 5 %.

In order to estimate the yield stress (i.e., the stress above which the sus-
pension �ows) we performed steady shear measurements. The so-called
dynamic yield stress (related to the complete breakage of the existing struc-
tures in the suspension) can be obtained by a linear interpolation of the
rheogram (i.e., shear stress, σ, plotted as a function of shear rate, γ̇) to zero
shear rate. This linear �t is usually performed at relatively high shear rates
[Larson (1999)]. For this reason, all the samples were �rst subjected to a lin-
ear shear rate ramp (controlled rate, CR, measurements) from 20 to 300 s−1.
In these measurements, a particular value of the shear rate was imposed
for at least 3 seconds and at most for 30 seconds. Within this time range, if
the quotient (∆σ/σ)/∆t was smaller than 0.001 s−1, the measurement at the
given shear rate was stopped. In this formula, ∆σ is the di�erence between
the highest and the lowest shear stresses at the applied shear rate, and∆t the
time during which the shear rate was maintained. In all cases, the average
value of the shear stress was the one represented in the rheograms.
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Figure 3.1: CR (a) and CS (b) rheograms for PMMA suspensions (open symbols) and for mul-
ti-component suspensions (full symbols). The di�erent symbols correspond to di�erent total
volume fractions:

The static yield stress (which corresponds to the breakage of the struc-
tures in their weakest point and therefore, to the onset of the �ow) is usu-
ally quanti�ed by extrapolating the value of the shear stress in the low shear
rate pseudoplateau (around 0.1 s−1) to the zero shear rate in double logarith-
mic scale rheograms [Larson (1999)]. For this reason, two kinds of measure-
ments were performed to estimate it. First of all, the samples were subjected
to a logarithmic stress rampwhich allowed us to delimit the range of stresses
in which the static yield stress could be found. Afterwards, we applied a
linear stress ramp within the previously delimited range (controlled stress,
CS, measurements). The measurement duration was set in a similar way to
that previously described for CR measurements, but this time the quotient
(∆γ̇/γ̇)/∆t was employed.

All these measurements were performed �rst for the PMMA suspen-
sions and then for the multi-component suspensions. Figure 3.1 shows the
rheograms obtained in the CR (a) and CS (b) modes for all these samples.

Concerning PMMA suspensions, as observed in Figure 3.1, their dy-
namic yield stress (intercept of the curves) is almost negligible and their
viscosity (slope) is approximately independent of the shear rate. Note that
the slope of the curves increases with the particle volume fraction. This re-
�ects an increase of viscosity due to a higher particle content that makes hy-
drodynamic interactions more important [Larson (1999)]. However, a more
detailed inspection reveals that the values of the dynamic yield stress of
PMMA suspensions are not so negligible, especially for the most concen-
trated suspension (40 vol % of PMMA) –see Table 3.1. The non-Newtonian
behavior of the PMMA suspensions is likely related to the existence of some
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particle interaction di�erent from the hydrodynamic one, which leads to a
tendency to aggregate at rest. The existence of particle interactions other
than the hydrodynamic one may be checked by comparison of the experi-
mental viscosity of the sampleswith the theoretical predictions of theKrieger-
Dougherty equation [Krieger and Dougherty (1959); Larson (1999)]:

η � ηs

(
1 −

φ

φm

)−[η]φm

(3.1)

where ηs is the viscosity of the liquid carrier, φm is the maximum-packing
volume fraction (supposed to be 0.62 for spheres of uniform diameter) and
[η] is a parameter whose value can be considered as 2.5 for rigid spheres
[Krieger and Dougherty (1959); Larson (1999)]. The viscosity calculated by
the Krieger-Dougherty equation together with the experimental plastic vis-
cosity (obtained as the slope of a linear �t of the CR rheograms for γ̇ > 200
s−1) are presented in Table 3.1 for the PMMA suspensions.

Table 3.1: Characteristic rheological parameters of the suspensions at zero �eld.

Particle Experimental Krieger-Dougherty Deviation of viscosity Static yield Dynamic yield
volume plastic viscosity from Krieger-Dougherty stress stress
fraction viscosity (Pa·s) (Pa·s) prediction (%) (Pa) (Pa)

20 % PMMA 0.05 ± 0.05 0.051 10 0.034 ± 0.009 1.17 ± 0.03
30 % PMMA 0.08 ± 0.05 0.078 5 0.124 ± 0.021 2.11 ± 0.08
40 % PMMA 0.20 ± 0.05 0.140 47 0.39 ± 0.07 8.12 ± 0.08
10 % iron 0.05 ± 0.05 0.037 23 5.59 ± 0.20 11.88 ± 0.24
14 % iron 0.06 ± 0.05 0.042 32 7.9 ± 0.9 16.09 ± 0.04

10 % iron, 10 % PMMA 0.09 ± 0.05 0.051 70 9.0 ± 0.4 17.95 ± 0.13
10 % iron, 20 % PMMA 0.21 ± 0.05 0.078 166 33.8 ± 1.0 40.8 ± 0.3
10 % iron, 30 % PMMA 0.46 ± 0.05 0.140 228 137.9 ± 2.4 141.7 ± 1.6

From data in this table it is interesting to note that the deviation from the
Krieger-Dougherty equation is quite low for the PMMA suspensions with
20 and 30 vol % solid concentration, while it becomes important for the case
of 40 vol %. These results suggest that the non-hydrodynamic interaction
must be short-ranged since at high volume fractions the interparticle dis-
tance becomes shorter. Given the non-polar nature of the suspending liquid
(mineral oil), we expect this interaction to be of van der Waals type.

The most noticeable result evidenced by the data shown in Table 3.1,
however, is the increase of both the viscosity and the yield stress when a
fraction of PMMAparticles is substituted by iron ones. This e�ect is not due
to an increase of the total volume fraction, since it is the same for every two
pairs of suspensions. In fact, it is quite surprising since, according to Barnes
et al. (1993), when particles of two di�erent sizes are mixed, the viscosity of
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the resulting mixture is usually lower than for suspensions with the same
volume fraction of monosized particles, as a consequence of the fact that
small particles pack into the interstices between the large ones [Barnes et al.
(1993)]. However, in our particular case, the e�ect is exactly the opposite: the
viscosity increases in the case of the multi-component suspensions. In ad-
dition, it is observed that the transition to the �ow regime (characterized by
non-negligible shear rate values) for themulti-component suspensions takes
place in a much more abrupt way (intermediate plateau, see Figure 3.1b), as
is the case for �occulated suspensions. Therefore, these results seem to in-
dicate that there must be rather strong interactions between the dispersed
particles in the multi-component suspensions.

Similar results (increase of yield stress and viscosity) were reported for
suspensions constituted by a mixture of organoclay and iron particles in ke-
rosene [López-López et al. (2008b)]. The formation of a clay network (gel)
that entrapped the iron particles was the reason given by López-López et al.
(2008b) for the high values of the yield stress in the case of organoclay/iron
suspensions. However, the possibility of gel formation can be rejected in
the case of PMMA particles, as evidenced by the fact that the static yield
stress is almost negligible for single-component suspensions of PMMA par-
ticles. In order to further investigate particle interactions in the absence of
the applied �eld and their e�ects, the rheological behavior at zero �eld of
a suspension of 10 vol % of iron particles (sample S0(10:0)) is also studied.
The values of viscosity and yield stress calculated from the rheograms (not
shown here for brevity) are presented in Table 3.1 too. First of all, it is clear
from these data that both the dynamic and static yield stresses of sample
S0(10:0) are not negligible. This result suggests that the suspension may be
quite �occulated. This is not surprising, given that magnetic interaction be-
tween iron microparticles is relatively important, even in the absence of ex-
ternal magnetic �elds, due to their remnant magnetization (note that due to
their micrometric size, these particles are multi-domain from the magnetic
viewpoint). In addition to magnetic attraction, van der Waals interaction
between the dispersed particles must be fairly important too.

Note that although the yield stress for sample S0(10:0) is quite high de-
spite its low volume fraction, the deviation of its viscosity from the pre-
diction of the Krieger-Dougherty equation is not so high. This can be ex-
plained because the experimental viscosity is calculated by a linear �t of
the high shear rate points of the rheogram (γ̇ > 200 s−1). For these values
of the shear rate, the forces of attraction between iron particles due to their
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remnantmagnetization and van derWaals interaction are negligible as com-
pared with the hydrodynamic interactions.

Let us note at this point that the rheological parameters (i.e., yield stress,
viscosity) of sample S0(10:0) are always lower than those of the multi-com-
ponent magnetic suspensions. However, there is something that has not
been taken into account, namely the relative available space for the move-
ment of the magnetic particles, which is higher in sample S0(10:0) than in
the case of the multi-component suspensions. For this reason, and to dis-
card that it is not the lack of available physical space what causes the in-
crease of the yield stress and viscosity in multi-component suspensions, we
prepared a suspension of 14 vol % of iron microparticles. In this suspen-
sion, the available space for the magnetic particles is the same as in sample
S3(10:30). Despite this, and as observed in Table 3.1, the rheological param-
eters of the 14 vol % sample are closer to sample S0(10:0) than to sample
S3(10:30). Therefore, the high values of the yield stress and the viscosity at
zero �eld in the multi-component magnetic suspensions are not related ex-
clusively to the non-magnetic particles or to the magnetic ones, but to the
combination of both of them. Therefore, there must be some interaction be-
tween the two populations of particles, and the purpose of the next section
is to �nd out its nature.

3.3.2 Microscopy in the absence of the magnetic �eld and
attenuated total re�ectance (ATR) observations

With the aim of investigatingwhether the two populations of particles in the
multi-component suspensions indeed interact, microscopic observations of
the dispersed particles in dilutions of the original suspensions were ob-
tained by using aHaakeMARS III RheoscopeModule (Thermo Fisher Scien-
ti�c, USA). It was necessary to dilute the concentrated samples (by pouring
aliquots of them into appropriate amounts of mineral oil) in order to let the
light pass through the sample. Figure 3.2 shows a photograph of a 1:5 di-
lution of sample S1(10:10). Similar results were obtained for other dilution
ratios and/or original samples.

It is seen that in the absence of magnetic �eld, PMMA particles (some of
which are highlighted by a dashed line in Figure 3.2) are almost completely
coated by a shell of iron ones. This makes it evident that there are inter-
actions between both populations of particles. These interactions lead to
some kind of non-magnetic-core–magnetic-shell composites (as seen in Fig-
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Figure 3.2: Microscopic image of a dilute iron/PMMA sample (bar length: 10 microns). Dilu-
tion ratio is 1:5 as compared to the original suspension S1(10:10). Note that there are several
PMMA particles almost completely coated by iron ones (some of them have been highlighted
by dashed circumferences). Inset: microscopic image of two bare PMMA particles for compar-
ison (bar length: 5 microns).

ure 3.2), which are likely responsible for the increase of both the viscosity
and the yield stress in the absence of the �eld. The a�nity between PMMA
and iron is not surprising, since PMMA has been previously used to sta-
bilize colloidal iron particles [Cho et al. (2005); Guo et al. (2006); Ko et al.
(2009); Park et al. (2009); Wang et al. (2010)]. For example, Guo et al. (2006)
described the preparation of ferromagnetic composites consisting of an iron
core and a PMMA shell.

With the purpose of gaining further information on the interaction be-
tween the magnetic and the non-magnetic particles, we performed atten-
uated total re�ectance (ATR) observations with an infrared spectrometer
JASCO 6200 (Japan). The spectrum of sample S3(10:30) and the one of a
sample with the same volume fraction (30 %) of PMMA are shown in Fig-
ure 3.3 as an example.

The peaks at around 1452, 1375 and 720 cm−1 in Figure 3.3 correspond
to mineral oil. The peaks at 1145 and 1191 cm−1 are related to C-H deforma-
tions, and the ones at 1241 and 1271 cm−1 to C-C-O stretch coupledwith C-O
stretch [Guo et al. (2006)]. Other characteristic absorption vibration peaks of
PMMA appear at 838, 984 and 1052 cm−1. The characteristic stretching band
of the carbonyl group (C=O) of PMMAappears at 1726 cm−1 for the 30 vol %
PMMA suspension. However, in the case of sample S3(10:30) it is displaced
to a lower wavenumber (1703 cm−1). Such a change is due to the interac-
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Figure 3.3: ATR spectra of a sample consisting of 30 vol % of PMMA dispersed in mineral oil
(dashed line) and of sample S3(10:30) (solid line).

tion between the surface of PMMA and the iron particles. More speci�cally,
it has been reported that when the carbonyl group of carboxylic acids and
derivatives is complexed by dative coordination, its characteristic stretching
band is shifted to lower frequencies (i.e., lowerwavenumbers) [Figueira et al.
(1999); Guo et al. (2006); Nakamoto (1997); Sahoo et al. (2001); Salkar et al.
(2000); Wang et al. (2010)]. For example, a shift of the carbonyl stretching
band from 1732 cm−1 (pure PMMA) to 1706 cm−1 (PMMA-stabilized iron
nanoparticles) was taken as a proof of the existence of chemical bonding be-
tween PMMA and iron nanoparticles in a recent work by Guo et al. (2006).
The formation of coordination compounds between organic ligands and the
surface sites of iron (or iron oxides) has also beenwidely studied [Bauer and
Knölker (2008)].

3.3.3 Steady-state rheologicalmeasurements uponmagnetic
�eld application

In this section, the rheological behavior of the samples in the presence of
external magnetic �elds is studied. These measurements were performed
similarly to those of section 3.3.1, but this time, a homogeneous magnetic
�eld was applied in the vertical direction (that is, perpendicular to the rheo-
meter plates) bymeans of a coil. The �eldwas applied from the beginning of
the waiting time. Figure 3.4 shows the rheograms obtained in the CR (a and
c) and CS (b and d) modes at di�erent values of the internal magnetic �eld,
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Figure 3.4: CR ((a) and (c)) and CS ((b) and (d)) rheograms for samples S0(10:0) ((a) and (b))
and S2(10:20) ((c) and (d)). The di�erent curves correspond to di�erent values of the internal
magnetic �eld.

H, for samples S0(10:0) and S2(10:20) as an example. Note that the internal
magnetic �eld was calculated as H0/µr ,where H0 is the applied magnetic
�eld and µr the relative magnetic permeability of the sample. H0 was ex-
perimentally determined with the help of a gaussmeter, whereas the values
of µr for each applied magnetic �eld were obtained by a SQUID Quantum
Design MPMS XL magnetometer.

With reference to the results in Figure 3.4 it is seen that there is a clear
MR e�ect for both samples, that is, an increase of the shear stress when the
magnetic �eld strength is increased for a particular shear rate. Therefore,
our multi-component suspensions respond to the magnetic �eld in a simi-
lar way to single-component (iron) MR suspensions. However, the MR ef-
fect is much stronger for sample S2(10:20) than for sample S0(10:0), as evi-
denced by the fact that the shear stress at similar internal magnetic �elds is
higher for the former, despite the same amount of magnetic particles con-
tained in both suspensions. This is in good agreement with the results pre-
sented in [Klingenberg and Ulicny (2012); Levin et al. (1997); Ulicny et al.
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Figure 3.5: Magnetic �eld dependence of the dynamic (a) and static (b) yield stress increments
for all the samples. Solid lines represent guides for the eye.

(2010)]. From Figure 3.4 it is also interesting to highlight the yielding behav-
ior of these suspensions, characterized by the appearance of a yield stress.
Such behavior is especially noticeable in the CS rheograms (Figures 3.4b and
3.4d), for which an abrupt transition from negligible shear rate values to the
�ow regime appears. Note that this abrupt transition is not observed in the
CR measurements, since in this case, the shear rate is imposed stepwise by
the rheometer. In order to gain more information on the MR response of
the samples, both the dynamic and static yield stresses were obtained from
curves like those shown in Figure 3.4. In Figure 3.5, the increments of both
quantities with respect to their values in the absence of applied �eld are
plotted against the internal magnetic �eld for all the samples.

As observed in Figure 3.5, both the static and dynamic yield stress incre-
ments increase with the magnetic �eld for all the samples, as is usually the
case with MR �uids. Moreover, the static yield stress is, in general, lower
than the dynamic yield stress. Since the static and dynamic yield stresses
are related, respectively, to the stresses needed to start the �ow and to break
all the structures in the suspension, it is logical that the �rst one is slightly
lower than the latter.

Nevertheless, what seems more interesting is that the sample with the
lowest values of the yield stress is the one without PMMA particles. In fact,
both the dynamic and the static yield stresses increase with the concen-
tration of non-magnetic particles, with the exception of sample S3(10:30),
which exhibits quite an irregular behavior, since at low internal �elds its
yield stress is lower than the one of sample S2(10:20), while this behavior
reverses at higher internal magnetic �elds.
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Figure 3.6: Sets of photographs for dilute iron/PMMA samples. The dilution ratio as com-
pared to the original suspension S1(10:10) is 1:25. ((a)-(d)) and ((e)-(h)), present observations
of di�erent aliquots. (a) and (e) were taken prior to the application of the magnetic �eld, while
the rest of them correspond to di�erent moments (indicated in seconds in the photographs)
after turning on a magnetic �eld of 9.8 kA·m−1 of strength. The arrows indicate the direction
of the applied magnetic �eld (bar length: 10 microns).

3.3.4 Microscopy under magnetic �eld

Microscopic observations of dilutions of the multi-component suspensions
under the magnetic �eld were performed in order to examine the �eld-
induced particle chaining. The observations were carried out by placing
HaakeMARS III RheoscopeModule between twoHelmholtz coils that were
used for the application of a magnetic �eld parallel to the surfaces that con-
�ned the sample. Note that the magnetic �eld was homogeneous near the
middle of the common axis of the coils, where the samples were placed for
observation (variation of themagnetic induction of less than 1 %). Themag-
netic �eld was raised stepwise until the maximum �eld applied by the coils,
9.8 kA·m−1, was reached. The original samples were diluted as described in
paragraph 3.3.2.

The sets of photographs shown in Figure 3.6 are characteristic of the ob-
served particle behavior in the dilute multi-component suspensions upon
�eld application. Let us �rst focus on the photographs of Figures 3.6a-3.6d,
which correspond to a time sequence of the same region. In the absence
of magnetic �eld (Figure 3.6a), PMMA particles appear coated by a thick
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shell of iron particles, in agreement with results in section 3.3.2. As seen in
Figures 3.6b-3.6d, when the magnetic �eld is switched on, the iron/PMMA
composites begin to move and show a tendency to form aggregates orien-
tated in the �eld direction. This is due to the adsorbed shell of iron parti-
cles, which reacts to the application of the magnetic �eld. The result is the
formation of �eld-induced particle structures constituted by non-magnetic-
core–magnetic-shell composites. Figures 3.6e-3.6h show the approximation
of two of those composites upon �eld application.

In view of these results, it seems that the enhancement of the MR re-
sponse of the multi-component suspensions could be related to the non-
magnetic-core–magnetic-shell nature of the iron/PMMA composites. From
classic magnetism, it is known that hollow magnetizable spheres have a
higher magnetic moment than the solid, continuous ones with the same
amount of magnetic material. Based on the analytical solution of the mag-
netostatic problem [Landau and Lifshitz (1984); Yu and Yuen (1996)], it is
easy to show that, in the limit of high magnetic permeability, µr>>1, the
magnetic moment of an isolated hollow sphere, mh , is approximately equal
to that of a full sphere, m f , divided by the volume fraction φma g , of the
magnetic material in the hollow sphere: mh= m f /φm a g . This indicates that
thinner shells contribute to a stronger magnetic response of the suspension.
Therefore, we expect a similar relationship for the magnetic susceptibility
of a suspension of non-magnetic-core–magnetic-shell particles. In our case,
the thickness of the iron shell around the PMMA particles should progres-
sively decrease with increasing concentrations of PMMA particles at a con-
stant volume fraction of the iron ones. This qualitatively explains the in-
crease of the magnetic (and therefore MR) response of the suspension with
the volume fraction of non-magnetic particles. However, this analysis is only
valid for non-structured, isotropic and very dilute suspensions. Numerical
simulations by �nite element methods (FEM) are required for a more pre-
cise comparison of the strongly structured concentrated suspensions. This
is the purpose of the next section.

3.4 Theory

In this section, the static yield stress of the suspensions and its increase
when PMMA and iron particles are dispersed together are estimated by the
use of a theoretical model �rst developed to study the static yield stress of
concentrated suspensions of multi-domain magnetic particles con�ned be-
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Figure 3.7: BCT structures considered in the model for the static yield stress presented in
[López-López et al. (2012)]. Left: structure at rest; right: structure upon shear; down: top view
of the structure.

tween two parallel surfaces [López-López et al. (2012)]. In this model, the
magnetically-induced particle clusters are considered to be body-centered
tetragonal (BCT) structures, with a central particle chain surrounded by four
peripheral ones shifted vertically by a particle radius (see Figure 3.7). These
structures have proved to be the most favorable from the energetic view-
point [Tao and Sun (1991)]. Besides, they have been previously observed
by laser di�raction in electrorheological �uids –the electric counterparts of
magnetorheological suspensions [Chen et al. (1992)]. At zero strain, the
neighboring particles of a chain are in contact, but when sheared, the struc-
ture is stretched along its major axis and the particles of the central chain are
separated from each other (at a distance given by an a�ne deformation). In
addition, the particles belonging to the peripheral chains are pulled inside
the cluster so that they keep contact with the central chain, as depicted in
Figure 3.7. Note that this structure is expected to be mechanically stable on
the experimental time scale, especially when compared to the single chain
structures used in some traditional models (for more details, see discussion
in [López-López et al. (2012)]).

The structures are supposed to be always stuck to both the upper and the
lower plates of the rheometer, since highly rough surfaces were employed
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in order to avoid wall slip. When the upper plate is displaced a distance
∆x, a strain of magnitude γ � ∆x/h is applied to the structure (h is the
gap between the plates). The structure is homogeneously deformed until
its failure. The deformation of the BCT structures of Figure 3.7 occurs in
two ways: (i) they are tilted when they are pulled by the upper plate. As a
consequence, a restoring magnetic torque that tends to align them back to
the externalmagnetic �eld appears; (ii) the BCT-chains are stretched and ex-
tended along their major axis, and their constituent particles are separated
from each other, giving rise to interparticle gaps and restoring forces along
the main axis of the structure (see Figure 3.7). Under homogeneous defor-
mation, the main axes of magnetization of the suspension coincide with the
axes of the BCT structure, and therefore, when a reference frame linked to
the structure is considered, the magnetic permeability tensor is diagonal,
and only has twodissimilar components: µ | | and µ⊥. These two components
correspond to the major and minor axes of the structure and are referred to
as longitudinal and transversal magnetic permeability respectively.

In the limit of particles with high magnetic permeability, the theoretical
static yield stress can be calculated by the following equation according to
[López-López et al. (2012)]:

σ � −
1
2µ0H2

[
∂µ‖
∂γ
·

1
1 + γ2

+
∂µ⊥
∂γ
·

γ2

1 + γ2

]
(3.2)

where µ0 is the magnetic permeability of vacuum. The permeability com-
ponents, µ | | and µ⊥ are calculated from the magnetic �eld distribution in
the suspension, using the following expressions:

µ‖ ,⊥ �
1

µ0HV

∫
B‖ ,⊥dV (3.3)

where
∫

B‖ ,⊥dV is the integral of themagnetic �ux density over the suspen-
sion volume (V). This integral is calculated by solving the Maxwell equa-
tions for the magnetostatic potential, Ψ (introduced by B=rotΨ) through
�nite element method simulations with the help of the software FEMM
[Meeker (2009)]. For this purpose, we consider a parallelepiped representa-
tive cell containing a multi-chain BCT structure. The central chain consists
of six spherical particles (Figures 3.8a and 3.8c). Di�erent strains, γ, are im-
posed by separating the central chain particles at a relative distance equal
to δ/a � 2(

√
1 + γ2 − 1), where a is the particle radius. At the same time, the

particles of the peripheral chains are approached in such a way that there is
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Figure 3.8: Magnetic �eld intensity distribution in the unit cells for FEMMsimulation of sample
S3(10:30). Twodirections of themagnetic �eld are considered for the estimation of themagnetic
permeability tensor components: longitudinal (a) and transverse (c). (b) is a magni�cation of
(a) where the enhancement of the �eld in the interparticle gaps is clearly observed. Bound-
ary conditions are as follows: (a) left boundary Ψ � 0 (plane of symmetry); right boundary
(1/µ0)∂Ψ/∂n � H � 10 kA·m−1 (mean �eld in the suspension); upper and lower boundaries
∂Ψ/∂n � 0 (the magnetic �eld is longitudinal far from the clusters); (c) left and right bound-
aries ∂Ψ/∂n � 0 (the magnetic �eld is perpendicular due to symmetry reasons); upper and
lower boundaries (1/µ0)∂Ψ/∂n � H � ±10 kA·m−1.

no fracture of the structures. Since for stress calculations we only need the
diagonal components of the magnetic permeability tensor, µ | | and µ⊥, we
can consider only two directions of the magnetic �eld: longitudinal (Fig-
ure 3.8a) and transverse (Figure 3.8c) with respect to the main axis of the
BCT cluster. The applied boundary conditions are speci�ed in the caption
of Figure 3.8.

The simulations were performed for two di�erent magnetically induced
structures: (i) of just iron particles (sample S0(10:0)) and (ii) of PMMA par-
ticles coated by a uniform layer of iron (samples S1(10:10), S2(10:20) and
S3(10:30)). The dimensions of the cells were adjusted so that the volume
fractions of the di�erent materials in the cells are the same as in the real
suspensions. Note that the consideration of a uniform layer of iron around
a non-magnetic particle is not completely realistic, since it has been previ-
ously observed that themagnetic coating is not totally uniform. Such simpli-
�cation may give rise to quantitative di�erences between the experimental
data and the theoretical results. However, as we will see, it gives a quite rea-
sonable approach that allows predicting the observed trends, which justi�es
this approximation.

Figure 3.8 shows the magnetic �eld intensity distribution for the BCT
structures in sample S3(10:30), as an example, for the two directions of the
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Figure 3.9: Dependence on the strain of the longitudinal (µ | |) and transverse (µ⊥) magnetic
permeabilities at an internal magnetic �eld of 10 kA·m−1 for samples S0(10:0) (dashed line)
and S3(10:30) (solid line).

magnetic �eld: longitudinal (Figure 3.8a) and transverse (Figure 3.8c). Fig-
ure 3.8b is a magni�cation of Figure 3.8a. As observed, the magnetic �eld
intensity is strongly enhanced in the gaps between the core-shell PMMA-
iron composites. This result reveals the importance of the interparticle gaps
as the main source of the stress in concentrated suspensions of magnetic
particles upon magnetic �eld application.

Figure 3.9 shows the strain dependence of the longitudinal and trans-
verse magnetic permeabilities, obtained by eq. (3.3), for samples S0(10:0)
and S3(10:30) at an internal magnetic �eld of 10 kA·m−1, as an example. It is
seen that µ⊥ is almost independent of the strain. This is because µ⊥ depends
mainly on the distance between particles of two opposite pheripheral chains
in the BCT structures. When the structures are sheared, the particles of these
chains approach, but the distance between them scarcely changes with re-
spect to its initial value. The tendency for µ | | is completely di�erent, with
an important decrease for increasing values of the strain. This is due to the
appearance and enlargement of gaps between particles of the same chain,
when the structures are deformed. However, the most noticeable result of
Figure 3.9 is the increase of both components, µ | | and µ⊥ when PMMA par-
ticles are added to the suspension.

The shear stress calculated by using eq. (3.2) at an internalmagnetic �eld
of 10 kA·m−1 is shown in Figure 3.10 for samples S0(10:0) and S3(10:30) as an
example. It is seen that the shear stress remains higher in the case of sample
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Figure 3.10: Calculated shear stress as a function of the strain at an internal magnetic �eld of
10 kA·m−1 for samples S0(10:0) (dashed line) and S3(10:30) (solid line).

S3(10:30) for the entire range of strain values.
As mentioned in section 3.3.1, the static yield stress can be experimen-

tally estimated by extrapolating the value of the stress in the low shear rate
pseudoplateau of double logarithmic scale rheograms. Alternatively, it can
be calculated as the maximum value of the shear stress in shear stress vs.
strain curves like those shown in Figure 3.10. Above the critical value of the
shear strain (i.e., the one for which the maximum appears), particle struc-
tures break and give rise to a decrease of the shear stress. In Figure 3.11 the
so-obtained static yield stress is plotted against the internal magnetic �eld
together with the experimental results for samples S0(10:0) and S3(10:30).
As seen in this �gure, the theoretical model correctly predicts the increase
of the static yield stress of sample S3(10:30) with respect to sample S1(10:0).
However, it overestimates the static yield stress in both cases. This deviation
from the experimental data can be attributed to the simpli�cations made in
ourmodel (e.g. homogeneous iron shell), and to the fact that the real particle
structures in the suspensions may be slightly di�erent from those consid-
ered in our model (see [Bossis et al. (2002b)] for discussion on �eld-induced
particle structures in MR �uids). However, the model correctly predicts the
experimentally observed trends. It is important to remark that it is the in-
crease of the magnetic permeability of suspensions of non-magnetic-core–
magnetic-shell composites with respect to suspensions of solid (pure) mag-
netic particles, which qualitatively explains the increase of the yield stress
of the multi-component magnetic suspensions.
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Figure 3.11: Theoretical values (lines) and experimental increment (symbols) of the static yield
stress.

3.5 Conclusions

In this work, the steady-state rheological behavior ofmulti-componentmag-
netic suspensions in the absence of a magnetic �eld and upon its applica-
tion has been studied. These suspensions consist of two particle popula-
tions: a magnetic one, consisting of iron particles with a median diameter
of 2.3 µm, and non-magnetic PMMA particles of about 10 µm in diameter.
The iron:PMMA volume fractions in the suspensions have been set to 10:0,
10:10, 10:20 and 10:30. In addition, the behavior of single-component sus-
pensions consisting of just PMMA (20, 30 and 40 vol %) and iron (10 and
14 vol %) has been also studied. It has been observed that at zero �eld the
multi-component suspensions develop higher values of the viscosity and
the yield stress than the corresponding single-component ones in spite of
having the same total volume fraction. Such an increase has been proved
not to be due to interactions between particles of the same population, but
to the interaction between iron and PMMA particles. More speci�cally, it
has been explained by the appearance of core-shell composites, which arise
from the adsorption (i.e., coordination compound formation) of iron parti-
cles on PMMA ones.

The existence of such an adsorbed iron-on-PMMA layer has been con-
�rmed by optical microscopy, both in the absence of a magnetic �eld and
upon its application as well as by ATR. Furthermore, upon magnetic �eld
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application, the resulting non-magnetic-core–magnetic-shell compositesmo-
ve and present a tendency to aggregate into structures aligned in the di-
rection of the applied �eld. It has been shown that these magnetic �eld-
induced structures, which involve both particle populations, give rise to an
increase in the suspension viscosity and dynamic and static yield stresses
upon magnetic �eld application, with respect to the single-component sus-
pension with the same volume fraction of iron (sample S0(10:0)). In fact, it
has also been observed that both yield stresses increase when the PMMA
volume fraction increases. As a result it can be said that the incorporation
of non-magnetic particles into a suspension of magnetic ones, gives rise to
an enhanced MR e�ect.

Finally, a theoretical model has been applied in order to explain the ori-
gin of this enhancement of theMR e�ect. According to this model, the main
contribution to the yield stress is the change of the suspensionmagnetic per-
meability when the magnetic �eld-induced structures are stretched by the
shear. Bymeans of �nite elementmethod simulations it has been shown that
the magnetic permeability of multi-component suspensions is higher than
that of single-component suspensions having the same amount of magnetic
particles. Consequently, this increase of the magnetic permeability is the ul-
timate reason for the experimentally observed enhancement of theMR e�ect
when non-magnetic particles are coated by a layer of magnetic material.





Chapter 4

Optimizing the magnetic response
of suspensions by tailoring the
spatial distribution of the particle
magnetic material
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terials & Interfaces, 2013, 5, 12143-12147, DOI: 10.1021/am404035w. Copy-
right 2013 American Chemical Society.

Abstract

We report an experimental enhancement of the magnetic susceptibility of
suspensions of particles that is related to the spatial distribution of the mag-
netic phase in the particles. At low �eld, the susceptibility of suspensions
of nickel-coated diamagnetic spheres was approximately 75 % higher than
that of suspensions of solid nickel spheres with the same nickel content.
This result was corroborated by magnetostatics theory and simulation. The
distribution of the magnetic phase in a shell also led to an improvement of
the �eld-induced rheological response of the suspensions.
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4.1 Introduction

Tailoring the fundamental properties of matter has become a real possibil-
ity in recent decades thanks to the progress in nanotechnology and materi-
als science and engineering. Actually, many synthetic materials with user-
tunable properties have already been successfully commercialized [Ferrari
(2005); Forshaw et al. (2004); Schattling et al. (2014); Vaddiraju et al. (2010)].
Among the wide range of properties that can be easily manipulated, those
related to magnetism have turned out to be powerful tools in many techno-
logical and biomedical applications [Kolhatkar et al. (2013)]. For example,
the sensitivity and e�ciency of biosensors made of magnetic nanoparticles
are improved by increasing the saturation magnetization of the nanoparti-
cles [Colombo et al. (2012)]. Remanence and coercitivity ofmagnetic nanopar-
ticles used for hyperthermia applications can be tailored so that tissue heat-
ing is dominated by either relaxation processes (i.e.,Néel or Brownian) or by
hysteresis losses [Chung et al. (2004); Khandhar et al. (2012)]. An increase of
the saturation magnetization of magnetic particles used as contrast agents
in magnetic resonance imaging (MRI) also leads to higher e�ectiveness [Li
et al. (2013); Lu and Yin (2012); Yoo et al. (2011)]. Similarly, an enhanced con-
trast inMRI applications can be achieved by increasing themagnetic suscep-
tibility, χ, of the magnetic particles because of the shortening e�ect of the
spin-spin relaxation time [Hadjipanayis et al. (2008); Shokrollahi (2013)].

In addition to MRI, there are many other �elds in which changes of
χ are of practical interest: geophysics (e.g. paleomagnetism and environ-
mental magnetism), chemistry and physics (e.g. analytical chemistry, mag-
netic measurements) or magnetic �eld-responsive materials [Bossis et al.
(2002b); Jiles (1991); Mulay and Mulay (1980)]. As a matter of fact, many
of these magnetic �eld-responsive materials (e.g. �eld-responsive �uids,
foams, elastomers or gels) are built by incorporating colloidal ferromagnetic
particles to a diamagnetic matrix. The magnetic susceptibility of the dis-
persed particles and thus the response to the �eld of the material depends
mainly on their composition (i.e., pure metals or ferrites) and on particle
size (i.e., nano- vs. micrometer). For example, ferro�uids based on mag-
netite nanoparticles of relatively low χ display small changes of viscosity
when a magnetic �eld is applied [Bossis et al. (2002b); Rosensweig (1997)].
However, magnetic �uids of iron microparticles of high χ, also known as
magnetorheological �uids, exhibit a much stronger change in their rheolog-
ical (�ow) properties in the presence of a �eld [Bossis et al. (2002b)]. Tra-
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ditionally, the combination of di�erent materials and/or sizes has o�ered a
variety of responses to the applied magnetic �eld.

In this workwe report a novel approach to enhance themagnetic suscep-
tibility of particulate suspensions based on the optimization of the spatial
distribution of the magnetic material. In particular, we demonstrate both
experimental and theoretically, that the magnetic susceptibility of a suspen-
sion of hollowmagnetic spheres (i.e., diamagnetic-core–ferromagnetic-shell
particles) is enhanced in comparison to that of a suspension of solid ferro-
magnetic spheres with the same total amount of magnetic material. Such
an improvement is expected to play a signi�cant role on the magnetic �eld-
induced rheology of the suspensions, which is also studied.

4.2 Experimental section

We prepared two suspensions consisting of: (i) solid nickel spheres, average
particle diameter (a.p.d.) of 10 µm (Merck KgaA, Germany) and (ii) nickel-
coated hollow ceramic spheres with an a.p.d. of 12 µm (Accumet Materials
Co, USA), dispersed in mineral oil (Sigma Aldrich, USA) and stabilized by
the addition of oleic acid (Sigma Aldrich, USA). The total particle volume
fraction of (ii) was approx. 40 vol %. The total particle volume fraction of
(i) was adjusted so that both suspensions had the same amount of magnetic
material (i.e., pure nickel). With this aim, we measured the magnetization,
M, of the prepared suspensions as a function of the magnetic �eld,H, using
a SQUIDQuantumDesignMPMS XLmagnetometer. Then, we veri�ed that
both suspensions had the same saturation magnetization, which turned out
to be Ms = 1.5 kA·m−1, as shown in Figure 4.1. From this value, we calcu-
lated the volume fraction of pure nickel by taking into account the saturation
magnetization of bulk nickelMs =480 kA·m−1 [Jiles (1991)]. By doing so, we
obtained a volume fraction of pure nickel of 0.3 vol % for both suspensions.

We characterized the rheological behavior upon magnetic �eld applica-
tion of both suspensions by means of a rheometer (Thermo Haake RS 150).
For this purpose, weused a parallel plate set specially adapted to applymag-
netic �elds in the direction parallel to the axis of the rheometer (i.e., along
the velocity gradient). The rheological measurements were conducted at 25,
60 and 85 ◦C.
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4.3 Results and discussion

Both suspensions (i.e., consisting of solid nickel and nickel-coated spheres)
had the same saturation magnetization and thus the same content of pure
nickel. In spite of this, we found important di�erences between the magne-
tization curves of the two samples (as shown in Figure 4.1). As expected for
suspensions of ferromagnetic particles, both curves at �rst showed a strong
increase of M at low �elds (approximately H < 200 kA·m−1) followed by a
smoother one until Ms was reached. Such a saturation (i.e., variation of M
of less than 1 %) appeared at lower �elds for the solid nickel suspension,
H ∼240 kA·m−1, than for the nickel-coated one, H ∼ 320 kA·m−1, as seen in
Figure 4.1. Additionally, there were evident quantitative di�erences of sus-
ceptibility, χ � M/H, for both suspensions in the region of low H: the slope
of the curve for the nickel-coated suspension was signi�cantly higher than
the one for solid-nickel particles. Indeed, the calculation of χ in this range
of �elds revealed that such a di�erence of susceptibility was as big as ∼ 0.03
(i.e., 75 %) at the beginning of the curve (inset of Figure 4.1). Finally, at in-
creasing �elds, χ decreased for both suspensions until similar values were
reached at the highest �elds. However it was the great increase of χ at the
lowest �elds that indicated that a simple redistribution of the magnetic ma-
terial into a spherical shell led to a great enhancement of the magnetization
degree of the suspension.

Let us now give a theoretical explanation to the experimentally observed
trends by calculating the magnetic susceptibility of both suspensions. With
this aim, we �rst considered a dilute suspension of non-interacting, non-
aggregated identical spheres of diamagnetic core (χc ≈ 0) and magnetic
shell (χs > 0) dispersed in a diamagnetic matrix (χm ≈ 0) and subjected to
an external uniform �eld in the vertical direction ~H0 � H0 ẑ. The radii of the
core and outer surface of the shell were rc and rs , respectively, related by the
parameter p � (rc/rs )3. The average magnetization of the suspension

〈
~M
〉
,

which is due only to the magnetic shell, was calculated as follows:

〈
~M
〉
�

1
V

$
V

~M dV �
Np

V

$
Vshell

~Mshell dVshell �
Npχs

V

$
Vshell

~H dVshell

(4.1)
In this equation V is the suspension volume and Np is the number of

composite particles in the suspension. For simpli�cation, we supposed in
eq. (4.1) that for each given value of the applied magnetic �eld the sus-
ceptibility was constant along the volume of the shell (i.e., its value did not
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Figure 4.1: Experimental initial magnetization curves for both samples (i.e., consisting of solid
nickel and nickel-coated spheres). The inset shows the magnetic susceptibility calculated from
magnetization curves. The magnetic susceptibility was much higher for the nickel-coated sus-
pension at low �eld in spite of having the same saturation magnetization (i.e., the same nickel
content).

change for the variations of the magnetic �eld within the shell). Otherwise
it was not possible to solve eq. (4.1) analytically. Note, however, that this
approximation does not mean that the magnetic material was considered to
be linear because, as will be shown, the calculated susceptibility depended
on the intensity of the magnetic �eld. The magnetic �eld was replaced by
~H � −∇Ψs , withΨs being the magnetostatic potential in the shell:

〈
~M
〉
� −

Npχs

V

"
Sshell

Ψs d~Sshell (4.2)

The shell potential was determined by using standard magnetostatics
[Jones (2005); Landau and Lifshitz (1984); Yu and Yuen (1996)]:

Ψs (r, θ) � −H0

(
A r −

B p
r2

)
cos θ rc < r < rs (4.3)

where θ and r are the polar angle and the radial position in spherical coordi-
nates, respectively;A and B are constants determined by taking into account
appropriate boundary conditions [Jones (2005); Landau and Lifshitz (1984);
Yu and Yuen (1996)]:

A �
3

(µs + 2) + 2(µs − 1)βs p
(4.4)
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B �
3βs

(µs + 2) + 2(µs − 1)βs p
(4.5)

where βs � (1 − µs )/(1 + 2µs ) and µs is the magnetic permeability of the
shell (i.e., nickel), related to the magnetic susceptibility by µs � χs + 1.

The integral term in eq. (4.2) was solved across the outer and the inner
surfaces of the shell. Since the magnetic �eld was directed just along the z
axis and the shell was considered to be an isotropic magnetic material, the
magnetization vector had only one component, which turned out to be:

〈Mz〉 �
Npχs

V
4
3π r3s H0A(1 − p) (4.6)

Note that ϕ � (Np/V)(4/3)π r3s is the particle volume fraction of the
suspension, whereas the term in brackets in eq. (4.6) is the volume fraction
of the shell in the whole composite particle. As a result, the volume fraction
of magnetizable material in the suspension is given by ϕmag � ϕ (1−p). The
susceptibility of the whole suspension was calculated as:

χsusp �
〈Mz〉

H0
� χsAϕmag (4.7)

Finally, we substituted A by eq. (4.4) and introduced the magnetic con-
trast factor β � (µs−1)/(µs+2), for the suspension of nickel-coated particles,
to obtain:

χsusp � 3ϕmag
β

1 + 2β βs p
(4.8)

In the case of solid magnetic particles of radius r dispersed in the same
diamagnetic matrix, the mean magnetization of the suspension was calcu-
lated by considering the magnetic moment of each particle ~m:

〈
~M
〉
�

Np

V
~m �

Np

V
4πβ r3 ~H0 (4.9)

where, again, we supposed a system of non-interacting spheres. Because
ϕmag � (Np/V)(4/3)π r3 in this second case, the magnetic susceptibility of
the suspension of solid nickel particles turned out to be:

χsusp � 3ϕmagβ (4.10)

A comparison between eqs. (4.8) and (4.10) revealed that the magnetic
susceptibility of a suspension of hollow magnetic spheres should be en-
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hanced with respect to the one of solid magnetic spheres for the same vol-
ume fraction of magnetic material ϕmag, because βs<0 in eq. (4.8). Actually,
for concentrated suspensions of high-permeability particles, such a compar-
ison is even more evident. If µs >> 1, then β ≈ 1 and βs ≈ −1/2, and the
magnetic susceptibility of the suspension of hollow particles is larger than
the one of the suspension of solid particles by a factor of ϕ/ϕmag.

Using eqs. (4.8) and (4.10) we calculated the susceptibility of both sus-
pensions. For this purpose, the values of µs as a function of H for pure
nickel were obtained from the materials library of FEMM software [Meeker
(2009)]. The theoretical curves followed the same tendency as the experi-
mental results, that is, the susceptibility was higher for the suspension of
nickel-coated particles (Figure 4.2). Actually, the theoretical di�erence be-
tween both sampleswasmuch higher than the experimental one. In particu-
lar, the calculated values of χ for the nickel-coated suspension were slightly
higher than the experimental data (especially at the lowest �elds) whereas
in the case of the solid-nickel suspension, the situationwas the opposite (i.e.,
the theory strongly underestimated χ). However, despite these quantitative
di�erences, the trendswere identical, and, consequently, basic magnetostat-
ics explained the enhancement of susceptibility (Figure 4.2).

The discrepancies between experiments and theoretical calculations in
Figure 4.2 are likely due to the approximation of non-interacting and non-
aggregated particles. Note that other phenomena, such as interparticlemag-
netic correlation and chain formation, which are known to play a signi�cant
role in the case of ferro�uids [Ivanov and Kuznetsova (2001); Klokkenburg
et al. (2008);Mendelev and Ivanov (2004)], should be ruled out in the present
case due to the non-Brownian nature of the particles under study. In addi-
tion, the approximation made in eq. (4.1) that the susceptibility of the mag-
netic material was constant along the particle shell might have been another
source of discrepancy between theory and experiment.

A more precise estimation of the magnetic susceptibility of the suspen-
sions requires the use of numerical methods. With this aim, we solved the
magnetostatics problem by �nite element method simulations (FEMM soft-
ware [Meeker (2009)]) for our two structured suspensions: chains of (i) solid
nickel particles and (ii) nickel-coated particles. For this purpose, we consid-
ered an axisymmetric periodic cell of two particles (inset of Figure 4.2). Pe-
riodic boundary conditions were applied to both the upper and lower walls,
and the internal magnetic �eld was imposed at the lateral (right) wall of the
cell. The cell dimensions were adjusted so that the volume fractions of the
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Figure 4.2: Results of theoretical calculations and FEMM simulation of the magnetic suscep-
tibility for both suspensions. Experimental data are also plotted for comparison. The inset
shows the schematic unit cells used in the simulation. Despite some quantitative di�erences,
theory and simulation well reproduced the experimental trends: the magnetic susceptibility
was higher for the nickel-coated suspension.

di�erentmaterials in the cells were the same as in the real suspensions (inset
of Figure 4.2). The results of the simulation are shown in Figure 4.2.

The simulated results of the suspension magnetic susceptibilities are in
good qualitative agreement with the experimental and theoretical ones, es-
pecially for the suspension of solid particles. Actually, in spite of some quan-
titative di�erences, the obtained trendswere the same: themagnetic suscep-
tibility was higher when the nickel phase was distributed in a thin spherical
shell rather than in the case of a solid sphere (Figure 4.2). The discrepancies
with experiments are likely due to the real particle structures being di�erent
from the single-chain structures supposed here [Bossis et al. (2002b)].

At this point, it is worth mentioning that, as inferred from eq. (4.8), the
magnetic response of the nickel-coated suspension could be optimized by
acting on parameter p (i.e., by acting on the thickness of the magnetic shell).
Actually, parameter p could ideally range from p = 0 (i.e solid nickel spheres)
to p � 1− ϕma g

ϕm
, where ϕm is the maximum-packing volume fraction. In this

range, the magnetic susceptibility of the nickel-coated suspension (i.e., eq.
(4.8)) is a monotonic increasing function of parameter p, as shown in Figure
4.3. Such a result made evident that there is a progressive enhancement of
the magnetic response as the magnetic shell becomes thinner.

The enhancement of themagnetizability of a suspension should lead to a
better technological performance because of an improved response to exter-
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Figure 4.3: Magnetic susceptibility of the nickel-coated suspension as a function of parameter
p � (rc/rs )3 in the range from p = 0 (solid nickel particles) to p � 1 − ϕma g

ϕm
for di�erent

values of the magnetic �eld strength, H, obtained by means of eq. (4.8). As can be seen, the
susceptibility is a monotonic increasing function of p; therefore, the thinner the magnetic shells
are, the stronger the magnetic response will be.

nal magnetic �elds. As an example, we discuss here the e�ect on the rheo-
logical properties of the suspensions upon magnetic-�eld application. Sus-
pensions of magnetic micrometer-sized particles behave as �eld-responsive
materials because theyundergo changes in their rheological properties upon
application of external �elds. More speci�cally, in the absence of magnetic
�elds they usually follow Newton’s law of viscosity (i.e., the shear stress
σ depends linearly on the shear rate, γ̇, in the form: σ � ηγ̇, where η is
the viscosity). However, when an external �eld is applied, their viscosity
strongly increases and a yield stress, σy , appears, below which the suspen-
sion does not �ow. These �eld-induced rheological changes are due to the
formation ofmagnetic particle structures in the �eld direction, which hinder
the �ow of the suspension. The formation and strength of the particle struc-
tures strongly depend on the degree of magnetization of the suspension,
that is, on its magnetic susceptibility [Bossis et al. (2002b)]. Actually, theory
and simulation previously indicated the possibility of enhancing the �eld-
induced yield stress by using hollowmagnetic spheres [Bossis and Lemaire
(1991); Lemaire (1992); Rodríguez-Arco et al. (2013b)]. However, no exper-
imental evidence of such improvement has ever been published to the best
of our knowledge. As a result, we decided to experimentally prove such a
hypothesis by measuring the rheological properties of the suspensions. The
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Figure 4.4: Increment of the yield stress as a function of the external magnetic �eld strength
for both suspensions. This quantity was much higher for the nickel−coated sample for all the
range of studied �elds. Results were obtained from measurements at 25 ◦C.

yield stress was estimated by �tting the obtained rheograms (σ vs. γ̇ graphs)
to the Bingham equation σ � σy + ηγ̇. To analyze just the e�ect of the mag-
netic �eld, we calculated the so-called increment of the yield stress with the
magnetic �eld, ∆σy � σy (H)−σy (0) and plotted it against the external mag-
netic �eld, H, in Figure 4.4. Note that identical results were obtained when
plotting it as a function of the internal magnetic �eld (not shown here for
brevity) given theweakmagnetizability of both suspensions (i.e., χsusp << 1
in both cases) [Jiles (1991); López-López et al. (2012)].

A comparison between the ∆σy vs. H curves for both suspensions re-
vealed that although they were similar in shape there were big quantitative
di�erences between them (Figure 4.4). Both suspensions exhibited an in-
crease of ∆σy with H as a result of the strengthening of the �eld-induced
particle chains with the �eld. However, ∆σy and its increase with H were
much higher for the nickel-coated sample as a result of its stronger magne-
tization and an expected higher number of particle structures. Actually, it
was almost six times higher at the highest magnetic �eld (Figure 4.4). Such
a trend was maintained at higher temperatures, although a decrease of the
yield stresswith temperaturewas obtained –see �gure Figure 4.5 of the Sup-
porting information section– in agreement with previous works [Guerrero-
Sánchez et al. (2009); Li et al. (2002); Weiss and Duclos (1994)].

The increase of the magnetic susceptibility for magnetically coated par-
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ticles made evident that it is possible to enhance the technological perfor-
mance of magnetic-�eld-responsive materials by changing just the distribu-
tion of the magnetic material in the dispersed particles. Hollow magnetic
spheres are less dense than solid ones, which additionally reduces particle
settling in suspensions, an important drawback that is usually present for
these materials (see Figure 4.6 of Supporting information section, in which
a good stability over time can be observed for the nickel-coated sample, in
contrast with the rapid sedimentation shown by the solid nickel one).

4.4 Conclusions

We have proved experimentally, theoretically and by �nite element method
simulation that the spatial distribution ofmagneticmaterial in colloidal par-
ticles a�ects the magnetic susceptibility of suspensions consisting of them.
A suspension of nickel-coated hollow ceramic spheres (optimized system)
gave rise to higher values of the initial susceptibility than a suspension of
solid spheres (non-optimized system) with the same total volume fraction
of nickel. In addition, we have theoretically shown that for a given amount
of magnetic material the thinner the shell is, the higher the magnetic sus-
ceptibility will be. Such an increase of susceptibility also improved the �eld-
induced yield stress of the suspension, a parameter of practical interest in
�eld-responsive �uids. Future work should reveal similar enhancements
for other related applications. In addition, there is still work to be done to
improve the technological performance of this kind of particle, with the goal
being themanufacture of cost-competitive, low-density, �eld-responsivema-
terials presenting an equivalent magnetic response and a large reduction in
sedimentation and aggregation, which are always a concern for the appli-
cations of these materials.

4.5 Supporting information

4.5.1 E�ect of the temperature on the yield stress of the solid
nickel and the nickel-coated suspensions

We studied the in�uence of the temperature on the yield stress by conduct-
ing rheological measurements in the presence of an external magnetic �eld
at three di�erent temperatures, namely 25, 60 and 85 ◦C. For this purpose
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Figure 4.5: Increment of the yield stress as a function of the magnetic �eld strength for both
suspensions at di�erent temperatures (25, 60 and 85 ◦C). A similar relative decrease of the yield
stress with the temperature appeared for both samples. However, the yield stress was much
higher for the nickel-coated sample for all the range of studied �elds and at all temperatures.

we used a rheometer Thermo Haake RS 150 with a parallel plate set spe-
cially adapted to apply magnetic �elds in the direction parallel to the axis
of the rheometer –i.e., along the velocity gradient. The temperature con-
trol was achieved by a Thermo Haake Phoenix II circulator bath. The yield
stress, σY was obtained by �tting the obtained rheograms – σ vs. γ̇ graphs–
to Bingham equation: σ � σY + ηγ̇ where η is the plastic viscosity. We cal-
culated the so-called increment of the yield stress with the magnetic �eld as
∆σY � σY (H) − −σY (0). This increment is shown in Figure 4.5 as a function
of the external magnetic �eld for the three considered temperatures.

As shown in Figure 4.5, there was a similar relative decrease of the yield
stress with the temperature for both samples. This result is in good agree-
ment with previous works by others authors for conventional magnetorhe-
ological �uids [Guerrero-Sánchez et al. (2009); Li et al. (2002); Weiss and
Duclos (1994)]. However, the most important result here was that the en-
hancement of the yield stress when using nickel-coated particles with re-
spect to the suspension of solid nickel was maintained for all the range of
studied temperatures.
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Figure 4.6: Temporal evolution of solid nickel (photographs (a) to (f) and tube on the right of
(i)) and nickel-coated (photographs (g) to (h)) and tube on the left of (i)) samples contained
in vertical test tubes. As observed, the solid nickel sample exhibited fast particle settling –i.e.,
strong phase separation just after 30 min. On the contrary, the nickel-coated sample remained
stable even after 12 days (photograph (i)).

4.5.2 Stability of the solid nickel and the nickel-coated sus-
pensions against gravitational particle settling

We studied the stability of the samples against gravitational particle settling
by monitoring the temporal evolution of suspensions contained in vertical
test tubes as observed in Figure 4.6. As shown, the suspension of solid nickel
experienced a rapid sedimentation (set of photographs a to f and tube on the
right of i), whereas for the suspension of nickel-coated particles there was
not any phase separation even after 12 days (photographs g to h and tube
on the left of i). Themain reason for such an important di�erence must have
been the much lower density of nickel-coated particles (average density of
0.65 g·mL−1, as compared with 8.9 g·mL−1 for solid nickel particles), which
was closer to the density of the liquid carrier (0.84 g·mL−1).





Chapter 5

On how non-magnetic particles
intensify rotational di�usion in
magnetorheological �uids

LauraRodríguez-Arco,Modesto T. López-López, PavelKuzhir andFernando
González-Caballero, Physical Review E, 90, 012310, 2014. Copyright 2014 by
the American Physical Society.

Abstract

In this work we propose a mechanism to explain the enhancement of the
magnetic �eld-induced yield stress when non-magnetic particles are added
to magnetic particulate suspensions –i.e., bi-component suspensions. Our
main hypothesis is that the non-magnetic particles collide with the �eld-
induced magnetic aggregates under shear �ow. Consequently, supplemen-
tary �uctuations of the orientations of the magnetic aggregates occur, re-
sulting in an e�ective rotary di�usion process, which increases the dynamic
yield stress of the suspension. Furthermore, the collision rate and the rotary
di�usivity of the aggregates should increase with the concentration of non-
magnetic particles. Rheologicalmeasurements in plate-plate and cylindrical
Couette geometries con�rm the increase of the yield stress with the volume
fraction of non-magnetic particles. In addition, such an e�ect appears to be
more important in Couette geometry, for which orientation �uctuations of
the magnetic aggregates play a more signi�cant role. Finally, a theoretical
model based on this rotary di�usion mechanism is developed, providing
with a quantitative explanation to the experimentally-observed trends.

65
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5.1 Introduction

The �uid dynamics of particles suspended in a liquid –i.e., particulate sus-
pensions– has been extensively studied in recent decades due to their mul-
tiple applications. Special attention has been paid to di�usion, the process
which governs the motion of the suspended particles, either by control-
ling the particles’ position (translational di�usion) or their orientation (rota-
tional di�usion) [Van de Ven (1989)]. Typical �elds where di�usion plays a
crucial role are self-assembly and rheology/micro-rheology of complex �u-
ids (polymer solutions, suspensions of rod-like particles or granular gases)
[Cheng andMason (2003); Degiorgio et al. (1995); Ela�f et al. (1999); Heitjans
and Kärger (2006); Jabbari-Farouji et al. (2012)]. A special kind of particu-
late suspensions for which di�usion has also been studied are �eld-driven
colloids, suspensions of polarizable particles dispersed in a liquid carrier
which undergo changes of their mechanical properties in the presence of
external �elds [Bacri et al. (1995); Erné et al. (2003); Ginder (1993); Martin
et al. (1998); Segovia-Gutierrez et al. (2013); Zubarev (2013)]. Examples of
these smart materials are ferro�uids or electrorheological and magnetorhe-
ological (MR) �uids. In the case of MR �uids, the suspended magnetizable
particles build columnar-like aggregates in the direction of the appliedmag-
netic �eld. Such a jamming process induces a several orders of magnitude
increase of theMR�uid viscosity in the presence of the �eld, a phenomenon
commonly known as the MR e�ect [Bossis et al. (2002b); Park et al. (2010a)].

The importance of rotational di�usion on the rheological (�ow) proper-
ties of MR �uids is clearly evidenced when comparing such properties in
the available rheometry con�gurations. In the particular case of a magnetic
�eld applied in the direction perpendicular to the walls which con�ne the
sample –for example, in plate-plate or cone-plate geometries– the magnetic
aggregates span the gap between the geometrywalls, hindering the rotation
of the upper plate/cone upon the application of a given stress. Neverthe-
less, there is a threshold value of the stress, also known as the yield stress,
for which these structures are broken, losing contact with the walls, so that
a practical onset of the �ow takes place. Such behavior is reminiscent of
the Bingham plastic behavior, the yield stress being an increasing function
of the magnetic �eld [Bossis et al. (2002b)]. On the other hand, when the
magnetic �eld is oriented parallel to the geometry walls –e.g., cylindrical
Couette geometry or pressure-driven �ows using coaxial coils–, the aggre-
gates are theoretically oriented along the stream-lines and have in theory
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an in�nite length due to the absence of tensile hydrodynamic forces. Con-
sequently, the suspension should not develop any yield stress and its rheo-
logical behavior should follow Newton’s law of viscosity. However, experi-
mental results show exactly the opposite e�ect: the suspension develops a
strong Bingham behavior [Bossis et al. (2002a); Kuzhir et al. (2003, 2011b);
Shulman and Kordonsky (1982); Takimoto et al. (1999)]. In a previous work
[Kuzhir et al. (2011b)] it has been shown that the main contribution to the
appearance of such a yield stress is precisely the rotational di�usion of the
�eld-induced aggregates. More speci�cally, stochastic rotary oscillations of
such aggregates increase the stress level of the suspension. These oscilla-
tions are caused by many-body magnetic interactions with neighboring ag-
gregates [Kuzhir et al. (2011b)].

However, and to the best of our knowledge, the e�ect of rotational di�u-
sion on the yield stress has only been studied in the case of conventionalMR
�uids, that is, suspensions consisting solely of micron-sized ferromagnetic
particles. However, in the last decades a number of methods to enhance the
applicability of MR �uids –i.e., increasing the suspension stability and the
�eld-induced yield stress– have been described. One e�ective way to im-
prove stability is the use of non-magnetic –i.e., diamagnetic– particles in the
formulation, such as clay, polymeric or silica particles [López-López et al.
(2005b)]. Due to their lower density they contribute to a reduction of parti-
cle settling without increasing the �nal weight of the �uid. In addition to a
better stability, their use result in an enhanced MR e�ect [Klingenberg and
Ulicny (2011); Levin et al. (1997); López-López et al. (2008a); Rodríguez-Arco
et al. (2013b); Ulicny et al. (2010)]. However, the Physics behind such an in-
crease still remains unclear. For example, López-López et al. [López-López
et al. (2008a)] attributed the increase of the MR e�ect when dispersing iron
and clay particles together to the combination of the magnetically-induced
iron chains and a clay gel. Particle-level simulations in three dimensions
supported the experimental enhancement of the yield stress when mixing
iron particles and hollow glass beads [Ulicny et al. (2010)]. However simu-
lations in a monolayer of particles did not con�rm the experimental trends.
The authors themselves stated that a mechanistic explanation was still lack-
ing [Ulicny et al. (2010)]. In a second work, new simulations suggested that
the non-magnetic particles increased the size of the �eld-induced clusters
of magnetic particles [Klingenberg and Ulicny (2011)].

In a previous work we showed that the enhancement of the MR e�ect in
bi-component suspensions could be attributed to a change in the magnetic
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properties of the suspension when iron particles –approx 1 µm in size– ad-
sorbed onto a layer around poly(methylmethacrylate), PMMA, spheres of
approx 10 µm of diameter. Indeed, simulations showed that suspensions of
such non-magnetic-core–magnetic-shell composites would develop higher
magnetic permeability than those of solid magnetic particles, with the same
concentration ofmagnetic material [Rodríguez-Arco et al. (2013b)]. We have
given experimental evidence of such an increase in a recent work too, in
which the magnetic properties and the MR e�ect of nickel-coated ceramic
particles and solid-nickel particles were compared [Rodríguez-Arco et al.
(2013a)].

In this work we deal with bi-component suspensions in which adhesion
between PMMA and iron particles is avoided by the use of a surfactant,
but still, a strong enhancement of the MR e�ect appears. Therefore, in the
present case, the explanation to the improvement of the MR e�ect could
not come from a change of the magnetic properties as in refs. [Rodríguez-
Arco et al. (2013a,b)], and �nding an alternative explanation is the main
aim of this work. Our main hypothesis is based on collisions among the
non-magnetic particles and the �eld-induced aggregates of magnetic parti-
cles under shear �ow. Such collisions may impart supplementary �uctua-
tions of the orientations of the magnetic aggregates. In order to prove our
hypothesis, we perform rheological cylindrical Couette measurements, be-
cause the e�ects of orientation �uctuations are more clearly evidenced in
this geometry. For comparison we also show the results of plate-plate rheo-
logical measurements. Finally we develop a theoretical explanation for the
experimentally observed trends.

5.2 Materials and methods

We used spherical carbonyl iron particles (BASF, HS quality) and PMMA
spheres (Microbeads, Spheromers10) as magnetic and non-magnetic parti-
cles respectively. Particle diameters were 1.0 ± 0.7 µm and 9.9 ± 0.4 µm
respectively. In order to hinder adsorption of iron particles around PMMA
spheres we �rst dispersed appropriate amounts of iron powder in silicone
oil (VWR International, Rhodorsil 47V500, dynamic viscosity at 25 ◦C is 480
mPa·s) followed by the addition of aluminum stearate (Sigma Aldrich, tech-
nical grade), under vigorous mechanical stirring. We continued stirring for
several hours to promote stearate adsorption onto iron, and �nally added
PMMA powder in appropriate amounts. The volume fraction of iron, Φm ,
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was 10 vol % for the four prepared samples. The volume fraction of PMMA,
Φn , ranged from 0 to 30 vol %. All the samples were degasi�ed under vac-
uum for 15 minutes prior to rheological measurements.

Microscopic observations uponmagnetic �eld application of diluted sam-
ples, prepared as described above, were conducted by placing an optical
microscope between twoHelmholtz coils that applied a homogeneousmag-
netic �eld parallel to the surfaces that con�ned the sample. Magnetization
curves of the suspensions were obtained at 20 ◦C by means of a vibrat-
ing sample magnetometer VSM 4500 (EG&G Princeton Applied Research,
USA).

The rheological measurements were conducted by using a controlled-
stress rotational rheometer, Haake RheoStress RS 150 (Thermo Fisher Sci-
enti�c, USA). We performed measurements using cylindrical Couette and
plate-plate geometries. Couette cell consisted of an inner cylinder of diame-
ter of 20 mm and height of 30 mm. The radial distance between the surfaces
of the outer and inner cylinders was 0.75 mm. We applied a uniform mag-
netic �eld with the help of a coil placed coaxially with the rheometer axis
and thus, in the direction parallel to the suspension vorticity. The measur-
ing protocol for Couette measurements was as follows: (i) Pre-shear stage
at a shear rate of 150 s−1 for 60 s in the absence of �eld. (ii) Application of
the same shear rate for 60 s upon a magnetic �eld of approx 6 kA·m−1. (iii)
Sample at rest for 3min andmagnetic �eld application of a desired intensity
(from 6 to 30.6 kA·m−1). (iv) Shear rate ramp (equivalent rheological results
were obtained by ramping the shear stress) from 1 to 500 s−1 upon the same
�eld as in (iii) with duration of each step of 30 s. At the end of stage (iv), the
magnetic �eldwas again readjusted to 6 kA·m−1, and stage (ii) was repeated
before a new shear rate ramp at a di�erent –increasing– magnetic �eld was
started. Note that a magnetic �eld of, at least, 6 kA·m−1 was maintained
during the whole process to reduce particle settling.

Plate-plate measurements were performed with a set of parallel plates
(diameter of 35 mm). The gap between the two plates was 350 µm. All the
quantities reported hereinafter correspond to the outer radial edge of the
plate. In this second case, the magnetic �eld was applied with the same
coil as for cylindrical Couette geometry. As a result, in this geometry the
magnetic �eld was aligned along the velocity gradient and perpendicular
to the rheometer walls. The measuring protocol consisted of three stages:
(i) Pre-shear at a shear rate of 150 s−1 for 60 s. (ii) Sample at rest for 120 s.
(iii) Shear rate ramp from 20 to 300 s−1. Each step lasted 30 s. The magnetic
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�eld was activated at the beginning of (ii) and was kept switched on until
the end of (iii).

5.3 Experimental results

First of all, and to discard the formation of non-magnetic-core–magnetic-
shell composites of enhancedmagnetic permeability –i.e., like those observed
by Rodríguez-Arco et al. (2013b)– we performed microscopic observations
and magnetization measurements. The microscopy results obtained for di-
luted suspensions showed that there was no adsorption of iron particles
onto PMMAones. As amatter of fact, PMMAparticles appeared uncovered
and most of them were separated from the �eld-induced iron aggregates
upon the application of an external magnetic �eld –Figure 5.1. The thick-
ness of these chain-like aggregates was of the same order of magnitude as
the diameter of PMMA particles. In addition, non-magnetic particles were
generally not trapped into the aggregates of magnetic particles in contrast
to the results shown in the inset of Figure 5.1 for which aluminum stearate
was not used and consequently, a strong cohesion between iron and PMMA
particles existed, resulting in an increase of the MR e�ect with a growing
content of PMMA [Rodríguez-Arco et al. (2013b)]. Regarding the magneti-
zation curves, we observed that the hysteresis loops for the di�erent sam-
ples were practically superimposed, as seen in Figure 5.2, and therefore, the
addition of PMMA particles did not a�ect the suspension magnetic perme-
ability. Actually, calculations of suchmagnetic permeability by using the as-
cent branch of the hysteresis loops (inset of Figure 5.2) revealed di�erences
in the magnetic permeability no bigger than approx. 5% for the di�erent
samples. Therefore, changes of the MR e�ect for these bi-component sus-
pensions could not be attributed to an enhancement of the magnetic per-
meability because of the formation of a magnetic coating around PMMA
particles.

However, and despite having removed the in�uence of an enhanced sus-
pension permeability, we observed a strong enhancement of the MR e�ect,
which seemed to be especially important in cylindrical Couette geometry.
More speci�cally, the shear stress in the �ow curves –shear stress σ vs. shear
rate γ̇– at given values of the externalmagnetic �eld and γ̇, was higherwhen
non-magnetic particles were included in the formulation for both cylindri-
cal Couette and plate-plate geometries. In addition, σ increased with the
volume fraction of PMMA particles Φn for a certain value of γ̇ –Figure 5.3.
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Figure 5.1: Microscopic picture of a suspension of 1 vol % iron and 3 vol % PMMAdispersed in
silicone oil and stabilized by the addition of aluminum stearate. Amagnetic �eld of approx. 10
kA·m−1 was applied in the direction indicated by the arrow; the bar length corresponds to 50
µm. PMMAparticles (white spheres of 10 µm) appeared uncoated and separated from the iron
chains. This situation was di�erent to that observed in the inset for a suspension in which alu-
minum stearate had not been added to the suspension and inwhich adsorption of iron particles
around PMMA particles took place with the formation of non-magnetic-core–magnetic-shell
composites. The picture from the inset is taken from Rodríguez-Arco et al. (2013b) and the bar
length is 10 µm.

Figure 5.2: Hysteresis loops for all the suspensions. The concentration of iron particles was
10 vol % while the volume fraction of PMMA particles ranged from 0 to 30 vol %. All the
curves were superimposed and therefore, there were no remarkable di�erences in the suspen-
sion magnetic permeability of the samples, calculated from the ascent branch of the inset.
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a) b)

Figure 5.3: Flow curves of the bi-component suspensions in cylindrical Couette (a) and plate-
plate (b) geometries at the same concentration of iron particles, Φm � 0.1 and di�erent con-
centrations of PMMA particles Φn . The intensity of the external magnetic �eld was H0 � 12.2
kA·m−1 for both geometries. As observed, the shear stress increased when Φn was increased.
Note that the shear stress was generally higher for cylindrical Couette geometry.

Note that the values of the shear stress for a particular suspension were
higher when using cylindrical Couette geometry in comparison with the
plate-plate geometry –Figure 5.3.

In order to better compare both geometries and analyze the in�uence of
the addition of PMMAon theMRe�ect, we estimated the yield stress. Recall
that the MR e�ect is de�ned as the change of the rheological behavior from
an almost Newtonian behavior in the absence of �eld –characterized by the
equation σ � ηγ̇ where η is the viscosity– to a plastic behavior when the
magnetic �eld is activated. A plastic �uid usually follows Bingham’s equa-
tion σ � σY + ηγ̇ where σY is the dynamic yield stress [Larson (1999)]. We
estimated the yield stress by performing a linear �t of the high-shear part of
the rheograms (γ̇ >100 s−1), the yield stress being the intercept of the �twith
the Y-axis, i.e., zero shear rate. The �ts (not shown here for brevity) were rea-
sonably good in all cases (R2

≈ 0.99). With the aim of just comparing the
in�uence of the magnetic �eld between both geometries, we calculated the
increment of the yield stress by subtracting the yield stress at zero �eld to
the yield stress at a given applied �eld, and plotted it against the external
magnetic �eld strength, H0 –Figure 5.4. The so-estimated increment of the
yield stress increased both with H0 and Φn for plate-plate and cylindrical
Couette geometries. In cylindrical Couette geometry, however, both e�ects
appeared more intensi�ed. Actually, the yield stress increment exhibited a
stronger increase with the PMMA concentration in cylindrical Couette ge-
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Figure 5.4: Experimental (symbols) and theoretical (lines) dependencies of the yield stress in-
crement on the intensity of the external magnetic �eld for the cylindrical Couette (a) and the
plate-plate (b) geometries at the same concentration of iron particles, Φm � 0.1 and di�erent
concentrations of PMMA particles, Φn . The yield stress increased with both the magnetic �eld
strength and the volume fraction of PMMA. Both e�ects appeared to be more pronounced in
Couette rheometry. The theoretical predictions (see section 5.4) are obtained for values of the
free parameters of α1 � 1.5, α2 � 0.2 for the plate-plate geometry, and α1 � 0.2, α2 � 0.4 for
the cylindrical Couette geometry. The collision contribution to the rotary di�usivity α2 is thus
more important in the second case.

ometry –3.7 times in the range 0 < Φn < 0.3– as compared to the plate-plate
geometry –1.9 times in the same range.

To be precise, the di�erences between the increments of the yield stress
for both geometries became more accentuated when the PMMA volume
fraction increased. Indeed, the Couette yield stress increment of the sam-
ple without PMMAwas almost superimposed to the equivalent plate-plate
one, whereas the yield stress increment of the sample with 30 vol % PMMA
wasmuch higher for cylindrical Couette geometry –Figure 5.5. However, we
must keep inmind that because of the di�erences in geometry, the demagne-
tizing �eld opposed by the sample was di�erent for the cylindrical Couette
and the plate-plate systems. In the Couette geometry the height-to-gap ratio
was very large and, as a result, the demagnetizing �eld along the rheometer
axis was negligible. Consequently the �eld inside the sample, the so-called
internal �eld, H, was almost equal to the external one H ≈ H0. On the other
hand, in plate-plate rheometry, the ratio of the gap height to the plate diame-
ter was small and the resulting demagnetizing �eldwas higher. Estimations
of the internal magnetic �eld using eq. 5.9 show that for the sample with-
out PMMA, the MR e�ect in plate-plate geometry was considerably higher
than in the case of cylindrical Couette. However, the di�erences between
both geometries diminished as the PMMA concentration increased because
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Figure 5.5: Comparison of themagnetorheological e�ect observed in plate-plate and cylindrical
Couette geometries at the same concentration of iron particles, Φm � 0.1 and four di�erent
concentrations of PMMA particles, namely Φn � 0 (a), Φn � 0.1 (b), Φn � 0.2 (c) and Φn � 0.3
(d). The di�erences between the curves of both geometries increased with Φn .

of the further enhancement of the MR e�ect in bi-component suspensions
for cylindrical Couette geometry –see �gure Figure 5.9 of Supporting infor-
mation section.

5.4 Theory and discussion

5.4.1 Qualitative interpretation

The analysis of the obtained experimental results allows us to formulate the
two main questions of the present work, namely: (a) What is the possible
mechanismbehind the enhancement of theMR e�ect by the addition of non-
magnetic particles to a suspension of magnetic particles? (b) Why is this
enhancement appreciably higher when the magnetic �eld is oriented along
the vorticity (cylindrical Couette) rather than along the velocity gradient
(plate-plate)? In this section, we shall �rst give a qualitative answer to both
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questions, followed by the development of a theoretical model to provide a
more quantitative interpretation.

Regarding question (a) we must keep in mind that whatever the com-
position of the suspension –i.e., with or without non-magnetic particles–
the dynamic yield stress arises from hydrodynamic dissipation on the �eld-
induced particle aggregates upon shear [Bossis et al. (2002b); Shulman and
Kordonsky (1982)]. In addition to it, magnetic interactions among aggre-
gates may induce stochastic �uctuations of their orientation and result in a
supplementary contribution to the yield stress, coming from stochastic in-
teraction torques. These �uctuations may be regarded as an e�ective rotary
di�usionprocess, which is likely responsible for the unexpectedly high yield
stress when the magnetic �eld is parallel to either the suspension velocity
or the vorticity [Kuzhir et al. (2011b, 2014)].

Our main hypothesis is that under shear �ow, the non-magnetic parti-
cles may collide with the aggregates of magnetic particles and impart them
supplementary �uctuations of their orientations. The importance of such
collisions should not be underestimated, taking into account the relatively
high concentrations and large size of the PMMA particles used in this work
–diameter of the same order of magnitude as the magnetic aggregate thick-
ness as shown in Figure 5.1. Clearly, the collision rate, and consequently,
the rotary di�usivity of the aggregates, should be a growing function of the
volume fraction of non-magnetic particles, Φn . When Φn increases, �uc-
tuations of the aggregate orientation become stronger and two e�ects take
place: (i) The aggregates become more misaligned with the �ow, which in-
duces a stronger viscous dissipation (either viscous or hydrodynamic). (ii)
The stochastic torque –exerted on the aggregates bymultiple collisions with
the non-magnetic particles– increases, which results in an increase of the
respective stress contribution –the so-called ”di�usion stress”. Both e�ects
contribute to the increase of the stress level in general, and both of them
increase with the volume fraction of PMMA, which would explain the en-
hancement of the MR e�ect in bi-component suspensions.

Concerning question (b), we can also �nd an answer based on the hy-
pothesis of collisions among themagnetic aggregates and the non-magnetic
particles. In cylindrical Couette geometry, the magnetic �eld tend to orien-
tate the aggregates along the vorticity, which minimizes the viscous dissi-
pation. Consequently, in this particular geometry, depicted in Figure 5.6a,
the aggregate orientation distribution and the yield stress are principally
governed by the stochastic interactions among the aggregates and the non-
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Figure 5.6: Sketch of the problem geometry. The external magnetic �eld provokes the ap-
pearance of aggregates of magnetic particles which are surrounded by a suspension of non-
magnetic particles in the liquid carrier. The magnetic �eld H is oriented either parallel to the
plates along the vorticity –i.e., cylindrical Couette geometry (a)– or perpendicularly to the plates
–i.e., plate-plate geometry (b).

magnetic particles, and among the aggregates themselves. On the other
hand, in plate-plate geometry, shown in Figure 5.6b, the magnetic torque
misaligns the aggregates from the �ow direction, which increases the hy-
drodynamic dissipation and results in a high hydrodynamic stress. In this
second case, stochastic interactions are expected to be only a supplemen-
tary factor a�ecting the aggregate orientation and the suspension rheol-
ogy. These are the reasons for which the e�ect of collisions with the non-
magnetic particles on the orientation distribution and on the suspension
yield stress appeared to be more important in cylindrical Couette geome-
try rather than in plate-plate one.

5.4.2 Stochastic interactions and rotational di�usion

In order to give a quantitative answer to the above-stated questions we shall
provide here an expression for the yield stress in bi-component suspen-
sions which takes into account the in�uence of collisions among the non-
magnetic particles and the magnetic aggregates that result in an additional
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rotary di�usion process. For this purpose we consider a bi-component sus-
pension subjected to a simple shear �ow between two in�nite plates in the
presence of an external magnetic �eld, H0, oriented either perpendicularly
to the plates –con�guration similar to the plate-plate geometry– or parallel
to the plates along the vorticity –similarly to cylindrical Couette geometry.
Both possibilities are shown in the sketches of Figures 5.6a and 5.6b. The
relationship between H0, and the internal magnetic �eld H, is described in
the Appendix. The applied magnetic �eld provokes the appearance of ag-
gregates of magnetic particles, which are surrounded by a suspension of
non-magnetic particles in the liquid carrier. The axes of the Cartesian ref-
erence frame, ”1”, ”2” and ”3”, are oriented along the �uid velocity, the
velocity gradient and the vorticity respectively. The aggregate orientation is
described by a unit vector e, oriented along the aggregate major axis. The
orientation distribution is described by second- and fourth-order tensors,
〈ei ek〉 and 〈ei ek el em〉 respectively. These tensors are constructed by the ba-
sic projections of the vector e and are called the statistical moments of the
orientation distribution function, or, brie�y, statistical moments.

As mentioned above, misalignments of a given aggregate from its equi-
librium orientation are induced by magnetic forces exerted by the neigh-
boring aggregates. Since the aggregates are irregularly spaced and poly-
disperse in size, the forces and torques (interaction torques) that they exert
on their neighbors vary in a stochastic manner when they displace relative
to each other in a shear �ow. This mechanism leads to random oscillations
of their orientation and can be described as a rotational di�usion process
with a di�usion constant, Dm , de�ned by a random walk model as follows
[Van de Ven (1989)]:

Dm ∝
〈
ω2

〉
∆t ∝

〈
T2

int

〉
f 2r γ̇

(5.1)

where
〈
ω2

〉
�

〈
T2

int

〉
/ f 2r is the mean square angular velocity of the ag-

gregates performing stochastic angular jumps of mean duration ∆t ∝ γ̇−1;〈
T2

int

〉
is the mean square value of the magnetic interaction torque; fr �

8πη0L3/(3 ln ξ) is the rotational friction coe�cient of an aggregate of length
2L and radius A; η0 is the suspending liquid viscosity and ξ is the dimen-
sionless hydrodynamic screening length.

The neighboring aggregates moving around a given aggregate induce
some stochastic variation of the magnetic �eld at the location of a given
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aggregate because of irregular spacing between their magnetic poles un-
der shear �ow. The stochastic �eld randomly �uctuates during time, such
that 〈Hst〉 � 0, while its quadratic mean value is supposed to vary as the
square of the suspension magnetization:

〈
H2

st

〉
∼ M2. The �uctuating �eld

induces a stochastic magnetic torque whose mean square value is given
by

〈
T2

int

〉
�

〈
[m ×Hst]2

〉
∝ (Φ/Φa )µ0χ2

a H2Va . Here the aggregate mag-
netic moment and the suspension magnetization are estimated as follows:
|m| � µ0χaHVa and M � (Φ/Φa )χaH with µ0 � 4π · 10−7H · m−1 being the
magnetic permeability of vacuum; χa is the aggregate magnetic susceptibil-
ity, Va � 2πA2L is the aggregate volume,Φ andΦa are the volume fraction of
particles in the suspension and the internal volume fraction of aggregates,
supposed to be equal to π/6 for a simple cubic structure; the ratio (Φ/Φa)
stands for the concentration of aggregates in the suspension. Performing the
necessary substitutions we arrive to the following expression for the rotary
di�usivity:

Dm � α1

(
Φµ0χ2

a H2

Φaη0β

)2 1
γ̇

(5.2)

where β � 4r2e /(3 ln ξ) is the form-factor describing the hydrodynamic re-
sistance of the aggregates and coming from the slender body theory [Batch-
elor (1971)]; re � L/A is the aggregate aspect ratio. Because we are able to
estimate only the order of magnitude of the stochastic �eld and of the inter-
action torque, we need to introduce a dimensionless correction factor α1 into
eq. (5.2) which describes the intensity of the stochasticmagnetic interactions
among aggregates and which will be taken as an adjustable parameter.

Note that the aggregates can bedestroyed by tensile hydrodynamic forces
once they are misaligned from the �ow or the vorticity direction. More
speci�cally, the aggregate size, and consequently its form-factor β, is de-
�ned by a compromise between the destructive hydrodynamic and mag-
netic cohesive forces [Martin and Anderson (1996); Shulman et al. (1986)].
By applying the force balance (whose general expression is given in [Kuzhir
et al. (2011b)]) to both studied con�gurations (Figures 5.6a and 5.6b), we
arrive to the following expression for the form factor:

β ≡
4r2e
3 ln ξ �

2Φa fm

η0γ̇ψ
(5.3)

where ψ is a numerical factor depending on the orientation state of the sus-
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pension and equal to
(
1 −

〈
e23

〉)
/
(
2
〈
e23

〉)
for the �eld parallel to the vorticity

(cylindrical Couette geometry, Figure 5.6a) and 〈e1e2〉 /
〈
e22

〉
for the �eld par-

allel to the velocity gradient (plate-plate geometry, Figure 5.6b); fm is the
magnetic force between neighboring particles constituting the aggregates,
per unit cross-sectional area of the particle. The magnetic force fm and the
aggregate magnetic susceptibility χa , intervening into eqs. (5.2) and (5.3)
are functions of the magnetic �eld, their �eld dependences being given in
the Appendix.

The above-considered random �uctuations of the aggregate orientation
are attributed to long-rangemagnetic interactions among aggregates. As al-
ready stated, such a �eld-induced di�usion may be substantially enhanced
by the collisions of the magnetic aggregates with the non-magnetic parti-
cles. The di�usivity of this second collision-induced di�usion mechanism,
Dc , is supposed to be linear with both the concentration of non-magnetic
particles, Φn , and with the collision rate, and thus, with the shear rate γ̇.
Both di�usion mechanisms are supposed to be additive, so that the e�ec-
tive di�usion constant would be the sum of two respective di�usivities:

Dr � Dm + Dc � α1

(
ψ
Φmµ0χ2

a H2

2Φ2
a fm

)2
γ̇ + α2Φn γ̇ (5.4)

The �rst term of eq. (5.1) is obtained by replacing the form-factor β in eq.
(5.2) by the expression (5.3). As in the case of magnetically-induced di�u-
sion, we are unable to provide an exact relationship for the collision-induced
di�usivity Dc . This quantity is therefore de�ned up to a dimensionless
phenomenological constant α2, which describes the intensity of collision-
induced angular �uctuations and depends on microscopic details of the
process discarded in the present model. This constant is taken as the sec-
ond adjustable parameter of the model.

5.4.3 Orientation distribution

The orientation state of the aggregates is described by the equation of evo-
lution of the second statistical moments, 〈ei ek〉, which is conventionally de-
rived by multiplying the Fokker-Planck equation for the orientation distri-
bution function by ei ek , and averaging over all possible orientations. In the
case of long aggregates possessing an inducedmagnetic moment, this equa-
tion reads [Kuzhir et al. (2011b, 2014); Pokrovskiy (1978)]:
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d 〈ei ek〉

dt
� [ωil 〈el ek〉 − 〈ei el〉 ωlk] +

[
γil 〈el ek〉 + 〈ei el〉 γlk

]
− 2 〈ei ek el em〉 γlm+

+
µ0H2

η0β

χ2
a (1 −Φ/Φa )

2 + χa (1 −Φ/Φa )
[hi hl 〈el ek〉 + hk hl 〈el ei〉 − 2 〈ei ek el em〉 hl hm]

+ 2Dr [δik − 3 〈ei ek〉]
(5.5)

where t is the time; γik � (1/2) · (∂vi/∂xk + ∂vk/∂xi ) and ωik � (1/2) ·
(∂vi/∂xk −∂vk/∂xi ) are the rate-of-strain and vorticity tensors, respectively;
hi is the i-th component of the unit vector h oriented along the internal mag-
netic �eld H; δik is the Kronecker delta. In our case, we have only two non-
zero components of the rate-of-strain and vorticity tensors, γ12 � γ21 � ω12 �

−ω21 � γ̇/2 and the one non-zero component of the �eld unit vector: either
h3 � 1 for the �eld oriented along the vorticity (Figure 5.6a) or h2 � 1 for the
�eld oriented along the velocity gradient (Figure 5.6b).

The last reduces to the following system of algebraic equations for the
steady state upon application of the quadratic closure approximation [Doi
and Edwards (1988)], 〈ei ek el em〉 ≡ 〈ei ek〉 〈el em〉, and using expressions (5.3)
and (5.4) for the form-factor β and the rotary di�usivity respectively:




〈e1e2〉 −
〈
e21

〉
〈e1e2〉 − C2ψ

〈
e21

〉
ψ11 +

(
C1ψ2 + α2Φn

) (
1 − 3

〈
e21

〉)
� 0

−

〈
e22

〉
〈e1e2〉 − C2ψ

〈
e22

〉
ψ22 +

(
C1ψ2 + α2Φn

) (
1 − 3

〈
e22

〉)
� 0

−

〈
e23

〉
〈e1e2〉 − C2ψ

〈
e23

〉
ψ33 +

(
C1ψ2 + α2Φn

) (
1 − 3

〈
e23

〉)
� 0〈

e22
〉
− 2 〈e1e2〉2 − C2ψ 〈e1e2〉 ψ12 − 6

(
C1ψ2 + α2Φn

)
〈e1e2〉 � 0

(5.6)
where C1 � α1

[
Φmµ0χ2

a H2/(2Φ2
a fm )

]2
and C2 � µ0χ2

a (1 −Φm/Φa )H2/[2Φa

fm (2 + χa (1 − Φm/Φa ))] are dimensionless factors; the coe�cients ψik are
functions of the second statisticalmoments and are equal to

[
ψ11 , ψ22 , ψ33 , ψ12

]
�

[〈
e22

〉
,
〈
e22

〉
− 1,

〈
e22

〉
, 2

〈
e22

〉
− 1

]
for the �eld oriented along the velocity

gradient (Figure 5.6b) and
[
ψ11 , ψ22 , ψ33 , ψ12

]
�

[〈
e23

〉
,
〈
e23

〉
,
〈
e23

〉
− 1, 2

〈
e23

〉]

for the �eld oriented along the vorticity (Figure 5.6a).
It is important to remark that, due to the fact that the rotary di�usivity

Dr is linear in the shear rate (eq. (5.4)) and the form-factor β is inversely pro-
portional to the shear rate (eq. (5.3)), the shear rate vanishes from eqs. (5.6)
describing the statistical moments at the steady-state condition; the orienta-
tion distribution is therefore independent of shear rate, at least in the limit
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Figure 5.7: Theoretical dependencies of the second statistical moments on the volume fraction
of non-magnetic particles for the cylindrical Couette (a) and the plate-plate (b) geometries.
For both geometries, the intensity of the external magnetic �eld is H0=18.3 kA·m−1 and the
concentration of the magnetic particles is Φm � 0.1. The free parameters are chosen to provide
the best �t with experimental data on the suspension yield stress (see Figures 5.4 and 5.8) and
are equal to α1 � 1.5, α2 � 0.2 for the plate-plate geometry and α1 � 0.2, α2 � 0.4 for the
cylindrical Couette geometry.

of long aggregates, re � 1 considered here. This result agrees with the clas-
sical models of magnetorheology, discarding any dispersion in aggregate
orientation and predicting an angle between the aggregates and the �ow
independent of shear rate [Martin and Anderson (1996); Shulman and Kor-
donsky (1982)]. The system of eqs. (5.6) is solved numerically with respect
to the four unknown second statistical moments,

〈
e21

〉
,
〈
e22

〉
,
〈
e23

〉
and 〈e1e2〉.

In Figure 5.7, we inspect the behavior of the second statistical moments
as a function of the volume fraction Φn of non-magnetic particles at a �xed
content of magnetic ones,Φm � 0.1 and for an intensity of the applied exter-
nalmagnetic �eld, H0=18.3 kA·m−1. At the considered set of free parameters
(chosen to provide the best �t to the experimental yield stress, cf. Figures
5.4 and 5.8), the orientation state seems to be moderately in�uenced by col-
lisions with non-magnetic particles but slowly evolves to an isotropic state
with an increase of the concentration Φn . All the statistical moments, ex-
hibit a somewhat stronger variation for the magnetic �eld oriented along
the vorticity (in cylindrical Couette geometry) (Figure 5.7a), as compared to
the case of the �eld oriented along the velocity gradient (plate-plate geome-
try) (Figure 5.7b). This should contribute to a more pronounced e�ect of the
non-magnetic particle content, Φn , on the stress level in Couette geometry.
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5.4.4 Suspension stress

The stress tensor developed in the non-Brownian bi-component magnetic
suspension can be estimated assuming that the long aggregates of magnetic
particles are immersed in an e�ectivemedium composed of a homogeneous
suspension of non-magnetic (PMMA) particles dispersed in a suspending
liquid of viscosity η0. The e�ective viscosity of such a medium can be esti-
mated using the Krieger-Dougherty equation for concentrated hard sphere
suspensions [Larson (1999)]: ηe � η0(1−Φn/Φmax )−2.5Φmax , withΦmax ≈ 0.64
being the random close-packing fraction of the hard spheres. Under such
condition, wemay use thewell-known expression for the stress tensor in the
semi-dilute suspensions of axisymmetric particles [Brenner (1974)], which,
being applied to the case of long aggregates with induced magnetic mo-
ments, reads [Kuzhir et al. (2011b, 2014)]:

σik � − pδik + 2ηeγik +
Φm

Φa
ηe

{
4γik +

β

2

[
〈ei ek el em〉 −

1
3 δik 〈el em〉

]
γlm

}
+

+ Φm

Φa
µ0H2 χ2

a (1 −Φm/Φa )
2 + χa (1 −Φm/Φa )

[〈ei ek el em〉 hl hm − hi hl 〈el ek〉] +

+ Φm

Φa
βηe Dr [3 〈ei ek〉 − δik]

(5.7)

where p is the pressure in the suspension and the solvent viscosity η0 ap-
pearing in the original expression for the stress tensor has been replaced
by the e�ective medium viscosity ηe . Replacing the di�usion constant and
the form-factor β by appropriate expressions (eqs. (5.3) and (5.4)), the shear
rate vanishes from the last three terms of eq. (5.7) and we recover the Bing-
ham rheological law for the shear stress (σ12 component of the stress tensor):
σ12 � σY + ηγ̇ with the plastic viscosity η � ηe (1 + 2Φm/Φa ) . The dynamic
yield stress is thus given by the following expression, valid for both consid-
ered geometries:

σY � Φm fm
〈e1e2〉2

ψ
+ Φm

Φa
·

χ2
a (1 −Φm/Φa )

2 + χa (1 −Φm/Φa )
µ0H2

〈e1e2〉 ψ11+

+ 3
2α1
Φ3

m

Φ4
a

(
µ0χ2

a H2
)2

fm
ψ 〈e1e2〉 + 6α2ΦmΦn fm

〈e1e2〉
ψ

(5.8)

where the quantities 〈e1e2〉, ψ and ψ11, characterizing the aggregate orien-
tation state are found from solution of eqs. (5.6). The �rst term on the right-
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hand side of eq. (5.8) is the hydrodynamic part of the aggregate stress. The
second term corresponds to the external torque exerted on the aggregates
by the magnetic �eld H. The third term is the di�usion stress coming from
the stochastic magnetic torques exerted on the aggregates by neighboring
aggregates. Finally the fourth term stands for the di�usion stress coming
from the collisions among aggregates and non-magnetic particles. This last
component marks the contribution of the non-magnetic particles to the sus-
pension yield stress and depends on the applied magnetic �eld, being pro-
portional to the magnetic force between particles fm . This is not surprising
because the aggregate aspect ratio is an increasing function of the applied
�eld, r2e ∝ fm/γ̇, and longer aggregates induce a stronger viscous dissipa-
tion when subjected to random collisions. As a result, the collision-induced
stress scales as σc ∝ r2e Dc/γ̇ ∝ fm with the di�usivity Dc ∝ γ̇ (cf. eq. (5.4)).
Note that deriving eq. (5.8), we did not take into account eventual colloidal
interactions in the suspension, which result in an o�-state yield stress of the
real suspension. Accordingly, the yield stress presented in eq. (5.8) should
be considered as the increment of the yield stress. Finally, to explain the
appearance of the yield stress in both considered geometries, we must re-
call that the aggregate aspect ratio is a decreasing function of the shear rate,
re ∝ γ̇−1/2 (eq. (5.3)) and the rotary di�usivity is proportional to the shear
rate, Dr ∝ γ̇ (eq. (5.4)). Therefore both the hydrodynamic stress, σH ∝ r2e γ̇,
and the di�usion stress, σD ∝ r2e Dr , appear to be independent of the shear
rate, at least in the limit of long aggregates, re � 1, not spanning the rheo-
meter gap [Martin and Anderson (1996); Shulman and Kordonsky (1982)].
Because of such independence, the aggregate stress is considered to be the
dynamic yield stress (eq. (5.8)) of the suspension.

5.4.5 Comparison with experiments

Both the theoretical and experimental increments of the yield stress show a
monotonic growth with the �eld. Such e�ect can be attributed to increasing
magnetic interactions among the magnetic particles inside the aggregates –
Figure 5.4. Curiously, the �eld dependency becomes sub-linear at magnetic
�elds H0 > 20 kA·m−1 in the case of the cylindrical Couette geometry (Fig-
ure 5.4a). Such a behavior can be explained by a similar sub-linear �eld de-
pendency of the magnetic force fm , as inferred from �nite element method
simulations. This e�ect is not observed in the plate-plate geometry at the
same range of magnetic �elds (Figure 5.4b). This is likely because the mag-
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netic component of the yield stress (second term in eq. (5.8), proportional to
H2) is more important in this particular geometry than in cylindrical Cou-
ette geometry, and mask the sub-linear trend of fm .

As expected, the theory predicts an increase of the yield stress increment
with the content of non-magnetic particles for both geometries. The two
free parameters α1 and α2, characterizing the intensity of the �eld-induced
and collision-induced angular �uctuations of the aggregate orientation, are
used to �t the theory to the experimental curves. The �rst parameter, α1,
is �tted to the experimental curve corresponding to Φn � 0. The second
parameter, α2, is �tted to the experimental curves at Φn > 0 keeping the
parameter α1 �xed. The best �t corresponds to the following values of the
free parameters: α1 � 1.5, α2 � 0.2 for the plate-plate geometry and α1 � 0.2,
α2 � 0.4 for the cylindrical Couette geometry. Therefore we can see that
the collision contribution to the rotary di�usivity, α2, is more important in
Couette geometry, which explains the stronger e�ect of the PMMA addition
in this case.

The e�ect of adding non-magnetic particles on the suspension rheology
can be better analyzed in Figure 5.8 where the dependencies of the yield
stress increment on the concentration of non-magnetic particles are plotted.
As already noticed, the yield stress increment exhibits a stronger increase
with the concentration of PMMA in the cylindrical Couette geometry. An
alternative measure of the e�ect of the non-magnetic particles on the yield
stress is the magnitude, [σY (Φn ) − σY (0)] /σY (0), which describes the gain
of the MR e�ect due to the non-magnetic particles, where σY (0) is the yield
stress increment of the suspension without PMMA. This magnitude is plot-
ted in the insets of Figure 5.8 as a function of the content of non-magnetic
particles, Φn . Both experiments and theory show a monotonic increase of
the MR e�ect with Φn in both geometries. It is worth now to recall that, ac-
cording to our theory, the non-magnetic particles in�uence the yield stress
by the two following mechanisms: (a) They modify the orientation distribu-
tion of the aggregates due to collisions with them (see Figure 5.8). (b) They
cause a supplementary viscous dissipation by enhancing random �uctua-
tions of aggregate orientation –i.e., last term of eq. (5.8). Analyses show that
the second mechanism appears to be dominant in the yield stress enhance-
ment at the considered experimental conditions.

Finally note that, despite its simplicity, the present model captures the
enhancement of theMR e�ect in bi-component suspensionswithout speci�c
interactions between both species. Because of the opacity of the suspen-
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Figure 5.8: Theoretical and experimental dependencies of the yield stress increment on the
concentration of the non-magnetic particles, Φn , at a �xed concentration of the magnetic ones,
Φm � 0.1, for cylindrical Couette (a) and plate-plate (b) geometries. The external magnetic
�eld is H0=18.3 kA·m−1 in both cases. The free parameters are α1 � 1.5, α2 � 0.2 for the
plate-plate geometry and α1 � 0.2, α2 � 0.4 for the cylindrical Couette geometry. Insets of
both �gures show the gain of the MR e�ect as function of the concentration of non-magnetic
particles. Similar results were obtained for other �elds, not shown here for simplicity.

sions, it seems to be quite di�cult to verify the hypothesis of the collision-
induced �uctuations using classical optical microscopy. Direct numerical
simulations might also elucidate the role of the non-magnetic particles on
the structure of the �owing suspension and give more precise expressions
for the rotary di�usivities as a function of the concentration and the size
ratio of both species of particles. Nevertheless, and in contrast to our ex-
periments, the existing numerical results of Klingenberg and Ulicny (2011)
and Ulicny et al. (2010) have revealed only a moderate (a few dozens of
percents) enhancement of the MR e�ect by the addition of non-magnetic
particles. This is probably because a low-shear regime was considered in
simulations. In this regime, the moving aggregates span the channel width,
which likely hinders their orientation �uctuations. In our study, we have
dealt with higher shear rates, where the aggregates are not gap-spanning
and havemore freedom for interactions with their neighbors as well as with
non-magnetic particles.

5.5 Conclusions

In this work we have shown that bi-component suspensions consisting of
magnetic –iron– andnon-magnetic –poly(methylmethacrylate), PMMA–par-
ticles displayed an enhancement of themagnetorheological (MR) e�ect with
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respect to a suspension of just iron particles with the same volume fraction
ofmagneticmaterial, both in cylindrical Couette and plate-plate geometries.
Such an enhancement took place even when presumably there was no ad-
hesion of iron particles onto PMMA ones, because the former particles were
covered with a surfactant layer. Magnetization measurements showed that
themagnetic permeability was not a�ected by the addition of PMMAwhich
is also attributable to the absence of adsorption between both types of parti-
cles. We conclude therefore that the MR e�ect enhancement does not come
from an increase of the magnetic interactions, something which would take
place if the iron particles formed a shell structure around the non-magnetic
PMMA particles [Rodríguez-Arco et al. (2013b)].

We have explained the observed phenomenon under the hypothesis of
collisions among the non-magnetic particles and the �eld-induced aggre-
gates of magnetic particles. Such collisions are supposed to give rise to an
enhancement of the �uctuations of the aggregate orientation that increases
with the volume fraction of non-magnetic particles. This process contributes
to augment the total level of stress in the suspension and therefore, the MR
e�ect. We have shown that in cylindrical Couette geometry, this mechanism
is predominant in comparison to the case of plate-plate geometry, in which
it plays a minor role. As a result, the improvement of the MR e�ect in bi-
component suspensions ismore noticeable for cylindrical Couette geometry,
in agreement with experiments.

Appendix: Relationship between the internal, H,
and the external, H0, magnetic �elds

In the case of themagnetic �eld oriented along the vorticity (cylindrical Cou-
ette geometry, Figure 5.6a), the internal �eld is equal to the external applied
magnetic �eld H0. In the case of the magnetic �eld perpendicular to the
walls (plate-plate geometry, Figure 5.6b), the internal �eld is related to the
external �eld H0 through the following expression:

H �
H0
µ22

�
H0

µ‖
〈
e22

〉
+ µ⊥

(
1 −

〈
e22

〉) (5.9)

where µ22 is the diagonal component (along the �eld axis ”2”) of the mag-
netic permeability tensor of the suspension; µ‖ � 1 + χaΦm/Φa and µ⊥ �

(2 + χa (1 +Φm/Φa )) / (2 + χa (1 −Φm/Φa )) are the components of the mag-
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netic permeability of the suspensionwhose aggregates are, respectively, alig-
ned with or perpendicular to the applied �eld.

The aggregate magnetic susceptibility χa and the magnetic force fm (in-
tervening into eqs. (5.3), (5.4) and (5.8)) are calculated as a function of the
magnetic �eld H using �nite element simulations [Kuzhir et al. (2003, 2014)]
The simulation results for fm and χa , have been �tted by the following ex-
pressions, valid in the range of the magnetic �eld intensities, 0 ≤ H ≤ 30
kA·m−1:

fm (H) �
[
6.66 · 104(H/MS)2 − 6.32 · 103(H/MS) + 168

]
µ0H2

and
χa (H) � −7.67 · 102(H/MS)2 − 50.9(H/MS) + 9.29

with MS � 1.36 · 106 A·m−1 being the saturation magnetization of the car-
bonyl iron particles.

5.6 Supporting information

In order to have an estimation of the values of the yield stress as a function
of the internalmagnetic �eld, H we roughly estimated the latter by using eq.
(5.9). The results are shown in Figure 5.9, where it can be seen that the yield
stress in plate-plate rheology is much higher than for cylindrical Couette.
However, the di�erences between both geometries diminish as the volume
fraction of non-magnetic particles increases, almost overlapping for the sus-
pension of 30 vol % of PMMA. This is due to the further increase of the yield
stress with the PMMA concentration in cylindrical Couette geometry.
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Figure 5.9: Increment of the yield stress as a function of the estimated internal magnetic �eld,
H at the same concentration of iron particles, Φm � 0.1 and four di�erent concentrations of
PMMA particles, Φn . For the sample without PMMA particles (a) the yield stress is much
higher in plate-plate rheometry. However, the di�erences between the curves of both geome-
tries decreased with Φn , due to the further increase of the yield stress in cylindrical Couette
geometry with the concentration of non-magnetic particles.
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Abstract

We report a new kind of �eld-responsive �uids consisting of suspensions
of diamagnetic (DM) and ferromagnetic (FM) microparticles in ferro�uids.
We designate them as inverse magnetorheological (IMR) �uids for analogy
with inverse ferro�uids (IFFs). Observations on the particle self-assembly
in IMR �uids upon magnetic �eld application showed that DM and FMmi-
croparticles were assembled into alternating chains oriented along the �eld
direction. We explain such assembly on the basis of the dipolar interaction
energy between particles. We also present results on the rheological proper-
ties of IMR �uids and, for comparison, of IFFs and bidispersedmagnetorhe-
ological (MR) �uids. Interestingly, we found that upon magnetic �eld, the
rheological properties of IMR �uids were enhanced with respect to bidis-
persed MR �uids with the same FM particle concentration, by an amount
greater than the sum of the isolated contribution of DM particles. Further-
more, the �eld-induced yield stress was increased when up to 30 % of FM
particle content was substituted by DM particles. We explain these syner-
gic results by two separate phenomena: the formation of exclusion areas
for FM particles due to the perturbation of the magnetic �eld by DM parti-
cles, and the dipole-dipole interaction betweenDMand FMparticles, which
enhances the �eld-induced structures. Based on this second phenomenon,
we present a theoretical model for the yield stress that semi-quantitatively
predicts the experimental results.

89
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6.1 Introduction

Controlling the interactions among particles in colloidal systems has at-
tracted much attention in recent years [Erb et al. (2009); Grzelczak et al.
(2010); Khalil et al. (2012); Snezhko et al. (2009); Tierno et al. (2008); White-
sides and Grzybowski (2002); Yethiraj (2007); Zhang andDong (2012)]. Such
an interest is mainly due to the possibility of using these systems as smart
materials with user-tunable properties. In addition, it makes possible the
bottom-up fabrication of materials with organized structures or patterns.
This is achieved by controlling the positions, orientations and assembly of
the particles [Erb et al. (2009); Grzelczak et al. (2010); Khalil et al. (2012);
Snezhko et al. (2009); Tierno et al. (2008);Whitesides andGrzybowski (2002);
Yethiraj (2007); Zhang and Dong (2012)].

One of the most advantageous tools to externally self-assemble parti-
cles is the use of electric or magnetic �elds. An important bene�t related to
them is their reversibility, which allows rapidly returning to the disordered
state when the �eld is switched o�. Other advantages are (i) compatibil-
ity for wet and dry environments, (ii) lack of necessity of physical contact
for assembly and, (iii) easiness to scale from nano-/meso- to macroscale
Grzelczak et al. (2010); Zhang and Dong (2012). The basis of this type of
assembly is the dipole-dipole interaction among the particles. When polar-
izable/magnetizable particles are dispersed in a continuous medium under
an external �eld, they acquire an electric/magnetic moment which makes
them interact. As a result, they form particle chains that can evolve to much
more complex structures such as percolated chains. The dipole-dipole inter-
action can be easily modi�ed by changing the shape, composition, dimen-
sions and electric permittivity/magnetic permeability of the dispersed par-
ticles or the electric/magnetic properties of the continuous medium. There-
fore there is a wide range of possibilities to control particle interactions and
many examples of �eld-responsive �uids and �eld-induced self-assembly
have been reported in the literature [Erb et al. (2009); Grzelczak et al. (2010);
Khalil et al. (2012); López-López et al. (2010d); Rodríguez-Arco et al. (2013a);
Snezhko et al. (2009); Tierno et al. (2008); Zhang and Dong (2012)].

A particularly powerful system for the magnetic assembly of colloidal
microparticles is ferro�uids (FFs). FFs are suspensions of nanometric mag-
nets in a liquid carrier and, as a result, they behave as continuous mag-
netic media for micron-sized particles dispersed in them. The simplest sys-
tems are the dispersions of either ferromagnetic (FM) or diamagnetic (DM)
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microparticles in FFs. In the �rst case we have the so-called extremely bi-
modal (or bidispersed) magnetorheological (MR) �uids [López-López et al.
(2008b); Rosenfeld et al. (2002); Susan-Resiga et al. (2010)]. These kinds of
MR �uids present some interesting structural properties, such as the fact
that at close distances, FM microparticles dispersed in the FF can repeal
each other instead of being attracted upon the application of a magnetic
�eld. Such a phenomenon is controlled by the formation of clouds by the
FF nanoparticles around the FM particles [López-López et al. (2010d)]. Fur-
thermore, when DM particles are dispersed in a FF, a complex �uid known
as inverse ferro�uid (IFF) is obtained. The main interest of IFFs is as model
systems forMR�uids, because DMparticles are usually smoother andmore
monodispersed than FM particles, and they also develop an e�ective mag-
neticmomentwhendispersed in amagnetic continuum [deGans et al. (1999a);
Saldívar-Guerre ro et al. (2006)]. More complex systems using FFs as carri-
ers are obtained when two populations of microparticles characterized by a
di�erentmagnetic nature are dispersed jointly. For example, Erb et al. (2009)
dispersed DM and paramagnetic particles in a magnetized FF. By control-
ling the magnetic permeability of both the FF and the dispersed particles,
they obtained self-assembled structures such as Saturn rings, �ower-like
structures andmultipole arrangements among others. Similarly, Khalil et al.
(2012) also used paramagnetic and DM particles to assemble over twenty
pre- programmed structures in a FF. In addition, cell manipulation has prof-
ited from FFs by means of negative magnetophoresis, in which the environ-
ment (i.e., the FF) has highermagnetic permeability than the cells. For exam-
ple, Krebs et al. (2009) reported the formation of linear chains of cells in a FF.
These chains were adhered to cell-adhesive surfaces and kept on growing
even after removing the FF and the magnetic �eld [Krebs et al. (2009)].

The present work is focused on a new type of �eld-responsive �uid,
consisting of FM and DM particles dispersed jointly in a FF. For analogy
with IFFs, from now on we will refer to these suspensions as inverse mag-
netorheological (IMR) �uids. In this work, we �rstly analyze the internal
microstructure (particle assembly) of these new IMR �uids upon magnetic
�eld application. We explain the resulting structures on the basis of the
dipole-dipole interaction energy among the dispersed particles. In addition,
we study the particle assembly e�ects on some technological-related prop-
erties of the suspensions, namely their rheological –�ow– properties. More
speci�cally, we show that the �eld-induced rigidity and the yield stress of
IMR �uids are considerably enhanced with respect to suspensions of FM
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microparticles in FFs (i.e., extremely bimodal MR �uids). To the best of our
knowledge, IMR �uids have never been studied before in the literature, in
spite of their promising technological implications.

6.2 Experimental

We prepared IMR �uids by dispersing DM and FM microparticles in a FF.
For comparison, we also prepared IFFs and extremely bimodal MR �uids
by the dispersion of, respectively, DM and FM microparticles in a FF. As
microparticles we chose PMMA (Microbeads, Spheromers CA10) and iron
(BASF, HS quality) powders of diameters 9.9±0.4 µm and 1.0±0.7 µm re-
spectively. We labelled all the suspensions in the general form FMX-DMY,
where X and Y stood for the FM and DM particle volume fractions respec-
tively. The FF was prepared as described by López-López et al. (2005b) and
consisted of 5 vol % of oleate-coated magnetite nanospheres –particle diam-
eter of 8.7±2.0 nm– dispersed in mineral oil (Sigma Aldrich).

We conducted microscopic observations of the samples in the absence
of external magnetic �elds and upon their application. For this purpose,
we placed a Haake MARS III Rheoscope Module (Thermo Fisher Scienti�c,
USA) between two Helmholtz coils whose main axis was perpendicular to
the axis of themicroscope. Wemeasured the rheological properties of all the
samples using a Haake Mars III rheometer (Thermo Fisher Scienti�c, USA).
The gap between the two rough plates of themeasuring systemwas 400 µm.
The major source of error when using this type of geometry is connected to
the operator error associated to the �lling of the sample. In order to quantify
the importance of such an error we performed several measurements �lling
the gap with di�erent freshly prepared samples. The so-estimated error for
the measured rheological quantities is taken into account in the experimen-
tal uncertainties shown in the �gures of this manuscript.

We conducted the rheological characterization upon magnetic �eld ap-
plication by using a coil that applied a homogeneous magnetic �eld per-
pendicular to the plates of the rheometer. We �rstly performed two types of
steady-state measurements (controlled shear rate or controlled shear stress,
respectively) using the protocol that follows: (i) pre-shear: 30 s of 150 s−1

shear rate application; (ii) waiting time: we turned on the magnetic �eld
and the sample was left at rest for 2 minutes; (iii) depending on the type of
measurement, we subjected the sample to a linear ramp of shear rates (con-
trolled shear rate measurements) or stresses (controlled shear stress mea-
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surements) with a duration of 30 s for each step, upon the same magnetic
�eld as in (ii). The shear rate ramps (from 20 to 300 s−1) were performed in
order to determine, as it will be explained below, the dynamic yield stress
of the suspensions, while the so-called static yield stress was obtained from
shear stress ramps. Secondly, we carried out oscillatory measurements with
the same pre-shear and waiting time as in the steady state measurements,
followed by a logarithmic ramp of sinusoidal stresses of �xed frequency,
f = 1 Hz, and increasing values of the stress amplitude, σ0. The sinusoidal
stress at each stepwas applied during 8 periods of oscillations. We recorded
the resulting viscoelastic moduli –i.e., the storage, G’, and loss, G”, moduli–
during the last 5 periods.

6.3 Results and discussion

Themicroscopic observations of the IMR �uids showed that in the presence
of an external magnetic �eld, both populations of particles, FM and DM,
built chain-like structures in the �eld direction. In the absence of �eld, the
FM and DM particles inside sample FM10-DM20, for example, appeared
randomly distributed (Figure 6.1a). However, when the �eld was activated,
the DM particles, of bigger size, formed single particle chains aligned with
the �eld (Figure 6.1b). Themotion of the DMparticles in order to build long,
continuous, DM chains more perfectly aligned with the magnetic �eld ap-
peared to be hindered, contrary to what happened in the case of the inverse
FF, FM0-DM10 (Figure 6.1c). The likely reason for such behaviorwas the im-
pediment o�ered by clusters of FM particles placed at both sides of the DM
chains. Indeed, the FM particles, of a smaller size, built clusters of chains
oriented in the �eld direction, rather than single particle chains. Such clus-
ters were attracted to the laterals of the DM single chains (Figure 6.1b and
more clearly seen in Figure 6.1d). As a result, the initially isotropic suspen-
sion became strongly patterned with the formation of alternating bands of
FM and DM particles when the magnetic �eld was connected.

The FM particles in the FM clusters or bands appeared to be densely
packed, presumably with a concentration close to the maximum-packing
fraction of spheres (approx. 0.7), with almost no free space between the
chains. Such a distribution was rather di�erent to that found for a sample
without DM particles and the same concentration of FM particles, FM10-
DM0, despite using the same volume of sample for the observations. In
this latter case, the FM chains were more separated and zones of pure FF
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Figure 6.1: (a) Initial state of randomly dispersed FM (black zones) and DM (white spheres)
particles in sample FM10-DM20 at zero �eld. (b) Assembly of alternating bands of FM and DM
chains upon the application of a magnetic �eld. (c) Field-induced chains of DM particles in the
inverse FF, FM0-DM10. (d) A clearer picture of the �eld-induced chains in a di�erent zone of
sample FM10-DM20. (e) FM chains for a sample without DM particles, FM10-DM0, in which
the FM chains appeared more separated. (f) Sketch of a chain of DM particles (yellowish color)
surrounded by a dense cluster of FM chains (in black). Two of the pure FF zones, usually in
grey color, have been highlighted: the ends of the DM chain in red color, and the interstices
between DM particles in green color. Bar lengths: 20 microns. Arrows designate the direction
of the external magnetic �eld, H0, of intensity 9.8 kA·m−1.
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frequently appeared between chains (Figure 6.1e). For the IMR �uids, pure
FF spaces without FM microparticles were almost only found (i) between
DM particles belonging to di�erent chains, (ii) at the interstices between
DM particles of the same chain –highlighted in green color in the sketch of
the particle structures of Figure 6.1f– and (iii) at the ends of the DM chains
–highlighted in red color in the sketch of the particle structures of Figure
6.1f. Therefore, in the IMR �uids, the FM chains packed together into dense
zones and formed some sort of ”caves” to house the DM chains.

We can give an explanation to the formation of the FM caves around the
DM chains based on the simple dipole-dipole interaction among the dis-
persed particles. In the case of magnetic �elds, the magnetic moment ac-
quired by an isolated particle of relative magnetic permeability µp when
placed in an external magnetic �eld H0, is m � 3µ f βpVH0. Here V, µ f and
βp �

µp−µ f
µp+2µ f

stand for the particle volume, the relativemagnetic permeability
of the carrier medium and the magnetic contrast factor, respectively [Bossis
et al. (2002b)]. In the case of FFs, µ f > 1, in comparison to non-magnetic
liquids such as oil, water, etc. for which µ f � 1. Actually, µ f can be adjusted
by varying the concentration of the FF which is interesting for self-assembly
purposes as manifested in the work of Erb et al. (2009). In the case of DM
particles dispersed in a FF, βDM < 0, because for them µp � 1. On the con-
trary, for the FM ones, βFM → 1, because in this case µp >> 1. As a result,
the DM particles in the FF did acquire an e�ective magnetic moment that
opposed to the external �eld. The FM particles also acquired a magnetic
moment, but in their case, aligned with the �eld. Due to their magnetized
state, dipole-dipole interaction among the dispersed particles took place.
The interaction force on a particle δ due to the presence of a particle α of
magnetic moments, mδ and mα respectively, separated by a vector r which
connects the center of particle α to the center of particle δ can be estimated
as [Fröhlich (1958)]:

Fαδ �
µ0

4πµ f

{
3mα ·mδ

r5
r + 3

r5
[(mα · r)mδ + (mδ · r)mα] −

15
r7

(mα · r)(mδ · r)r
}

(6.1)
where µ0 stands for the magnetic permeability of vacuum. In order to an-
alyze the assembly of the particles in the presence of a �eld, let us �rstly
consider the case of two particles belonging to the same population, that is,
a pair of either two FM or two DM particles. In this case, their magnetic
moments are equal and aligned with the external �eld, mα � mδ ↑ H0. As
a result, the net force on particle δ due to particle α is attractive, that is, op-
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Figure 6.2: Force between magnetized particles based on the dipole-dipole approximation for
di�erent space con�gurations.

posing to r, when the line-of-centers is parallel to the external �eld, while
it is repulsive when it is perpendicular, as shown in Figure 6.2. At an inter-
mediate angle between these two extreme situations, the pair of particles is
subjected to a magnetic torque which tends to align the line-of-centers with
the �eld. Because of this reason, particles of the same population –either
FM or DM particles– aligned and assembled into chain-like structures in
the �eld direction.

Ifwe consider now the interaction between twoparticles of di�erent pop-
ulations, that is, a pair of a FM particle and a DM particle, the interaction
force is repulsive when the line-of-centers is parallel to the magnetic �eld,
while it becomes attractive when it is perpendicular –Figure 6.2. This is due
to the opposite sense of their dipoles mα ↑ mδ ↓. As a result, the DM parti-
cles placed next to the FM ones, side to side, with the center-to-center line
perpendicular to the �eld, giving rise to the appearance of alternating bands
of FM and DM chains. The fact that particles of di�erent populations could
not align in the same chain –i.e., the line-of-centers beingparallel to the �eld–
also explained the appearance of those zones without FM particles at the
ends of the DM chains seen above. Therefore, the simple dipole-dipole con-
sideration explained the formation of the cave-like structures in IMR �uids.
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Figure 6.3: Rheograms (shear stress vs. shear rate plots) of samples FM10-DM0 (a) and FM10-
DM10 (b). The di�erent symbols correspond to di�erent values of the external magnetic �eld,
H0. The rheological behavior in the absence of �eld was Newtonian for both samples and
changed to a plastic behavior when the �eld was activated. The shear stress at a given shear
rate was usually higher in the case of sample FM10-DM10 for all the applied �elds.

Since the microscopic structure of a material determines its macroscopic
rheological behavior, we should expect di�erences among the samples con-
sisting just of FM or DM particles and the IMR �uids. To corroborate this
hypothesis, we �rst of all measured the steady-state rheological behavior of
the samples in the absence of a magnetic �eld and upon its application. In
the absence of �eld, all the suspensions showed a Newtonian behavior –i.e.,
a linear relationship between the shear stress, σ, and the shear rate, γ̇, with
negligible intercept (Figure 6.3). However, when the �eld was turned on the
rheological behavior changed to a plastic behavior. The plastic behavior is
characterized by the appearance of a yield stress, σy , that it is necessary to
overcome to induce the �ow –i.e., manifested by the intermediate pseudo-
plateau of the plots of Figure 6.3. Such �eld-induced rigidity and resistance
to the �ow appears as a result of the microscopic structures formed by the
dispersed particles in the �eld direction –i.e., perpendicular to the direction
of the shear. The �eld-induced structures are reinforced when the magnetic
�eld is increased, which explains the increase of the shear stress with the
�eld. At a �rst glance to the rheograms –σ vs. γ̇ plots– of Figure 6.3, it
seemed that such an increasewasmore important for the IMR�uids. For ex-
ample, the shear stress of sample FM10-DM10 for givenH0 and γ̇ appeared
to be generally higher than for sample FM10-DM0 (Figure 6.3). Neverthe-
less, the best method to evaluate the strength of the particle structures is the
estimation of the so-called yield stress.

Depending on the degree of rupture of the structures, wemay de�ne two



98
VISCOELASTICITY, STRUCTURAL MODELS AND

FLOW INSTABILITIES IN MAGNETIC SUSPENSIONS

Figure 6.4: (a) Dynamic yield stress as a function of the applied magnetic �eld for all the sam-
ples. The yield stress was enhanced when DM and FM particles were mixed together, increas-
ing with the DM volume fraction. The yield stresses of samples FM10-DM0 and FM0-DM10
were lower for all the applied �elds. In the latter case it was almost negligible in comparison.
Similar results were obtained for the static yield stress (inset), although in this second case, its
relative increase with the DM volume fraction was higher. (b) Dynamic yield stress as a func-
tion of the DM volume fraction, ϕDM , for di�erent intensities of the appliedmagnetic �eld and
constant total volume fraction ϕDM + ϕFM � 0.3. The yield stress exhibited a maximum for a
critical volume fraction of DM particles, ϕDM ≈ 0.1.

yield stresses: (i) The static yield stress, related to the breakage of the struc-
tures at theirweakest point, and obtained by extrapolating the shear stress at
the intermediate pseudoplateau –i.e., γ̇ ≈ 0.1 s−1– in log-log rheograms [Lar-
son (1999)]. (ii) The dynamic yield stress, related to the complete breakage
of the structures, and usually estimated by �tting the high-shear rate part of
the rheograms in linear scale (γ̇ > 200 s−1) to Bingham equation, σ � σy+ηγ̇
where η is the so-called plastic viscosity [Larson (1999)]. We estimated both
yield stresses and plotted them against the magnetic �eld strength for the
samples of �x concentration of iron, ϕFM � 0.1, and for sample FM0-DM10
in Figure 6.4a.

Both the dynamic and the static yield stresses were higher for the IMR
�uids and increased with the DM concentration, for a constant FM volume
fraction and for all the magnetic �elds (Figure 6.4a). With respect to the
dependence on the magnetic �eld, both the static and the dynamic yield
stresses increased with the intensity of the �eld for all the samples (Figure
6.4a). Such an increase is usually known as themagnetorheological (MR) ef-
fect andhas important technological-related applications [Bossis et al. (2002b)].
TheMR e�ect of sample FM10-DM20was the highest one, followed by sam-
ple FM10-DM10. The yield stresses of samples FM10-DM0 and FM0-DM10
were signi�cantly lower. Actually, for sample FM0-DM10 it was almost neg-
ligible for all the applied �elds (Figure 6.4a). This is logical, since the inter-
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action energy between DM particles was quite weak as a result of the very
low magnetic moment that they acquired. This latter result made evident
that the increase of the yield stress of sample FM10-DM10 with respect to
sample FM10-DM0 was not just the result of the addition of the yield stress
of the chains of DM particles. In other words, the yield stress of sample
FM10-DM10 at a particular �eldwas not the sumof the yield stresses of sam-
ples FM10-DM0 and FM0-DM10 at the same �eld. Similarly, the increase for
sample FM10-DM20 with respect to FM10-DM10 could be neither due just
to the contribution of the DM chains. Therefore, there was a synergic e�ect
when mixing both particle populations.

However, a critical concentration of DM particles at which such a syn-
ergic e�ect was maximal appeared when the total concentration of solids
was �xed and the relative volume fractions of FM and DM particles were
varied. For example, for a total volume fraction of 30 % and at a given inten-
sity of the magnetic �eld, the dynamic yield stress increased with the DM
volume fraction until the latter reached approx. 10 vol % (see Figure 6.4b).
This is a surprising result because, for example, sample FM20-DM10 exhib-
ited higher yield stress than sample FM30-DM0, in spite of the fact that the
concentration of FM particles was decreased by 33 %. For increasing con-
centrations of DM particles, the dynamic yield stress diminished, as a result
of the further reduction of the FM volume fraction. The e�ect of the ϕFM re-
duction can be taken into account if we calculate a dimensionless dynamic
yield stress de�ned as follows:

s �
8σd

y

9µ0µ f β2FMH2
0ϕFM

(6.2)

A similar form of the dimensionless yield stress has been proposed in
the literature for the static yield stress of suspensions of magnetic parti-
cles [Bossis et al. (2002b)]. In our case, the so-obtained experimental yield
stress increased with the ratio of the DM volume fraction to the FM one,
x � ϕDM/ϕFM (also dimensionless), for constant ϕDM + ϕFM � 0.3 (Figure
6.5). The experimental data followed a single master curve for the di�erent
values of the external �eld, despite some dispersion due to slight deviations
from the quadratic tendency of the yield stress on H0. Nevertheless the ex-
perimental increase of the dimensionless yield stress with increasing ϕDM

was clearly observed.
We also observed an increase of the dynamic (oscillatory) properties of
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Figure 6.5: Dimensionless dynamic yield stress, s, (eq. (6.2)) as a function of the ratio of the
volume fractions of DM and FMparticles, x. The di�erent symbols correspond to experimental
data obtained at di�erent magnetic �elds. As observed, all the experimental data followed a
master curve which showed an increasing trend with x. The line corresponds to the theoretical
predictions of eq. (6.14), of the same order of magnitude as the experimental data.

the IMR �uids, in agreement with the steady-state results. In the absence
of magnetic �eld, all the samples exhibited a liquid-like behavior, character-
ized by higher values of G”with reference toG’ (Figure 6.6). Wemust take in
mind that G’ and G” respectively represent the elastic –i.e., solid-like– and
the viscous –i.e., liquid-like– contributions to the stress response [Larson
(1999)]. Therefore, this result agreed well with the above-described New-
tonian behavior of the samples at zero �eld. When the magnetic �eld was
activated, both moduli increased for all the samples. For the samples with
FM particles, G’ became higher than G” until a critical value of the stress
amplitude at which they crossed (Figure 6.6). This meant that the samples
with FM particles showed a solid-like behavior until such a critical value,
and a liquid-like one above it. Such a magnetic �eld-induced change of the
oscillatory rheological behavior was somewhat connected to the MR e�ect
mentioned above. On the contrary, for sample FM0-DM10, G” remained
higher than G’ for all the magnetic �elds (data not shown here for brevity),
and therefore this sample preserved its liquid-like behavior even when the
�eldwas applied. Again, such behaviorwas connected to the almost negligi-
ble values of the yield stress found for sample FM0-DM10 in the steady-state
measurements.

As it happened for the steady-state results there was always an enhance-
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Figure 6.6: Viscoelastic moduli as a function of the amplitude of the applied oscillatory stress
for samples FM10-DM0 (a) and FM10-DM10 (b) at two values of the external magnetic �eld: 0
(squares) and 11.4 (circles) kA·m−1. G’ andG” are represented by full and open symbols respec-
tively. In the absence of magnetic �eld G” was always higher than G’. However this behavior
reversed when the �eld was applied for the samples with FM particles in their composition.
The values of both moduli in the �rst plateau were higher for the IMR �uids.

ment of the suspension rigidity upon �eld application when FM and DM
particles were mixed together. Such rigidity, usually quanti�ed by G’, is
also related to the �eld-induced structures. Let us focus, �rst of all, on the
situation in which the �eld was inactive. In this case, G’ remained almost
linear and thus, independent of the stress amplitude, for low values of σ0
(Figure 6.6). At higher values of σ0, G’ abruptly decreased and reached a lo-
cal minimum. An explanation to such aminimum is currently lacking in the
literature for suspensions of magnetic particles [Kuzhir et al. (2011a)]. After
the minimum, G’ slightly increased for the largest values of σ0. When the
magnetic �eld was activated, an additional quasi-plateau at intermediate val-
ues of the stress amplitude appeared only for the suspensions containing FM
particles (Figure 6.6). The appearance of such a second plateau has been pre-
viously reported in the literature for suspensions of FM particles. The initial
decrease of G’ after the �rst plateau has been attributed to short-scale rear-
rangements of the particles inside the �eld-induced structures [Kuzhir et al.
(2011a); Parthasarathy and Klingenberg (1995)]. The second abrupt drop
has been explained by large-scale rearrangements and rupture-reformation
of the particle structures due to their homogeneous deformation [Kuzhir
et al. (2011a); Parthasarathy and Klingenberg (1995)]. Therefore, the values
of G’ in the �rst plateau are an indication of the strength of the particle struc-
tures. As it happened for the yield stress, these values were higher for the
IMR �uids and increased with the DM volume fraction in the whole range



102
VISCOELASTICITY, STRUCTURAL MODELS AND

FLOW INSTABILITIES IN MAGNETIC SUSPENSIONS

0 2 4 6 8 1 0 1 2 1 4 1 6 1 8 2 0
0

1 0 0

2 0 0

3 0 0

 F M 1 0 - D M 2 0
 F M 1 0 - D M 1 0
 F M 1 0 - D M 0
 F M 0 - D M 1 0

 

 

Inc
rem

en
t o

f 
G’’

pla
tea

u (P
a)

M a g n e t i c  f i e l d  s t r e n g t h ,  H 0  ( k A / m )

0 2 4 6 8 1 0 1 2 1 4 1 6 1 8 2 0
0

2 0 0
4 0 0
6 0 0
8 0 0

 

 

Inc
rem

en
t o

f 
G’ pla

tea
u (P

a)

M a g n e t i c  f i e l d  s t r e n g t h ,  H 0  ( k A / m )

Figure 6.7: Increment of the viscoelastic moduli, G’ and G”, at the initial plateau with respect
to their value at zero �eld, as a function of the applied magnetic �eld for all the samples. Both
moduli increased when DM and FM particles were mixed together, increasing with the DM
volume fraction. G’ and G” were always lower for samples FM10-DM0 and FM0-DM10. In the
latter case they were almost negligible in comparison.

of magnetic �elds. Likewise, the values of G’ were negligible for sample
FM0-DM10 in comparison (Figure 6.7).

In addition to an increase of the rigidity upon �eld, the mixture of DM
and FM particles gave rise to an increased dissipation of energy upon the
oscillatory stimulus. The quantity related to such a dissipation of energy is
the loss modulus, G”. In the particular case of suspensions of FM particles,
energy is essentially dissipated by two mechanisms: (i) viscous e�ects in
the carrier liquid and (ii) contact friction between particles inside the �eld-
induced aggregates. In suspensions of FM particles the latter usually dom-
inates [Halsey et al. (1992); López-López et al. (2010c)]. In our case, G” at
the initial plateauwas higher for the samples with FM and DM particles and
increased with the DM volume fraction. For sample FM10-DM0 was lower
and for sample FM0-DM10 it was extremely low (Figure 6.7). These results
suggest that friction between FM particles inside the aggregates must have
been higher for the IMR �uids –i.e., inside the above-seen cave-like struc-
tures.

As evidenced from all the experimental results, there is an enhancement
of theMR properties of the suspensions when FM and DMparticles are dis-
persed jointly. Such an enhancement goes beyond that corresponding to the
sum of the MR e�ect of the DM particle chains. Two main reasons are likely
responsible for this synergic e�ect when DM particles are added to an ex-
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tremely bimodal suspension. Firstly, the presence of DM particles gives rise
to a perturbation of the magnetic �eld, which creates some exclusion areas
where the formation of chains by the FM particles is hindered as evidenced
in Figure 6.1 and discussed in the related text. These exclusion areas imply
an increased concentration of FM particles in the permitted areas (some-
thing observed in Figure 6.1 too). Because theMR properties of MR suspen-
sions increase faster than linear with the FM particle concentration [Bossis
et al. (2002b)], this could explain the enhancement observed in our case. The
second mechanism would be the magnetic interaction among FM and DM
particles, due to a strengthening of the resulting FM/DM structures.

6.4 Theoretical model

In this paragraph we analyze the extent of the in�uence of the magnetic
interaction among the FM and DM particles on the improvement of the
�eld-induced yield stress of the IMR �uids. For this purpose we develop
a theoretical model just based on the formation of structures due to the in-
teraction among the di�erent types of particles. The theoretical considera-
tion of the exclusion areas mentioned above would imply much more com-
plex mathematics. Nevertheless, this simple assumption allows us to semi-
quantitatively explain the enhancement of the yield stress with the DM par-
ticle concentration and to estimate the in�uence of the exclusion areas for
the FM particles, as we will see.

6.4.1 Internal structures in the IMR �uids

We consider here a system ofmicron-sized FM andDMparticles suspended
in a FF subjected to an external magnetic �eld, H0. The external magnetic
�eld induces a magnetic moment mFM on the FM particles and an e�ec-
tive momentmDM on the DM particles (magnetic holes). For simpli�cation,
we consider that all microparticles have identical size and that they are big
enough to neglect any Brownian e�ects in the system. We suppose that par-
ticles of the same population, FM or DM, form linear chains –i.e., similar to
those shown in Figure 6.1. Because the moments mFM and mDM have op-
posite directions, the FM and DM chains experience lateral attraction and
aggregation as mentioned above.

The determination of the DM particle distribution on the FM chains is
a rather di�cult problem. However, it is clear that such a distribution de-
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Figure 6.8: (a) Sketch of the composite aggregate of DM (yellowish color) and FM (grey color)
particles. For simpli�cation, all the particles are considered to have the same size. Because the
magneticmomentsmFM andmDM have opposite directions, the FMandDMchains experience
lateral attraction and aggregation. The extreme particles of the chains are in contact because
the energy of interaction among the FM and DM particles is maximal near the extremities of
the chains. (b) Same as (a) but specifying the positions of the particles. k1 and k2 are particle
numbers where the condition γ̇z0 � v0 is held.

pends on the ratio of the FMandDMvolume concentrations, x � ϕDM/ϕFM .
For this reason, let us suppose that the inequality ϕFM > ϕDM is held. We
denote the number of FM and DM particles in the aggregate as NFM and
NDM respectively. In the framework of the used approximations the follow-
ing equality NDM/NFM � ϕDM/ϕFM is held. In order to avoid very cumber-
some mathematics, we suppose that each chain of FM particles aggregates
with a single chain of DM particles. The hypotheses of a higher FM vol-
ume fraction and identical particle size for both particle populations lead to
shorterDMchains in comparison to FMchains. Calculations of themagnetic
interaction energy between the FM and NM chains show that the magnetic
attraction among the FM and DM particles is maximal near the extremities
of the chains. For this reason, we suppose that the extreme particles of the
chains are in contact. As for the relative position of the chains, it is identi-
cal, from the energetic viewpoint that the DM chains place either near the
bottom or near the upper point of the FM chains. From now on we suppose
that the DM chains place near the upper point of the FM chains as shown in
Figure 6.8a, where we plot the supposed structure of the composite aggre-
gate and its deviation from the direction of the applied �eld H0 under the
action of the macroscopic shear �ow.

To simplify calculations, wewill use here approximations similar to those
employed in thewell-known theory for themagnetoviscous e�ect in electro-
and magnetorheological �uids [Martin and Anderson (1996)]. For this rea-
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son, we �rst suppose that the magnetic moments of all the particles in the
chains have the samemagnitude and direction as those of the isolated single
particles. Secondly, we only take into accountmagnetic interactions between
the nearest particles in the aggregate.

When the aggregate deviates from the applied �eld by an angle θ (Fig-
ure 6.8a), the angle α between the aggregate axis and the line connecting
the centers of the nearest FM and DM, changes from its equilibrium value
in the absence of shear (π/2). Nevertheless, simple calculations demonstrate
that the change of α with θ is negligible. The macroscopic magnetoviscous
e�ect is thus determined by the size of the aggregate and the angle θ. This
latter can be found from the balance between the magnetic and hydrody-
namic torques acting on the aggregate. The magnetic torque, Γm , is esti-
mated from the energy of magnetic interaction among the particles in the
cluster, U, which can be calculated using the simple dipole-dipole approxi-
mation [Martin and Anderson (1996)]:

Γm � −
∂U
∂θ

� −6λ
[
NFM − 1 + y2(NDM − 1) + yNDM

]
sin θ cos θ (6.3)

with λ �
µ0

4πµ f

m2
FM

d3 and y �
mDM
mFM

, d being the particle diameter,mFM andmDM

the absolute magnitudes of the FM and DM particle moments respectively.
In the Cartesian coordinate system (Figure 6.8a), the velocity of the shear
�owing suspension can be presented as vx � γ̇z. Let the velocity of the
aggregate motion be v0. The hydrodynamic torque Γh , which compensates
the magnetic torque, must be determined with respect to the particle of the
cluster with the coordinate z0 satisfying the condition γ̇z0 � v0. This point
(“particle of equal forces”, designated as kc) is determined from the condi-
tion that the total hydrodynamic drag force, acting on the particles above kc

equals to the force, acting on the particles below kc . Depending on the ratio
ofNDM toNFM , the particle with number kc can lie either below the chain of
the DM particles (kc= k1 in Figure 6.8b), or inside the region of the “double”
chain (kc= k2). We shall consider these two situations separately.

a. The particle of equal forces lies “below” the DM particle chain and
kc = k1. The hydrodynamic force, approximated as the classical Stokes force,
can be estimated as by Martin and Anderson (1996). Upon this approxima-
tion, we obtain the forces F′1x and F′′1x , for particles with numbers from 1 to
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k1 and for particles situated above k1, respectively:

F′1x � βdγ̇ cos θ
k1∑

i�1
i , F′′1x � βdγ̇ cos θ *.

,

NFM−k1∑
i�1

i +
NFM−k1∑

i�NFM−NDM−k1

i+/
-

(6.4)

with β � 3πη0d, η0 being the viscosity of the carrier liquid. Equating F′1x to
F′′1x , we obtain an equation on k1. Considering that strong magnetoviscous
e�ects can only be provided by long enough chains, i.e., NDM ,NFM >> 1,
we �nally get:

k1 ≈
NFM

2
1 + 2x − x2

1 + x
(6.5)

where x � NDM/NFM � ϕDM/ϕFM . We have supposed that the particle
corresponding to k1, lies below the DM chain in Figure 6.8. In other words,
the inequality k1 < NFM − NDM is ful�lled. By using (6.5), we �nd the
criterion of this inequality: x <

√
2 − 1.

b. The particle of equal forces lies “inside” the region of the double
chain (kc= k2) and 1 > x >

√
2 − 1. In this second case, instead of (6.4), we

get respectively:

F
′

2x � βγ̇d cos θ *.
,

k2∑
i�1

i +
k2−NFM−NDM∑

i�1
i+/
-
, F
′′

2x � βγ̇d cos θ2
NFM−k2∑

i�1
i (6.6)

Equating F
′

2x to F
′′

2x and taking into account the strong inequalities NDM ,
NFM >> 1, we get:

k2 �
2N2

FM − (NFM − NDM )2

4NFM
(6.7)

The hydrodynamic torques Γh1 and Γh2, corresponding to the inequali-
ties x <

√
2− 1 and 1 > x >

√
2− 1 respectively, can be estimated as [Martin

and Anderson (1996)]:

Γh1 ≈ βγ̇d2N3
FM cos2 θq1(x), Γh2 ≈ βγ̇d2N3

FM cos2 θq2 (x) (6.8)

q1(x) and q2(x) being simple functions of x, not shown here for brevity.
Equating the torque Γm (eq. (6.3)), to the torques Γh1 and Γh2 (eq. (6.8)),

we come to equations for θ for the cases x <
√
2 − 1 and 1 > x >

√
2 −

1 respectively. These equations include the number of FM particles in the
cluster, NFM , which can be determined by comparison of the magnetic and
hydrodynamic forces acting along the cluster axis as follows [Martin and
Anderson (1996)].
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a. x <
√
2 − 1 and kc � k1. The attractive magnetic force among the

nearest particles in the cluster, can be calculated by considering the dipole-
dipole approximation as:

Fm1 �
µ0

4πµ f

3m2
FM

d4 (3 cos2 θ − 1) (6.9)

The hydrodynamic destruction force Fr1 is estimated by summing the
Stokes forces acting on the cluster particles which are below the particle of
number k1 (Figure 6.8b). Note that, according to the de�nition of k1, this
force equals to that acting on the part of the aggregate above the point k1.
The resulting force can be therefore calculated as:

Fh1 � F′1x sin θ ≈ βγ̇d
N2

FMκ
2
1(x)

2 sin θ cos θ (6.10)

where κ1 is a simple function of x, not shown here for brevity.
b. 1 > x >

√
2 − 1 and kc � k2. By taking into account the interaction

between (i) two nearest FM particles, (ii) two nearest DM particles and (iii)
the nearest FM and DM particles, and after simple, but cumbersome calcu-
lations, we get:

Fm2 �
µ0

4πµ f

m2
FM

d4

[
3
(
1 + y2

) (
3 cos2 θ − 1

)
−

y
25/2

(
12 cos2 θ + 28 sin2 θ − 9

)]

(6.11)
And the hydrodynamic destruction force is:

Fh2 � F′2x sin θ � βγ̇dN2
FM (1 − κ2 (x))2 sin θ cos θ (6.12)

where κ2 is a simple function of x, not shown here for brevity.

6.4.2 Macroscopic stress

The macroscopic stress of the suspension can be estimated on the basis of
the considerations made by Martin and Anderson (1996) as σ � η0γ̇ + σa ,
where η0 is the viscosity of the carrier and σa is the stress produced by the
aggregates, which can be expressed as σa �

1
2naΓm [Martin and Anderson

(1996)]. Here, na � ϕFM/NFMV is the number of aggregates per unit volume
of the system, V being the particle volume. By substitution of eq. (6.3) in the
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previous expression of σa , we get:

σa �
9
8µ0µ f β

2H2
0ϕFM g(x)

tan θ
1 + tan2 θ

(6.13)

with g(x) � 1 + x(y + y2). The angle θ can be obtained as a function of
x and y by solving the system of equations Γm (θ,NFM ) � Γh j (θ,NFM ),
Fm j (θ,Nm ) � Fh j (θ,Nm ), j=1,2 for the cases 1 > x >

√
2 − 1 (i.e., kc= k1)

and 1 > x >
√
2−1 (kc � k2), respectively. Once the angle θ is known, we �-

nally estimate the viscous stress σa for the regions of relative concentrations
of DM and FM particles x <

√
2 − 1 and 1 > x >

√
2 − 1 respectively. Such

stress, in agreement with Martin and Anderson (1996), does not depend
on the shear rate, γ̇, and therefore, can be considered as the dynamic yield
stress of the system. A dimensionless stress can be alternatively calculated
as in eq. (6.2):

s(x) �
8σa

9µ0µ f β2FMH2
0ϕFM

� g(x)
tan(θ)

1 + tan2 (θ)
(6.14)

The theoretical dimensionless yield stress has been plotted in Figure 6.5
together with the experimental data. As observed, the theory agrees rather
well with the experimental results and predicts the correct order of magni-
tude and the trend for the dimensionless yield stress. Nevertheless, the the-
ory underestimates the dimensionless yield stress at medium-to-high DM
particle concentration. The likely reason for this underestimation is that
our theory does not take into consideration the appearance of the above-
mentioned exclusion areas for the formation of FM chains due to the pres-
ence of the DM particles. Out of these areas (permitted zones), there is an
increase of the e�ective concentration of FM particles. This would result
in such a faster-than-linear increase of the yield stress, because the depen-
dency of the yield stress on the FM volume fraction is usually faster than
linear for suspensions of FM particles [Bossis et al. (2002b)]. Because the
number of exclusion areas increases with the DM volume fraction, it is log-
ical that at medium-to-high DM particle concentration, the contribution of
the exclusion areas to the experimental yield stress must be stronger. The
step-wise decrease of theoretical s at x �

√
2 − 1 ≈ 0.41 is explained by the

transition from the situation when kc=k1 to kc=k2. Of course, because in the
real system there will be a distribution of chains over the whole number of
DM and FM particles, this transition will take place at a di�erent place in
each chain (i.e., di�erent chains will have di�erent kc) and, consequently, we
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cannot expect to experimentally observe the step-wise fall.

6.5 Conclusions

In this work we studied a new type of �eld-responsive �uids constituted by
diamagnetic (DM) and ferromagnetic (FM) microparticles dispersed in fer-
ro�uids, to which we referred as inverse magnetorheological (IMR) �uids.
Microscopic observations in IMR�uids showed that uponmagnetic �eld ap-
plication, both the FM and the DM particles aligned in its direction, giving
rise to the appearance of alternating bands of particles of both populations.
The formation of such structures was explained on the basis of the dipolar
interaction force between particles, which was attractive when equal parti-
cles (either DM or FM) were aligned in the �eld direction. Nevertheless, the
force between dissimilar particles was repulsive in this con�guration and
attractive when they were aligned perpendicularly to the �eld.

The �eld-induced rheological behavior of IMR �uidswas enhancedwith
respect to suspensions of FM particles containing the same amount of FM
particles. What is more, we even found that the rheological behavior was
enhanced when up to 30 % of the FM particle content was substituted by
DM particles to obtain an IMR �uid. The enhancement of the �eld-induced
rheological behavior could not be explained just by the contribution of the
DM chains, since the yield stress and the viscoelastic moduli for a sample
with just DM particles in a ferro�uid were very low. We explained such
synergic e�ects by two di�erent physical phenomena: (i) the formation of
exclusion areas for FM particles as a consequence of the perturbation of the
magnetic �eld provoked by the presence of DMparticles, and (ii) the dipole-
dipole interaction between DM and FM particles, which enhanced the �eld-
induced particle structures.

In order to quantify the relative importance of these two phenomena,
we �nally developed a theoretical model which only took into account the
dipole-dipole interaction among particles, but not the e�ect of the exclusion
areas. Our model correctly predicted the order of magnitude and trend of
a dimensionless yield stress. However, the theoretical model progressively
underestimated the values of the yield stress as the concentration ofDMpar-
ticles was increased, which was supported by the fact that exclusion areas
became increasingly important as the DM particle content increased.

The studied IMR �uids could be of potential interest for technological
purposes, since in addition to an enhancement of the �eld-induced rheo-
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logical behavior, the presence of a ferro�uid as carrier reduces the sedimen-
tation of FMmicroparticles, as pointed out in a previouswork [López-López
et al. (2005a)]. Finally, the enhancement of the �eld-induced rheological re-
sponse caused by the partial substitution of FM particles by DM particles
would also allow producing more compact devices –i.e., smaller devices
with the same power. In the long term, all these features, together with the
lower price of the DM particles, would bene�t their cost competitiveness
and commercialization.



Chapter 7

Yield stress in magnetorheological
suspensions near the limit of
maximum-packing fraction

Reprinted with permission from Modesto T. López-López, Pavel Kuzhir,
Jaime Caballero-Hernández, Laura Rodríguez-Arco, Juan D.G. Durán and
Georges Bossis, Journal of Rheology, 2012, 56, 1209-1224, DOI: 10.1122/1.4731659.
Copyright 2013, The Society of Rheology.

Abstract

This work deals with the magnetic �eld-induced static yield stress of mag-
netorheological (MR) suspensions with concentration near the limit of ma-
ximum-packing fraction. With this aim, homogeneous suspensions of iron
microparticles with 50 vol % concentration were prepared, and their yield
stress measured as a function of the applied magnetic �eld. In view of the
failure of existing models to predict, on the basis of realistic hypotheses, the
values of the yield stress of highly concentrated MR suspensions, we de-
veloped a new model. Our model considers that �eld application induces
body-centered tetragonal structures. Upon shearing, these structures de-
form in such a way that interparticle gaps appear between neighboring par-
ticles of the same chain, whereas the approach of particles of parallel chains
ensures the mechanical stability of the whole multi-chain structure. Based
on this hypothesis, and using �nite element method simulations of inter-
particle magnetic interactions, our model is able to quantitatively predict
the yield stress of highly concentrated MR suspensions. Furthermore, esti-
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mations show that the main contribution to the �eld-dependent part of the
yield stress comes from the change in the permeability of the structures as
interparticle gaps are enlarged by the shear.
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7.1 Introduction

The maximum-packing fraction of particles in suspension is convention-
ally de�ned as the volume fraction of particles or particle aggregates in
closest-packing atwhich the suspension viscosity approaches in�nity [Zhou
et al. (1995)]. For monodisperse hard spheres, the random loose maximum-
packing fraction is approximately 0.63-0.64 [Onoda andLiniger (1990)]. How-
ever, porosity and shape of the particles, as well as particle-particle interac-
tions, among other factors, have strong in�uence on the maximum-packing
fraction [Zhou et al. (1995)]. For example, �occulated suspensions have a
lower maximum-packing fraction due to the fact that the particles are as-
sembled into porous aggregates, whereas suspensions of charged particles
do have because of the strong electrostatic repulsion between the particles
[Russell et al. (1989)].

Highly concentrated suspensions are of interest in many technical and
industrial �elds, for example in paints and cosmetics [Clausen et al. (2011)].
However, experimental rheology of highly concentrated suspensions is ham-
pered by the poor reproducibility of measurements and the sensitivity to
shear history. From the theoretical viewpoint, approaches based on the in-
terpolation of the dilute-limit theory to a concentrated regime often fail be-
cause of the neglect of many-body interactions between particles [Larson
(1999)], and taking these interactions into accountmakes the analytical work
intractable [Clausen et al. (2011)]. Thus, realistic theoretical modeling re-
mains an open and di�cult issue in many cases.

In the particular case of suspensions of non-Brownianmagneticmicropar-
ticles, known as magnetorheological (MR) suspensions, maximum-packing
fraction is considerably diminished (with respect to the mentioned 0.63-
0.64) because of the formation of particle aggregates induced by magnetic
attraction, due to the remnant magnetization of the particles, and van der
Waals forces. As a consequence, there are only a few rheological studies for
particle volume concentrations higher than 45 % [Chin et al. (2001); de Vi-
cente et al. (2002); Laun et al. (2008a,b)]. Only two of these works [Chin
et al. (2001); Laun et al. (2008b)] present data of the yield stress, whereas
the others [de Vicente et al. (2002); Laun et al. (2008a)] deal with the normal
force. Besides, to the best of our knowledge, the existing theories (critically
reviewed in section 7.3.1 below) underestimate themechanical properties of
MR suspensions for concentrations near the maximum-packing fraction or
give unphysical results. Because of this, we have aimed to develop an ap-
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propriate theoretical model for the rheological properties of highly concen-
trated MR suspensions. In the present paper, we focus our attention on one
of the most important MR properties: the static yield stress, which is com-
monly de�ned as the threshold stress required to fracture the suspension
structure in its weakest point, and thus induce the �ow of the suspension
[Barnes et al. (1993)]. In order to validate our model, we conducted experi-
mental measurements of the yield stress of a suspension containing 50 vol %
of iron particles. Wewill see that results of the theoretical model agree quite
well with experimental ones within the range of applied magnetic �elds, 0
< H0 < 25 kA·m−1.

7.2 Experimental

Silica-coated iron particles (Fe-CC, density 7.2 g·cm−3), supplied by BASF
(Germany), were used as solid phase for the preparation of the MR sus-
pension. According to the manufacturer, Fe-CC particles have median di-
ameter, d50 = 5 µm. The choice of these particles was motivated by their
silica coating, which eases the dispersion of the particles without requiring
a surfactant. Mineral oil (density and viscosity at 25 ◦C: 0.85 g·cm−3 and
39.58±0.16 mPa·s, respectively) purchased from Sigma Aldrich (Germany)
was used as carrier liquid. The MR suspension was prepared as follows.
A small amount (approx. 4 g) of Fe-CC powder was added to a relatively
large amount of mineral oil (we took 50 cm3) and the resulting mixture was
mechanically stirred until a homogeneous suspension was obtained. Then,
a further small amount of Fe-CC powder was added to the suspension and,
again, the resulting mixture was homogenized by mechanical stirring. This
step was repeated as many times as required until the concentration of Fe-
CC powder was so high that it was impossible to homogenize the mixture.
At this point, we added approx. 1 cm3 of mineral oil and the homogeniza-
tion of the mixture was possible bymechanical stirring. By this protocol, we
assured that the concentration of particles in the suspension was as close
as possible (within reasonable limits) to the maximum-packing fraction. At
the end of this process, the volume fraction of particles in suspension was
approximately 0.50, as obtained by density measurements. This concentra-
tion is relatively far from the 0.63-0.64 maximum-packing fraction reported
for monodisperse hard spheres, likely due to the formation of aggregates
as a consequence of attractive forces between particles, as discussed in the
Introduction (section 7.1).
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Rheological measurements were performed at 25 ◦C using a rheome-
ter MCR 300 (Physica-Anton Paar). The measuring geometry consisted of a
homemade set of non-magnetic parallel plates of 20 mm in diameter, with
rough surfaces in order to avoid wall slip. Visualization experiments on the
deformation �eld of theMR�uid (not shown here) con�rmed the absence of
wall slip in our experimental system. The applied magnetic �eld was gen-
erated with the help of a solenoid, placed in such a way that the measuring
geometrywas at middle height of the coil andwith axis coincident with that
of the coil. The gap thickness between the lower (stationary) plate and the
upper (rotational) plate of the measuring geometry was �xed at 0.35 mm.

As mentioned above, the static yield stress of a suspension is the shear
stress required to induce its �ow. In our experiments, we determined it by
subjecting the samples to shear rate ramps in the range 0.005-0.02 s−1 and
extrapolating the obtained values of the shear stress to zero shear rate. To
be precise, we used the following experimental protocol. The MR suspen-
sionwas placed in themeasuring system of the rheometer and, immediately
afterwards, subjected to a shear rate rampof 1min of duration in the range 0-
100 s−1. This pre-shear stagewas carried out in the absence ofmagnetic �eld.
Its aim was to impose identical initial conditions in order to ensure repro-
ducibility of the measurements. Then, a uniform magnetic �eld of chosen
value, ranging between 0 and 25 kA·m−1, was applied with the help of the
solenoid and the suspension was left at rest during 30 s –a su�cient time to
induce stable MR structures. Finally, the shear rate rampwas applied under
the same magnetic �eld applied in the previous step. Note that the shear
rate ramp consisted of �ve di�erent values of the applied shear rate, each of
themmaintained during, at least, 30min. The stress responsewasmeasured
as a function of time during these periods of time. Once themeasurement at
a given applied �eld was accomplished, we repeated the pre-shear stage at
zero magnetic �eld, and remade the same type of measurement at a higher
applied �eld. The whole protocol was performed for three di�erent freshly
prepared MR samples. Results shown in this manuscript correspond to the
average of these three di�erentmeasurements. Note also that we chose such
a long duration of each measurement in order to achieve strains as large as
γ ∼ 103 and ensure a steady-state �ow of the MR suspension. This experi-
mental protocol guarantees reproducible results, independent of the previ-
ous mechanical history of the suspension.
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7.3 Theory

7.3.1 Theoretical background

Before presenting in details our theoretical model it is worth checking, in an
approximate manner, the agreement between the predictions of the existing
theories and the experimental results for the static yield stress of highly con-
centrated suspensions. One of the �rst models dealing with this property
assumed the formation of single chain structures, with a�ne displacement
of each particle along the direction of the shear, as depicted in Figure 7.1a
[Bossis et al. (2002b); Ginder et al. (1996); Klingenberg and Zukoski (1990)].
Thismodelwill be hereinafter referred to as “the a�nemodel”. As the parti-
cle chains are tilted by the strainingmotion, the horizontal component of the
magnetic attractive force, Fx , acting between particles �rst increases, then
reaches a maximum and �nally decreases with the strain. At the strain for
which the force is maximum, the chains are considered to become unsta-
ble and to break, inducing the �ow of the MR suspension. The yield stress
is simply calculated as the maximal interparticle force Fx multiplied by the
number ns of chains per unit surface of the upper rheometer plate:

σY � ns · Fx . (7.1)

A more general model, based on fundamental thermodynamic relations,
considers the shear stress in a sheared suspension as a result of the change
in its internal energy:

σ � ∂U/∂γ, (7.2)

where γ is the strain and U is the suspension internal energy per unit vol-
ume (see Figure 7.1b) [Bossis et al. (1997, 2002b)]. This model will be called
here the ”thermodynamic model”. The static yield stress is also calculated
in this case as the shear stress corresponding to the maximum in the stress
versus strain curve. This model can be used whatever the description of
the structure and, here, one should distinguish the microscopic description
from the macroscopic one. The di�erence between both descriptions stands
in the fact that, in the former the loss of contact between two neighboring
particles is taken into account for the estimation of the energy dependency
with the strain, contrary to the latter in which only the change of the energy
due to the inclination of the aggregates is considered. As a result, both ap-
proaches give similar predictions if the interactions between particles are
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Figure 7.1: Di�erent model geometries used for stress calculations in MR �uids. The micro-
scopic a�ne model [Ginder et al. (1996)] supposes a�ne displacement of particles with shear
(a). Arrows denote displacement vectors of particles. The stress arises from the restoring inter-
particle force Fx . If a given particle leaves its equilibrium position (dashed sphere in (a)), it will
be immediately stacked on top of the closest particle, showing that the structure is mechani-
cally unstable. Themacroscopic thermodynamicmodel [Bossis et al. (1997)] assumes formation
of thick columns and ignores arrangement of particles within them (b). The stress comes from
the restoringmagnetic torque denoted by a bold arrow. Amore realistic structure combines the
features of both previous ones. Under strain, some particles experience a�ne motion, creating
gaps between them, and the others are drawn into these gaps, maintaining themechanical con-
tacts with neighboring particles. One of the simplest structures corresponding to this picture is
the BCT cluster shown in (c), which is found to be the most favorable for the energetic point of
view [Clercx and Bossis (1993); Tao and Jiang (1998); Tao and Sun (1991)]. The stress response
of such structure arises from both the longitudinal striction (due to the formation of gaps) and
the restoring magnetic torque.
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long-ranged, as it is the case of dipolar interactions between particles of
low magnetic permeability. On the other hand, predictions are very dif-
ferent if strong short range forces exist, as it happens in the case of particles
with high magnetic permeability [Bossis et al. (1997)]. It is worth noting
that the a�ne model is just a particular case of the microscopic approach
of the thermodynamic model, for which both force and energy-based calcu-
lations of the stress, eqs. (7.1) and (7.2) respectively, are completely equiv-
alent. In the a�ne microscopic model, the interparticle forces are directly
calculated either analytically [Ginder et al. (1996)] or numerically via multi-
polar approach [Clercx and Bossis (1993); Klingenberg and Zukoski (1990)]
or �nite element method [Bossis et al. (2002b); Ginder and Davis (1994)].
In the macroscopic approach of the thermodynamic model a mean �eld
theory must be used, usually the Maxwell-Garnet one which does not re-
quire assumptions of any speci�c particle arrangement at the microscopic
scale (one should only de�ne the macroscopic features of the structure, i.e.,
columns, ellipsoids, or stripes) and allows obtaining general results [Bossis
et al. (1997)]. As a consequence, the microscopic approach ensures a much
better correspondence with experiments for MR suspensions composed of
particles with high magnetic permeability, while the macroscopic one gives
good predictions only for weakly magnetizable particles.

When these two models are applied to the system studied in the present
work (suspension of strongly magnetizable particles at 0.50 volume frac-
tion), it is found that the a�ne microscopic model gives the correct order of
magnitude for the yield stress (360 Pa vs. 200 Pa –experimental value– for the
yield stress upon application of a �eld of 18.5 kA·m−1) –note that we have
used the approach of Ginder et al. (1996) to estimate the interparticle forces.
On the other hand, the macroscopic approach of the thermodynamic model
strongly underestimates the yield stress (9 Pa vs. 200 Pa for a magnetic �eld
of 18.5 kA·m−1). Thus, at a �rst view, we may be tempted to restrict our
analysis to the a�ne model. However, it is clear that the rupture of chains
by keeping an equal gap between neighboring particles as supposed in this
model and depicted in Figure 7.1a is not realistic –see also comments on the
caption of Figure 7.1. Furthermore, it is well known that in concentratedMR
suspensions, thick columnar aggregates or other more isotropic structures
are built upon �eld application, but single chains have never been observed
[Cutillas and Bossis (1997)]. Therefore, from a realistic point of view, the
thermodynamic model, which is based on general thermodynamic princi-
ples and assumes the formation of thick columns, is muchmore appropriate
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since it considers the correct size and shape of the aggregates. As already
mentioned, the main reason for which the macroscopic model does not �t
well to experimental results lies in the use of dipolar approach for interparti-
cle interactions. This approach strongly underestimates the magnetic forces
between particles and, as a consequence, gives too low values for the yield
stress. In more details, the shear stress predicted by this model is given by
the following relation:

σ � (µ‖ − µ⊥)µ0H2 γ

(1 + γ2)2
, (7.3)

with µ0 � 4π · 10−7 H·m−1 being the magnetic permeability of vacuum, H
the magnetic �eld intensity inside the MR suspension, and µ‖ and µ⊥ the
diagonal components of the magnetic permeability tensor of the suspen-
sion with respect to a frame of reference with main axes in the directions
parallel and perpendicular to the column aggregates, respectively. These
last magnitudes will be called hereinafter longitudinal and transverse per-
meabilities for brevity. The yield stress is found as the maximum stress of
the stress-strain dependency –eq. (7.3), which is reached at a critical strain,
γcrit � 1/

√
3. As seen in eq. (7.3), the e�ects of the interparticle interactions

in the suspension stress are taken into account through the values of these
magnitudes. The inaccuracy of the dipolar approach can be corrected by in-
cluding higher-order magnetic interactions in the suspension permeability.
However as will be shown by our theory (see section 7.3.2), the main con-
tribution to the yield stress of suspensions of highly magnetizable particles
does not come from the value of the permeability but from the change of the
energy with the formation of gaps and, therefore, from the derivative of the
permeability with respect to the gap between the particles. Thus, eq. (7.3)
should include a term containing ∂µ‖/∂γ and ∂µ⊥/∂γ.

The most rigorous way to take into account the interparticle gap e�ect
on the strength of a real structure is to conduct numerical simulations of the
structure dynamics under slow shear �ow. Bonnecaze andBrady (1992) sim-
ulated the structure of electrorheological �uids by the molecular dynamic
method using multipolar interactions between particles, and calculated the
electrostatic stress with the help of eq. (7.2). However, they reported rather
strong irregular oscillations of the stress response, as a result of the struc-
ture breakage and reformation, and the predicted values of the yield stress
were too low.

In contrast to simulations, the microscopic models of Bossis et al. (1997),
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assuming more realistic multi-chain or zigzag-like clusters, provide a sim-
pler picture of the interparticle gap e�ect on the suspension yield stress. The
authors supposed that small interparticle gaps were formed under shear
and calculated the stress via the derivative of the internal energy (eq. 7.2).
The theoretical yield stress was found to strongly depend on the strain at
which the interparticle gaps were formed. If the particles begin to separate
from each other at zero strain (as it is the case of the a�ne deformation of
multi-chain clusters), then the multipolar interactions predict a yield stress
σY � 6.5µ0H2 for the 50 vol % MR suspension of the present work, which is
an order of magnitude lower than the stress measured in our experiments.
If the particles form zigzag-like clusters, they begin to separate at a non-
zero critical strain that corresponds to the full extension of the clusters. This
gives a several times increase of the yield stress as compared to a�ne mod-
els. However, at the critical strain, the stress experiences a jump of several
orders of magnitude, inconsistent with experimental observations. There-
fore, neither a�ne nor zigzag-like clustermodels can be applied, in the form
they are reported in literature, to highly concentrated MR suspensions.

In section 7.3.2wewill develop a newmodel, whichwill be based on a re-
alistic microscopic structure and will give correct values for the yield stress
ofMR suspensions in the concentrated regime. For this, wewill take into ac-
count all the requirements for the particle structure that are drawn from the
analysis performed above for previous models: (i) interparticle gaps must
appear in the structure in order to obtain realistic values of the yield stress;
(ii) the structuremust be able to sustain a relatively large extension, in such a
way that the critical strain would be high enough to give appropriate values
of the yield stress and; (iii) the failure of the structure must occur without
any considerable jump in the stress. This implies a continuous formation of
interparticle gaps during the shear strain of the clusters.

7.3.2 Theoretical model

Let us consider a simple shear deformation of a concentrated MR suspen-
sion con�ned between two parallel plates. An external magnetic �eld of
intensity H0 is applied perpendicularly to the plates. If the �eld is strong
enough, it will induce percolating structures of magnetic particles. We will
assume that these consist of body-centered tetragonal (BCT) structures, with
four peripheral chains shifted vertically by a particle radiuswith respect to a
central chain, and with neighboring particles being in contact at zero strain.
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This structure was found to be the most favorable from the energetic point
of view [Tao and Jiang (1998); Tao and Sun (1991)]. In addition, it was ob-
served by laser di�raction experiments in electrorheological �uids –electric
counterparts of MR suspensions [Chen et al. (1992)]. Applied to our case of
a highly concentrated suspension, this structure meets all the requirements
mentioned at the end of section 7.3.1, if we assume that the central chain de-
forms in an a�ne manner with the applied strain and the peripheral chains
remain always in contact with the central one (see Figure 7.1c). Since in our
experiments we used surfaces with high rugosity, the structure is supposed
to be always stuck to both plates, wall slip being absent, until its failure at
the critical strain. Thus, when the upper plate is displaced a certain distance
∆x, the structure is strained by a magnitude γ � ∆x/h, where h is the gap
between the plates. We suppose that the structure deforms homogeneously
until its failure and this assumption does not contradict to the condition
of its mechanical stability: in the increasing branch of the stress-vs.-strain
curve, any small perturbation of the homogeneous strain �eld should decay
with the time. Under the strain, the particle structure turns along the vortic-
ity axis and extends along its major axis (Figure 7.1c), both e�ects contribut-
ing to the shear stress. On the one hand, the extension creates interparticle
gaps and, consequently, restoring forces along the main axis of the struc-
ture. On the other hand, the structure rotation induces a restoring magnetic
torque that tends to turn back the structure and align it with the magnetic
�eld.

In order to calculate the stress response for a given stationary strain, γ,
wemust �rst obtain themagnetic permeability tensor of the suspension. Un-
der homogeneous deformation, the main axes of magnetization of the sus-
pension coincide with the axes of the BCT structures. Thus, in a reference
frame linked to the particle structures, the magnetic permeability tensor is
diagonal and has two dissimilar components: µ‖ along the major axis of the
structures and µ⊥ along their minor axis. From these, the magnetic perme-
ability tensor with respect to the laboratory (rheometer) reference frame is
obtained by rotation of the reference frame along the y-axis. The two compo-
nents, µzz and µxz , which have importance in our calculations, are expressed
as follows:

µzz � µ‖
1

1 + γ2
+ µ⊥

γ2

1 + γ2
, (7.4)

µxz � (µ‖ − µ⊥)
γ

1 + γ2
, (7.5)
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µ‖ and µ⊥ can be calculated as a function of the interparticle gap δ by solv-
ing Maxwell’s equations by �nite element method simulation. These calcu-
lations are reported in details in the Appendix, together with interpolation
formulas for the dependencies of µ‖ and µ⊥ with the relative gap, δ/a, with
a, being the particle radius. The relative gap δ/a is related to the strain by the
following formula: δ/a � 2

(√
1 + γ2 − 1

)
. Thus, the magnetic permeability

components can be expressed in terms of the strain γ.
Below the yield point, and under static straining conditions, theMR sus-

pensionmay be considered as a magnetic, anisotropic elastic solid. For such
continuum, the stress tensor is expressed, in its most general form, by the
equation given by Landau and Lifshitz (1984):

σik � F̃δik +
(
∂F̃
∂γik

)
T,H

+ 1
2 (HiBk + Hk Bi ) , (7.6)

where H and B are, respectively, the magnetic �eld intensity and the mag-
netic �ux density inside the suspension, γik are the components of the strain
tensor, δik are those of the unit tensor, and F̃ is a thermodynamic function
de�ned through the free energy of the suspension per unit volume, F, as
follows:

F̃ ≡ F −H · B � F0 −

∫ H

0
B · dH, (7.7)

with F0 being the free energy per unit volume of the suspension in the ab-
sence ofmagnetic �eld. Note that Shkel andKlingenberg (1999) used similar
expressions for electrorheological �uids in the small deformation limit for
calculations of the dielectric tensor and the storage modulus. We shall ex-
ploit these formulas in a broader range of strains, which will allow us to
calculate the yield stress of the suspension.

Magnetic particles used as solid phase inMR suspensions, usually show
non-linearmagnetization behavior, i.e., theirmagnetic permeability depends
on the appliedmagnetic �eld strength. Similarly, themagnetic permeability
of MR suspensions also presents a dependency with the applied magnetic
�eld. However, in the relatively narrow range of magnetic �eld intensities
used in our experiments, we may consider, within a good approximation,
that the suspension permeability is �eld-independent. In this case, themag-
netic �ux density of the suspension presents a linear dependency with the
magnetic �eld strength: Bi � µ0µik Hk . By substitution of this into eq. (7.7),
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the expression for the thermodynamic function F̃ reduces to:

F̃ � F0 −
1
2µ0µ‖H2

‖
−

1
2µ0µ⊥H2

⊥ � F0 −
1
2µ0µ‖H2 1

1 + γ2
−

1
2µ0µ⊥H2 γ2

1 + γ2
,

(7.8)
where H‖ � H cos θ and H⊥ � H sin θ are the components of the internal
magnetic �eld in the directions parallel and transverse to the BCT struc-
tures, respectively; θ is the strain angle (see Figure 7.1b), which is related to
the strain through the formula γ � tan θ. In the experimental case studied
in this work, the internal magnetic �eld, H, in the thin layer of suspension
con�ned between the two plates of the rheometer is related to the external
applied �eld, H0, by the following expression:

H �
H0
µzz

�
H0

µ‖ + µ⊥γ2
(1 + γ2). (7.9)

By substitution of eqs. (7.5) and (7.8) into eq. (7.6), we obtain the �nal ex-
pression for the shear stress (xz-component of the stress tensor) as a function
of the applied strain and the magnetic �eld strength:

σ �µ0H2 (
µ‖ − µ⊥

) γ

(1 + γ2)2
−

1
2µ0H2

[
∂µ‖
∂γ
·

1
1 + γ2

+
∂µ⊥
∂γ
·

γ2

1 + γ2

]

+ 1
2µ0H2 (

µ‖ − µ⊥
) γ

1 + γ2
(7.10)

with the expression for ∂µ‖/∂γ given in the Appendix. The �rst term in eq.
(7.10) is the elastic contribution due to the restoring magnetic torque acting
on the tilted BCT structures. This term is also connected to the variation
of the suspension magnetic permeability with the rotation of the structures.
The second term stands for the elastic contribution due to the restoring stric-
tion forces that tend to compress the structures extended by the shear. In
other words, these forces tend to reduce the interparticle gaps induced by
the strain. From the macroscopic point of view, this term is related to the
variation of the magnetic permeability with the extension of the aggregates.
The last term is theMaxwell stress, which arises from the deformation of the
structures under the appliedmagnetic �eld. On the other hand, the �rst and
the second terms come from the e�ect of deformation on themagnetic prop-
erties of the structures. Analysis shows that the �rst and the last terms of eq.
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Figure 7.2: Longitudinal, µ‖ , and transverse, µ⊥, components of the magnetic permeability
tensor of a suspension consisting of Fe-CC particles dispersed in mineral oil (volume concen-
tration 50 %) as function of the applied shear strain.

(7.10) are negligible as compared to the second one. This con�rms the ex-
treme importance of the interparticle gaps as a principle source of the stress
of MR suspensions upon applied magnetic �eld.

7.4 Results

The strain dependency of both µ‖ and µ⊥ is shown in Figure 7.2 for the
suspension under study in the present work. In the range of the strains, 0
< γ < 0.5, the longitudinal permeability, µ‖ , shows an important decrease
with the strain. This decrease is connectedwith the appearance and enlarge-
ment of gaps between the particles of a same chain when the BCT structures
are extended by the shear (see Figure 7.1c). The size of these gaps increases
proportionally to γ2, and this provokes a quite strong variation of µ‖ . On
the other hand, the transverse permeability, µ⊥, appears to be independent
of the strain. This can be easily understood since µ⊥ depends mainly on the
distance between particles of two opposite peripheral chains (dashed circles
in the “top view” of Figure 7.1c). The initial separation between these par-
ticles is equal to (

√
3− 1) · (2a) ' 1.5a. When the BCT structure is extended,

there is an approach of these particles, but at small enough strains it is al-
most negligible with respect to the initial separation and, thus, it does not
a�ect appreciably the value of µ⊥.

Figure 7.3 shows the stress-strain dependency calculated with the help
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Figure 7.3: Theoretical stress-strain curve for a suspension consisting of Fe-CC particles dis-
persed in mineral oil (volume concentration 50 %). The applied magnetic �eld is H0=18.5
kA·m−1.

of eq. (7.10) for the MR suspension under study (50 vol % of Fe-CC in mi-
neral oil) upon application of a �eld H0=18.5 kA·m−1. As expected, when
the strain increases, the stress �rst increases, then reaches a maximum, and
�nally decreases gradually toward nearly zero values at γ > 0.3. Note that
the maximum of the stress takes place at a critical strain, γcr ≈ 0.115, much
lower than that predicted by the macroscopic model of Bossis et al. (1997):
γcr � 1/

√
3 ≈ 0.58. This is not surprising because, in our model, the lon-

gitudinal component of the suspension permeability falls with the strain
quite rapidly (see Figure 7.2), provoking a rapid increase of the stress at
low strains. On the other hand, in the macroscopic model of Bossis et al.
(1997), the permeability µzz decreases slowly with the strain, the structure
rotation with respect to the applied �eld being the only cause for the de-
crease in this model. Nevertheless, the critical strain γcr ≈ 0.115 predicted
for the BCT structure by the present model is two-three times larger than
the one calculated for single chains –see Figure 7 in the work by Bossis
et al. (2002b). Consequently, the critical strain obtained in the present work
should be large enough to ensure reasonable predictions of the yield stress.
As stated above, structures become unstable at strains γ > γcr and are thus
supposed to break at the summit of the stress-strain curve. So, the yield
stress corresponds to the maximum of the stress-strain curve and is calcu-
lated by replacing the strain γ by the critical strain γcr ≈ 0.115 in eq. (7.10):
σY � σ(γcr ).
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The values of the static yield stress (both experimental and theoretical)
for the MR suspension under study (50 vol % of Fe-CC in mineral oil) are
plotted as a function of the applied �eld strength in Figure 7.4. Since, as
observed in the inset of this �gure, the MR suspension presents a non-zero
experimental value of the yield stress at zero �eld, the net e�ect of the mag-
netic �eld is better expressed by the di�erence of the yield stress at a given
magnetic �eld and that in the absence of �eld: ∆σ(H0) � σ(H0) − σ(0). We
refer to this quantity as yield stress increment. The yield stress at zero �eld
is likely due to the remnant magnetization of the iron particles, as well as
to non-magnetic colloidal interactions between them, mainly van der Waals
forces, whichmay induce the formation of particle aggregates in the absence
of applied �eld. The importance of these forces in suspensions of magnetic
particles has been studied by di�erent authors –see, for example, [Phulé
et al. (1999)].

As seen in Figure 7.4, the yield stress increment increases gradually with
themagnetic �eld intensity. The experimental dependence of the yield stress
increment is approximately quadratic, as proved by the fact that the best
�t to a power law gives an exponent of 1.91 ± 0.07 (dashed line in Figure
7.4). The increment of the yield stress with the applied �eld is commonly
explained by the fact that, at higher �elds, stronger magnetic forces act be-
tween particles and thus, stronger forces are required to separate them and
to break the structures. Concerning the predictions of our theoreticalmodel,
as observed in Figure 7.4, the theory (without adjustable parameters) under-
estimates the experimental data by about 50 %. One of the reasons for such
a discrepancy could be the polydispersity of the particles of the MR sus-
pension. As stated by Kittipoomwong et al. (2005), small magnetic particles
may form locally more compact aggregates and cause the larger particles to
form more robust aggregates. Such aggregates resist better to the applied
strain and give a higher yield stress compared to that of the monodisperse
MR �uid at the same volume fraction of particles.

7.5 Conclusions

We have presented in this work reliable experimental data of the magnetic
�eld-induced static yield stress of aMR suspension with concentration near
the limit of maximum-packing fraction. Both the preparation of theMR sus-
pension and the experimental protocol followed for the measurement of the
static yield stress were carefully chosen to guarantee reproducibility of the
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Figure 7.4: Experimental and theoretical dependencies of the yield stress increment, ∆σ(H0) �
σ(H0) − σ(0), on the magnetic �eld intensity, H0, for a suspension containing 50 vol % of Fe-
CC in mineral oil. The inset shows the �eld dependency of the yield stress, σ(H0), without
subtraction of the value at zero �eld, σ(0). Full squares stand for the experimental data and the
solid curve for the theoretical prediction –eq. (7.10), replacing γ by γcr≈0.115. The dashed line
represents the best �t of the experimental data to a power law (∆σ(H0) � kHn ) –the exponent
of this best �t is 1.91 ± 0.07.

results. In addition, we have developed a model for the static yield stress of
highly concentrated MR suspensions upon magnetic �elds. This model is
based on the key hypothesis that interparticle gaps inside the �eld-induced
particle structures must appear when they are subjected to shear strain, at
the same time that their mechanical stability must be maintained. This per-
spective supposes an original contribution with respect to standard models
based on the a�ne deformation of single chains, which seems unrealistic for
highly concentrated MR suspensions. The key hypothesis taken as starting
point in our model is easily ful�lled by considering a structural unit consist-
ing of �ve chains of particles located at positions of a BCT structure. When
this structure is sheared the particles of the central chain are supposed to
move in an a�ne way, whereas the particles of the peripheral chains remain
in contact with those of the central chain ensuring the mechanical stability
of the structure. Estimations of our model show that the main contribution
to the stress of highly concentratedMR suspensions comes from the change
in the magnetic permeability of these, as interparticle gaps are forced and
enlarged by the shear stress. Therefore, the neglect of this particular aspect
in most of the existing macroscopic models is the likely reason for their fail-
ure when applied to highly concentrated suspensions of strongly magnetiz-
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Figure 7.5: Elementary cell of the MR suspension used for the calculation of the longitudinal
magnetic permeability, µ‖ . The surface plot of the magnetic �ux density and themagnetic �eld
lines are shown. The red spots near the contacts between particles correspond to the regions
of high magnetic �ux density in the vicinity of the contact points between spheres.

able particles. This last statement is supported by the quite good agreement
obtained between predictions of our model and experimental results, tak-
ing into account that our model does not include any adjustable parameter.
The theoretical model developed in this work will be, in the near future, ex-
tended to the steady-state shear �ow ofMR suspensions taking into account
eventual �ow instabilities in highly concentrated regime. Finally, the simple
interpolation formulas issued from the present model could be useful for
engineering calculations.

Appendix: Permeability calculations

We calculated the longitudinal and transverse magnetic permeabilities of
the MR suspension by solving Maxwell’s equations by means of �nite ele-
ment method (FEM) simulations. These simulations were performed with
the help of the free software FEMM [Meeker (2009)]. For this aim, and al-
though the BCT structures of ourmodel are three-dimensional (3D), we con-
sidered a planar problem since 3D-problems cannot be implemented with
FEMM software. Nevertheless, we expect that the simpli�cation of the real
3D-problem to a planar-one will not be a restriction for the validity of the
results obtained in this Appendix.

The representative planar cells used for the calculations of both compo-
nents of the magnetic permeability tensor, µ‖ and µ⊥, are shown in Figures
7.5 and 7.6, respectively. The vertical axis of symmetry of the �rst cell co-
incides with the major axis of the BCT aggregate. The two closely spaced
semi-circles represent particles belonging to the central chain and the two
lateral circles represent particles of the peripheral chains. The whole BCT
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structure is relatively long (aspect ratio h/(2a
√
3) ≈ 40) and can be consid-

ered as an in�nite stack of the unit cells. The horizontal dimension d of the
�rst cell (Figure 7.5) is chosen to be equal to the mean distance between BCT

structures in their hexagonal arrangement: d � 2
√
5π/(3

√
3Φ)·a ≈ 2.46·(2a),

where a is the particle radius and Φ=0.5 the volume fraction of particles in
the suspension. In this �gure, the applied magnetic �eld is oriented verti-
cally and the intensityH of the internalmagnetic �eld (averaged over the cell
volume) is imposed on both lateral borders of the cell. Periodic boundary
conditions are used for the upper and the lower borders of the cell.

Figure 7.6: Elementary cell of the MR suspension used for the calculation of the transverse
magnetic permeability, µ⊥. The surface plot of the magnetic �ux density and the magnetic
�eld lines are shown.

For the calculation of the transverse magnetic permeability, µ⊥, the ex-
ternal magnetic �eld must be applied perpendicularly to the BCT structure.
However, for the convenience of de�nition of the boundary conditions, we
can still reduce our problem to longitudinal magnetic �elds. For this aim, a
90◦ rotation of the internal structure shown in Figure 7.5 is enough. By do-
ing it, we obtain the unit cell used for the calculations of µ⊥ (Figure 7.6). In
this �gure, the two closely spaced circles represent particles of the central
chain and the two semi-circles stand for particles of peripheral chains. In
this cell, the external magnetic �eld is vertical and the boundary conditions
are similar to those used for the cell of Figure 7.5.

The non-linear magnetic properties of carbonyl iron particles are well
described by the Fröhlich-Kenelly law [Jiles (1991)]:
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µp � 1 +
(µi − 1)MS

MS + (µi − 1)Hp
(7.11)

where µp is the magnetic permeability of the particles, µi � 250 and Ms �

1.36 · 106 A·m−1 are, respectively, the initial permeability and the saturation
magnetization of the particles, and Hp is the magnetic �eld intensity inside
the particles.

Once the magnetic �eld distribution is found for both cells (Figures 7.5
and 7.6), the corresponding permeability component is calculated by the
following formula:

µ‖ ,⊥ �
1

µ0H · V

∫
B‖ ,⊥dV (7.12)

where H is the intensity of the mean magnetic �eld inside the MR suspen-
sion, imposed on the lateral borders of the cell and related to the external
�eld, H0, via eq. (7.9). The integration in eq. (7.12) is performed over the
whole cell volume V . Recall that the simulations are performed consider-
ing planar geometries, and this means that the circles of Figures 7.5 and 7.6
are taken, from the point of view of the FEM simulation, as in�nite cylin-
ders oriented perpendicular to the plane of the page. In order to evaluate
the numerical error related to this, we calculated by FEM simulation the lon-
gitudinal magnetic permeability of an in�nite chain composed of touching
spheres, and that of an in�nite chain composed of touching cylinders with
their axes perpendicular to the applied magnetic �eld. Simulations showed
that the magnetic permeability of the chain of spheres is 3.43 times smaller
than that of the chain of cylinders. Consequently, all the results obtained
for the multi-chain geometry of Figures 7.5 and 7.6, including those of eq.
(7.12), were reduced by the factor 3.43. This is perhaps a rough approxima-
tion but its validity is supported by the fact that it allows obtaining a good
correspondence between theoretical and experimental values of the yield
stress, as observed in Figure 7.4.

For the calculation of the components of the magnetic permeability ten-
sor of the structure subjected to uniaxial extension under the shear forces,
we moved apart the initially touching circles (which represent particles of
the central chain) and approached the non-touching ones (which represent
particles of opposite peripheral chains), in such a way that there was no
fracture of the structures represented in Figures 7.5 and 7.6. By changing
the distance between the initially touching circles by steps of 10−4 · a, we ob-
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tained the values of µ‖ and µ⊥ as functions of the relative interparticle gap,
δ/a. The best non-linear �ts of these functions (taking into account the cor-
rection factor 3.43, mentioned above) are given by the following formulas:

µ‖ � α1 exp
(
−

(δ/a)
α2

)
+ α3 + α4 · (δ/a) (7.13)

µ⊥ ≈ const � 5.118, (7.14)

with αi (i=1-4) being numerical constants of values α1 � 6.4925, α2 � 0.01164,
α3 � 5.1636, and α4 � −0.00435. Replacing the relative gap in eq. (7.13) by
the formula δ/a � 2

(√
1 + γ2 − 1

)
, we obtain the longitudinal magnetic per-

meability, as a function of the strain γ. Finally, the derivative of µ‖ with
respect to the strain, which appears in eq. (7.10) for the stress, is given by
the following expression:

∂µ‖
∂γ

�
∂µ‖
∂(δ/a)

·
∂(δ/a)
∂γ

�


−
α1
α2

exp *.
,
−

2
(√

1 + γ2 − 1
)

α2
+/
-
+ α4



2γ√
1 + γ2

(7.15)
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Stick-slip instabilities in the shear
�ow of magnetorheological
suspensions

Reprinted with permission from Modesto T. López-López, Pavel Kuzhir,
Laura Rodríguez-Arco, Jaime Caballero-Hernández, Juan D.G. Durán and
Georges Bossis, Journal of Rheology, 2013, 57, 1101-1119, DOI:10.1122/1.4804358.
Copyright 2013, The Society of Rheology.

Abstract

This work is devoted to the stick-slip instabilities that appear in the shear
�ow of highly concentrated suspensions of magnetic microparticles. The ef-
fect of the appliedmagnetic �eld strengthwas analyzed in details. With this
aim, homogeneous suspensions of iron microparticles with concentration
near the limit of maximum-packing fraction were prepared, and shear-�ow
measurements were performed in a controlled-ratemode using a rheometer
provided with a rough parallel-plate geometry. For each given value of the
shear rate, the time evolution of the shear stress was monitored for at least
20 min. Saw-tooth-like stress oscillations, typical of stick-slip instabilities,
were obtained at low enough shear rate values. The measurements were re-
stricted to small enough oscillations, at which the rheometer was still able
to maintain the shear rate constant. From the microscopic viewpoint, these
stick-slip instabilities principally appear due to the periodic failure and heal-
ing of the �eld-induced particle structures, as inferred from experimental
observations. This hypothesis is corroborated by a theoretical model devel-
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oped on the basis of the balance of the magnetic and hydrodynamic torques
over the particle structures, allows us to predict the correct order of mag-
nitude of the main parameters of the stick-slip instabilities, including the
amplitude and period of the stress oscillations.
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8.1 Introduction

The behavior of yield stress �uids in the vicinity of the yield point has re-
cently attracted much attention in literature. Most of the macroscopic mea-
surements performed on various complex �uids exhibiting a yield stress
(concentrated colloidal and granular suspensions, emulsions and micelle
solutions, polymer liquids and polymer blends) have shown that a stable
steady-state �ow is impossible for these �uids at small enough shear rates
[Bécu et al. (2006); Bonn et al. (2002); Coussot et al. (2002); da Cruz et al.
(2002); Huang et al. (2005); Jarny et al. (2005); Ovarlez et al. (2006); Ragouil-
liaux et al. (2007); Rodts et al. (2005); Varadan and Solomon (2003)]. In most
cases, the �ow curves of these �uids possess an initial section where the
stress either decreases or remains quasi-constantwith the shear rate –the sec-
tion where �ow instabilities occur. These instabilities are manifested thro-
ugh a loss in the homogeneity of the �ow and the deformation �elds, which,
in many cases, is accompanied by oscillations of the shear stress or shear
rate.

From themicroscopic point of view, slow shear �ows are often accompa-
nied with shear banding and/or phase separation phenomena, as revealed
bydynamic light scattering andmagnetic resonance imaging formany types
of complex �uids [Coussot et al. (2002, 2009); Fall et al. (2009); Huang et al.
(2005); Ianni et al. (2008); Ovarlez et al. (2009)]. According to these works,
in the vicinity of the yield point two distinct �ow regions coexist: a non-
sheared band, containing a high concentration of solid phase, and a highly
sheared band, containing predominantly liquid phase. In addition to shear
banding, periodic oscillations in the �ow behavior at subcritical shear rates
have also been reported [Ianni et al. (2008)]. In the phenomenological model
of Picard et al. (2002), these oscillations were attributed to periodic changes
in the suspension �uidity (local relaxation of the stress) within the unstable
�ow region at the decreasing branch of the �ow curve. The authors used the
term ”stick-slip” for these oscillations even though solid friction does not ap-
pear explicitly in their theory. From all these previous works, it is clear that
microscopic and macroscopic behaviors of yield stress �uids must strongly
depend on the types of interactions in the �uids, and investigations in this
�eld are intensively continued.

Somewell-known yield stress �uids for which the �ow instabilities have
been scarcely investigated are electrorheological (ER) andmagnetorheologi-
cal (MR) suspensions. In these �uids, interparticle interactions can be tuned
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over several decades by external electric and magnetic �elds, respectively.
One of the pioneer studies concerning �ow irregularities in these �uids was
carried out by Klingenberg and Zukoski (1990), who visualized the shear
�ow of ER suspensions under electric �elds applied perpendicular to the
rheometer plates. These authors reported the existence of gap-spanningpar-
ticle aggregates that were continuously ruptured by the shear forces and
subsequently reformed by association with the broken parts of the neigh-
boring aggregates. This process is schematized in Figure 8.1a. Such pe-
riodic failure and reformation of the structures were later reproduced by
particle level simulations [Bonnecaze and Brady (1992); Klingenberg et al.
(1991)] also performed simulations of the structure and the stress level in
sheared ER �uids and found some dynamics reminiscent of the stick-slip
motion at small shear rates (or rather small Mason numbers): a slow defor-
mation regime, characterized by the storage of the electrostatic energy, fol-
lowed by a rapid release of the energy through viscous dissipation once the
aggregates are ruptured, followed by reformation of the aggregates through
associations among broken parts, as illustrated in Figure 8.1b. Both works
by Klingenberg et al. (1991) and by Bonnecaze and Brady (1992) predicted
rather irregular stress vs. time responses, with multiple events in di�erent
time scales.

The only work reporting explicit experimental stick-slip phenomena in
ER suspensions is, to our knowledge, a short communication by Woestman
(1993). This author measured the strain response of ER �uids to applied
stresses using a concentric cylinder cell. He found that the inner cylinder
turned by short jumps (slip) followed by long periods without distinguish-
able motion (stick). The resulting stress vs. strain curves showed quite regu-
lar oscillations with a sharp increase of the stress followed by a smooth de-
crease. Apparently, the imposed stress was not kept constant but depended
on the inertia and sti�ness of themeasuring system. Therefore, the quantita-
tive analysis of the observed phenomenon should be taken with care, while
the qualitative interpretation in terms of rupture/reformation remains rea-
sonable.

In what concerns MR suspensions, the stick-slip instability has been re-
cently reported for concentrated MR �uids exhibiting a shear thickening
behavior [Jiang et al. (2012)]. As inferred from this short communication,
the authors insist on a frictional scenario to explain the appearance of the
stick-slip. They state that the structure evolution of the MR �uid under low
shearing should alter micro-gaps betweenMR particles, and the lubrication
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Figure 8.1: Periodic rupture/reformation processes that may explain the stick-slip phenome-
non, for di�erent types of MR structures: (a) single chains of Klingenberg and Zukoski (1990);
(b) thick aggregates used in the particle level simulations of Bonnecaze and Brady (1992); (c)
triple-chain aggregates used in the present work. Dashed curves in (b) denote rupture loca-
tions.

performance of the suspending liquid is controlled by the external mag-
netic �eld, resulting in periodic transitions between boundary lubrication
and hydrodynamic lubrication regimes. Such an interpretation is somewhat
di�erent from the above-considered scenario of periodically breaking and
reforming structures. More information about the role of friction forces on
the rheology of ER and MR �uids can be found in de Vicente and Ramírez
(2007); Jiang et al. (2011); Kuzhir et al. (2009); Tian et al. (2010a,b, 2011).

In view of the lack of experimental studies and of the absence of a com-
mon interpretation of the stick-slip phenomenon in MR suspensions, we
have aimed to conduct a detailed study on stick-slip instabilities. In this
manuscript, we focus on the stress response of highly concentratedMR sus-
pensions subjected to imposed shear rates. Ourmeasurements are restricted
to relatively small oscillations, at which the rheometer is still able to main-
tain the imposed shear rate. The experimental oscillating stress signal will
be qualitatively compared with the predictions of the simulations of Klin-
genberg et al. (1991) and Bonnecaze and Brady (1992). In addition, we will
present our own theoretical model that, as will be shown, predicts the main
features of the stick-slip instabilities observed in our experiments. Finally,
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Figure 8.2: Magnetization curve of the MR suspension of volume fraction of 50 %. The inset
shows the same curve at lower values of the magnetic �eld.

we shall try to estimate whether the �ow of our suspension corresponds to
lubricated contacts between particles (lubricated regime) or to direct con-
tacts with solid friction (frictional regime).

8.2 Materials and methods

Carbonyl iron powder (Fe-CC, BASF, Germany) was used as solid phase
for the preparation of the MR suspensions. According to the manufacturer,
these particles have median diameter of 5 µm. Mineral oil (density and vis-
cosity at 25 ◦C: 0.85 g· cm−3 and 39.58± 0.16mPa· s, respectively) purchased
from Sigma Aldrich (Germany) was used as carrier liquid. MR suspensions
with 50 vol % approximate concentration were prepared following the pro-
tocol described by López-López et al. (2012). The suspension magnetiza-
tion was measured using a hysteresimeter (S2IS, France), and the magneti-
zation curve is plotted in Figure 8.2. As is seen in this �gure, the suspension
remnant magnetization is low as compared to the saturation magnetization
(Mr � 6 ± 4 kA·m−1 against MS � 760 ± 10 kA·m−1), and the magnetization
curve appears to be quasi-linear at magnetic �elds, H < 25 kA·m−1, with
the initial magnetic susceptibility being equal to χi � 7.2 ± 0.3. The whole
magnetization curve is satisfactory �tted by a Fröhlich-Kennelly law [Jiles
(1991)]: M � χi MSH/(χiH + MS).

Rheological measurements were performed at 25 ◦C using a rheome-
ter MCR 300 (Physica-Anton Paar). The measuring geometry consisted of a
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homemade set of non-magnetic parallel plates of 20 mm in diameter, with
rough surfaces in order to avoid wall slip. The gap thickness between the
lower (stationary) plate and the upper (rotating) plate was 0.35 mm. The
appliedmagnetic �eld was generatedwith the help of a solenoid, placed co-
axially with the measuring geometry, the technical details being described
in Kuzhir et al. (2008).

The experimental protocol used for the rheologicalmeasurementswas as
follows. Prior to the measurements, the MR sample was intensively stirred
by using a mechanical vortex mixer. Immediately afterwards, the sample
was placed in the measuring system of the rheometer and subjected to a
linear shear rate ramp of 1 min of duration in the range 0.1-100 s−1. Then,
a magnetic �eld of given intensity was applied and the suspension was left
at rest for 30 s. Finally, a constant shear rate (within the range 0.01-200 s−1)
was applied during the time required to achieve shear strains, γ � 1, and
the stress response was measuerd during this time. Once the measurement
at a given shear rate was accomplished, the whole process (starting at the
pre-shear stage at zero magnetic �eld) was repeated at another shear rate.
In this way, each point of the shear stress-vs.-shear rate curve was obtained
through a long time measurement independent of the suspension history
at previous shear rates. Presumably, isotropic structures should constitute
the MR suspension before application of the magnetic �eld at each step. As
will be shown and discussed below, at low enough shear rates the shear
stress did not reach a steady state value even after 20 min of shearing at
constant shear rate, but instead experienced some regular oscillations with
shape very similar to that of the stick-slip motion of a solid body on a solid
substrate. If this was the case, we took the mean value of the stress (within
its oscillations) as the representative stress for the corresponding shear rate.
At this point, it is important to note that the electronic commutation motor
of the rheometer Physica MCR 300 does not allow a perfect control of the
strain (or shear rate) for the large and rapid variations of the stress signal
exhibited by some materials. We checked that, at small stress oscillations,
the strain signal was almost linear with time. Consequently, we restricted
our measurements to relatively weak stress oscillations.

8.3 Experimental observations

The rheograms of the MR suspensions obtained for four di�erent magnetic
�elds, using the protocol described in section 8.2, are plotted in Figure 8.3.
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Figure 8.3: Experimental �ow curves of highly concentratedMR suspension in a semi-log scale
for four di�erent applied magnetic �elds.

For all the magnetic �elds, except zero �eld, the rheograms show a min-
imum at some non-zero shear rate. A very similar non-monotonic stress-
shear rate behavior was observed by Pignon et al. (1996) for Brownian sus-
pensions of laponite particles. This shape of the rheogram suggests unstable
�ows of the suspension, since it is well-known that a steady state homoge-
neous �ow with a linear velocity pro�le is absolutely unstable within the
range of shear rates corresponding to the decreasing branch of the rheogram
–see, for instance, Quemada (1982). Within this domain of negative di�er-
ential viscosity, the shear rate may vary from point to point in the suspen-
sion, and, strictly speaking, we are not allowed to de�ne the shear rate in
the common way as the ratio of the upper plate speed v to the gap thick-
ness h. Therefore, from now in this work the quantity v/h is referred to as
the apparent or global shear rate. Note that in the absence of �eld, we do
not observe a clear minimum but the �ow curve shows a �at trend at low
shear rates, followed by an increase at higher shear rates. As is seen from
Figure 8.3, the �ow curves are shifted upwards to higher values of the shear
stress when the magnetic �eld is increased. This is the signature of the clas-
sical MR e�ect –�eld-induced enhancement of the viscoelastic properties of
MR suspensions. What is more important for the present study is that the
�ow curve minimum becomes much deeper with an increasing magnetic
�eld. This suggests that eventual �ow instabilities in MR suspensions are
governed principally by magnetic interactions.
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Figure 8.4: Examples of the time dependence of the shear stress at a constant shear rate, γ̇, de-
veloped by highly concentrated MR suspensions upon application of a magnetic �eld, H0 . (a)
γ̇=0.01 s−1; (b) the same as (a) but with an enlarged time scale; (c) γ̇=0.015 s−1; (d) γ̇=1 s−1. The
four curves in each graph correspond to the applied magnetic �elds increasing progressively
from the lower to the upper curve and taking the following values: 0; 9; 18 and 26.5 kA·m−1.

In order to inspect the stability of theMR �uid shear �ow at the decreas-
ing branch of the �ow curves, we measured the temporal evolution of the
stress signal in response to the applied constant shear rate. Typical stress
vs. time dependences are shown in Figure 8.4 for four di�erent values of
the applied �eld, H0 and three di�erent values of the applied shear rate, γ̇.
As observed in this �gure, at low enough values of γ̇, the shear stress �rst
increases slowly with time and then, after 200-400 s, a regime characterized
by regular stress oscillations with a constant amplitude is reached. These
stress oscillations present a saw-tooth-like shape with well-de�ned period
and amplitude for shear rates lower than some critical value depending on
the applied magnetic �eld, as illustrated in Figure 8.4b for γ̇=0.01 s−1. This
stress signal is very similar to that inherent of the dry stick-slip motion and
has been previously found for concentrated colloidal laponite gels [Pignon
et al. (1996)]. The stick process is associated with the increase of the shear
stress, while the slip one is characterized by the decrease of this magnitude.

Qualitatively, the period of oscillations increaseswhen themagnetic �eld
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is increased and decreases with an increasing shear rate. At high �elds and
low shear rates, the slip time, tslip , is an order of magnitude smaller than
the stick time, tstick (for instance, tslip � 0.10 ± 0.05 s and tstick � 6.6 ± 0.1 s
at γ̇ � 0.01 s−1 and H0=26.5 kA·m−1, cf. Figure 8.4b). On other hand, with
decreasing magnetic �elds or increasing shear rates, the amplitude of the
stress oscillations decreases in value and the slip time turns out to be com-
parable to the stick time (as in the case of γ̇ � 0.01 s−1 and H0 � 9 kA·m−1,
see Figure 8.4b). Finally, for shear rates higher than some critical value (for
instance, 0.025 s−1 at H0 �26.5 kA·m−1) the regular stick-slip motion disap-
pears and only small stress oscillations (with amplitude smaller than 2 % of
the mean stress value) are observed, as illustrated in Figure 8.4d for γ̇ � 1
s−1. These small oscillations are attributed to the instrumental error, of the
order of 5 %, caused by a non-perfectly symmetric �lling of the rheometer
gap and eventual misalignment of the measuring geometry. The absence of
regular oscillations, along with the absence of a clear minimum of the �ow
curve at zero �eld, allows us to conclude that the stick–slip phenomenon
may only appear in the presence of the applied magnetic �eld.

The e�ect of the applied magnetic �eld on the stick-slip behavior of the
MR suspension is better illustrated in Figure 8.5, where the period and am-
plitude (peak-to-peak) of oscillations for a shear rate γ̇=0.01 s−1 (Figure 8.5a),
as well as the critical shear rate at which the oscillations disappear (Figure
8.5b), are plotted as a function of the applied �eld strength. All these quan-
tities increase progressively with the magnetic �eld. The increasing trend
of the amplitude of oscillations and of the critical shear rate is an expected
behavior, explained by the strengthened magnetic interactions between the
suspension particles leading to more robust structures, which better with-
stand the applied shearing forces. The increasing tendency of the period
of oscillation will be discussed at the end of the present section along with
the microscopic interpretation of the stick-slip. Note also that the critical
shear rates at which the stick–slip oscillations disappear are lower than the
shear rate values corresponding to the minima of the �ow curves presented
in Figure 8.3. This is probably because the �ow curves have deep but rather
�at minimum, around which the shear stress varies only slightly, such that
pronounced instabilities do not occur in the vicinity of the minimum.

If we want to have a clear idea about what happens to the particle struc-
tures and/or to the shear �eld during stress oscillations, some visualiza-
tion experiments coupled with macroscopic measurements should be per-
formed. Most of themethods successfully used in conventional suspensions
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Figure 8.5: (a) Period and amplitude of oscillations plotted as a function of the applied �eld
strength for a shear rate of 0.01 s−1. (b) Field dependency of the critical shear rate, at which
stick–slip disappears.
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(dynamic light scattering, particle image velocimetry, magnetic resonance
imaging, and neutron or X-ray scattering) are not at all suitable for MR
suspensions, due to their opacity, large particle size, and the use of exter-
nal magnetic �elds. Therefore, we were forced to use the simplest method,
namely, the direct visualization of the shear �eld of the MR sample by look-
ing at the deformation of a pigmented column introduced into the menis-
cus of the MR suspension, as shown in Figure 8.6. In more details, the pig-
mented columnwas a concentrated suspension of titaniumdioxide nanopar-
ticles in glycerol, and we proceeded as follows. After having placed the MR
sample in the measuring geometry of the rheometer and pre-sheared it, we
scratched a small canal on the meniscus surface of the MR sample in the di-
rection perpendicular to the rheometer plates –this scratch was done in the
presence of the applied magnetic �eld. Then, by using a micro-needle we
�lled the canal with the pigmented suspension, taking care for full �lling of
the canal. Finally, the sample was sheared at constant rate. A similar proce-
dure was used by Persello et al. (1994) and Pignon et al. (1996) in their stud-
ies on the rheology of silica gels and laponite clays. Of course, this method
does not allow inspection of the internal structure of theMR suspension and
gives only a qualitative picture of the local shear pro�les.

As observed in Figures 8.6a and 8.6b, at low shear rate, γ̇=0.01 s−1, for
which regular stick-slip oscillations were detected, the pigmented column
was ruptured approximately at its middle height, the lower half remaining
attached to the immobile lower plate, while the upper half moving jointly
with the upper plate. Apparently, during themotion of the upper plate, both
parts of the column seemed to be always perpendicular to the rheometer
plates. At higher shear rate, γ̇=0.5 s−1, for which the stick-slip instability
did not occur, the pigmented column experienced a uniform deformation,
spanning the gap between both plates and elongating as it was tilted by
the shear (see Figure 8.6c). This could be taken as a proof of the existence
of a homogeneous deformation pro�le, corresponding to a stable steady-
state �ow, at supercritical shear rates. On the other hand, the rupture of the
pigmented column at subcritical shear rates could be interpreted in terms of
suspension fracture in the middle plane, with shear localization occurring
within a narrow lubrication layer.

In order to explain the stress oscillations on the basis of the existence
of a narrow lubrication layer, we must assume that this layer periodically
appeared and disappeared, the following being a likely scenario. The slow
stress growth during the stick process could be attributed to a homogeneous
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Figure 8.6: Direct visualization of shear localization in highly concentrated MR suspensions
upon application of amagnetic �eld strength, H0=18.5 kA·m−1. At subcritical shear rate, γ̇=0.01
s−1, the initially straight pigmented column (a) breaks into two parts in the middle plane, the
lower part being adhered to the lower plate and the upper part moving as a whole with the
upper plate (b). This behavior could be interpreted in terms of shear localization at the middle
plane. At supercritical shear rate, γ̇=0.5 s−1, the column is strained in an a�ne way (c), mani-
festing a homogeneous deformation of the suspension. The red circles in (b) surround the two
parts of the broken pigmented column. The black curves in (c) are guidelines indicating the
position of the upper and lower rheometer plates.

elastic deformation of the suspension as a whole. At some critical strain,
the suspension structure broke in the middle plane and the resulting blocks
(each of the two halves of the suspension) turned back, sliding over each
other, which provoked a rapid stress release. A scheme of such behavior is
shown in Figure 8.7.

Since we found experimentally that the stress did not release to zero but
was lowered by a maximum of 30 % (see Figure 8.4), it was likely that the
two suspension blocks did not recover initial zero strain but turned back to
some small angle at which they stuck to each other once again. Thus, the
local strain of both suspension blocks oscillated between some maximum
value corresponding to the onset of the slip and some minimum value cor-
responding to the onset of the stick. The spatial period, ∆γ, of these oscilla-
tions can be expressed in terms of the local strain of the suspension blocks;
∆γ is related to the time period, ∆T, by the formula ∆γ � γ̇glob · ∆T, where
γ̇glob � v/h is the global shear rate. Following this reasoning, we estimate
the spatial period, ∆γ, to be of the order of 0.035 at H0=18.5 kA·m−1 and
0.06 at H0=26.5 kA·m−1. These values correspond to the displacements of
the upper rheometer plate by a distance of a few particle diameters, 2a. So,



146
VISCOELASTICITY, STRUCTURAL MODELS AND

FLOW INSTABILITIES IN MAGNETIC SUSPENSIONS

Figure 8.7: Macroscopic description of the di�erent stages of the stick-slip phenomenon. From
top to bottom: homogeneous deformation of the suspension as a whole; fracture of the sus-
pension structure in the middle plane at a critical strain, γcrit (onset of the slip with formation
of a lubrication layer); backward rotation of the two suspension blocks with a sliding friction
between them; stick of two blocks at some minimum strain, γmin . In the bottom sketch, it is
indicated that during the block rotation (slip process) the local strain decreases by ∆γ.
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∆γ, is of the order of the ratio, 2a/h, of the particle diameter to the gap
thickness h; namely, ∆γ ≈ 2.5(2a)/h at H0=18.5 kA·m−1 and ∆γ ≈ 4(2a)/h
at H0=26.5 kA·m−1. The smallness of the strain ∆γ suggests that the stick-
slip phenomenon occurs at the particle scale, i.e., when the two suspension
blocks slide over each other a distance of the order of magnitude of the par-
ticle diameter (cf. Figure 8.7). The �eld e�ect on the spatial period and the
time period of oscillations (Figure 8.5a) could be explained by the formation
of thicker particle structures with a larger spatial period when the magnetic
�eld is increased. Such a behavior (the formation of thicker particle struc-
tures as the applied �eld is increased) has recently been revealed by X-ray
microtomography [Borbáth et al. (2012)].

In section 8.4, we present a theoretical model based on the considered
microscopic mechanism of the stick-slip phenomenon, and we estimate the
period and amplitude of the stress oscillations.

8.4 Theory and discussion

As already stated, the most likely mechanism that may cause the stick-slip
phenomenon in MR suspensions is the periodic rupture and reformation of
the particle aggregates. In a �rst approximation, the �eld-induced structure
of a concentrated MR suspension can be presented as a periodic array of
column-like aggregates that are often reported in literature (see, for instance,
Borbáth et al. (2012)). In more details, we may consider a hexagonal array
of multi-chain aggregates whose thickness (or, equivalently, the number of
single chains per one multi-chain) increases with the increasing magnetic
�eld. At this stage, we do not attempt to predict the aggregate thickness as
function of the applied �eld. Instead, we restrict our theoretical analysis to
the case of an appliedmagnetic �eld, H0 �18.5 kA·m−1, keeping inmind that
our model could be applied to any value of the applied �eld just by using
the correct spatial period. At a chosen magnetic �eld, H0 �18.5 kA·m−1, the
spatial period found from the temporal period of stress oscillations is equal
to ∆γ ≈ 2.5(2a)/h and appears to be close to the period, ∆γ ≈ 1.9(2a)/h of
the hexagonal array of three-chain aggregates shown in Figure 8.1c. In what
follows, we will estimate the principal parameters of the stick–slip motion
for this particular structure.

During the stick process, the multi-chains are supposed to be strained
in an a�ne way with the whole suspension, and the strain is supposed to
grow linearly with time. The multi-chains are tilted by the applied strain
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and the suspension stress rises monotonically with the strain and, conse-
quently, with the time. However, at some critical strain, the stress achieves
its maximum value and then decreases with the strain. As discussed in one
of our previous works [López-López et al. (2012)], at strains higher than the
critical one the MR structure becomes mechanically unstable and, thus, it
is supposed to be ruptured at the maximum point of the stress-strain re-
lation. The critical strain was estimated to be γcrit � 0.115, and the fail-
ure of the MR structure at γcrit � 0.115 likely corresponds to the onset of
slip. According to our visualization experiments (see Figure 8.6), the multi-
chain aggregates are expected to be ruptured in their middle point. Af-
terwards, during the slip process, the upper and lower halves of the rup-
tured aggregates are supposed to turn back until they reach the opposite
halves of the neighboring aggregates, as schematically depicted in Figure
8.1c. Once in front of each other, due to the attractive magnetic forces, the
aggregate halves are supposed to stick immediately to each other; this gives
rise to the onset of the stick process. Thus, during the stick-slip process,
the aggregates are supposed to perform angular oscillations with ampli-
tude ∆θ ≈ ∆γ ≈ 1.9 · (2a)/h, such that the local strain (associated with the
angle θ between the aggregates and the magnetic �eld) �uctuates between
the maximum value γcrit ≈ 0.115 and the minimum value γmin � γcrit −∆γ

(see Figure 8.7).
The temporal variation of the local strain during the slip can be estimated

by equating the magnetic and hydrodynamic torques acting on the network
of half-chains. Because of the symmetry of the problem with respect to the
middle plane, the motion of both the lower and the upper networks is com-
pletely equivalent, so that we may consider only one of the networks. We
assume that the aggregates move only in the shear plane and, consequently,
their rotation axis is parallel to the direction of the vorticity. The magnetic
torque per unit volume of the network can be found, in the general case, as
the derivative of the network free energy (or, equivalently, of the thermody-
namic function F̃) with respect to the strain angle θ:

Tm �

(
∂F̃
∂θ

)
T,H

. (8.1)

The thermodynamic function F̃ is de�ned through the free energy of the
suspension per unit volume, F0, and can be written in terms of the local
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strain angle θ as follows [López-López et al. (2012)]:

F̃ � F0 −
1
2µ0µ‖H2 cos2 θ − 1

2µ0µ⊥H2 sin2 θ, (8.2)

where µ0 � 4π · 10−7 H·m−1 is the magnetic permeability of vacuum; µ‖
and µ⊥ are the components of the magnetic permeability tensor of the sus-
pension in the reference frame of the aggregates and along their major and
minor axes, respectively; H is the magnetic �eld intensity inside the MR
�uid. Writing down the last equation, we have supposed that the suspen-
sionmagnetic permeability is �eld-independent; this assumption is veri�ed
by the magnetization measurements (cf. Figure 8.2) for the experimental
range of the magnetic �elds (0-26.5 kA·m−1). By substitution of eq. (8.2)
into eq. (8.1), the following expression is obtained for the magnetic torque:

Tm � µ0H2 (
µ‖ − µ⊥

)
sin θ cos θ− 12µ0H2

[
∂µ‖
∂θ

cos2 θ +
∂µ⊥
∂θ

sin2 θ

]
. (8.3)

The components, µ‖ and µ⊥ of the magnetic permeability tensor, were
calculated elsewhere [López-López et al. (2012)] for a multi-chain structure.
This structure was designed in such a way that it could expand without los-
ing the mechanical equilibrium until a critical strain at which it broke. In
eq. (8.3) the derivatives of the longitudinal and transverse magnetic perme-
abilities of the suspension are calculated as ∂µk/∂θ � (∂µk/∂γ)/(∂γ/∂θ) �
(∂µk/∂γ) ·(1+γ2), k �‖ ,⊥, where themagnitudes ∂µ‖/∂γ and ∂µ⊥/∂γ are
given in our previous work [López-López et al. (2012)]. Note that the trans-
verse permeability appears to be almost constant, such that ∂µ⊥/∂γ ≈ 0.
Taking into account the relation between the strain and the strain angle,
γ � tan θ, the magnetic torque can be expressed in terms of the local strain:

Tm � µ0H2 (
µ‖ − µ⊥

) γ

1 + γ2
−

1
2µ0H2

[
∂µ‖
∂γ

+
∂µ⊥
∂γ
· γ2

]
. (8.4)

According to López-López et al. (2012), µ‖ − µ⊥ � ��∂µ‖/∂γ��; therefore,
the �rst term of eq. (8.4) appears to be negligible with respect to the second
one and can be omitted. Note that, because of demagnetizing �eld of theMR
sample, the magnetic �eld intensity H inside the suspension is lower than
the intensity H0 of the external �eld by a factor equal to the component, µzz ,
of the magnetic permeability tensor of the suspension [López-López et al.
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(2012)]:

H �
H0
µzz

�
1 + γ2

µ‖ + µ⊥γ2
H0. (8.5)

The hydrodynamic torque acting on the network of half-chains can be
estimated assuming that the network rotates in the quiescent ambient liq-
uid, in such a way that in the reference frame of the aggregates the liquid
�ltrates through the interstices between them. It is clear that in its rotation
the network will partially drag the suspending liquid. Therefore, since the
hydrodynamic torque depends on the relative velocity of the network with
respect to the liquid, the assumption of the quiescent liquid is a rough ap-
proximation to the problem, which will, nevertheless, allow us to estimate
the order of magnitude of the slip time. The torque will be calculated using
some kind of slender body theory adapted to an array of parallel slender ag-
gregates. The normal component of the hydrodynamic force, f⊥, acting per
unit height of the network can be related to the hydraulic permeability of
the network via the Darcy �ltration law. In the Appendix, we demonstrate
that f⊥ is expressed through the velocity, v⊥ � θ̇z, of the multi-chain at its
longitudinal position z by the following formula:

f⊥ �
η0v⊥S
r2a ,hK

�
η0S
2a2K

θ̇z , (8.6)

where η0 is the viscosity of the suspending liquid of theMR suspension, S is
the surface of the rheometer plates, ra ,h � a

√
2 is the hydraulic radius of the

three-chain aggregates, K is the dimensionless hydraulic permeability of the
hexagonal array of cylindrical aggregates (given in the Appendix), and θ̇ is
the angular velocity of the half-chains. Now, the hydrodynamic torque per
unit volume of network is calculated as the integral of the product ( f⊥z)
along the height of the network, h/2, in a similar way as in the classical
slender body theory [Batchelor (1970, 1971)]:

Th �
1
V

∫ h/2

0
f⊥zdz. (8.7)

Replacing the force density f⊥ by eq. (8.6), taking into account that θ̇ ≈ γ̇
at small angles θ, and noting that the ratio of the surface to the volume, S/V ,
is equal to the inverse of the height of the network, 2/h, eq. (8.7) takes the
following form:
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Th ≈
η0(h/a)2

24K
γ̇, (8.8)

where γ̇ , γ̇glob is the local shear rate associated with the structure rotation.
Note that the eventual compression of the aggregates during their rotation,
something which decreases their height, h/2, is an e�ect of second order
of smallness on θ and, therefore, is not taken into account in our work. In
the inertialess limit, the sum of both the magnetic and the hydrodynamic
torques, eqs. (8.4) and (8.8), must be equal to zero, which gives a �rst-order
di�erential equation with respect to the local strain γ. This equation ad-
mits an approximate solution if the magnetic torque is interpolated by the
following linear function of the strain:

Tm ≈ c · (1/2)µ0H2
· γ, (8.9)

with c ≈ 360 being a numerical constant. At small variations of the strain,
∆γ � γcrit , the strain is found to decrease quasi-linearly with the time ac-
cording to the equation:

γ � γcrit exp
(
−

t
τ

)
≈ γcrit

(
1 − t

τ

)
, (8.10)

where γcrit ≈ 0.115 is the strain at the onset of the slip, and τ is the relaxation
time given by:

τ �
η0(h/a)2

12c · Kµ0H2 , (8.11)

with the internal magnetic �eld intensity H(γ) corresponding to the criti-
cal strain, γcrit . This time is the characteristic time of the structure rotation
under the action of the magnetic torque. As observed in eq. (8.11), the re-
laxation time is proportional to the viscosity of the suspending liquid and
inversely proportional to the square of the magnetic �eld intensity H and
to the hydraulic permeability of the network. The slip time is simply calcu-
lated from eq. (8.10) as the time required to decrease the strain by the value
∆γ ≈ 1.9 · (2a)/h:

tslip ≈
∆γ

γcrit
τ. (8.12)

For the magnetic �eld, H0=18.5 kA·m−1, eqs. (8.11) and (8.12) give, re-
spectively, a relaxation time τ ≈ 1.21 s and a slip time tslip ≈ 0.29 s. The lat-
ter is of the same order of magnitude than the experimental value (0.2±0.05
s, cf. Figure 8.4b). The discrepancy is likely related to the assumption of
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quiescent suspending liquid –an assumption that overestimates the hydro-
dynamic dissipation and leads to a higher slip time than the one observed
in the experiments. The complete stick-slip cycle is constituted by a linear
growth of the local strain during the stick time and a quasi-linear decrease
of the local strain during the slip time, according to the following equation:

γ �




γmin + γ̇glob t , 0 ≤ t ≤ tstick

γcrit [1 − (t − tstick )/τ] , tstick ≤ t ≤ ∆T
(8.13)

where ∆T � tstick + tslip is the total period of the stick-slip cycle. The time
response of the suspension shear stress during the stick-slip cycle is simply
calculated by substituting eq. (8.13) in the expression for the magnetostatic
stress. This expression was obtained in our previous work for highly con-
centrated MR suspensions [López-López et al. (2012)]:

σ �µ0H2 (
µ‖ − µ⊥

) γ

(1 + γ2)2
−

1
2µ0H2

[
∂µ‖
∂γ
·

1
1 + γ2

+
∂µ⊥
∂γ
·

γ2

1 + γ2

]

+ 1
2µ0H2 (

µ‖ − µ⊥
) γ

1 + γ2
(8.14)

The theoretical time-dependencies of the local strain and the stress are
plotted in Figure 8.8. The linear growth/decrease of the local strain is well
illustrated in this �gure, in accordance with eq. (8.13), while the stress sig-
nal has a smoother shape. The latter is connected to the rounded shape of
the stress-vs.-strain curve near its summit, where the structure breaks –see
López-López et al. (2012). Because of this, when the critical strain is ap-
proached, the stress increases with the strain slower than linearly and, since
the strain increases linearly with time during stick, the theoretical stress
presents a less rapid increase. In fact, from the theoretical point of view
∂σ/∂γ → 0 when γ → γcrit . The theoretical stress signal (Figure 8.8) quali-
tatively predicts the features of the experimental one (Figure 8.4b). Both in
theory and in experiments, we observe a monotonic stress growth during
stick and a monotonic decrease during slip; the stress amplitude is an order
of magnitude lower than the stress maximum; and the stick time is an order
of magnitude higher than the slip one. However, the stress growth section is
quasi-linear in the experimental case, whereas it presents a rounded-shape
curvature in the theoretical one. This discrepancy could be explained by
the fact that the real stress vs. strain curve has probably a sharper pick at
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Figure 8.8: Theoretical time dependencies of the local strain and of the suspension shear stress
for a highly concentrated MR suspension upon application of a magnetic �eld of strength
H0=18.5 kA·m−1, and at the global shear rate γ̇glob=0.01 s−1.

the critical strain.
In what concerns the �eld dependency of the amplitude of stress oscilla-

tions, our model predicts an increasing trend in qualitative agreement with
experiments (cf. Figure 8.5a). In more details, the stress amplitude is given
by the di�erence between the maximum stress, σmax � σ(γcrit ), and the
stress corresponding to the minimum strain γmin � γcrit − ∆γ. In the limit
∆γ < 0.3γcrit , the stress amplitude can be expanded into power series on
∆γ, as follows: ∆σ � σ(γcrit ) − σ(γcrit − ∆γ) ≈ −(1/2)(∂2σ/∂γ2)γcrit (∆γ)2,
taking into account that (∂σ/∂γ)γcrit � 0. Thus, deriving two times the shear
stress (eq. (8.14)) with respect to the strain, it becomes clear that the stress
amplitude, ∆σ, scales as µ0H2(∆γ)2, and therefore increases progressively
with themagnetic �eld, taking into account that∆γ is an increasing function
of the �eld.

At this point is worth mentioning some related results of numerical sim-
ulations performed by other authors. Klingenberg et al. (1991) reported
quite irregular oscillations of the stress in very dilute ER suspensions, for
which collisions between broken chains are rather seldomand randomevents.
Bonnecaze and Brady (1992) found quite irregular �uctuations of the elec-
trostatic stress of ER �uids at very low shear rates (Mason number Ma �

10−4), which becamemore regular at higher shear rates (Ma � 10−2). Never-
theless, in the latter case, microscopic rearrangements of the particles inside
the aggregates and between them seem to play an important role and pro-
voke a non-negligible noise in the stress signal. Furthermore, the shape of
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the stress signal appears to be rather di�erent from that observed in our ex-
periments, with the slip time being approximately equal to the stick time
and the amplitude of the stress oscillations comparable to the pick value
of the stress. Such discrepancy with experiments could come from the fact
that only a small number of particles was used in the simulations and, con-
sequently, the in�uence of local stochastic events did not vanish.

Another important feature observed in our experiments is the disappear-
ance of the stick-slip phenomenon at some critical shear rate –see Figure
8.5b. At this moment, we do not have a clear explanation for the absence of
the stick-slip at higher shear rates. We suppose that this could be connected
to the kinetics of reformation of structures after their rupture at a critical
(yield) stress.

A further analysis of the suspensionmicrostructure inherent to the stick-
slip instability requires knowledge of the interparticles gaps. Using our
model of homogeneous elongation of the aggregates upon shearing, we es-
timate that, at the maximum extension, the interparticle gap is about 0.7 %
of the particle diameter, i.e., 33 nm for the particles with 5 µm of diame-
ter. Such a small gap is, at the most, of the same order of magnitude as the
particle roughness. Therefore, we expect that solid friction between parti-
cles plays an important role in the reformation of aggregates during their
backward motion. Once in contact, boundary lubrication between particle
surfaces likely occurs, something which would induce high friction forces
with features similar to those of solid friction [Persson (2000)]. In order to
check if the contacts between particles are governed by hydrodynamic lu-
brication (squeeze repulsive forces) or boundary lubrication (friction forces),
we calculated the ratio of squeeze forces to normal interparticle forces:

Fs

Fn
�

3πη0a2v/(2ε)
πa2 fm

∼
η0v
fmε

, (8.15)

where v ∼ ∆γh/tslip is the characteristic velocity of approach of particles
belonging to opposite aggregates, ε ∼ 50 nm is the particle roughness and
fm is the characteristic magnetic force (per unit particle cross-section, πa2)
between two particles separated by a distance ε. We calculated the force fm

by integration of the Maxwell stress tensor over the outer face of the surface
of one of the particles using �nite element method simulations (software
FEMM, [Meeker (2009)]). We obtained that fm ≈ 360 · µ0H2, with H be-
ing the magnetic �eld inside the MR �uid (cf. eq.(8.5)) at the critical strain,
γcrit ≈ 0.115. For the experimental parameters corresponding to the stick-
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slip phenomenon shown in Figure 8.4b, eq. (8.15) gives FS/Fn ∼ 10−2, which
con�rms the importance of friction forces for particles in contact. Thus,
when two halves of the broken aggregates come into contact, a tangential
friction force likely appears in the contact area, oriented in the direction of
the applied shear. Estimations show that this force is relatively strong and
creates a supplementary torque, which very likely balances the restoring
magnetic torque and stops the backward rotation of the broken aggregates
at the �rst encounter with the neighboring ones. Of course, friction should
also a�ect the conditions of the structure failure (as pointed out by Tian et al.
(2010b)) and could thus enhance the stress level in the suspension. However,
this matter is out of scope of the present paper and will be considered in a
future work.

8.5 Conclusions

We have shown that the rheograms (shear stress-vs.-shear rate curves) of
concentrated MR suspensions present a decreasing branch at low values of
the shear rate. In this region of negative di�erential viscosity the stable �ow
of the suspension is impossible, as proved by the stress oscillations obtained
for each imposed shear rate within this decreasing branch. The obtained
stress oscillations present well-de�ned amplitude and period, which ap-
pear to increase with the applied �eld strength. These stress oscillations are
reminiscent of the stick-slip instabilities reported by other authors for di�er-
ent colloidal suspensions and, in fact, our macroscopic visualizations have
shown that the observed oscillations are correlated to the appearance of a
fracture layer at middle height of the sheared suspension. Consequently, we
have explained these oscillations by a mechanism of elongation of the �eld-
induced particle aggregates until their failure at a critical strain, followed
by recombination among broken parts of neighboring aggregates. Taking
this as the starting point, we have developed a model based on the balance
of the torques acting on the �eld-induced particle structures. Our model
predicts a magnetic �eld dependence characterized by an increase of the
amplitude of the stress oscillations, explaining it in terms of enhanced mag-
netic interactions. Finally, we have tried to estimate whether the �ow of our
suspension corresponds to lubricated contacts between particles (squeeze
repulsive regime) or to direct contacts with solid friction (frictional regime).
Calculations have shown that friction forces dominate over squeeze forces
for the characteristic parameters of our experiments. Nevertheless, the solid
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Figure 8.9: Schematic representation of a hexagonal array of chain-like aggregates.

friction between particles is expected to be a supplementary but not de-
cisive mechanism of the stick-slip phenomenon. We should maintain the
rupture/reformation mechanism as the principle reason for the stick-slip
instabilities observed in concentrated MR suspensions.

Appendix: Hydraulic resistance of the network of
multi-chain aggregates

Let us consider a laminar �ltration �ow of an interstitial liquid through a
periodic hexagonal array of triple-chain aggregates, as shown in Figure 8.9.
The �ow is perpendicular to the aggregates and the super�cial velocity is
equal to v⊥. Our aim is to calculate the hydrodynamic force, f⊥, acting per
unit height, dh, of this network.

The distance between the axes of the aggregates is found from geomet-

rical considerations: d � 2
√
π/(
√
3Φ) · a ≈ 1.9 · (2a), where Φ �0.5 is the

particle volume fraction of the suspension. It is reasonable to approximate
the elongated shape of the chains by a straight cylinder with equivalent (or
hydraulic) radius corresponding to the radius of a cylindrical column hav-
ing equal volume to that of the solid phase of the chain: ra ,h � a

√
2. The unit

hydrodynamic force, f⊥, can be expressed through the pressure di�erence,
∆P, of the liquid across the network:

f⊥ � ∆P · b , (8.16)

where b is the networkdimensionperpendicular to the �ow (networkwidth).
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The pressure di�erence is found from the Darcy �ltration law with an ap-
propriate hydraulic permeability, K, of the network:

∆P �
η0L

r2a ,hK
v⊥ (8.17)

where L is the network dimension along the �ow (network length) and the
permeability K is normalized by the square of the column radius, r2a ,h , and
given by the expression derived by Bruschke and Advani (1993) using the
lubrication approximation:

K �
(1 − l2)2

3
√
3 · l3

(
3l
atan(

√
(1 + l)/(1 − l)
√

1 − l2
+ 1
2 l2 + 1

)−1
, (8.18)

with l � 2ra ,h/d �

√
2
√
3Φ/π ≈ 0.742 being the ratio of the hydraulic di-

ameter of the aggregates to the distance between them. By substitution of
eq. (8.17) into eq. (8.16), and taking into account that the product Lb is the
network surface perpendicular to the aggregates, S, we arrive to the �nal ex-
pression for the hydrodynamic force, f⊥, which is given above by eq. (8.6).
Of course, in our experimentswith shear �ow in plate-plate geometry, wedo
not expect any pressure gradient along the circumferential direction of the
�ow. Filtration at homogeneous super�cial velocity is considered here only
for the purpose of the estimation of the network resistance coe�cient. This
coe�cient (prefactor at η0v⊥ in the expression for f⊥) is then used for the
calculation of the hydrodynamic torque of the rotating network, eqs. (8.7)
and (8.8). The same arti�ce was used in the classical slender body theory
for the calculation of the resistance coe�cients for the Stokes �ow around
a cylinder, which were subsequently used for the calculation of the torque
and the stresslet in shear �ows [Batchelor (1970)].





Chapter 9

Instabilities of a pressure-driven
�ow of magnetorheological �uids
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T. López-López, Georges Bossis and Juan D.G. Durán, Journal of Rheology,
2013, 57, 1121-1146, DOI:10.1122/1.4810019. Copyright 2013, The Society of
Rheology.

Abstract

In thiswork, we studied a pressure-driven �owof amagnetorheological sus-
pension through a cylindrical tube in the presence of a non-uniform mag-
netic �eld perpendicular to the tube and varying along its axis. The �owwas
realized with the help of a commercial capillary rheometer in a controlled-
velocity mode. Experimental pressure-�ow rate curves exhibited a local
minimum, and �ow instabilities were observed in the range of �ow rates
corresponding to the decreasing branch of these curves. The non-monotonic
behavior of the �ow curves is attributed to the interplay between the hydro-
dynamic dissipation and the interaction between particle aggregates and
walls. Our theoretical model, based on the particle �ux conservation, cor-
rectly predicts the shape of the pressure-�ow rate curves and indicates the
speed range within which �ow instabilities are expected. These instabilities
are manifested by somewhat regular oscillations of the pressure di�erence
and of the outlet �ow rate at a constant imposed piston speed. Visualization
of particle structures in a transparent tube revealed that the �ow oscillations
were governed by both the suspension compressibility and the stick-slip of
the aggregates on the tube walls. This study is motivated by the problem
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of particle clogging in magnetorheological smart devices employing non-
uniform magnetic �elds.
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9.1 Introduction

Many complex �uids exhibit �ow instabilities when they are pushed thro-
ugh rectilinear channels. In polymer melts and solutions, these instabilities
are manifested through pressure oscillations and extrudate irregularities
observed at the channel outlet. Such a behavior has been attributed to a com-
bination of the �uid compressibility and a decreasing pressure dependency
of the wall slip velocity [Denn (2001); Georgiou (2003); Georgiou and Cro-
chet (1994); Hatzikiriakos and Dealy (1992); Kalika and Denn (1987); Tang
and Kalyon (2008); Vinogradov and Malkin (1966)]. In concentrated non-
Brownian suspensions, granular pastes and colloidal systems (gels, emul-
sions, micellar solutions, and foams) the �ow instabilities are manifested
through �uctuations of the local velocity of the �uid and can be accom-
panied by shear banding/shear localization across the channel. Such in-
stability is believed to occur due to a mutual coupling between local �ow
and �uid microstructure; the latter is governed by an interplay between hy-
drodynamic, dispersion and, eventually, friction forces between structural
units of these �uids [Britton et al. (1999); Coussot et al. (2002); Isa et al.
(2007); Ovarlez et al. (2009); Schall and Van Hecke (2010)]. Evidently, mi-
croscopic mechanisms of instabilities strongly depend on interparticle in-
teractions and are di�erent for various systems. However, the macroscopic
origin of the �ow instabilities is essentially similar for most of the �uids.
Pressure-driven �ows become unstable in the range of the �ow rates corre-
sponding to a decreasing branch of the pressure-�ow rate curve [Quemada
(1982)], while simple shear �ows exhibit instabilities at shear rates belong-
ing to the decreasing branch of the stress vs. shear rate curve (�ow curve)
[Yerushalmi et al. (1970)]. In both situations, we deal with a negative dif-
ferential viscosity of the �uid, which induces momentum transfer from the
slower �uid layers to the faster ones. This decelerates the former and accel-
erates the latter, and therefore breaks the stability of the steady-state velocity
pro�les resulting in their temporal and spatial �uctuations, which leads to
intermittent oscillations of the macroscopic shear stress or pressure di�er-
ence [Bandyopadhyay and Sood (2001); Bashkirtseva et al. (2010); Goddard
(2003); Picard et al. (2002); Wunenburger et al. (2001)].

Flow instabilities have also been observed in shear �ows of electrorheo-
logical (ER) and magnetorheological (MR) �uids, although they have been
studied only poorly. The �rst experimental evidence of the stick-slip insta-
bility in ER �uids was reported byWoestman (1993). This author measured
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the strain response of an ER �uid using a concentric cylinder cell. The re-
sulting stress vs. strain curves showed quite regular oscillationswith a sharp
increase of the stress followed by a smooth decrease. Such a behavior was
attributed to a periodic structuring/fragmentation of the particle structures
under an applied electric �eld. This mechanismwas later con�rmed by par-
ticle level simulations of Klingenberg et al. (1991) and Bonnecaze and Brady
(1992). More recently, López-López et al. (2013) have observed regular saw-
tooth-like stress oscillations of a concentrated MR �uid sheared at a low
constant shear rate and subjected to an external magnetic �eld perpendic-
ular to the rheometer plates. These oscillations were accompanied by shear
localization in the middle plane of the rheometer gap and occurred at low
shear rates belonging to a decreasing part of the steady-state �ow curve.
To explain the microscopic origin of the instability, the authors retained the
scenario of periodic failure and healing of the �eld-induced particle struc-
tures. Finally, temporal �uctuations of the shear stress in response to a con-
stant imposed shear rate have recently been reported by Jiang et al. (2012)
for a shear thickening MR �uid. The authors attributed these oscillations to
a periodic change in micro-gaps between magnetic particles, resulting in a
periodic transition between boundary lubrication and hydrodynamic lubri-
cation regimes handled by interparticle magnetic interactions. It is worth
mentioning that the �ow curves of shear thickening ER and MR �uids may
show hysteresis typical of unstable �ows [Tian et al. (2010a, 2011)].

In what concerns pressure-driven �ows of ER or MR �uids, to the best
of our knowledge, �ow instabilities have never been reported for such sys-
tems. Most of the existingworks (see, for instance, Gavin (2001); Kuzhir et al.
(2003); Pappas andKlingenberg (2006); Shulman andKordonsky (1982)) dealt
with �ows subjected to external uniform (orweakly non-uniform) �elds and
wall shear rates well above the upper limit, γ̇ ∼ 10−2 s−1, of the stick-slip in-
stability encountered in simple shear. Such low shear rates are often beyond
the instrumental limits of conventional capillary rheometers and seem to be
practically irrelevant. We expect however that the MR �uid �ow may be-
come unstable at much larger shear rates if we apply a magnetic �eld gradi-
ent varying along the �ow channel. This �eld could induce heterogeneous
particle structures and result in theirmigration towards the regions ofmaxi-
mum�eld. If the structures are gap-spanning they can be blocked inside the
channel if their wall interaction dominates over the hydrodynamic force ex-
erted by the suspending liquid. This liquid will continue to �ltrate through
the immobilized structure and will tighten it in such a way that the struc-
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ture hydraulic resistance and consequently the hydrodynamic force will in-
crease. Once this force overcomes the wall interaction, the structure will be
ruptured from the walls and brought away by the �ow. In the presence of a
magnetic �eld gradient, the strength of wall interactions should vary along
the channel increasing with the magnetic �eld intensity. The �ow will con-
tinuously bring the structures to the regions of high magnetic �eld where
they could periodically stick to the walls and be ruptured from the walls.
Such a sequence of blocking/rupture events may lead to an unsteady �ow
of the MR �uid.

Exploiting the above hypothesis, we performed a detailed study of an
MR�uid�ow through a cylindrical channel in the presence of a non-uniform
magnetic �eld perpendicular to the channel axis and having a sharp max-
imum at the middle length of the channel. In the experiments, we found
temporal oscillations of the pressure di�erence at a constant imposed �ow
rate and demonstrated that the pressure-�ow rate curve possessed an ini-
tial decreasing branch corresponding to the unsteady �ow. The pipe �ow
was realized using a commercial capillary rheometer, and the standard rhe-
ological measurements were completed bymeasurements of the �ow rate at
the channel outlet as well as by visualization of particle structures under the
�owand themagnetic �eld. Furthermore, we developed a theoreticalmodel
treating a two-phase �ow of theMR �uid and correctly predicting the shape
of the steady-state pressure-�ow rate curvewith a local minimum. From the
engineering point of view, this study is motivated by clogging problems of
�ow channels in smart MR devices by magnetic particles [Whiteley (2007)].
Such an undesirable phenomenon is governed by the competition between
magnetic, hydrodynamic and, eventually, friction forces, and therefore its
complete understanding is crucial for the proper design of MR devices em-
ploying non-uniform magnetic �elds.

The present paper is organized as follows. In section 9.2, we describe
the experimental techniques and materials used in our study. In section 9.3,
we develop a theoretical model aiming to predict a steady-state pressure-
�ow rate curve with an unstable decreasing branch. Then, in section 9.4
we present experimental and theoretical results on the pressure-�ow rate
curves (section 9.4.1) as well as experimental results on pressure oscillations
with a simultaneous visualization of MR structures (section 9.4.2). Finally,
the conclusions are outlined and perspectives are discussed in section 9.5.
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9.2 Experimental techniques

In the experiments, we used MR suspensions composed of spherical car-
bonyl iron particles (AnalaR Normapur; Prolabo; VWR International) of
mean diameter of 2a=3 µmand saturationmagnetization MS=1360 kA·m−1.
These particles were dispersed in a silicon oil (Rhodorsil; VWR Interna-
tional; dynamic viscosity at 25 ◦C is η0=0.485 Pa·s) at volume fractions of 30
% (Φ=0.3) and 5 % (Φ=0.05). Both suspensions were stabilized against par-
ticle agglomeration by adding an appropriate amount of aluminum stearate
(SigmaAldrich) following the standardprotocol [López-López et al. (2008b)].
Concentrated suspensions (Φ=0.3) showed a rather good sedimentation sta-
bility and it was possible to use them safely in long-lasting experiments on
pressure-driven �ows. More dilute suspensions (Φ=0.05) settled after ap-
proximately 1 h, and therefore they were employed only in qualitative visu-
alization experiments where the use of the concentrated ones was impossi-
ble because of their opacity.

The capillary �ow of the MR �uid was realized in a speed-control cap-
illary rheometer Rosand RH7 (Malvern Instruments) at room temperature.
TheMR�uid contained in a cylindrical barrel of diameter 9.5mmwaspushed
by a piston through a narrow aluminum tube attached co-axially to the bar-
rel, as shown schematically in Figure 9.1. The tube had an internal diameter,
2R � 1.20±0.05 mm, a length L=138 mm and the root-mean-square (r.m.s)
roughness of its internal surface was estimated to be about 10 µm. A non-
uniform magnetic �eld was generated by an electromagnet whose tapered
pole pieceswere placed at themiddle length of the tube, and the tube passed
in the middle between the opposite faces of the pole pieces (Figure 9.1). The
magnetic �eld distributionwasmeasured by aHall gaussmeter (Caylar GM-
H103) and checked by numerical simulationswith the help of Finite Element
Method Magnetics (FEMM) software [Meeker (2009)]. The �eld was found
to be almost constant across the channel and its longitudinal variation, H0(z)
(shown in Figure 9.1), was �tted by the following formula:

H0(z) �
Hmax

1 + α(2 |z | /L)m (9.1)

where z is the distance from the centerline of the magnetic poles along the
tube axis, H0 is the magnetic �eld intensity at the distance z in the absence
of MR �uid, Hmax is the maximum magnetic �eld at the poles’ centerline
(at z=0), α � 25.4±0.5 and m � 2.0±0.1 are �tting parameters. By applying
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Figure 9.1: Sketch of the experimental setup. An external magnetic �eld is generated between
two tapered pole pieces of an electromagnet. A magnetic �eld distribution along the z-axis of
the tube is shown on the right of the �gure. According to observations (cf. section 9.4.2), the
�eld creates particle aggregates spanning the tube diameter. A rupture of the aggregates from
the roughwall is shown schematically on the left bottompart of the �gure: thewhole aggregate
is ruptured from the particles entrapped into the wall rugosities; the force on the wall, Fw , is
transmitted by the shearing force acting on the aggregates.

di�erent electric currents to the electromagnet, we varied the magnetic �eld
in the range Hmax � 0 − 190 kA·m−1.

We used the following experimental protocol of the capillary rheometry.
First, the concentratedMR�uid (particle volume fractionΦ=0.3)was degasi-
�ed during half an hour with the help of a vacuum pump Alcatel Annecy
Ty 2002.I. Immediately after that, the MR �uid was �lled into the rheome-
ter barrel under vacuum (absolute pressure of about 10−3 mbar) created by
the same vacuum pump. The �lling procedure lasted several hours in order
to avoid any air bubbles which could seriously a�ect the suspension com-
pressibility and pressure oscillations. Once the �lling was accomplished,
the piston started to push the MR �uid out of the barrel through the tube
at a given constant (within 0.2 % instrumental error) speed corresponding
to �ow rates Qpiston ≈ 0.02 − 20 mm3

·s−1 and wall shear rates in the tube
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γ̇w ≈ 0.1− 100 s−1. A few minutes after that, when a steady �ow was estab-
lished, a magnetic �eld of a given intensity, Hmax, was applied by means of
the electromagnet. The temporal evolution of the pressure di�erence, ∆P,
along the tube was measured by a pressure transducer (Bohlin Instruments
RH9-200-101S; 0-250 psi range) nested into the barrel near the tube inlet. In
the case when the pressure oscillations were detected, the measurements
were performed during a time long enough to cover at least 50 oscillations.
In general, the duration of measurements varied from 20 min up to 1 hour.
After this time, the piston was stopped, the magnetic �eld was switched o�,
the suspension was left at rest during 15 min and the measurements were
repeated for other values of the piston speed and/or magnetic �eld follow-
ing the same protocol. In order to check if the pressure oscillations were
maintained for a longer period, a supplementary measurement was carried
out for 5 h for a single set of experimental parameters (Hmax=52.5 kA·m−1

and Qpiston � 0.011 mm3
·s−1).

After the measurements, each pressure vs. time curve was treated nu-
merically in order to extract the mean period and amplitude of pressure
oscillations as well as the time average of the pressure di�erence, 〈∆P〉 �
[1/(t2 − t1)]

∫ t2
t1
∆Pdt, all as functions of the imposed �ow rate and themag-

netic �eld. Experimental pressure-�ow rate curves were constructed for
di�erent applied �elds as dependencies of the average pressure di�erence
〈∆P〉 on the imposed speed de�ned as uS � Qpiston/(πR2).

To check the compressibility of the �ow, we performed, for certain ex-
perimental parameters, synchronized measurements of both the pressure
di�erence and theMR �uid �ow rate at the tube outlet, Qoutlet . For this pur-
pose, we recorded MR �uid drops emerging from the tube using a charge
coupleddevice (CCD) camera (C-CamTechnologies BCi4-U-M-20-LP) equip-
ped with a photographic objective. The sequence of the obtained images
was analyzed using ImageJ software and the temporal evolution of the drop
volume Vdrop (t) was calculated along with the outlet �ow rate Qoutlet �

dVdrop/dt. Finally, in order to learn about the evolution of the MR sus-
pension structure under pressure oscillations, we realized a �ow of the di-
lute (particle volume fractionΦ=0.05)MR suspension through a transparent
polyvinyl tube of an internal diameter 2R=2 mm. The pressure measure-
ments were again synchronized with the recording of structures using the
same camera.
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9.3 Theory: steady-state �ow

Let us consider an incompressible steady-state �ow of an MR �uid through
a tube at a constant �ow rate in the presence of a magnetic �eld gradient
transverse to the tube –a con�guration similar to the one used in the ex-
periments (Figure 9.1). The main goal of the present theory is a prediction
of the pressure-�ow rate curves having a decreasing branch reminiscent of
the �ow instability. Certainly, the �ow becomes unsteady and, eventually,
compressible at low �ow rates decreasing with the pressure di�erence. Our
model is unable to predict the time average of the pressure di�erence, 〈∆P〉,
in the unsteady regime. However, it can indicate the range of the �ow rates
within which the �ow instabilities are expected.

Since the particle structures are non-axisymmetric and their strength
varies along the tube, they will probably result in a three-dimensional two-
phase �ow of the MR �uid. The treatment of such a complex �ow requires
essential numerical e�orts even for a steady-state regime. In the present
work, we aim to gain a physical insight into instability mechanisms provid-
ing semi-quantitative estimations. For this purpose, we reduce the problem
to one dimension using the simplifying assumptions listed below:

1. On the basis of the simulations, the external magnetic �eld is sup-
posed to have the only non-zero component, H0, transverse to the tube
and homogeneous over the tube cross-section but varying along its
axis according to eq. (9.1).

2. The externalmagnetic �eld induces columnar particle aggregates alig-
ned with the �eld, as depicted in Figure 9.1. In the low velocity limit,
these aggregates are supposed to span all the width of the tube, as
inferred from visualization experiments (cf. Figure 9.10 and section
9.4.2). The aggregate radius, ra , is expected to be about a few radii, a,
of the constitutive particles and supposed to be constant everywhere
in the tube. It is taken as an adjustable parameter of the model. In re-
ality, the aggregates might collide with each other and associate into
thicker clusterswhenmoving along the tube. However, such collisions
are hindered by the dipole-dipole repulsion and by the hydrodynamic
lubrication. This likely weakens the e�ect of the �ow on the aggre-
gate size; at least, at the low �ow rates considered in the present work.
We shall brie�y review this assumption in section 9.4.1 at the point of
comparison between the experiments and the theory. The aggregates
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are supposed to form a hexagonal array whose period varies along
the tube axis together with the applied magnetic �eld. The internal
structure of the aggregates is assimilated to a body-centered tetrago-
nal (BCT) lattice whose internal volume fraction is Φa � 2π/9 ≈ 0.70.
Such a structure was proved to be the most energetically favorable in
ER and MR suspensions [Tao and Jiang (1998); Tao and Sun (1991)].
The local concentration, φ, of aggregates in the suspension is de�ned
through the local particle volume fraction φ with the help of the fol-
lowing relation: φ � Φ/Φa .

3. We will neglect eventual variations of the particle concentration, φ,
the aggregate speed, ua , and the suspension magnetization, M, across
the tube, but take into account their variation along the channel axis.

4. Due to demagnetization e�ects, the internal magnetic �eld, H, inside
theMR�uid in the tube is di�erent from the external one, H0. Since the
latter varies relatively slowly along the tube (in otherwords, |dH/dz | �
H/R, with R being the tube radius), the former is estimated in approx-
imation of quasi-homogeneous external �eld, as follows [Landau and
Lifshitz (1984)]:

H + 1
2M ≈ H0. (9.2)

The suspension magnetization, M, depends on both the internal �eld,
H, and the particle concentrationΦ. Themagnetization curve, M(H,Φ)
of the suspension containing BCT aggregates is calculated using �nite
element method with the help of FEMM software and �tted to the fol-
lowing expression similar to Fröhlich-Kennelly law [Jiles (1991)]:

M � Φ
χMSH

MS + χH
, (9.3)

where MS=1360 kA·m−1 is the particle saturation magnetization and
χ � 22.0±0.2 is a �tting parameter of the curve obtained with FEMM;
χ stands for the e�ective magnetic susceptibility of the particles at low
magnetic �elds. The details of numerical simulations are presented in
the work of López-López et al. (2012). Eqs. (9.2) and (9.3) are solved si-
multaneously and explicit expressions for the internal �eld H(H0 ,Φ)
and magnetization M(H0 ,Φ) are obtained as functions of the exter-
nal �eld and concentration. Once the concentration pro�le, Φ(z), is
known, the distribution of the internal �eld along the tube is calcu-
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lated by replacing H0 by eq. (9.1) and Φ by Φ(z) in the expression
H(H0 ,Φ).

5. Because of the wall interactions and the magnetic �eld gradient, the
aggregates move with a speed, ua , di�erent from that of the suspend-
ing liquid. This creates �ltration �ows of the suspending liquid thro-
ugh the array of aggregates so that the latter is subjected to the three
following forces: the hydrodynamic drag Fh exerted by the suspend-
ing liquid, the magnetic force Fm coming from the �eld gradient, and
the wall interaction force Fw slowing down the aggregate motion. The
aggregate speed will be estimated from the force balance acting on
the solid phase (aggregates) contained in an elementary volume, δV �

πR2dz, between two tube cross-sections spaced by a small distance dz
(Figure 9.1). In the inertialess limit, the force balance reads:

Fh + Fm + Fw � 0 (9.4)

The magnetic force is given by the following expression [Rosensweig
(1997)]:

Fm � µ0M
dH
dz

δV (9.5)

We now detail the other two terms of eq. (9.4).

6. The volume drag force is estimated by the Darcy �ltration law, which,
being applied to the relative motion of the liquid and solid phases,
may be written in the following form [Morris and Boulay (1999); Nott
and Brady (1994)]:

fh �
η0
K

(u − ua ) (9.6)

where η0=0.485 Pa·s is the viscosity of the suspending liquid, u is the
suspension velocity, K is the hydraulic permeability of the hexago-
nal array of cylindrical aggregates, whose dependency on the volume
fraction of cylinders, φ � Φ/Φa , was estimated by Bruschke and Ad-
vani (1993) using the lubrication approximation:

K � r2a
(1 − l2)2

3
√
3 · l3

(
3l
atan(

√
(1 + l)/(1 − l)
√

1 − l2
+ 1
2 l2 + 1

)−1
, (9.7)

with l � 2ra/d �

√
2
√
3φ/π being the ratio of the diameter of the

aggregates to the distance, d, between them. Note that, in the orig-
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inal papers of Morris and Boulay (1999); Nott and Brady (1994), the
permeability K is expressed through a sedimentation hindrance func-
tion. The z-component of the hydrodynamic drag force is obtained by
integration of eq. (9.6) over the considered volume δV :

Fh � dz
"

S

η0
K

(u − ua ) dS �
η0
K

(uS − ua ) δV (9.8)

where uS � Q/S is the super�cial velocity of the suspension, i.e., the
velocity averaged over the tube cross-section, S � πR2.

7. The wall interactions can arise from either the solid friction between
aggregates andwalls or rupture of aggregates fromparticles entrapped
into wall rugosities, as depicted in Figure 9.1. The rupture is expected
in the case when the wall friction coe�cient is su�ciently high such
that the adhesion force between the particles and the wall is higher
than themagnetic force between particles. In most of the experiments,
we used an aluminum tube with a relatively rough internal surface, so
the second mechanism seems to be more appropriate and is retained
in our model. In more details, the external force, Fh + Fm , exerted
on the aggregates creates shear stresses inside them and breaks them
once their shear strength is overcome. The shear rate and the drag
force are maximal at the wall. This is the reason for which the rupture
should occur near the wall. The shear strength of the aggregates is de-
�ned by the maximal tangential force acting between the neighboring
layers of particles constituting the aggregate. In this context, the wall
shear stress coming from the aggregate rupture may be regarded as
the static yield stress, σY , of the MR suspension; thus, the wall force
acting on an elementary wall surface, δS � 2πRdz, will be given by

Fw � −sgn(ua )
"

δS
σY dS � −sgn(ua ) 〈σY〉 δS (9.9)

where 〈σY〉 is the mean yield stress averaged over the wall surface, δS,
and the term−sgn(ua ) stands for the fact that thewall force is opposite
to the aggregate motion.

8. At a �rst approximation, the quantity 〈σY〉 can be taken equal to the
yield stress in simple shear �ow between two parallel plates. Since
the particle volume fraction varies along the tube and can achieve a
close-packing limit, we should impose an appropriate concentration
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dependence of the yield stress valid for the high concentration limit.
Most of the existing theories predict a sub-linear (and sometimes de-
creasing) dependency σY (Φ) at high concentrations, not corroborat-
ing with experiments. Therefore, we will use an empirical function
σY (B,Φ) obtained by �tting the experimental data of Chin et al. (2001)
in the concentration range 0.1< Φ <0.6 and in the magnetic �ux den-
sity range 0< B <64 mT:

〈σY〉 ≈ σY � cΦn
(

MS

µ0

)1/2
B3/2 , (9.10)

where c and n are �tting parameters, n=1.85 ± 0.12 and the constant c
(of the order of 0.1 in the experiments of Chin et al. (2001) is taken as
a second adjustable parameter of our model. This parameter accounts
for a di�erence in interparticle rupture forces in the plane simple shear
and cylindrical geometries. In our case of the tube �ow, B in the last
equation should be understood as the internalmagnetic �ux density at
a given location, z, inside the tube; it is calculated through the internal
�eld H and magnetization M (eqs. (9.2) and (9.3)) as follows: B �

µ0(H + M).

Replacing now the forces in eq. (9.4) by the appropriate expressions (9.5),
(9.8), (9.9), we �nd the aggregate velocity:

ua � 0, at 2σY

R
>

�����
η0uS

K
+ µ0M

dH
dz

�����
(9.11a)

ua � uS −
K
η0

(
2σY

R
− µ0M

dH
dz

)
, at 2σY

R
<

�����
η0uS

K
+ µ0M

dH
dz

�����
(9.11b)

Eq. (9.11)a describes the blocked aggregates when the external force,
Fh +Fm , exerted on them is lower than their shear strength, while eq. (9.11)b
corresponds to the moving aggregates, whose shear strength is overcome.
Analysis shows that the wall force is much larger than the magnetic one, so,
the term µ0MdH/dz can be omitted from the last two equationswithout loss
of precision. By doing so, we do not exclude the e�ect of the magnetic �eld
gradient, because the latter intervenes into the yield stress, σY (cf. eq. (9.10)),
through the dependency of the magnetic �ux density, B, on the position
z. In other words, non-homogeneous concentration pro�le along the tube
is caused by a strongly varying B(z)-dependency rather than by the term
µ0MdH/dz (cf. section 9.4.1, Figure 9.2a).
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Figure 9.2: Concentration pro�le (a) and aggregate velocity pro�le (b) along the tube axis for
two di�erent suspension speeds, uS . The applied magnetic �eld is Hmax=100 kA·m−1. The
origin of the z-axis is at themiddle-length of the tube, and the axial coordinate, z, is normalized
by the half of the tube length.
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The distribution of the particle volume fraction, Φ(z), along the tube is
found from the mass conservation equation, which imposes a constant par-
ticle �ux in the steady-state regime. Equating the particle �ux at a given
location z to the one at the tube entrance, we arrive to the following expres-
sion:

Φ(z)ua (z) � Φ0ua0 , (9.12)

where Φ0 and ua0 are, respectively, the particle volume fraction and the ag-
gregate velocity, both at the tube inlet; the former is supposed to be equal
to the initial volume fraction of the suspension and the latter is calculated
with the help of eq. (9.11)b, in which the quantities K, σY , M and dH/dz
are taken at z � −L/2 and at Φ � Φ0. Since the magnetic �eld is symmetric
with respect to the middle of the tube (see Figure 9.1), the particle �uxes
at the tube inlet and at the tube outlet appear to be the same and equal to
Φ0ua0 (right-hand side of eq. (9.12)). Furthermore, the magnetic �eld in-
tensity at the tube extremities is negligible as compared to the �eld at the
middle-length, so that the particle concentration is supposed to be equal to
the initial one, Φ0, both at the inlet and at the outlet.

In the steady-state, at positive entrance velocity, ua0, the aggregate speed
ua (z) must be non-zero and positive everywhere in the tube, as inferred
from eq. (9.12). Therefore, the condition ua (z) � 0 (eq. (9.11)a) becomes ir-
relevant for the steady-state, and the aggregate velocity must be calculated
using eq. (9.11)b. Combining eqs. (9.11)b and (9.12), we arrive to a transcen-
dental equationwith respect toΦ, which is solved numerically for any given
position z, and gives therefore the concentration pro�le Φ(z).

In order to construct the pressure-�ow rate curve, we �rst need to �nd
the pressure gradient as a function of the �ow rate (or super�cial veloc-
ity), namely dP/dz � f (uS). For this purpose, we consider the equation
of motion of the liquid phase of our two-phase suspension, which, in the
inertialess limit, takes the following form:

∇ · 〈σ l〉 − fh � 0, (9.13)

〈σ l〉 � −PI + 2η0γ (9.14)

where 〈σ l〉 is the volume averaged stress in the liquid phase, P is the av-
erage pressure, γ � (1/2) ·

[
∇u + (∇u)T

]
is the rate-of-strain tensor, I is

the identity matrix. The suspension velocity, u, is expected to vary rela-
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tively slowly along the tube due to a slow variation of the magnetic �eld
(|dH/dz | � H/R). This allows us to neglect the transverse components of
u and suppose a unidirectional �ow along z. Furthermore, the assumption
of the aggregate speed, constant over the tube cross-section, imposes an ax-
ial symmetry of the suspension velocity pro�le u(r,z), with r being a radial
coordinate. Under these conditions and taking into account eq. (9.6) for the
drag force, the equation of motion takes the following scalar form:

−
dP
dz

+ η0
1
r
∂
∂r

(
r
∂u
∂r

)
−
η0
K

(u − ua ) � 0 (9.15)

This equation is solved under the non-slip boundary condition and the
obtained velocity pro�le, u(r, z), is then averaged over the tube cross-section
that gives us the super�cial velocity of the suspension as a function of the
axial coordinate z:

uS (z) �
[
−

K
η0

dP
dz

+ ua (z)
] [

1 − 2K1/2

R
I1(R/K1/2)
I0(R/K1/2)

]
, (9.16)

where I0 and I1 are the modi�ed Bessel functions of the �rst kind. The axial
symmetry of the velocity pro�le seems to be unrealistic. However, it gives a
reasonable estimation of the super�cial velocity in the limit, K � R2, veri-
�ed in our experiments, for which the velocity pro�le is quasi-homogeneous
in the tube cross-section except for a narrow region near the wall. Replacing
the aggregate speed in the last equation by eq. (9.11)b, neglecting the mag-
netic force, µ0MdH/dz, and taking into account that I1(R/K1/2)/I0(R/K1/2) ≈
1 at K � R2, wewill �nd the following approximate expression for the pres-
sure gradient as a function of the super�cial velocity:

dP
dz
≈ −

2η0uS

K1/2R
−

2σY

R
. (9.17)

Finally, the pressure-�ow rate curve is obtained by integration of eq.
(9.17) along the z-axis:

∆P � P(−L/2) − P(+L/2) ≈
2η0uS

R

∫ L/2

−L/2

dz
K1/2 + 2

R

∫ L/2

−L/2
σY dz. (9.18)

Performing this integration, we keep in mind that that the quantities, K,
σY (B) and B, intervening into the pressure gradient dP/dz, depend on the
concentration pro�le Φ(z), which was found by the solution of eqs. (9.11)b
and (9.12).
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9.4 Results and discussion

9.4.1 Concentration pro�les and pressure-�ow rate curves

The theoretical steady-state dependencies of the particle concentration, Φ,
and of the aggregate speed, ua , on the position z along the tube are shown,
respectively, in Figures 9.2a and 9.2b for an applied external �eld, Hmax=100
kA·m−1 and for two imposed speeds, uS=10−4 and 10−2 m·s−1. The �ow is
along the z-axis from the left to the right of the �gures. At both extrem-
ities of the tube (z � ±L/2), the particle concentration is equal to the ini-
tial volume fraction of the suspension, Φ0=0.3, as imposed in the model (cf.
eq. (9.12)). When moving away from the extremities to the tube middle-
length, the magnetic �eld increases along with the suspension yield stress
and the wall interaction force. This increases magnetic cohesion between
particles, and therefore, wall interactions slow down the aggregates and in-
crease their concentration according to the particle �ux conservation. There-
fore, the aggregate velocity pro�le exhibits a minimum (Figure 9.2b) and
the concentration pro�le shows a maximum (Figure 9.2a), both at the tube
middle-length (z=0) where the magnetic �eld is maximal. At an increasing
imposed speed, uS, the aggregates pass faster through the tube and have
less time to get concentrated inside. Thus, both pro�les become more ho-
mogeneous with the growing speed (cf. Figures 9.2a and 9.2b). In more
details, as the �ow speed increases, the relative importance of the magnetic
contribution to the aggregate speed (second term on the right-hand side of
eq. (9.11)b) decreases, and the latter (ua) approaches the suspension speed,
uS, at high �ow rates. Note also that both ua (z) and Φ(z)-dependencies are
symmetric with respect to the tube middle length (z=0). This is because the
magnetic force term, µ0MdH/dz, responsible for an eventual asymmetry,
appears to be negligible as compared to the wall interaction term, 2σY/R.
It is worth mentioning that the situation is completely di�erent for suspen-
sions of non-magnetic particles in a ferro�uid. These systems exhibit a weak
yield stress and their behavior is dictated by the magnetic force, resulting
in highly asymmetric concentration pro�les in a similar geometry [Kuzhir
et al. (2005)].

The theoretical concentration pro�les, Φ(z), allowed us to calculate the
steady-state pressure-�ow rate curves shown in Figure 9.3 for the magnetic
�eld Hmax=100 kA·m−1. As it is seen in this �gure, our model reproduces
the expected behavior: an unstable decreasing branch of the∆P vs. uS curve
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Figure 9.3: Theoretical dependency of the total pressure di�erence (solid curve) on the suspen-
sion speed at the applied magnetic �eld, Hmax=100 kA·m−1. The two components of the pres-
sure di�erence coming from the two terms on the right-hand side of eq. (9.18) are also shown.
The calculations are performed for the following values of the free parameters: ra=10.0±1.0 µm
(aggregate radius) and c=0.29±0.02 (pre-factor in eq. (9.10) for the yield stress).

is followed by a stable increasing branch. For a better understanding of
such a non-monotonic dependency, we plotted in the same �gure the two
main components of the pressure di�erence, referred to as the hydrody-
namic term and the yield stress term (the �rst and the second terms on the
right-hand side of eq. (9.18)). As already mentioned, with increasing sus-
pension velocities, the particle concentration inside the tube decreases and
approaches the initial volume fraction Φ0. Since the suspension yield stress
is a growing function of the particle concentration, the yield stress term,
∆PY , decreases progressivelywith increasing velocity attaining a high speed
plateau with an asymptotic value, ∆PY,∞ � (2/R)

∫ L/2
−L/2 σY [Φ0 , B(z)] dz. On

the other hand, the hydrodynamic term monotonically increases with the
velocity. The sum of both contributions gives therefore the total pressure
di�erence possessing a local minimum.

The theoretical pressure-�ow rate curves are compared to the experi-
mental ones in Figure 9.4a for three di�erent applied magnetic �elds. In
the experiments, the outlet �ow rate �uctuated along with the pressure
di�erence because of the suspension compressibility. These �uctuations
were principally observed at the �ow rates corresponding to the decreasing
branch of ∆P vs. uS curve. Thus, for the unstable region of the experimental
curves, ∆P stands for the time average of the pressure di�erence, 〈∆P〉, in-
troduced in section 9.2 and uS corresponds to the constant �ow rate imposed
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by the piston motion, uS � Qpiston/(πR2), and is referred to as the imposed
speed. The theoretical curves were obtained by �tting eq. (9.18) to the ex-
perimental points using a single set of adjustable parameters, ra=10.0±1.0
µm and c=0.29±0.02, for all the three curves. As it is seen in Figure 9.4a,
the theory qualitatively reproduces the shape of the experimental curves
and �ts the experimental results reasonably well at low speeds, uS < 10−3

m·s−1, even though this comparison is delicate for unstable �ows. At higher
speeds, the theory overestimates the pressure di�erence and this is prob-
ably because it does not take into account aggregate destruction by shear
forces.

To check this hypothesis, we inspect the suspension behavior in the op-
posite limit of high speeds, at which the aggregates do not span the tube
diameter and their length decreases progressively with an increasing wall
shear rate. This regime studied in details by Kuzhir et al. (2003); Shulman
and Kordonsky (1982) is characterized by the following pressure-speed re-
lation:

∆P �
8
3R

∫ L/2

−L/2
σD [Φ0 , B(z)] dz +

8ηp uS

R2 (9.19)

Here, the suspension dynamic yield stress, σD , comes from the hydro-
dynamic dissipation generated by the aggregates and can be estimated by
eq. (9.10). The plastic viscosity ηp is usually �eld-independent and can be
calculated using the Krieger-Dougherty relation for a hard sphere suspen-
sion [Larson (1999)]: ηp � η0(1 − Φ0/Φmax)−2.5Φmax , with Φmax ≈ 0.64 being
the random-loose maximum-packing fraction of spheres. At high suspen-
sion speeds, the particle concentration is again assumed to be homogeneous
along the tube and equal to the initial volume fraction Φ0. Both theoretical
pressure-speed relations for the two opposite speed limits are plotted in Fig-
ure 9.4b along with the experimental curve, all three for the applied mag-
netic �eld Hmax=100 kA·m−1. As expected, the theory gives lower values of
the pressure di�erence at the high speed limit. At intermediate speeds, ex-
perimental points are situated between both theoretical limits pointing out
to a possible transition between both regimes.

Another possible reason for the discrepancy between theory and experi-
ments is connected to an increase of the aggregate thickness with the grow-
ing �ow rate (cf. assumption #2, section 9.3). In theory, thicker clusters
would lower the hydraulic resistance, K, of the aggregate network, which
could reduce the slope of the pressure vs. velocity curve. However, this
scenario seems to be if not impossible, at least less likely because the dipole-
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Figure 9.4: Comparison between theoretical and experimental pressure-�ow rate curves for
di�erent applied magnetic �elds (a). Theoretical predictions in the two opposite limits of low
and high speeds are shown in (b) along with the experimental points at Hmax=100 kA·m−1.
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dipole repulsion and lubrication between the aggregates should hinder their
growth under the applied �ow rate.

To inspect the e�ect of the appliedmagnetic �eld on the suspension �ow,
we plot in Figures 9.5a and 9.5b the �eld dependencies of the critical pres-
sure di�erence and suspension velocity corresponding to the minima of the
pressure-�ow rate curves. These �gures demonstrate a good quantitative
correspondence between experiments and theory for the critical pressure
di�erence, ∆Pc , and a qualitative correspondence for the critical suspen-
sion velocity, uc , –both quantities show a monotonic increase with the ap-
plied �eld. As themagnetic �eld increases, the suspension yield stress (and,
consequently, the wall interaction force) becomes more important. This in-
creases the total pressure di�erence and shifts the high-velocity plateau (of
the yield stress term, ∆PY,∞, cf. Figure 9.3) and the pressure minimum to
higher speeds resulting in an increasing �eld dependency of uc .

Another important quantity emerging from the pressure-speed relations
is the pressure di�erence, ∆P0, at zero suspension speed. In theory, this
pressure di�erence is developed in an in�nitely slow �ow, which favors a
nearly close-packing of aggregates along the whole channel, so that the par-
ticle concentration at any location z is given byΦmax � φmaxΦa �

[
π/(2

√
3)

]
·

(2π/9) ≈ 0.63, with φmax being the maximum-packing fraction of cylindri-
cal aggregates. The value of ∆P0 is calculated by integration of the yield
stress along the tube length: ∆P0 � (2/R)

∫ L/2
−L/2 σY [Φmax , B(z)] dz. The the-

oretical �eld dependency of the pressure di�erence ∆P0 is represented by a
dashed curve in Figure 9.5a. The quantity ∆P0 appears to be roughly three
times the critical pressure di�erence, ∆Pc , in the considered range of the
magnetic �elds, Hmax � 0 − 150 kA·m−1. In our experiments, we were un-
able to achieve suspension speeds as slow as uS ∼ 10−9 m·s−1, at which the
pressure-�ow rate curve was expected to reach a low-speed plateau. There-
fore, it was impossible to determine experimental values of ∆P0 by an ex-
trapolation of the ∆P vs. uS curves to zero velocities. These values could be
measured in a pressure-controlled capillary rheometer.

9.4.2 Pressure/�ow rate oscillations

As already stated, the pressure oscillations were principally observed in the
range of �ow speeds corresponding to the unstable branch of the pressure-
�ow rate curve. To inspect the waveforms of the pressure signal, we plot in
Figures 9.6 a-c the experimental time dependencies of the pressure di�er-
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Figure 9.5: Theoretical and experimental �eld dependencies of the critical pressure di�erence,
∆Pc (a) and the critical suspension speed, uc (b) corresponding to theminimumof the pressure-
�ow rate curves. In addition to it, a theoretical dependency of the pressure di�erence, ∆P0, at
zero suspension speed is shown in (a).
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ence ∆P measured for the same applied magnetic �eld, Hmax=122 kA·m−1,
and at imposed speeds, uS � Qpiston/(πR2), equal to 10−4, 1.5·10−4 and
8·10−4 m·s−1, respectively. As it can be seen from the �rst two �gures, the
pressure oscillations are not perfectly regular. However, they have a well
de�ned fundamental frequency and the shape reminiscent for a stick-slip
motion of the suspension –a slow quasi-linear increase (stick) is followed by
a drastic release of the pressure (slip). Their amplitude reaches 20 % of the
time average of the pressure di�erence, 〈∆P〉, and decreases progressively
with the imposed speed (as will be discussed below in more details), so that
they completely disappear and are never observed at speeds corresponding
to the stable increasing branch of the pressure-�ow rate curve (case of Fig-
ure 9.6c). Once appeared, the pressure oscillations are maintained during
at least 5 h, preserving their saw-tooth-like shape, as it is demonstrated in
Figure 9.6d for a magnetic �eld Hmax=52.5 kA·m−1 and an imposed speed
uS=3.1·10−5 m·s−1.

Note that similar modulated oscillations have been predicted numeri-
cally by Bashkirtseva et al. (2009) for an unsteady shear rate response of
repulsive concentrated colloids subjected to a constant applied shear stress.
These suspensions exhibited a non-monotonic shear rate vs. stress depen-
dency governed by the interplay between the electrostatic repulsion and the
solid friction between particles. In our case, the pressure oscillations are
induced by magnetic interactions and illustrate another example support-
ing the statement that the instability has the same macroscopic origin for
various systems –negative di�erential viscosity– whatever the interparticle
interactions are.

At the unsteady-state regime, the outlet �ow rate oscillated togetherwith
the pressure di�erence when a constant �ow rate, Qpiston , was imposed
by the piston. We inspect these oscillations in Figure 9.7a where the in-
stantaneous �ow rate, Qoutlet , and the instantaneous pressure di�erence,
∆P, both measured simultaneously, are plotted against the elapsed time
for the applied magnetic �eld, Hmax=122 kA·m−1, and the imposed speed,
uS � Qpiston/(πR2)=1.25·10−4 m·s−1. As inferred from this �gure, the sus-
pension �ow at the tube outlet has an intermittent character with a peri-
odicity similar to that of pressure oscillations. As the pressure di�erence
increases, the suspension does not �ow out of the tube (Qoutlet=0), while
when it decreases, a rapid out�ow is observed during a short period of time.
Such a behavior can be attributed to the interplay between the blockage of
aggregates and the suspension compressibility. This mechanism will be ex-
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Figure 9.6: Temporal evolution of the pressure di�erence for the applied magnetic �eld
Hmax=122 kA·m−1 and for imposed speeds, uS=10−4 m·s−1 (a), 1.5·10−4 m·s−1 (b), and 8·10−4
m·s−1 (c). A pressure signal recorded for a 5 h experiment at Hmax=52.5 kA·m−1 and
uS=3.1·10−5 m·s−1 is shown in (d). The initial plateau with ∆P ≈ 0 in (a)-(c) corresponds to
the �ow in the absence of magnetic �eld, and a sharp increase of the pressure di�erence at the
end of this plateau corresponds to the moment when the �eld is switched on.
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plained in more details at the end of this section in conjunction with the
results of the structure observation. A more careful inspection of Figure
9.7a shows that the out�ow starts a little before the moment when the pres-
sure di�erence achieves its maximum. This could be attributed to relaxation
of particle structures leading to their retarded response to the varying �ow
rate. A dashed horizontal line in Figure 9.7a corresponds to the constant
imposed �ow rate, Qpiston .

An unsteady response of the suspension to a constant applied piston
speed can also be analyzed with the help of the dependency of the instan-
taneous pressure di�erence, ∆P(t), on the instantaneous outlet �ow rate,
Qoutlet (t), shown in Figure 9.7b for the same set of experimental param-
eters. For convenience, we plot in the same �gure the pressure-�ow rate
curve, 〈∆P〉 � f (Qpiston ), measured for the same magnetic �eld. An ex-
perimental point of the 〈∆P〉 vs. Qpiston curve, for which the pressure-�ow
rate cycle is plotted, is marked by a text label. The clockwise direction of the
pressure-�ow rate cycle is indicated by arrows. The vertical part of the cycle
corresponds to a slow increase of the pressure di�erence at zero outlet �ow
rate. The upper quasi-plateau stands for an abrupt increase of the �ow rate
near the maximum pressure di�erence. We note that the oscillation cycle
does not coincide with the hysteresis cycle of the pressure-�ow rate curve
(presented schematically in the inset of Figure 9.7b), contrarily to what has
been suggested by Hatzikiriakos and Dealy (1992); Quemada (1982). In par-
ticular, the amplitudes of pressure and �ow rate oscillations are somewhat
lower than those, ∆Ph yst and ∆Qh yst , imposed by the hysteresis. Such in-
consistency can be explained by a relaxation of particle structures. A similar
non-coincidence of the transient and steady-state pressure-�ow rate curves
has been revealed by Georgiou and Crochet (1994) in numerical simulations
of compressible slit �ows of polymer melts.

Since the �uid compressibility seems to be a necessary condition for the
�ow rate oscillations, the period of oscillations can be strongly in�uenced
by the compression modulus and the total volume of the suspension. These
e�ects could be inspected with the help of an equation relating the pres-
sure and �ow rate oscillations to the �uid compressibility. This equation,
derived in Appendix, follows from the mass conservation law and takes the
following form:

βVb0
d(∆P)

dt
� Qpiston −Qoutlet (t), (9.20)

where β is the suspension compressibility and Vb0 is the suspension volume
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Figure 9.7: Simultaneous temporal evolution of the pressure di�erence and the outlet �ow
rate (a), recorded at an applied magnetic �eld, Hmax=122 kA·m−1, and an imposed speed,
uS=1.25·10−4 m·s−1. In (b), the dependency of the instantaneous pressure di�erence, ∆P(t), on
the instantaneous �ow rate, Qoutlet (t) is shown for the pressure/�ow rate oscillations shown
in (a). The inset of (a) shows a drop of the MR suspension emerging from the tube outlet. The
volume of the drop and the outlet �ow rate were determined by image processing (cf. section
9.2). A curvilinear shape of the drop is explained by the competition between the gravity and
the magnetic forces. Note that the magnetic �eld at the tube outlet is about 4 % of the max-
imum �eld at the tube middle length. The inset of (b) shows schematically a hysteresis cycle
of the pressure-�ow rate curve along with the pressure jump, ∆Ph yst , and the �ow rate jump,
∆Qh yst .
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in the barrel.
First, this equation, integrated over the oscillation period, T, allows us

to check if the average outlet �ow rate is equal to the imposed �ow rate:
〈Qoutlet〉 � (1/T)

∫ t+T
t Qoutlet (t)dt � Qpiston . In experiments, the value

〈Qoutlet〉 appears to be slightly lower (by about 10 %) than Qpiston . Such
a discrepancy could come from some imprecision of the measurements of
the outlet �ow rate by image processing of the suspension drops emerging
from the tube (cf. section 9.2 and inset in Figure 9.7a).

Second, eq. (9.20) describes a linear increase of the pressure di�erence
during the stick period (at Qoutlet ≈ 0) and gives the following expression
for the stick duration:

tstick � β
Vb0(∆Pmax − ∆Pmin)

Qpiston
, (9.21)

where ∆Pmax and ∆Pmin stand for the maximum and minimum pressure
di�erences during oscillations.

This equation shows that the stick duration is inversely proportional to
Qpiston and varies linearlywithVb0, and thus depends on the piston position
in the barrel (cf. Figure 9.1). To check this point, we conducted a set of mea-
surements at di�erent initial piston positions and di�erent piston speeds.
The results of these measurements are shown in Figure 9.8 as a dependency
of the stick duration, tstick , on the factor Vb0(∆Pmax − ∆Pmin)/Qpiston . Ac-
cording to the prediction of eq. (9.21), all data points gather along a single
line with a slope equal to β ≈ 1.4 · 10−10 Pa−1, as determined by a linear
�t. This value appears to be quite close to the compressibility of silicon oil,
β ≈ 1.1·10−10 Pa−1, reported in the literature [Kiyama et al. (1953)]. Since the
�ow oscillations depend on the initial piston position, we took care to per-
form all the measurements reported above at approximately the same value
of Vb0 keeping in mind that the piston position varied negligibly during a
single run of the pressure vs. time measurements.

We also checked that the stick duration (as well as the period of oscil-
lations) depended on the suspension compressibility β. For this purpose,
we conducted a supplementary measurement for the MR suspension gasi-
�ed by air bubbling during 1 min at vigorous stirring. The compressibility
of such a suspension was estimated to be 3·10−10 Pa and the stick duration
appeared to be about two times longer than the one for the degasi�ed sus-
pension with β ≈ 1.4 · 10−10 Pa−1. This comparison con�rms the validity
of eq. (9.21) and proves that the suspension compressibility is one of the
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Figure 9.8: Dependency of the stick duration on the factor Vb0(∆Pmax − ∆Pmin)/Qpiston at
di�erent imposed �ow rates, Qpiston , and di�erent initial positions of the piston in the barrel,
corresponding to a suspension volume in the barrel, Vb0, equal to 5.0, 6.7, 11 and 17 cm3. All
the experiments were carried out at an applied magnetic �eld of Hmax=122 kA·m−1.

mechanisms governing self-exciting �ow oscillations.
Note that at low enough imposed speeds, uS <0.5uc , the stick period is

much longer than the slip period, so that the oscillation period, T ≈ tstick ,
can be safely estimated by eq.(9.21). According to this equation, at �xed val-
ues of β andVb0, the oscillation period is proportional to (∆Pmax−∆Pmin)/uS,
so it depends, among other things, on the oscillation amplitude. The depen-
dencies of these both quantities on the imposed speed are shown in Figures
9.9a and 9.9b for di�erent applied magnetic �elds. In spite of some disper-
sion, the data follow a common decreasing trend. In particular, the pres-
sure amplitude, (∆Pmax − ∆Pmin)/2, seems to decrease with the speed and
increase with the applied �eld (Figure 9.9a). Such a tendency may be ex-
plained by the fact that, at increasing speeds, the aggregates spend less time
inside the tube and probably form a sparser network resulting in smoother
pressure variations. On the other hand, an increasing magnetic �eld causes
a stronger blockage of aggregates likely leading tomore intense oscillations.
In what concerns the oscillation period, it also increases with the magnetic
�eld and experiences a more pronounce decrease with the speed according
to the following relationship: T ∝ (∆Pmax −∆Pmin)/uS. It is worth mention-
ing that the oscillations seemed to disappear (or, at least, were undetectable)
at speeds somewhat lower than the critical velocity, uc , corresponding to the
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Figure 9.9: Dependencies of the pressure amplitude (a) and the oscillation period (b) on the
imposed speed at di�erent applied magnetic �elds. Solid curves correspond to eye-guidelines.

minimum of the pressure-speed curve. Perhaps, at the speeds close to uc ,
the pressure amplitude was lower than the detection limit of our pressure
transducer.

For a better understanding of the microscopic origin of the �ow instabil-
ity, we realized a �ow of a dilute MR suspension (at a particle volume frac-
tion Φ0=0.05) through a transparent tube. The pressure signal, measured
at Hmax=188 kA·m−1 and uS=8.9·10−4 m·s−1, is shown in Figure 9.10 along
with the snapshots of the suspension structure taken at di�erent moments
along the pressure vs. time curve. First, we distinguish column-like aggre-
gates spanning the tube diameter and occupying all visible tube volume.
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Figure 9.10: Visualization of moving structures of a dilute (Φ=0.05) MR suspension in a trans-
parent tube. The snapshots were taken along the pressure vs. time curve shown on the top
of the �gure. An enlarged view of the lower part of the tube is presented on the bottom of
each snapshot and allows one to see stagnation of aggregates during the stick period (A and
B) followed by a relatively intense motion of aggregates during the slip period (C and D).

Second, the aggregates are more closely spaced in the region of high mag-
netic �eld in the vicinity of the pole pieces and are more sparsely spaced on
the periphery. Such a distribution qualitatively corresponds to the theoret-
ical concentration pro�le shown in Figure 9.2a. Third, when the pressure
di�erence increases, the aggregates do not move and the structure seems to
be frozen, as can be seen by comparing the snapshots A and B. However, a
slow �ltration of the suspending liquid through the network of aggregates
was detected by motion of non-magnetic impurities. Finally, once the pres-
sure maximum is overcome, most of the aggregates detach from the tube
wall and move rapidly towards the outlet as inferred from the snapshots C
and D. When the pressure di�erence approaches the minimum, the �ow is
progressively decelerated and stops a few moments after the pressure dif-
ference starts to increase.

Note that the same qualitative behavior is expected for more concen-
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trated suspensions. Eventual quantitative di�erence may appear due to the
fact that, with increasing particle concentration, the particle aggregates be-
come thicker, as inferred from the visualization experiments of Grasselli
et al. (1994). This may a�ect the hydraulic permeability of the structure (cf.
eq. (9.7)) andmay therefore change the critical suspension speed alongwith
the amplitude and period of oscillations.

In summary, these observations con�rm that the stick-rupture events
govern the unsteady �ow of the suspension –the key hypothesis introduced
at the beginning of the paper (section 9.1). As already stated, the aggregates
get blocked and ruptured from thewallswhen the hydrodynamic drag force
is lower than a threshold value of the wall interaction force (cf. eq. (9.11)a).
Since stick and rupture occur at di�erent local speeds and pressures, two
distinct threshold values of the wall force are apparently required. The up-
per limit corresponds to the onset of the slip and the lower limit corresponds
to the blockage. The di�erence between both limits could have di�erent
nature. On the one hand, it could come from the di�erence between the
static and dynamic yield stress, sometimes encountered in magnetorheol-
ogy [Volkova (1998)]. On the other hand, it may appear as a result of the
di�erence in local particle concentrations during the stick and the slip pe-
riods. Higher local speeds during the slip period would result in a lower
concentration/yield stress, while quasi-zero speeds during the stick would
cause a higher concentration/yield stress, as suggested by calculations of
the concentration pro�les (cf. Figure 9.2a). Whatever the mechanism is,
we suggest the following suspension behavior in an unsteady �ow. During
the stick period, the pressure di�erence induces an extremely slow (almost
undetectable) �ltration �ow of the suspending liquid through the particle
structures. As the pressure di�erence increases, �ltration becomes more in-
tense, and the drag force increases until it overcomes the upper threshold
of the wall force. Then, the aggregates will be ruptured from walls and the
�owwill start. The rupture event is likely accompanied by a decrease of the
suspension hydraulic resistance due to either the replacement of the dense
structures by the sparse ones or the appearance of lubrication gaps between
the moving structures and the walls. A decreasing hydraulic resistance will
cause, at the beginning, �uid expansion and �ow acceleration. During time,
the particle structures will again be slowed down in the region of high mag-
netic �eld until the wall interaction force reaches the lower threshold, at
which the structures will stick to the wall. The suspension compressibil-
ity results in a variation of the suspension speed in the tube, and the latter
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a�ects the instantaneous concentration pro�les and the pressure di�erence.
As mentioned in the Introduction (section 9.1), similar pressure/�ow

rate oscillations have been discovered in capillary �ows of polymer melts.
In both cases, the �ow instabilities come from wall interactions. However,
the nature of these interactions is quite di�erent. In the case of polymers, we
deal with a pressure-dependent adhesion force of the molecules to the wall.
In our case, the wall interaction likely originates from the shear magnetic
force between the particle layers adjacent to the walls. Such an interaction
is appropriate for relatively rough surfaces that can block small particles in
the wall rugosities. In the case of a smooth wall surface (like the one of the
polyvynil tube used in the visualization experiments), magnetic interactions
between particles may dominate over their adhesion to the wall. The aggre-
gates are expected to slide along the wall with a solid friction and without
loss of entrapped particles. Being proportional to normalMaxwell magnetic
stress, the friction force will also depend on the applied �eld and may con-
duct to phenomena similar to those observed for rough channels. Anyway,
the role of the wall roughness should be carefully checked in further exper-
iments.

9.5 Conclusions

In this paper, we have studied the pressure-driven �ow of anMR �uid thro-
ugh a cylindrical tube in the presence of a non-uniform magnetic �eld per-
pendicular to the tube and varying along its axis. In the experiments, the
�ow was realized with the help of a capillary rheometer at a constant im-
posed piston speed. The practical motivation of this study comes from the
problem of particle clogging in smart MR devices employing non-uniform
magnetic �elds. The main results obtained in the present work can be sum-
marized as follows.

1. The pressure-�ow rate curves exhibited a local minimum at some crit-
ical imposed speed. The �ow became unstable and oscillatory in the
range of the imposed speeds corresponding to the decreasing branch
of these curves. The steady-state stable �owwas observed in the speed
range corresponding to the increasing branch of the pressure-�ow rate
curves. The non-monotonic shape of these curves was explained in
terms of the competition between two opposite e�ects –an increase
of the hydrodynamic dissipation and a weakening of the interaction
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between aggregates and walls at increasing suspension speeds. The
latter e�ect comes from the fact that, at high �ow rates, the aggregates
pass rapidly through the channel and have less time to be concentrated
in the region of the high magnetic �eld. This leads to a decrease of the
suspension yield stress and of the wall interaction force with growing
suspension speeds.

2. We have developed a theoretical model treating the steady-state �ow
of theMR suspension in the considered geometry. Themodel assumes
gap-spanning aggregates, whose interactionwith a non-magneticwall
comes from themagnetic forces between the particles belonging to the
extremities of the moving aggregates and those stuck to the wall or
entrapped into wall rugosities. Employing a force balance on the ag-
gregates and the particle �ux conservation along the tube, the model
predicts a higher particle concentration in the region of high magnetic
�eld, correctly reproduces the shape of the pressure-�ow rate curves
with a local minimum and indicates the speed range within which
�ow instabilities are expected.

3. Unstable �ows are manifested by somewhat regular oscillations of the
pressure di�erence and the outlet �ow rate at a constant imposed pis-
ton speed. The pressure amplitude appears to decrease with the im-
posed speed and increase with the appliedmagnetic �eld. The oscilla-
tion period can be estimated from themass conservation equation and
appears to be proportional to the pressure amplitude, the suspension
compressibility and inversely proportional to the imposed speed. Vi-
sualization of particle structures in a transparent tube reveals that the
suspension unsteady �ow is governed by the interplay between the
stick-rupture of aggregates from the walls and the suspension com-
pressibility. The later induces oscillations of the suspension speed
through the tube at a constant piston speed.

In this work, we have given a qualitative picture of what is happening
with particle structures in an unsteady �ow. Further investigations are re-
quired in order to quantitatively relate the evolution of the structures with
the �uctuations of the macroscopic parameters of the �ow. For this pur-
pose, more rigorous visualization experiments employing a slit channel will
be conducted in the future. At the same time, numerical simulations of the
unsteady �ows would allow a better insight into the problem. Finally, the
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microscopic nature of the interactions between aggregates andwalls and the
wall roughness e�ect should also be studied.

Appendix: Derivation of eq. (9.20)

We start with the mass conservation equation for an unsteady compressible
�ow of the MR suspension:

∂ρ

∂t
+ ∇ ·

(
ρu

)
� 0, (9.22)

where u is the suspension velocity and ρ is the suspension density, de�ned,
in the low compressibility limit, by the following expansion:

ρ � ρ0(Φ)
[
1 + β(Φ)(P − P0)

]
, (9.23)

where P0 is the ambient pressure, β(Φ) is the suspension compressibility,
and ρ0(Φ) is the suspension density at ambient pressure, satisfying the in-
compressibility condition, as follows:

dρ0
dt

�
∂ρ0
∂t

+ u · ∇ρ0 � 0. (9.24)

Combining eqs. (9.22)-(9.24), we arrive to the following equation:

∂
(
βP

)
∂t

+ ∇ ·
( [
1 + β(P − P0)

]
u
)
� 0. (9.25)

Integrating the last equation over the whole volume of the suspension
and neglecting the tube volume before the barrel volume, Vb (t) � Vb0 −

Qpiston t, we obtain themass balance equation in the following integral form:

d(βPb )
dt

(Vb0 −Qpiston t) + Qoutlet (t) −
[
1 + β(Pb − P0)

]
Qpiston � 0, (9.26)

where the pressure, Pb , in the barrel is assumed to be homogeneous and
the term (Pb − P0) is equal to the measured pressure di�erence, ∆P. The
particle concentration in the barrel is supposed to be constant and equal to
the initial volume fraction, Φ0, of the suspension. Therefore, the suspension
compressibility, β, in the barrel is also constant and dβ/dt=0. Taking into ac-
count these conditions along with the limits, β∆P � 1 and Vb0 � Qpiston t,
both veri�ed in experiments, eq. (9.26) takes the �nal form of eq. (9.20).
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Chapter 10

Conclusions

In this thesis we have studied two types of magnetic particle suspensions
that deviate from the ideal magnetorheological (MR) �uid usually reported
in the literature (i.e., a suspension of micron-sized ferromagnetic particles
in a diamagnetic liquid stabilized by a surfactant).

The �rst type is particle suspensions consisting of both ferro- and dia-
magnetic particles. In particular, we have investigated the in�uence of the
inclusion of diamagnetic particles on the suspension magnetic and rheolog-
ical properties. This study has been conducted for suspensions (i) based
on a diamagnetic liquid carrier (i.e., conventional magnetorheological, MR,
�uids), and (ii) based on a ferro�uid (i.e., bidispersed MR �uids).

The main conclusions that can be drawn from this �rst part are the fol-
lowing:

1. The �eld-induced yield stress of conventional MR �uids is enhanced
by the inclusion of non-Brownian, diamagnetic particles in the �uid
formulation (multi-component or bi-component suspensions). In par-
ticular, the yield stress at a given concentration of ferromagnetic par-
ticles increases with the volume fraction of the diamagnetic particles.
Such an increase does not seem to depend on the �ow con�guration.
As an example, we have obtained similar enhancements of the yield
stress when shearing the suspension between either parallel plates or
concentric cylinders (Couette geometry). We have explained the in-
crease of the MR e�ect by considering the two following extreme sit-
uations: (i) the ferromagnetic and the diamagnetic particles can ag-
gregate and form mixed structures; (ii) the formation of mixed ag-
gregates is somehow hindered and thus, �eld-induced aggregates of

195



196
VISCOELASTICITY, STRUCTURAL MODELS AND

FLOW INSTABILITIES IN MAGNETIC SUSPENSIONS

ferromagnetic particles and well dispersed diamagnetic particles are
found separately in the suspension. In the real case, both situations
are likely present and therefore, the twomechanisms explained below
must contribute to the enhancement of the yield stress.

2. The �rst mechanism is the improvement of the suspension magnetic
response due to the formation of diamagnetic-core–ferromagnetic-shell
composites inside the multi-component suspensions. These compos-
ites, formed because of the adsorption of the ferromagnetic particles
onto the diamagnetic particles due to chemical/colloidal interactions,
also build structures aligned in the direction of the �eld. Actually, we
have shown that it is possible to optimize the magnetic susceptibility
ofmagnetic particle suspensions of a given concentration of ferromag-
netic material by distributing the latter onto a shell around a diamag-
netic core. What is more, theoretical estimations show that the thinner
the shell is, the higher the magnetic susceptibility will be. Similar re-
sults would be obtained by employing hollow ferromagnetic particles
as the disperse phase of the suspension.

3. The second mechanism, which appears when the formation of dia-
magnetic–core-ferromagnetic-shell composites is hindered by the ad-
dition of surfactants to the suspension, is the increase of the rotational
di�usion of the �eld-induced aggregates of ferromagnetic particles
due to collisions with the diamagnetic particles under shear. Such
collisions would enhance the �uctuations of the aggregate orientation
from the �eld direction, a mechanism that has proved to increase the
stress level in conventional MR �uids. In addition, this is the predom-
inant mechanismwhen themagnetic �eld is oriented along the vortic-
ity as in cylindrical Couette geometry.

4. Suspensions of diamagnetic and ferromagnetic particles in ferro�uids,
i.e., inverse MR �uids, show an enhanced MR behavior with respect
to conventional bidispersed MR �uids of the same concentration of
ferromagnetic particles. Such an enhancement goes beyond that cor-
responding to the sum of the MR e�ect of the diamagnetic particle
chains. Twomain reasons are likely responsible for this synergic e�ect.
The �rst one is the �eld-induced chaining of both populations of parti-
cles into alternating bands oriented along the �eld direction. Theoreti-
cal estimations show that the dipole-dipole interaction between the di-
amagnetic and the ferromagnetic particles enhances the �eld-induced
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structures and, consequently, the yield stress of the suspension. The
second reason is the creation, due to the presence of the diamagne-
tic particles, of exclusion areas where the formation of chains by the
ferromagnetic particles is hindered. As a result, the concentration of
ferromagnetic particles in the permitted areas is increased, giving rise
to an increase of the yield stress faster than linear.

Consequently, this �rst study has provided with some essential mech-
anisms to explain the enhancement of the magnetic and rheological prop-
erties of suspensions composed of ferro- and diamagnetic particles. From
a practical point of view, the inclusion of diamagnetic particles in the sus-
pension formulationwould enable the preparation of cost-competitive, low-
density, �eld-responsive materials presenting an equivalent magnetic re-
sponse and a large reduction in sedimentation, which is always a concern
for the applicability of these materials.

Concerning our second study, we have investigated the rheological be-
havior of highly concentrated MR �uids, and their �ow instabilities when
subjected to small shear rates. The �ow irregularities have been examined in
two �ow con�gurations: (i) �ow between parallel plates, and (ii) pressure-
driven �ow through capillaries. The most relevant results of this study are
as follows:

1. We have developed a new theoretical model for the static yield stress
of MR �uids which is applicable to MR �uids of concentration close
to the maximum-packing fraction. The model considers that the main
contribution to the appearance of the yield stress in highly concen-
tratedMR suspensions is the decrease of the suspensionmagnetic per-
meability as interparticle gaps inside the �eld-induced structures are
forced and enlarged by the shear. This perspective supposes an origi-
nal contribution with respect to standard models based on unrealistic
hypotheses for these �uids, such as the a�ne deformation of single
chains of particles.

2. ConventionalMR�uids exhibit �ow instabilitieswhen sheared at small
values of the shear rate upon external magnetic �elds oriented along
the velocity gradient. The instabilities are manifested by temporal os-
cillations of the shear stress of well-de�ned period and amplitude, the
latter being dependent on the intensity of the applied magnetic �eld.
The rheograms obtained in these conditions present an unusual de-
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creasing branch of negative di�erential viscosity which corresponds
to the range of shear rates at which the oscillations appear.

3. In plate-plate rheometry the instabilites are connected to the appear-
ance of a fracture layer at middle height of the sheared suspension.
In view of this, we have developed a theoretical model based on the
elongation of the �eld-induced particle aggregates until their failure
at a critical strain, followed by recombination among broken parts of
neighboring aggregates. The theoretical model obtained in this way is
able to predict the temporal oscillations of the shear stress.

4. In the case of the pressure-driven �ow, the suspension unsteady �ow
is governed by the interplay between the stick-rupture of themagnetic
aggregates from the walls and the suspension compressibility. The
unusual shape of the rheograms can be explained by the competition
between the hydrodynamic dissipation on the aggregates and the in-
teraction between the aggregates and the tube walls.

In addition to the fundamental interest of this second study, we also
think that it has important technological implications. Indeed, in many
smart devices (MR dampers, clutches or brakes) the MR �uid may �ow
though very narrow channels or pores at small values of the shear rate. Un-
der these conditions, �ow irregularities are likely to appear, which could
trigger other undesirable e�ects such as particle clogging, intermittent �ow,
etc. Consequently, the understanding of the instabilities would facilitate the
proper design of the devices.

As a �nal conclusion, we could say that in this thesis we have elucidated
some of the determinant mechanisms that control the macroscopic rheolog-
ical and magnetic properties of real MR suspensions. We have found that
some undesired phenomena (e.g., �ow irregularities) could appear under
certain experimental conditions, and we have also given some keys for the
enhancement of the technological performance of MR devices (better repro-
ducibility and stronger MR e�ect). Future works in this �eld should clarify
the role of other features of the real formulation of MR �uids and surely
new magnetic �eld-dependent phenomena will be discovered.



Chapter 11

Resumen

En este capítulo se resumirán los resultados más importantes de esta tesis
así como las conclusiones que se han derivado de la misma.

11.1 Introducción, motivación y objetivos

Los �uidos magnetorreológicos (MR) son suspensiones de partículas ferro-
o ferrimagnéticas de tamaño micrométrico en líquidos portadores diamag-
néticos como son el queroseno, aceites minerales o aceites de silicona. En
ausencia de campos magnéticos externos, las partículas en suspensión se
encuentran distribuidas aleatoriamente, de modo que el comportamiento
reológico del �uido es similar al de un líquido Newtoniano. Sin embargo,
cuando se aplica un campomagnético uniforme, las partículas se polarizan,
adquiriendo unmomentomagnético neto de igual sentido que el del campo
aplicado. Debido a este estado de magnetización, las partículas comienzan
a interactuar formando cadenas y otros agregados más complejos alineados
en la dirección del campo. Desde el punto de vista macroscópico, la for-
mación de estos agregados provoca que el material se comporte como un
sólido elástico cuando se aplican esfuerzos de cizalla no elevados. Sin em-
bargo, cuando los valores del esfuerzo aplicado superan cierto valor crítico,
el llamado esfuerzo umbral, los agregados de partículas se rompen y el ma-
terial comienza a �uir comoun líquido cuya viscosidad depende del tamaño
y la orientación de los fragmentos de los agregados [Bossis y col. (2002b); de
Vicente y col. (2011); Ginder y col. (1996); Park y col. (2010a)]. Este cambio
de las propiedades reológicas causado por la aplicación de un campo mag-
nético se conoce como efecto magnetorreológico y facilita el uso de los �ui-
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dos MR en múltiples aplicaciones, pertenecientes a campos tan diferentes
como la ingeniería mecánica, aplicaciones aerospaciales, medicina u óptica
[Carlson y col. (1996); Flores y col. (2000); Jolly y col. (1999); Klingenberg
(2001); Schneider y col. (2014)].

No obstante, la mayor parte de los �uidosMR utilizados para el desarro-
llo de modelos teóricos en este campo pueden considerarse prácticamente
ideales si se comparan con los que se emplean en las aplicaciones antes men-
cionadas. Así, suelen ser suspensiones de partículas con una distribución de
tamañosmuy estrecha (suspensionesmonodispersas), bastante diluidos, sin
apenas aditivos. Sin embargo, la formulación de los �uidos MR reales que
se pueden adquirir en el mercado es mucho más complicada (véanse, por
ejemplo, las patentes de Barber y Nixon (2009), Carlson y col. (1997), Fois-
ter (2000), Forehand y Barber (2012), Golden y Ulicny (2003) o Durán y col.
(2009)).

En esta tesis doctoral se estudian dos tipos de sistemas que se alejan de
esa concepción ideal de los �uidosMR, a saber: (i) �uidosMR que contienen
partículas diamagnéticas, y (ii) �uidos MR altamente concentrados. En el
primer caso, se estudia la in�uencia de las partículas diamagnéticas sobre
las propiedades magnéticas y reológicas de la suspensión. En el segundo
caso, se investigan las propiedades reológicas y las inestabilidades de �ujo
asociadas a este tipo de �uidos concentrados. La motivación para la reali-
zación de ambos estudios se detalla a continuación.

• Efecto de la inclusión de partículas diamagnéticas

En muchas de las aplicaciones mencionadas en el epígrafe anterior es
crucial minimizar los efectos de dos fenómenos típicamente asociados a los
�uidos MR que comprometen su estabilidad coloidal. El primero de ellos
es la agregación de las partículas ferromagnéticas en ausencia de campos
magnéticos externos por la acción de fuerzas de atracción magnética (de-
bidas a la magnetización remanente de las partículas) o de van der Waals.
El segundo de ellos está relacionado con la elevada densidad de las partícu-
las ferromagnéticas que provoca que sedimenten rápidamente [Bossis y col.
(2002b); Carlson (2002); de Vicente y col. (2011); Park y col. (2010a)]. En
la búsqueda de nuevos métodos que mejoren la estabilidad coloidal de los
�uidos MR, una de las técnicas que ha demostrado ser bastante e�caz es
la inclusión de partículas diamagnéticas (sílice, arcillas o polímeros) en la
formulación del �uido MR [de Vicente y col. (2003); Hong y col. (2013);
Klingenberg y Ulicny (2011, 2012); López-López y col. (2008a); Ulicny y col.
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(2010); Zhou y col. (2013)]. Con ello se consigue una importante reducción
de la velocidad de sedimentación de las partículas ferromagnéticas debido a
la menor densidad de las partículas diamagnéticas [de Vicente y col. (2003);
López-López y col. (2008a)]. Sin embargo, es bastante más sorprendente
que la adición de partículas diamagnéticas (en principio inactivas desde el
punto de vista magnético) provoque, a su vez, un aumento del esfuerzo um-
bral bajo campomagnético aplicado, un fenómeno para el cual aún hoy no se
ha encontrado una explicación su�cientemente clara [Klingenberg y Ulicny
(2011, 2012); Levin y col. (1997); López-López y col. (2008a); Ulicny y col.
(2010)]. Por ejemplo, López-López y col. (2008a) atribuyeron el aumento
del esfuerzo umbral que obtenían al mezclar partículas de hierro y arcilla,
a la formación de un gel por parte de las partículas de arcilla, así como a la
formación de estructurasmixtas hierro/arcilla en presencia del campomag-
nético externo. Unos añosmás tarde, Klingenberg yUlicny (2012) realizaron
simulaciones computacionales que mostraron un aumento del tamaño de
los clusters formados en presencia de campo por las partículas ferromagné-
ticas cuando se añadían las partículas diamagnéticas, un hecho que podría
estar relacionado con el aumento del esfuerzo umbral. Sin embargo, los pro-
pios autores reconocían que la explicación del aumento del esfuerzo umbral
no estaba clara [Ulicny y col. (2010)].

Así pues, el primer objetivo de esta tesis es encontrar una explicación
del aumento del esfuerzo umbral cuando se añaden partículas diamagnéti-
cas en �uidos MR convencionales. Para ello, nos basamos en dos hipótesis
de partida. La primera hipótesis es que las respuesta magnética de los �ui-
dos MRmejoraría con la adición de las partículas diamagnéticas, a pesar de
la inactividadmagnética de estas últimas. La segunda hipótesis tiene que ver
con el comportamiento reológico, en concreto con el aumento de los proce-
sos de difusión rotacional de los agregados magnéticos bajo �ujo de cizalla
debido a colisiones con las partículas diamagnéticas.

A su vez, el efecto de la adición de partículas diamagnéticas también se
estudia en el caso de �uidos MR basados en ferro�uidos (FF), los llamados
�uidos MR bimodales o suspensiones extremadamente bidispersas [Bossis
y col. (2011); Foister (1997); Iglesias y col. (2012); López-López y col. (2005a,
2006a, 2010d); Patel (2011); Shimada y col. (2002, 2004); Susan-Resiga y col.
(2010); Viota y col. (2009, 2007)]. Los FF son suspensiones de partículas
nanométricas ferri- o ferromagnéticas en un líquido portador [Ilg y Oden-
bach (2009); Odenbach (2002, 2003); Rosensweig (1997)]. Su uso como �ui-
dos portadores provoca una activaciónde las partículas diamagnéticas desde
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el punto de vista magnético. Ello se debe a la considerable diferencia de
tamaño (de varios órdenes de magnitud) entre las micropartículas diamag-
néticas y las nanopartículas del ferro�uido, que hace que las primeras se
encuentren inmersas en un continuo magnético, comportándose como hue-
cos magnéticos. De este modo, bajo la aplicación de campos magnéticos
externos, las partículas diamagnéticas sufren un proceso equivalente al de
magnetización y se ordenan formando cadenas, como ocurre en el caso de
los �uidos MR [De Gans y col. (2000, 1999); Ekwebelam y See (2008); Jian y
col. (2008); Kashevskii y col. (1988); Ramos y col. (2011); Saldívar-Guerrero
y col. (2006)]. Por tanto, pensamos que la mezcla de partículas ferro- y dia-
magnéticas en ferro�uidos podría dar lugar a la formación de estructuras
combinadas que, a su vez, causarían cambios signi�cativos en el compor-
tamiento reológico de la suspensión, lo que justi�ca el interés de su estudio.

• Fluidos MR concentrados e inestabilidades de �ujo

La mayoría de los trabajos publicados en el campo de los �uidos MR se
ha dedicado a suspensiones con fracción en volumen de partículas relati-
vamente baja (menor del 40 % v/v), a pesar de las evidentes ventajas que,
desde el punto de vista tecnológico, tendrían los �uidos MR tan concen-
trados, como es la aparición de elevados esfuerzos umbrales. En el caso
particular del esfuerzo umbral, la mayoría de los modelos teóricos para su
predicción son escasamente aplicables a �uidos MR más concentrados. Por
ejemplo, gran parte de estos modelos se basa en la formación de cadenas
sencillas de partículas y en su deformación afín bajo la aplicación de esfuer-
zos de cizalla [Bossis y col. (2002b); Clercx y Bossis (1993); Ginder y Davis
(1994); Ginder y col. (1996); Klingenberg y Zukoski (1990)]. Sin embargo,
esta hipótesis es poco realista en el caso de los �uidos MR concentrados,
para los que el campo magnético induce más bien la formación de estruc-
turas columnares compuestas por la agregación de varias cadenas [Bossis
y col. (2002b); Cutillas y Bossis (1997)]. Incluso los modelos basados en
consideraciones termodinámicas [Bossis y col. (1997)] no serían adecuados
para �uidos MR concentrados debido a que, con frecuencia, utilizan apro-
ximaciones que no funcionan bien para altas concentraciones de partículas
magnéticas (aproximación de Maxwell-Garnett). Por todos estos motivos,
otro de los objetivos de esta tesis es el desarrollo de un modelo teórico del
esfuerzo umbral que sea válido para todo tipo de �uidos MR, independien-
temente de cuál sea su concentración.

Finalmente, las suspensiones concentradas de partículas coloidales sue-
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len dar lugar a la aparición de inestabilidades de �ujo cuando se cizallan
a bajas velocidades de deformación [Bécu y col. (2006); Bonn y col. (2002);
Coussot y col. (2002); Da Cruz y col. (2002); Huang y col. (2005); Jarny y
col. (2005); Ovarlez y col. (2006); Ragouilliaux y col. (2007); Rodts y col.
(2005); Varadan y Solomon (2003)]. Sin embargo, en el caso de los �uidos
MR convencionales las irregularidades de �ujo apenas han sido estudiadas,
salvo una breve comunicación de Jiang y col. (2012). Por ello, otro de los
principales objetivos de esta tesis es el estudio experimental y teórico de las
inestabilidades en el �ujo de �uidos MR, tanto en el caso de �ujo con�nado
entre placas paralelas, como en el �ujo impulsado a través de capilares.

11.2 Efecto de la inclusión de partículas diamag-
néticas en las propiedades magnéticas y reo-
lógicas de �uidos MR

11.2.1 FluidosMR convencionales (basados en líquidos dia-
magnéticos)

Efecto sobre las propiedades magnéticas

Para este estudio se prepararon, en primer lugar (capítulo 3), suspensiones
formadas por partículas de hierro (diámetro de partícula dp � 1.0±0.7µm) y
esferas de polimetacrilato demetilo (PMMA, dp � 9.9±0.4 µm) en aceite mi-
neral. Las relaciones entre las fracciones de volumen (φ) de hierro:PMMA
en estas suspensiones multi-componente fueron 10:0, 10:10, 10:20 y 10:30, y
a las muestras se les denominó S0(10:0), S1(10:10), S2(10:20) y S3(10:30), res-
pectivamente. Las propiedades reológicas de las suspensiones se midieron
con un reómetro rotacional utilizando la geometría de platos paralelos bajo
la aplicación de un campo magnético perpendicular a ambos platos.

Estas medidas con�rmaron que tanto el esfuerzo umbral estático (rup-
tura de las estructuras inducidas por el campo magnético en su punto más
débil) como el dinámico (ruptura completa de las estructuras) de las suspen-
siones S2(10:20) y S3(10:30) eran, para todo el rango de campos magnéticos
aplicados, considerablemente mayores que los de la suspensión S1(10:10),
a pesar de tener todas ellas la misma concentración de material magnético
–Figura 11.1. Además, se observó un aumento del esfuerzo umbral con la
concentración de partículas diamagnéticas (Figura 11.1). Incluso en ausen-
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Figura 11.1: Dependencia con el campo magnético del incremento (respecto al valor a campo
nulo) de los esfuerzos umbrales dinámico (a) y estático (b) para todas las muestras. Las líneas
continuas se han representado para orientar la forma de las curvas. Como se puede observar,
ambas magnitudes aumentan con la intensidad del campo magnético externo y con la fracción
de volumen de material diamagnético.

cia de campo magnético, los esfuerzos umbrales de las suspensiones multi-
componente eran inusualmente elevados. Por este motivo, en la Figura 11.1
se ha representado el incremento del esfuerzo umbral con el campo mag-
nético: ∆σ(H) � σ(H) − σ(0), donde σ(0) es el esfuerzo umbral en ausen-
cia de campo magnético. El elevado esfuerzo umbral a campo nulo se po-
dría atribuir a una posible interacción entre las partículas de hierro y las de
PMMA en las suspensiones multi-componente.

Con objeto de determinar si efectivamente existía interacción entre el
hierro y el PMMA, se efectuaron observaciones microscópicas de alicuotas
diluidas de las suspensiones. Se observó que, en ausencia de campo mag-
nético, las partículas de hierro formaban una capa alrededor de las partícu-
las de PMMA (Figura 11.2a). La formación de la capa de hierro sobre las
partículas de PMMAse comprobómediante espectroscopía infrarroja (ATR).
Bajo la aplicación de campos magnéticos externos estas estructuras de nú-
cleo diamagnético y corteza ferromagnética respondían moviéndose para
formar agregados alineados en la dirección del campo (Figuras 11.2b-d).

Por otra parte, para determinar si la formación de estas estructuras de
núcleo diamagnético y corteza ferromagnética afectaba a las propiedades
magnéticas de las suspensiones, estimamos la permeabilidad de las suspen-
siones, µ, mediante simulación por elementos �nitos de la distribución del
campo magnético alrededor de agregados magnéticos similares a los obser-
vados mediante microscopía. El resultado de las simulaciones fue bastante
sorprendente: la permeabilidad magnética de una suspensión compuesta
por este tipo de estructuras era mayor que la de una suspensión conven-
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Figura 11.2: Fotografías (microscopía óptica) de una dilución 1:25 de la muestra S1(10:10). La
fotografía (a) se tomó en ausencia de campo magnético, mientras que el resto ((b)-(d)) se obtu-
vieron momentos después de la aplicación de un campo magnético de 9.8 kA·m−1 (el periodo
de tiempo trascurrido tras la aplicación del campo se indica en cada fotografía). Las �echas
indican la dirección del campo magnético aplicado. Como puede observarse, en ausencia de
campo, las partículas de hierro (de menor tamaño) forman una capa sobre la super�cie de las
de PMMA (de mayor tamaño). Estas estructuras de núcleo diamagnético y corteza ferromag-
nética se mueven para formar estructuras orientadas en la dirección del campo aplicado. La
longitud de la barra de escala es de 10 µm.

cional de partículas de hierro, como se observa en la Figura 11.3a. Los re-
sultados de estas simulaciones se utilizaron para estimar el esfuerzo umbral
de las suspensiones. Para ello, se adaptó unmodelo teórico originariamente
propuesto para explicar el esfuerzo umbral de �uidos MR convencionales
convencionales [López-López y col. (2012)]. Este modelo considera (como
se comentará posteriormente) que la contribución más importante para la
aparición del esfuerzo umbral en �uidos MR es el cambio de la permeabili-
dad magnética de la suspensión cuando los agregados de partículas induci-
dos por el campo se inclinan y se estiran debido a la cizalla. El esfuerzo
umbral obtenido teóricamente de esta forma, resultó ser mayor para las sus-
pensiones compuestas por estructuras mixtas de núcleo diamagnético y cu-
bierta magnética (Figura 11.3b).

Seguidamente (capítulo 4), comprobamos experimentalmente conun sis-
tema en el que el recubrimientomagnético eramás homogéneo, el llamativo
aumento de la permeabilidad magnética obtenido por simulación para las
estructuras mixtas de núcleo diamagnético y cubierta ferromagnética. Para
ello se adquirieron partículas comerciales compuestas por un núcleo dema-
terial cerámico y recubiertas de una capade níquel (dp ≈ 12 µm)y se preparó
una suspensión al 40 % v/v en aceite mineral. Además, por comparación se
preparó una suspensión de microesferas macizas de níquel (dp ≈ 10 µm)
cuya fracción en volumen se ajustó para que la magnetización de saturación
de ambas suspensiones, y por ende, su contenido en material magnético,
fuesen iguales. Sin embargo, y a pesar de tener la misma concentración de
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Figura 11.3: (a) Componentes longitudinal (µ | |) y transversal (µ⊥) del tensor de la permeabil-
idad magnética en función de la deformación bajo la aplicación de un campo magnético in-
terno de 10 kA·m−1 para las muestras S0(10:0) (línea de trazos) and S3(10:30) (línea continua).
Como se puede observar, ambos valores son mayores para la suspensión multi-componente.
(b) Valores teóricos (líneas) y experimentales (símbolos) del esfuerzo umbral estático. Como se
aprecia, el modelo teórico predice el aumento del esfuerzo umbral para la suspensión multi-
componente.

níquel (0.3 % v/v), la susceptibilidadmagnética (χ � µ−1) de la suspensión
de partículas de núcleo diamagnético y cubierta ferromagnética resultó ser
hasta un 75 % mayor que la de la suspensión de esferas macizas de níquel
–Figura 11.4a.

Este interesante fenómeno se con�rmó estimando la susceptibilidadmag-
nética de suspensiones diluidasmediante ecuaciones demagnetismo clásico
y utilizando simulaciones por elementos �nitos (similares a las comentadas
anteriormente para las suspensiones de PMMA/hierro). Los resultados de
ambas estimaciones se presentan en la Figura 11.4a donde se observa un
buen acuerdo cualitativo con los datos experimentales. Las discrepancias
entre los valores teóricos/simulados y experimentales se podrían atribuir
a las diferentes aproximaciones empleadas. No obstante, el resultado más
interesante obtenido de forma teórica se re�eja en la 11.4b, en la que se de-
muestra que es posible optimizar la respuestamagnética de las partículas de
núcleo diamagnético y corteza magnética, actuando sobre la razón, p entre
el volumen del núcleo diamagnético y el volumen total de la partícula. En
concreto se observó que existe una mejora progresiva de la susceptibilidad
conforme la corteza ferromagnética se a�na.

Finalmente, se midieron las propiedades reológicas bajo la aplicación
de campos magnéticos para las dos suspensiones objeto de estudio (0.3 %
v/v de partículas macizas de níquel y 40 % v/v de partículas recubiertas de
níquel), con�rmándose el aumento del esfuerzo umbral para la suspensión



CHAPTER 11. RESUMEN 207

Partículas 
macizas de Ni

Partículas 
recubiertas de Ni

a) b)
Experimentos

Experimentos

Simulación

Simulación

Teoría

Teoría

S
us
ce
pt
ib
ili
da
d 
m
ag
né
tic
a,
 χ

(a
di
m
en
si
on
al
)

(adimensional)
Intensidad del campo magnético, H (kA/m)

S
us
ce
pt
ib
ili
da
d 
m
ag
né
tic
a,
 χ

(a
di
m
en
si
on
al
)

Figura 11.4: (a) Susceptibilidades magnéticas de la suspensión de partículas de material
cerámico recubiertas de níquel (curvas rosas) y de la suspensióndepartículasmacizas de níquel
(curvas naranjas). Como se puede apreciar, la permeabilidad de la primera es bastante mayor
que la de la segunda. Las tres curvas para cada muestra se corresponden con los valores expe-
rimentales, teóricos y obtenidos por simulación. A pesar de algunas diferencias quantitativas
existe un buen acuerdo cualitativo. El recuadro muestra las celdillas unidad utilizadas en la
simulación. (b) Susceptibilidadmagnética de la suspensión de partículas cerámicas recubiertas
de níquel en función de la razón p entre el volumen del núcleo diamagnético y el volumen total
de la partícula, para diferentes campos magnéticos. Como se ve en la �gura, la susceptibilidad
aumenta progresivamente conforme la corteza ferromagnética se a�na.

de partículas recubiertas de níquel.

Efecto sobre la difusión rotacional

Para este estudio (capítulo 5) se prepararon varias suspensiones de partícu-
las de hierro (dp � 1.0 ± 0.7µm) y partículas de PMMA (dp � 9.9 ± 0.4 µm)
en aceite de silicona. Las relaciones entre las fracciones de volumen hie-
rro:PMMA fueron: 10:0, 10:10, 10:20 y 10:30. Además, con objeto de reducir
la agregación heterogénea entre las partículas de PMMAy hierro observada
mediante microscopía en el capítulo 3, se adicionó estearato de aluminio
como agente estabilizante. Las observacionesmicroscópicas de supensiones
diluidas revelaron que, efectivamente, en este caso no existía recubrimiento
de hierro en torno a las partículas de PMMA. Asimismo, se midió la mag-
netización de las diferentes suspensiones para determinar si existían dife-
rencias signi�cativas entre la susceptibilidad magnética de la muestra com-
puesta únicamente por hierro y la de las suspensiones de hierro/PMMA.
Sin embargo, las curvas de magnetización obtenidas resultaron ser prácti-
camente coincidentes para todas las suspensiones. Así pues, en este caso el
aumento del esfuerzo umbral asociado a la adición de partículas diamag-
néticas no estaría relacionado con la mejora de las propiedades magnéticas
de la suspensión.
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Figura 11.5: Incremento del esfuerzo umbral en función de la intensidad del campo magnético
aplicado para las geometrías de cilindros concéntricos (a) y platos paralelos (b). Los símbolos
corresponden a los datos experimentales, mientras que las líneas indican las predicciones del
modelo teórico. Para todas las curvas la concentración de hierro es del 10% v/vmientras que la
de PMMAvaría entre 0-30%v/v. Se observa un aumento del esfuerzo umbral con la intensidad
del campo y la concentración de PMMA. Ambos efectos parecen ser más acusados en el caso de
la geometría de Couette. La similitud entre los datos experimentales y las predicciones teóricas
corroboran la importancia de las colisiones entre los agregados magnéticos y las partículas
diamagnéticas sobre la difusión rotacional de los primeros.

Las propiedades reológicas bajo campo de las suspensiones se midieron
empleando dos tipos de geometría: de cilindros concéntricos (o de Couette)
y de platos paralelos, aplicándose el campomagnético en la dirección del eje
del rotor del reómetro en ambos casos. Por tanto, en el caso de la geometría
de Couette el campo se aplicó en la dirección de la vorticidad, mientras que
para los platos paralelos estaba orientado en la dirección del gradiente de
velocidad. En ambos casos se con�rmó el aumento del esfuerzo umbral con
la fracción de volumen de partículas diamagnéticas. Ahora bien, este au-
mento resultó ser más intenso en el caso de la geometría de Couette (Figura
11.5).

Sin embargo, parece poco intuitivo que en la geometría de Couette con el
campo magnético aplicado longitudinalmente pueda aparecer un esfuerzo
umbral bajo cizalla, dado que los agregados magnéticos se encuentran ali-
neados en la direcciónde la vorticidad. Sin embargo, estudios previos [Bossis
y col. (2002a); Kuzhir y col. (2003, 2011b); Shulman y Kordonsky (1982);
Takimoto y col. (1999)] demuestran que incluso cuando el campomagnético
está alineado en las direcciones de �ujo y/o de la vorticidad, los �uidos
MR pueden desarrollar un esfuerzo umbral. La explicación a este fenó-
meno está relacionada con procesos de difusión rotacional de los agregados
de partículas ferromagnéticas inducidos por el campo magnético [Kuzhir y
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col. (2011b)]. En concreto, la desviación de un agregado respecto a la direc-
ción del campo en estos casos se debe a variaciones estocásticas del campo
magnético local como consecuencia de la presencia de los agregados veci-
nos. Una vez desalineado el agregado, aparecen fuerzas hidrodinámicas
adicionales que, a su vez, aumentan el nivel de esfuerzo viscoso [Kuzhir y
col. (2011b)].

En el caso de las suspensiones de PMMA y hierro, nuestra principal
hipótesis es que bajo cizalla, las partículas de PMMA, de tamaño similar a
los agregados de partículas magnéticas, chocan con estos últimos dando lu-
gar a rotaciones suplementarias de los mismos. Ello origina un aumento de
la difusión rotacional asociada a los agregados, y, por tanto, del esfuerzo de
cizalla. Tomando esta hipótesis como punto de partida, se desarrolló unmo-
delo teórico que tiene en cuenta la contribución adicional de este segundo
mecanismo al proceso de difusión rotacional de los agregados magnéticos.
Como se aprecia en la Figura 11.5 el ajuste de los datos experimentales es
bastante bueno, lo que con�rma la validez de nuestra hipótesis.

11.2.2 Fluidos MR bimodales (basados en ferro�uidos)

Para este estudio (capítulo 6) se utilizó un FF como líquido portador com-
puesto por un 5 % v/v de nanopartículas de magnetita, recubiertas por una
capa de moléculas de ácido oleico, en aceite mineral. En este FF, se adi-
cionaron partículas de tamañomicrométrico ferromagnéticas (hierro) y dia-
magnéticas (PMMA) idénticas a las utilizadas en el capítulo 3. Las muestras
se denominaron de forma genérica como FMX-DMY, donde X e Y represen-
tan las fracciones volumétricas de partículas ferromagnéticas y diamagnéti-
cas, respectivamente.

La primera parte del estudio se centró en los fenómenos de agregación
de las partículas dispersas en presencia de campo magnético. Se observó
que las partículas de PMMA, de mayor tamaño, formaban cadenas sencillas
de partículas orientadas en la dirección del campo, mientras que en el caso
de las partículas de hierro, se formaban agregados, clusters, de partículas si-
tuados a ambos lados de cada cadena de PMMA, provocando la aparición de
bandas alternas de cadenas de PMMA/clusters de hierro (Figuras 11.6b,d).
Sin embargo, en los extremos de las cadenas de PMMA aparecían zonas sin
partículas de hierro, es decir únicamente FF. Asimismo se observó que las
cadenas de partículas en el interior de los clusters ferromagnéticos se encon-
traban fuertemente empaquetadas, sin apenas espacio libre entre ellas, una
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situación completamente diferente a la encontrada para las suspensiones de
hierro en FF (Figura 11.6e). En este caso las cadenas estaban más separadas
unas de otras.

La estructuración de las partículas se explicó mediante la fuerza de in-
teracción entre las partículas magnetizadas, puesto que, como se han men-
cionado con anterioridad, en el seno de un FF tanto las partículas ferromag-
néticas como las diamagnéticas se magnetizan cuando se someten a la apli-
cación de un campomagnético, teniendo los momentos magnéticos, respec-
tivamente, igual y opuesto sentido al del campo aplicado. La fuerza de inter-
acción entre dos partículas pertenecientes a una misma población (a saber,
pares de partículas diamagnéticas o ferromagnéticas), estimada usando la
aproximación dipolo-dipolo, es atractiva siempre y cuando la línea que une
los centros de ambas partículas sea paralela a la dirección del campo apli-
cado. En el caso de que dicha línea y la dirección del campo sean perpen-
diculares, la fuerza de interacción es repulsiva. Ello explica que, con objeto
de minimizar la energía magnetostática del sistema, se formasen cadenas
de partículas de una misma población. En el caso de un par compuesto por
una partícula diamagnética y otra ferromagnética, la situación es la opuesta:
la fuerza de interacción es atractiva cuando la línea que une sus centros es
perpendicular a la dirección del campo aplicado, lo que explica la atracción
lateral entre las cadenas de partículas de PMMA y hierro, y la formación
de las bandas alternas observadas. Por el contrario, dicha fuerza es repul-
siva cuando la línea centro-centro es paralela al campo, lo que justi�ca la
aparición de zonas sin partículas de hierro en los extremos de las cadenas
de PMMA.

Con la �nalidad de estudiar el efecto de esta estructuración sobre las
propiedades reológicas de la suspensión, se midió, en primer lugar el es-
fuerzo umbral en estado estacionario bajo la aplicación de campomagnético.
Para ello, se utilizó la misma geometría de medida que en el capítulo 3, es
decir, geometría de platos paralelos. Se observó que, para una determinada
concentración de partículas ferromagnéticas, el esfuerzo umbral era mayor
para las suspensiones en las que había partículas de hierro y PMMA, au-
mentando con la fracción de volumen de estas últimas. Es más, el aumento
del esfuerzo umbral no se debía únicamente a la contribución al esfuerzo
umbral de las cadenas de PMMA, sino que era incluso mayor. De hecho, el
esfuerzo umbral de una suspensión al 10 % v/v de PMMA resultó ser ex-
tremadamente bajo. Es decir, existía cierta sinergia al mezclar ambos tipos
de partículas. Asimismo, para una fracción de volumen total constante, ob-
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Ferrofluido
Partículas de PMMA

Partículas de hierro

Figura 11.6: (a) Aspecto inicial de las partículas ferromagnéticas (zonas de color negro) y dia-
magnéticas (esferas blancas) en ausencia de campomagnético para lamuestra FM10-DM20. (b)
Estructuración en bandas alternas de clusters de hierro y cadenas de PMMA bajo campo para
la misma muestra. (c) Cadenas de PMMA en una muestra sin hierro, FM0-DM10. (d) Imagen
similar a (b) en otra zona de la suspensión. (e) Cadenas de hierro en una muestra sin partícu-
las diamagnéticas, FM10-DM0. Nótese la mayor separación entre las cadenas de hierro con
respecto a (b) y (d). (f) Esquema de una cadena de partículas diamagnéticas (esferas de color
crema) rodeada de clusters ferromagnéticos (en negro). Las zonas de FF puro son de color gris.
Dos de esas zonas sin partículas de tamañomicrométrico se han resaltado en rojo (los extremos
de las cadenas diamagnéticas) y en verde (los intersticios entre las partículas de PMMA). La
barra de escala en cada imagen corresponde a 20 micras. Las �echas indican la dirección y el
sentido del campo magnético externo H0, de intensidad 9.8 kA·m−1
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Figura 11.7: (a) Esfuerzo umbral adimensional, s, calculado utilizando la ec. (11.1) en fun-
ción de la razón entre las fracciones de volumen de partículas dia- y ferromagnéticas, x. Los
diferentes símbolos corresponden a datos experimentales obtenidos bajo la aplicación de cam-
pos magnéticos de diferente intensidad. Se puede observar que, a pesar de que existe cierta
dispersión, todas las curvas muestran la misma tendencia creciente. La línea representa la
predicción del modelo teórico, del mismo orden de magnitud que los datos experimentales.
(b) Incremento de los módulos viscoelásticos G’ y G” correspondientes a la zona viscoelástica
lineal (relación lineal entre el esfuerzo oscilatorio aplicado y la deformación correspondiente)
con respecto a su valor en ausencia de campo, en función del campo magnético para todas las
muestras. Ambos módulos son mayores para las muestras con partículas ferromagnéticas y
diamagnéticas, aumentando con la concentración de estas últimas.

tuvimos un valor óptimo de la fracción de volumen de PMMA que maxi-
mizaba el esfuerzo umbral. La disminución del esfuerzo umbral para con-
centraciones de PMMA por encima de la óptima se debía a la consiguiente
reducción de la cantidad de hierro. Con el �n de tener en cuenta dicha re-
ducción calculamos un esfuerzo umbral adimensional, s, como sigue:

s �
8σd

y

9µ0µ f β2FMH2
0ϕFM

(11.1)

donde σd
y es el esfuerzo umbral dinámico, µ0 es la permeabilidadmagnética

del vacío, µ f es la permeabilidad del FF, βFM es el llamado factor de con-
traste magnético para las partículas ferromagnéticas y ϕFM es la fracción
volumétrica de partículas de hierro. La representación de este esfuerzo um-
bral obtenido a diferentes intensidades del campo magnético, frente a la
razón entre las fracciones de volumen de partículas dia- y ferromagnéticas,
x, dio lugar a una curva maestra de tendencia creciente (Figura 11.7a).

Finalmente, se midieron los módulos viscoelásticos bajo la aplicación de
esfuerzos de cizalla oscilatorios de frecuencia y amplitud variables. En este
caso se observó que tanto elmódulo de almacenamiento (G’) como el de pér-
didas (G”) también aumentaban con la adición de partículas diamagnéticas
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tal y como se muestra en la Figura 11.7b. Estos módulos están relacionados
con el comportamiento como sólido y como líquido de la suspensión, respecti-
vamente [Larson (1999)].

El aumento del esfuerzo umbral y los módulos viscoelásticos se podría
explicar atendiendo a dos mecanismos diferentes. El primero de ellos es la
perturbación del campo magnético asociada a las cadenas de PMMA, que
crea zonas de exclusión en las que la formación de estructuras por parte de
las partículas ferromagnéticas está prohibida. El resultado es un mayor em-
paquetamiento de las cadenas de partículas ferromagnéticas en las zonas
permitidas que, a su vez, causa un aumento de las propiedades MR más
rápido que el correspondiente a un aumento lineal [Bossis y col. (2002a)].
El segundo mecanismo estaría asociado a la formación de las estructuras
compuestas hierro/PMMA (Figuras 11.6b,e) que serían más resistentes a la
cizalla.

La contribución de este segundo mecanismo se evaluó mediante un de-
sarrollo teórico basado en el módelo para el esfuerzo umbral de �uidos MR
convencionales de Martin y Anderson (1996). Se tuvieron en cuenta las si-
guientes aproximaciones: (i) los tamaños de las partículas diamagnéticas y
ferromagnéticas son iguales; (ii) la fracción de volumen de partículas ferro-
magnéticas es mayor que la de partículas diamagnéticas; (iii) una cadena
individual de partículas ferromagnéticas se une lateralmente a una única
cadena de partículas diamagnéticas como se muestra en la Figura 11.8. La
cadena de partículas diamagnéticas es más corta que la de partículas ferro-
magnéticas por las suposiciones (i) y (ii). Dado que la atracción magnética
entre las partículas es máxima en los extremos de las cadenas, la cadena
diamagnética se sitúa bien en el extremo inferior o en el superior.

El esfuerzo umbral se calcula mediante un balance entre los momentos
de las fuerzas magnéticas e hidrodinámicas para las diferentes posiciones
con respecto a la cadena diamagnética que puede tomar la partícula ferro-
magnética para la que ambos momentos se igualan. Las estimaciones teóri-
cas presentan la misma tendencia creciente de s frente a x (Figura 11.7a).
Sin embargo, la teoría predice valores más bajos de s que los experimenta-
les. Ello se podría deber a que el modelo teórico no tiene en cuenta las zonas
de exclusión anteriormente mencionadas.
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ferromagnética

diamagnética

velocidad del fluido

Figura 11.8: Esquema de la estructura de partida para el modelo teórico, compuesta por
partículas diamagnéticas (color crema) y ferromagnéticas (color gris). Por simplifación se con-
sidera que todas ellas tienen el mismo tamaño. Dado que los momentos magnéticos asociados
a cada población de partículas tienen sentido opuesto, las cadenas de ambos tipos de partícu-
las se atraen lateralmente. Los extremos de las cadenas están en contacto porque la energía de
interacción entre las partículas es máxima en estas zonas.

11.3 Reología de �uidos magnetorreológicos con-
centrados e inestabilidades de �ujo

11.3.1 Esfuerzo umbral de �uidos magnetorreológicos con-
centrados

Para el estudio experimental y teórico del esfuerzo umbral de �uidos MR
concentrados (capítulo 7) se utilizó una suspensión de partículas de hierro
recubiertas de sílice (d50 = 5 µm) en aceite mineral. La fracción en volumen
de la suspensión fue de aproximadamente un 50 % v/v, cercana pues a la
de máximo empaquetamiento para esferas (63-64 %). Para determinar el es-
fuerzo umbral estático en presencia de campomagnético se realizaronmedi-
das en geometría plato-plato usando rampas de velocidades de deformación
a diferentes intensidades de campo (aplicado en dirección perpendicular a
ambos platos). Con objeto de alcanzar elevados valores de la deformación,
γ ∼ 103, y así asegurar un �ujo estacionario de la suspensión, la duración
de cada punto de la rampa fue de 30 min. Los resultados de las medidas
se re�ejan en la Figura 11.9a. Dado que, como se muestra en el recuadro de
esta �gura, el esfuerzo umbral de la suspensión a campo nulo era conside-
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Figura 11.9: (a) Dependencia con el campo magnético, H0, del incremento del esfuerzo um-
bral experimental. En el recuadro se representan los valores del esfuerzo umbral, es decir, sin
sustraer el valor del esfuerzo umbral a campo nulo. La línea continua representa la predic-
ción teórica calculada usando la ec. (7.10), mientras que la línea a trazos se corresponde con
el mejor ajuste a una ecuación potencial del tipo ∆σ(H0) � KHn , siendo n � 1.91 ± 0.07. (b)
Componentes longitudinal µ‖ y transversal µ⊥ del tensor de la permeabilidad magnética de
la suspensión en función de la deformación. Nótese la intensa disminución de µ‖ conforme la
estructura se deforma debido a la aparición de huecos entre las partículas de las cadenas que
la constituyen.

rablemente elevado, en la misma se representa el incremento del esfuerzo
umbral con el campo magnético externo, es decir, la diferencia entre el es-
fuerzo umbral a un campo magnético dado y el valor de dicha magnitud
en ausencia de campo: ∆σ(H0) � σ(H0) − σ(0). Como puede apreciarse,
el esfuerzo umbral crece casi cuadráticamente con H0 (véase el ajuste a una
ecuación potencial en la Figura 11.9a).

Para el desarrollo de un modelo teórico capaz de explicar estos resul-
tados experimentales partimos de la siguiente hipótesis fundamental: las
estructuras que se forman en el seno de la suspensión cuando se aplica un
campomagnético externo de su�ciente intensidad, H0, son tetragonales cen-
tradas en el cuerpo (TCC) (véase la Figura 11.10). Por tanto constan de una
cadena central y cuatro cadenas periféricas. Estas últimas están separadas
de la cadena central por unadistancia de un radio de partícula, demodoque,
en ausencia de cizalla, las partículas vecinas en la estructura se encuentran
en contacto, lo que asegura su estabilidad. Se ha demostrado que este tipo
de estructura es la más favorable desde el punto de vista energético [Tao y
Jiang (1998); Tao y Sun (1991)] además de haber sido observada mediante
difracción de rayos láser en �uidos electrorreológicos [Chen y col. (1992)].

Cuando se aplican esfuerzos de cizalla, la cadena central experimenta
una deformación afín, pero en ningún momento las partículas de esta ca-
dena pierden el contacto con las partículas de las cadenas periféricas, lo
que mantiene la estabilidad mecánica de la estructura (Figura 11.10). Como
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Vista desde arriba
Cadena central

Cadenas periféricas

Figura 11.10: Estructura TCC considerada en el modelo, en reposo (izquierda), y bajo cizalla
(derecha). Debajo se representa la vista en planta de la estructura en reposo. La estructura
consta de una cadena central rodeada por cuatro cadenas periféricas separadas a una distancia
de un radio de partícula. Bajo la aplicación de esfuerzos de cizalla, la cadena central se deforma
de manera afín, sin perder el contacto con las partículas de las cadenas vecinas, lo que asegura
la estabilidad mecánica de la estructura.
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consecuencia de la inclinación de las cadenas al ser cizalladas, aparece un
momento magnético que tiende a alinearlas de nuevo en la dirección del
campo externo. Por otra parte, dado que las cadenas se mantienen unidas
a los platos del reómetro, la inclinación provoca que se estiren, creándose
huecos entre las partículas que las conforman. Este fenómeno, a su vez, da
lugar a fuerzas de recuperación a lo largo del eje principal de la estructura.

Para el cálculo del esfuerzo umbral estático asociado a esta estructura, se
parte del tensor de esfuerzos para un sólido elástico anisótropo, dado que la
suspensión se puede considerar como tal para esfuerzos por debajo del um-
bral y bajo condiciones de deformación estática [Landau y Lifshitz (1984)].
Además se supone que, en el rango de campos magnéticos considerados, la
permeabilidad magnética de la suspensión es independiente de la intensi-
dad del campo magnético aplicado. Teniendo en cuenta esta aproximación
se obtiene la siguiente expresión del esfuerzo de cizalla (componente xz del
tensor de esfuerzos) en función de la intensidad de campo magnético:

σ �µ0H2 (
µ‖ − µ⊥

) γ

(1 + γ2)2
−

1
2µ0H2

[
∂µ‖
∂γ
·

1
1 + γ2

+
∂µ⊥
∂γ
·

γ2

1 + γ2

]

+ 1
2µ0H2 (

µ‖ − µ⊥
) γ

1 + γ2
(11.2)

En esta ecuación µ‖ y µ⊥ son, respectivamente, las componentes del ten-
sor de la permeabilidad magnética a lo largo de los ejes mayor y menor de
la estructura TCC, cuando se escoge un sistema de referencia centrado en
la misma. Las componentes del tensor respecto al sistema de referencia del
laboratorio se obtienen mediante un sencillo giro de ejes. La dependencia
de µ‖ y µ⊥ con la deformación γ se calcula resolviendo las ecuaciones de
Maxwell mediante elementos �nitos. En la Figura 11.9b, se representan los
resultados obtenidos. Como se puede apreciar, la permeabilidad longitudi-
nal µ‖ sufre una importante disminución conforme las estructuras se estiran,
debido a la aparición de huecos entre las partículas de las cadenas. Por su
parte, la permeabilidad transversal, µ⊥, apenas varía con la deformación.
En la ec. (11.2), H es el campo magnético interno de la suspensión, que se
calcula a partir del campo externo, H0, empleando la siguiente fórmula:

H �
H0
µzz

�
H0

µ‖ + µ⊥γ2
(1 + γ2). (11.3)
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El primer término de la ec. (11.2) es la contribución elástica del mo-
mento magnético que tiende a girar la estructura inclinada para alinearla
de nuevo con el campo magnético. A su vez, este término está conectado
con la variación de la permeabilidad de la suspensión por la rotación de la
estructura. El segundo término está asociado con las fuerzas recuperado-
ras que tratan de comprimir las cadenas estiradas para eliminar los huecos
entre las partículas. Por tanto, está relacionado con la variación de la per-
meabilidad magnética por la extensión de los agregados. El último término
proviene del tensor de esfuerzos deMaxwell, ligado a la deformación de las
estructuras bajo campo magnético. Nuestras estimaciones demuestran que
el segundo término predomina sobre los otros dos. Ello parece indicar que
la principal contribución al esfuerzo umbral en un �uido MR es el cambio
de la permeabilidad magnética asociado a la aparición de huecos entre las
partículas de las estructuras magnéticas cuando se deforman por la cizalla.
Este último resultado constituye una contribución original al modelado del
esfuerzo umbral estático en �uidos MR.

El esfuerzo umbral calculado teóricamente para el �uido al 50 % v/v se
representa en la Figura 11.9a junto a los datos experimentales. Como puede
apreciarse, el modelo predice adecuadamente la tendencia que siguen los
valores experimentales. Sin embargo, desde el punto de vista cuantitativo
subestima el valor de estos últimos. Una de las posibles causas de esta dis-
crepancia es la polidispersión del tamaño de las partículas del �uido MR,
dado que la presencia de partículas pequeñas facilita la formación de agre-
gadosmagnéticosmás compactos que las estructuras TCC consideradas. Di-
chos agregados serían más resistentes a la cizalla.

11.3.2 Inestabilidades de �ujo en �uidos MR

La aparición de irregularidades en el �ujo de �uidos MR bajo campo mag-
nético se estudió para dos geometrías de medida diferentes: (i) geometría
plato-plato y (ii) �ujo de Poiseuille a través de capilares.

Geometría plato-plato

Las medidas en este tipo de geometría (capítulo 8) se realizaron utilizando
la misma suspensión concentrada al 50 % v/v del epígrafe anterior. Con el
�n de obtener la evolución temporal del esfuerzo de cizalla bajo la aplicación
de campos magnéticos externos, la suspensión se sometió a una velocidad
de deformación constante, γ̇, durante aproximadamente 20min. Se observó
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Figura 11.11: Dependencia temporal del esfuerzo de cizalla para velocidades de deformación,
γ̇, constantes: (a) γ̇=0.01 s−1; (b) igual velocidad que en (a) pero ampliando la escala de tiempo;
(c) γ̇=0.015 s−1; (d) γ̇=1 s−1. Las cuatro curvas que se representan en cada grá�ca correspon-
den a campos magnéticos de intensidad creciente desde la curva inferior hasta la superior, de
valores: 0, 9, 18 y 26.5 kA·m−1. Nótese que a velocidades de deformación su�cientemente bajas
la respuesta temporal del esfuerzo de cizalla es oscilatoria (a) y (c), con amplitud y periodos
bien de�nidos (b). Sin embargo, a velocidades de deformación superiores, el esfuerzo alcanza
un valor aproximadamente constante (d).

que, tras un primer incremento del esfuerzo de cizalla, σ, éste alcanzaba un
valor aproximadamente estacionario cuando la velocidad de deformación
aplicada era superior a cierto valor crítico –Figura 11.11d. Sin embargo, para
velocidades de deformaciónmuy bajas, por debajo de ese valor crítico, no se
alcanzó un estado estacionario, sino que se obtuvo una respuesta oscilatoria
del esfuerzo. En particular, se observaron oscilaciones temporales del es-
fuerzo de cizalla, con amplitud y periodo crecientes con el campomagnético
externo –Figuras 11.11a-c. Este comportamiento oscilatorio se asoció a lo
que denominamos proceso de stick-slip (que literalmente podría traducirse
como ”atascamiento-deslizamiento”), debido a que al aumento progresivo
del esfuerzo de cizalla durante las oscilaciones se le conoce como stick, mien-
tras que a la disminución correspondiente se le denomina slip.

Para la construcción de los reogramas (grá�cas de σ vs. γ̇) se tomó, para
cada velocidad de deformación aplicada, el valor medio del esfuerzo en la
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Figura 11.12: Reogramas en escala semi-logarítimica para cuatro intensidades del campomag-
nético aplicado. El reograma obtenido en ausencia de campo tiene la forma usual para �uidos
MR convencionales. Sin embargo, en presencia de campo magnético, los reogramas presen-
tan una parte inicial decreciente (de viscosidad diferencial negativa) ligada a la aparición de
inestabilidades de �ujo.

zona �nal (es decir, a tiempos elevados) de grá�cas como las de la Figura
11.11. Los reogramas así obtenidos se han representado en la Figura 11.12.
En esta grá�ca se observa que, a campo nulo, el esfuerzo aumenta con la
velocidad de deformación de forma progresiva, como suele ser usual para
�uidos MR convencionales. Sin embargo, los reogramas obtenidos en pre-
sencia de campos magnéticos externos tienen una forma especialmente pe-
culiar, puesto que presentan unmínimo del esfuerzo de cizalla a una veloci-
dad de deformación crítica. La parte decreciente del reograma, por debajo
de esa velocidad de deformación crítica, se corresponde con una zona de
viscosidad diferencial negativa, de modo que el �ujo del �uido para esas
velocidades de deformación no es estable. El resultado es la aparición de
esfuerzos oscilatorios como los observados en la Figura 11.11.

Con el �n de tener una idea de lo que le ocurría a la suspensión durante
las oscilaciones, se llevaron a cabo experimentos de observación directa de
la deformación de la suspensión. Para ello, una vez precizallada la muestra
y con el campomagnético conectado, se rascó un pequeño canal en la super-
�cie de la suspensión, perpendicular a los platos del reómetro. En ese canal
se inyectó un pigmento de nanopartículas de dióxido de titanio en glicerol.
Se observó que, para velocidades de deformación superiores a la crítica, la
columna de pigmento se deformaba uniformemente, permaneciendo unida
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a ambos platos e inclinándose por la cizalla. Sin embargo, bajo la aplicación
de velocidades de deformación inferiores a la crítica, la columna de pig-
mento se fracturaba en su punto medio, de modo que cada una de las mi-
tades quedaba enganchada al plato correspondiente moviéndose con éste.

Estas observaciones nos permitieron formular la siguiente hipótesis so-
bre la evolución de una red compuesta por agregados triples de cadenas en
el seno de la suspensión durante los procesos de stick y slip –Figura 11.13a.
Durante el proceso de stick se supone que las estructuras, unidas a ambos
platos del reómetro, sufren una deformación elástica afín, inclinándose de-
bido a la cizalla, lo que provoca el aumento progresivo del esfuerzo. Sin
embargo, cuando se alcanza un valor crítico de la deformación γcrit , el es-
fuerzo de cizalla alcanza un valor máximo y las cadenas de la estructura se
parten por la mitad. Durante el proceso de slip, las dos mitades de las cade-
nas, unida cada una a su plato, tienden a alinearse de nuevo con el campo
magnético, girando con respecto al eje de la vorticidad, por lo que el esfuerzo
de cizalla comienza a disminuir. Sin embargo, en el transcurso de este giro,
la mitad superior de una estructura dada se ”encontraría” con la mitad in-
ferior de una estructura vecina, uniéndose a ella de forma inmediata por
atracción magnética. De este modo se cerraría el ciclo. Así pues, durante
el ciclo de stick-slip, los agregados experimentan oscilaciones angulares, de
modo que la deformación local de los mismos varía desde el valor máximo,
γcrit , hasta un valor mínimo que vendría dado por γmin � γcrit −∆γ, donde
∆γ es la amplitud de las oscilaciones angulares o periodo espacial, que, para
un agregado triple de cadenas se estima como: ∆γ ≈ 1.9 · (2a)/h, donde a
es el radio de las partículas y h la distancia entre los platos del reómetro.

Así pues, la evolución de la deformación local durante el ciclo vendría
dada por:

γ �




γmin + γ̇glob t , 0 ≤ t ≤ tstick

γcrit [1 − (t − tstick )/τ] , tstick ≤ t ≤ ∆T
(11.4)

donde, tstick y tslip son las duraciones de los procesos de stick y slip. La
primera se puede estimar teniendo en cuenta que durante el stick las es-
tructuras se deforman homogéneamente y de manera afín. El tiempo de
slip se determina mediante un balance entre los momentos de las fuerzas
magnéticas e hidrodinámicas que actúan sobre cada una de las mitades de
las estructuras de partículas durante este proceso. γ̇glob es la velocidad de
deformación global aplicada por el reómetro, ∆T es la duración completa
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Figura 11.13: (a) Proceso periódico de ruptura/formación asociado al fenómeno de stick-slip
para un agregado triple de cadenas. Durante el proceso de stick el agregado se deforma de
manera afín (esquema izquierdo). Cuando se alcanza una deformación crítica γcrit , las cadenas
se parten por la mitad (esquema central) quedando cada mitad unida al plato correspondiente
y moviéndose con él. A la vez que se mueven, las mitades giran en torno a la vorticidad para
alinearse de nuevo con el campo (proceso de slip). Durante ese giro pueden encontrar a lamitad
opuesta de otro agregado uniéndose a ella para iniciar un nuevo ciclo (esquema derecho). (b)
Predicciones teóricas de la dependencia temporal de la deformación local y del esfuerzo para
H0 � 18.5 kA·m−1 y γ̇=0.01 s−1. Como puede observarse, el modelo es capaz de simular el
comportamiento oscilatorio de ambas magnitudes.
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del ciclo (tstick + tslip) y τ es el tiempo de relajación ligado a la rotación de
las mitades por el momento magnético.

La evolución temporal del esfuerzo de cizalla durante las oscilaciones se
obtiene sustituyendo los valores de γ que aparecen en la ec. (11.4), en la ec.
(11.2). Ambas respuestas temporales se han representado en la Figura 11.13b
en la que se puede apreciar que el modelo teórico, a pesar de su simplicidad,
es capaz de reproducir el comportamiento oscilatorio del esfuerzo de cizalla
para las velocidades de deformación de la parte decreciente del reograma.

Flujo de Poiseuille a través de capilares

El estudio de las irregularidades de �ujo (capítulo 9) en este caso se llevó a
cabomidiendo las propiedades reológicas de una suspensión al 30% v/v de
hierro en aceite de silicona en un reómetro capilar. Este dispositivo (véase la
Figura 11.14a) consta de unpistón que se desplaza a velocidad constante em-
pujando al �uido alojado en un depósito cilíndrico a través de un capilar de
138 mm de longitud y diámetro interno de 1.20 mm. Aplicamos un campo
magnético no uniforme mediante un electroimán emplazado hacia la mitad
de la longitud del tubo. A esa altura la intensidad del campo magnético
era máxima, disminuyendo hacia los extremos del tubo –Figura 11.14a. El
llenado del depósito se hizo en condiciones de vacío.

En el �ujo de Poiseuille a través de capilares, el esfuerzo de cizalla, σ,
se calcula a partir de la diferencia de presión entre los extremos del capilar,
∆P, mientras que la velocidad de deformación, γ̇, está relacionada con la
velocidad a la que se desplaza el pistón, uS. Las grá�cas ∆P vs. uS (equiva-
lentes por tanto a los reogramas) tenían la misma forma que los reogramas
obtenidos con la geometría plato-plato en prencia de camposmagnéticos. Es
decir, presentaban un mínimo para cierto valor crítico de uS –Figura 11.14b.
De forma similar a lo que ocurría en aquel caso, para velocidades de la sus-
pensión inferiores a la crítica, se obtuvieron oscilaciones temporales de la
diferencia de presión (stick-slip), que desaparecían cuando uS superaba di-
cho valor crítico.

Con objeto de encontrar una explicación a las oscilaciones, llevamos a
cabo experimentos de visualización del �ujo de la suspensión MR a la sa-
lida del capilar. Se observó que, en ausencia de oscilaciones, el caudal de
salida del tubo era aproximadamente constante. Sin embargo, cuando los
fenómenos de stick-slip tenían lugar, el caudal de salida era intermitente.
Durante el periodo de stick la suspensión parecía estar atascada en el inte-
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Figura 11.14: (a) Esquema del montaje experimental. El campo magnético se aplicó mediante
un electroimán situado hacia la mitad del tubo. La distribución axial del campo magnético se
muestra a la derecha. Nuestras observaciones (véase Figura 11.15) demuestran que el campo
induce agregados de partículas magnéticas de igual longitud que el diámetro del tubo, cuya
ruptura y separación de las partículas atrapadas en las rugosidades de la pared del tubo se
esquematizan en la esquina inferior izquierda. También se indican las diferentes fuerzas que
actúan sobre los agregados. (b) Curvas ∆P vs. uS obtenidas para tres intensidades del campo
magnético aplicado. Nótese la forma inusual de las mismas como ocurría en la Figura 11.12.
Las líneas se corresponden con las predicciones teóricas de nuestromodelo. Como puede apre-
ciarse, la teoría es capaz de simular la parte decreciente inicial de las curvas.

rior del tubo, siendo el caudal prácticamente nulo. Sin embargo, una vez que
el esfuerzo de cizalla empezaba a disminuir durante el proceso de slip, se ob-
servaba un rápido �ujo de la suspensión a la salida del tubo. Por otra parte
se realizaron experimentos de visualización del �ujo de un �uido MR di-
luido (5 % v/v) a través de un capilar transparente –Figura 11.15. En la zona
central del tubo en la que el campo magnético era más intenso, aparecían
concentrados agregados columnares de partículas magnéticas de igual lon-
gitud que el diámetro del tubo. Estos agregados se iban espaciando entre
ellos a distancias crecientes desde el centro del tubo. Durante el periodo de
stick no se apreció un desplazamiento signi�cativo de los agregados, cuyo
movimiento parecían estar ”congelado” –Figuras 11.15a y 11.15b. Sí que se
observó una �ltración del aceite de silicona a través de la red de agregados,
a juzgar por el movimiento de ciertas impurezas no magnéticas. En cam-
bio, durante el periodo de slip los agregados comenzaban amoverse súbita-
mente hacia la salida del tubo coincidiendo con la disminución de la presión
–Figuras 11.15c y 11.15d. Una vez alcanzado el mínimo de dicha magnitud,
el movimiento de los agregados volvía a frenarse y el ciclo comenzaba de
nuevo.
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Figura 11.15: Resultados de los experimentos de visualización del �ujo de un�uidoMRdiluido
(5 % v/v) a través de un capilar transparente. Las fotografías se tomaron en los instantes indi-
cados sobre la curva ∆P vs. t de la parte superior de la �gura. En la parte inferior izquierda de
cada foto se muestra una ampliación centrada en el tubo, donde se puede apreciar claramente
el estancamiento de los agregados durante el proceso de stick (A y B) seguido de su intenso
movimiento durante el periodo de slip (C y D).
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Basándonos estas observaciones, planteamos el siguientemecanismopara
explicar el fenómeno de stick-slip. El campo magnético induce agregados
magnéticos (de nuevo, estructuras TCC) que semantienen unidos a las pare-
des del tubo por interacción magnética con las partículas que se encuentran
atascadas en las irregularidades del mismo (rugosidad del mismo orden de
magnitud que el tamañode las partículas), así como a fuerzas de fricción con
la pared. Durante el periodo de stick, el líquido portador se �ltra a través de
las estructuras, ejerciendo una fuerza de arrastre sobre los agregados. Esa
fuerza provoca un aumento de la presión hasta que los agregados pierden el
contacto con las partículas atrapadas, deslizándose con respecto a la pared
y dando lugar a un �ujo macroscópico apreciable y a una disminución de
la diferencia de presión. La ruptura de los agregados provoca, a su vez, una
disminución de la resistencia hidráulica de la red de agregados, por lo que el
�ujo se acelera. Teniendo en cuenta este mecanismo, las fuerzas que actúan
sobre los agregados (indicadas esquemáticamente en la 11.14a) son:

• La fuerza magnética debida al gradiente de campo magnético creado
por el electroimán, Fm .

• La fuerza de arrastre hidrodinámico que ejerce el líquido portador
cuando se �ltra a través de la red de agregados, Fh , estimada a par-
tir de la ley de �ltración de Darcy.

• La fuerza de interacción entre el agregado y las paredes, Fw , que se
estima suponiendo que la separación de los agregados de la pared y su
posterior deslizamiento se producen cuando se vencen los esfuerzos
de cizalla asociados a las fuerzas Fh + Fm .

Sustituyendo el valor de estas fuerzas en el balance sobre un agregado en
el estado estacionario y resolviendo la ecuación correspondiente se obtiene
el per�l de velocidades del agregado: ua (z). Por otra parte, planteando la
ecuación delmovimiento de la suspensión se obtiene el per�l de velocidades
de la misma u(r, z), que, promedidado a lo largo de la sección transver-
sal del tubo, proporciona la velocidad super�cial de la suspensión en fun-
ción de la coordenada axial us (z). Una vez obtenidas ambas velocidades ya
se puede obtener la curva ∆P vs. uS mediante integración de la siguiente
ecuación diferencial:

dP
dz
≈ −

2η0uS

K1/2R
−

2σY

R
. (11.5)
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donde η0 es la viscosidad del aceite de silicona, K es la permeabilidad hi-
dráulica de la red de agregados, R es el radio del tubo y σY es el esfuerzo
umbral estático de los agregados, relacionado con la separación de los mis-
mos con respecto a la pared.

Las curvas obtenidas teóricamente se representan en la Figura 11.14b,
donde se puede observar que la teoría es capaz de predecir adecuadamente
los datos experimentales, así como la parte decreciente inicial de los reogra-
mas.

11.4 Conclusiones

Las conclusionesmás destacables de este trabajo se resumen a continuación:

1. La respuesta magnetorreológica de �uidos magnetorreológicos con-
vencionales se puede mejorar mediante la inclusión de partículas dia-
magnéticas no-Brownianas en la formulación del �uido. En concreto,
se ha observado que el esfuerzo umbral bajo campo magnético de es-
tas suspensiones aumenta con la concentración de dichas partículas,
para una fracción volumétrica de partículas ferromagnéticas dada.

2. El aumento del esfuerzo umbral señalado en el punto anterior se po-
dría atribuir, al menos parcialmente, a una mejora de la permeabili-
dad magnética de la suspensión causada por la formación de estruc-
turas de núcleo diamagnético y corteza ferromagnética. Idénticos re-
sultados se obtendrían empleando partículas de núcleo diamagnético
y corteza ferromagnética o partículas ferromagnéticas huecas. Este re-
sultado es altamente prometedor, dado que abriría la puerta a la fabri-
cación de �uidos magnetorreológicos con partículas de menor densi-
dad media y, por tanto, con menor grado de sedimentación, mante-
niendo una elevada respuesta magnetorreológica.

3. Ademásde lamejora de la permeabilidadmagnética, hemosplanteado
un mecanismo adicional para explicar el aumento del esfuerzo um-
bral, a saber, el aumento de la difusión rotacional de los agregados
magnéticos debido a colisiones con las partículas diamagnéticas no-
Brownianas bajo �ujo de cizalla. En suspensiones reales ambos me-
canismos (puntos 2 y 3) deben de contribuir al aumento del esfuerzo
umbral cuando se adicionan partículas diamagnéticas a �uidos mag-
netorreológicos.
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4. Hemos preparado, por vez primera, �uidos magnetorreológicos in-
versos constituidos por partículas ferro- y diamagnéticas dispersas en
un ferro�uido. Debido a la estructuración de ambos tipos de partícu-
las bajo la aplicación de campo magnético, las propiedades magne-
torreológicas de este tipo de suspensiones mejora con respecto a sus-
pensiones compuestas enteramente por partículas ferromagnéticas en
un ferro�uido, a igual concentración de material magnético. Este au-
mento, sin embargo, no se puede atribuir exclusivamente a la con-
tribución de las estructuras formadas por las partículas diamagnéti-
cas, puesto que es mayor que el que correspondería a dicha contribu-
ción. Por tanto, la mezcla de ambas partículas da lugar a un efecto
sinérgico en lo que a las propiedades magnetorreológicas concierne.

5. Hemos desarrollado un nuevo modelo para explicar el esfuerzo um-
bral estático de �uidos magnetorreológicos altamente concentrados
que está basado en hipótesis de partida realistas para este tipo de sus-
pensiones. La principal contribución del modelo es que el factor clave
para el desarrollo del esfuerzo umbral de estos �uidos es la disminu-
ción de la permeabilidad magnética de la suspensión cuando las es-
tructuras inducidas por el campo magnético se inclinan y estiran por
esfuerzos de cizalla.

6. Los �uidosmagnetorreológicos convencionales dan lugar a fenómenos
de inestabilidades de �ujo cuando se cizallan a muy bajas velocidades
de deformación en presencia de campos magnéticos orientados a lo
largo del gradiente de velocidad. Dichas inestabilidades se mani�es-
tan en forma de oscilaciones temporales del esfuerzo de cizalla, cuya
amplitud y periodo dependen de la intensidad del campo aplicado.
Además, la forma de los reogramas obtenidos en estas condiciones
es un tanto atípica, puesto que dichas grá�cas presentan un mínimo
que se corresponde con la velocidad de deformación crítica por de-
bajo de la cual aparecen las irregularidades. Este fenómeno se ha ob-
servado tanto en geometría plato-plato como en el �ujo de Poiseuille
a través de capilares, siendo la explicación microscópica diferente en
cada caso, pero siempre relacionada con procesos periódicos de rup-
tura/formación de los agregados de partículas magnéticas.

Como conclusión �nal podemos a�rmar que en esta tesis se han estable-
cido algunos de losmecanismos que controlan las propiedadesmacroscópi-
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cas de �uidos magnetorreológicos reales. Hemos hallado que ciertos fenó-
menos indeseables, como las inestabilidades de �ujo, pueden aparecer bajo
la aplicación de determinadas condiciones experimentales. Sin embargo,
también hemos proporcionado algunas claves paramejorar la respuesta tec-
nológica de los dispositivos basados en �uidos magnetorreológicos (mejor
reproducibilidad y efecto magnetorreológico más intenso). En el futuro, los
trabajos en este campo de investigación deberían aclarar el papel que juegan
otros factores relacionados con la formulación real de los �uidos magneto-
rreológicos. Casi con toda certeza podemos a�rmar que durante el trans-
curso de estos estudios se descubrirán nuevos e interesantes fenómenos de-
pendientes del campo magnético.
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