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ORTHOGONALITY OF JACOBI POLYNOMIALS WITH GENERAL
PARAMETERS*

A.B.J. KUULAARS?, A. MARTINEZ-FINKELSHTEINY, AND R. ORIVES$

Abstract. In this paper we study the orthogonality conditions satisfied by Jacobi polynomials P,(LO"B) when the
parameters « and 3 are not necessarily > —1. We establish orthogonality on a generic closed contour on a Riemann
surface. Depending on the parameters, this leads to either full orthogonality conditions on a single contour in the

plane, or to multiple orthogonality conditions on a number of contours in the plane. In all cases we show that the

orthogonality conditions characterize the Jacobi polynomial Pna’B )

of degree n up to a constant factor.
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1. Introduction. The Jacobi polynomials P}f“’ﬂ )

P =23 (M) (M) - ke

k=0

are given explicitly by

or, equivalently, by the well-known Rodrigues formula

1

(1.1) PP ()= —(z2-1)"%=z+1)7" (%) [(z — )" (z + 1) HA].

21!

These expressions show that P,(La’ﬁ ) are analytic functions of the parameters a and £, and
thus can be considered for general o, 3 € C.

The classical Jacobi polynomials correspond to parameters «, 5 > —1. For these param-
eters, the Jacobi polynomials are orthogonal on [—1, 1] with respect to the weight function
(1 — 2)%(1 4+ 2)P. As a result, all their zeros are simple and belong to the interval (—1,1).
For general «, 3, this is no longer valid. Indeed, the zeros can be non-real, and there can be

multiple zeros. In fact, P,S“’ﬁ ) may have a multiple zero at z = 1if & € {-1,...,—n},
atz = —1if 8 € {—1,...,—n} or, even, at z = oo (which means a degree reduction) if
n+a+pe{-1,...,—n}.
More precisely, for k € {1,...,n}, we have (see [29, formula (4.22.2)]),
_ Tn+B+1) =k (2=1\" s
1.2 P(=k:B) (5} = P .
(12 GRS NCRN S R 2 ni ()

This implies in particular that P,(fk"a) () = 0if additionally max {k, -} <n < k—f3-—1.
Analogous relations hold for P,sa’_l) when ! € {1,...,n}. Thus, when both k,! € N and
k + 1 <n, we have

(13) P{b D () =278 - 1)F 2+ 1) B (2)

n
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2 Orthogonality of Jacobi polynomials with general parameters
Furthermore, whenn + o + g = —k € {-1,...,—n},

r 1) (k—1)!
(1.4) ped) ()= Lntat D k=Dl pap) ),

T'(k+a) n! k-1

see [29, Eq. (4.22.3)]. See §4.22 of [29] for a more detailed discussion. Formulas (1.2)—(1.4)
allow us to exclude these special integer parameters from our analysis.

In this paper we will show that for general o, § € C, but excluding some special cases,
the Jacobi polynomials Pr(ba’ﬂ ) may still be characterized by orthogonality relations. The
case a, 3 > —1 is classical, and standard orthogonality on the interval [—1, 1] takes place,
this being the key for the study of many properties of Jacobi polynomials. Thus, our goal
is to establish orthogonality conditions for the remaining cases. We will show that P,(La’ﬂ )
satisfies orthogonality conditions on certain curves in the complex plane. In some cases the
orthogonality conditions on a single curve are enough to characterize the Jacobi polynomial,
while in others a combination of orthogonality conditions on two or three curves is required.
This last phenomenon is called multiple orthogonality; see e.g. [3, 27]. In some particular
cases this orthogonality has been established before (see e.g. [4]-[9]), and used in the study
of asymptotic behavior of these polynomials [25]. Similar orthogonality conditions, but for
Laguerre polynomials, have been applied in [26] in order to study the zero distribution in
the case of varying parameters, and in [23]—[24], in order to establish the strong asymptotics
by means of the Riemann-Hilbert techniques. A different kind of orthogonality) involving

derivatives has been found for negative integer values of the parameters of P,Sa’ﬁ

[2].

; see [1]—

We believe that these new orthogonality conditions can be useful in the study of the zeros
of Jacobi polynomials. For general o, 8 € C the zeros are not confined to the interval [—1, 1]
but they distribute themselves in the complex plane. K. Driver, P. Duren and collaborators
[11]-[20] noted that the behavior of these zeros is very well organized; see also [25]. We
believe that the orthogonality conditions we find, and in particular the Riemann-Hilbert prob-
lem derived from that (see Section 3 below) can be used to establish asymptotic properties of
Jacobi polynomials. In particular this could explain the observed behavior of zeros.

2. Orthogonality on a Riemann surface. Consider the path I encircling the points +1
and —1 first in a positive sense and then in a negative sense, as shown in Fig. 2.1. The point
& € (—1,1) is the beginning and endpoint of T.

F1G.2.1. PathT.
For a, 8 € C, define

w(z;a, B) := (1 —2)%(z + 1) = exp[alog(l — 2) + flog(z + 1)].
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It is a multi-valued function with branch points at co and £1. However, if we start with a value
of w(z; a, B) at a particular point of I', and extend the definition of w(z; e, 8) continuously
along T, then we obtain a single-valued function w(z; &, ) on T if we view I as a contour
on the Riemann surface for the function w(z;a, 3). For definiteness, we assume that the
“starting point” is £ € (—1, 1), and that the branch of w is such that w(&; a, 8) > 0.

In the sequel we prefer to view I' as a subset of the complex plane. Then I" has points
of self-intersection; see Fig. 2.1. At points of self-intersection the value of w(z; «, 3) is not
well-defined.

The following is our main result. It shows that the Jacobi polynomials satisfy non-
hermitian orthogonality conditions on I

THEOREM 2.1. Let a,8 € C, and let T, w(z;a, ) have the meaning as described
above. Then for k € {0,1,...,n},

_7r22n+a+6+3e7ri(a+ﬁ) 5
T2n+a+B+2T(-n—a)l(=n—-p)

2.1) / t* P (Hw(t; o, B) dit =
IN

Proof. In the proof we use f(¥) to denote the k-th derivative of f.
By the Rodrigues formula (1.1),

(=)™ w™ (t;n + a,n + B)

22 Pr(”a’ﬂ)(t) T w(t; a, )

Integrating in (2.1) n times by parts and using (2.2), we get

n—1
—1)" . ) )
/ t* PB) (1w (t; o, B) dt = (2n )' 3 (13 [#] V™= (n 4 a,n + B)
2.3) " " =0 r
k1), .
+2”n! /F [t wt;n+ a,n+ B)dt.
Since w(z; a, 3) is single-valued on T,
[tk](j)w("_j_l)(t;n+a,n+,B) =0, for0<j<n-—1.
r

Thus, if £ < n — 1, all the terms in the right-hand side of (2.3) vanish, which proves that the
integral in (2.1) is O for k = 0,1, ...,n — 1. Furthermore, for £ = n, we get

I (a,B) := / " PP (Hw(t; a, B) dt = 2_"/ w(t;n+a,n+ B)dt.
r r

Observe that I, (a, 3) is an analytic function of a and (3, so that we may compute it for a cer-
tain range of parameters and then extend it analytically elsewhere. Following [30, §12.43], we
assume Rea > 0, Re 8 > 0 and deform the path I, tautening it between —1 and +1. Thus,
I" will become the union of two small circles around +1 and two straight lines along [—1, 1],
each piece traversed twice, once in a positive direction and once in a negative direction.

Since the integrand is bounded in the neighborhoods of +1, I,,(a, 8) splits into the fol-
lowing four integrals:

In(a,B) = /_ 11 £(t) dt — e*mitetn) /_ 11 f(t)dt

1 1
+ e2mi(at+B+2n) / ft)dt — g2milB+n) / f(t)dt,
-1 -1
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where
f@®) =2""w(t;n+a,n+B) >0 for t € (—1,1).

Thus,
1
I,(a, = (1= eZm’(a+n) 1— e2wi(5+n) / t) dt
(0, = ( ) ( ) | 10
1
= —4e™(*8) gin(7a) sin(ﬂﬂ)/ Ff(t)dt.
-1

Changing the variable, ¢ = 22 — 1, we get immediately the integral defining the beta
function, and as a consequence

Fa+n+1)T(B+n+1)
F'2n+a+p+2) ’

I(a, B) = —2nHot8+3 omi(eth) gin(ra) sin(nf)

Using sin(7z)(2)T'(1 — 2) = w, we obtain (2.1) for ¥ = n and for a and 8 with Re @ and
Re B positive. By analytic continuation the identity (2.1) holds for every o, 8 € C. O

Observe that the right hand side in (2.1) vanishes for k = n if and only if either —2n —
a—fB—2,orn+ aorn+ 3 is a non-negative integer. In some of these cases the zero comes
from integrating a single-valued analytic function along a curve in the region of analyticity;
other values of a and /3 correspond to the special cases mentioned before when there is a zero
at £1.

3. A Riemann-Hilbert problem for Jacobi polynomials. In this section we construct a
Riemann-Hilbert problem whose solution is given in terms of the Jacobi polynomials Pr(ba’ﬁ )

with parameters satisfying
(3.1) —n—a—F¢N, and n+a¢N and n+g¢N

We consider I as a curve in C with three points of self-intersection. We let I'° be the
curve without the points of self-intersection. The orientation of I, as in Fig. 2.1, induces
a + and — side in a neighborhood of I', where the + side is on the left while traversing I"
according to its orientation and the — side is on the right. We say that a functionY on C\ T
has a boundary value Y7 (¢) for t € I'° if the limit of Y (2) as z — ¢ with z on the + side of
T exist. Similarly for Y_(t).

The Riemann-Hilbert problem asks for a 2 x 2 matrix valued function Y : C\T' — C?*2
such that the following four conditions are satisfied.

(a) Y isanalyticon C\T.

(b) Y has continuous boundary values on I'°, denoted by Y and Y_, such that

ﬁ@:K@qu?m) for ¢ € L.

(c) Asz — oo,

o= (o) (5 2

(d) Y (z) remains bounded as z — ¢t € T'\ I'°.
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This Riemann-Hilbert problem is similar to the Riemann-Hilbert problem for orthogonal
polynomials due to Fokas, Its, and Kitaev [21]; see also [10]. Also the solution is similar.

It is built out of the Jacobi polynomials ,(La’ﬁ ) and PT(;i’iﬁ ). For parameters satisfying (3.1),

the polynomial pieP ) has degree n; recall that there is a degree reduction if and only if
—-n—a— (B €{1,...,n}. Therefore there is a constant ¢,, such that

3.2) cnP,(L""B) is a monic polynomial.

From Theorem 2.1 and the condition (3.1) on the parameters, it follows that Pr(ilﬁ ) satisfies

fna(a,8) = [ POP (s a,5)dt £0.
r
Thus we can define the constant d,,_; = —2mi/I,,_1 (e, 3) such that
(3.3) d_1 / =1 PP (1wt a, B)dt = —2mi.
r

Then we can state the following result.
PROPOSITION 3.1. The unique solution of the Riemann-Hilbert problem is given by

a, n i“’ﬁ) w(t;a,
i (2) g [ PPl gy

34 Y(z) = B
dn—1Pn(oi’1B)(z) Gt [ Pzt (QutianB) o

27 t—z

Proof. The proof that (3.4) satisfies the Riemann-Hilbert problem is similar to the proof
for usual orthogonal polynomials; see e.g. [10, 22]. The condition (a) is obviously satisfied
by (3.4). The jump condition (b) follows from the Sokhotskii-Plemelj formula

f+@) =F-@) +o®), tel?,

which is satisfied for f(z) = 2%” fr ;’E—tzdt. The asymptotic condition (c) follows because
of the normalizations (3.2)—(3.3) and the orthogonality conditions given in Theorem 2.1. For
example, for the (2, 2) entry of Y the condition (c) is Ya2(2) = 27"+ O(2 7" 1) as z = oo,

and this is satisfied by the (2, 2) entry of (3.4) since

PP bt >
dn,1 / n—1 ( )’IU( 707/8) dt = — Z (dnl /tkpn(fff) (t)w(t;a,ﬂ)dt) szfl
r r

21 t—z 21
k=0

= (——d"__l / t"_quga’lﬁ)(t)w(t;a,ﬂ)dQ 27"+ 0> as z — 00
271 T

=24+ 0("") asz—= .

For the first equality we used the Laurent expansion of ﬁ around z = oo, for the second

equality we used the orthogonality conditions satisfied by P,(li’f ) on I', and for the third
equality we used (3.3). Finally, the boundedness condition (d) is certainly satisfied for the
first column of (3.4). It is also satisfied by the second column, since by analyticity we may
deform the contour I" from which it follows that the entries in the second column have analytic
continuations across I'. Then they are certainly bounded.

The proof of uniqueness is as in [ 10, 22] and we omit it here. O
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Using the Riemann-Hilbert problem, we can easily prove that the orthogonality condi-
tions in Theorem 2.1 characterize the Jacobi polynomial in case the parameters satisfy (3.1).

THEOREM 3.2. Assume that o, § € C satisfy (3.1), and that T, w(z; «, B) are as above.

Then the monic Jacobi polynomial cnPT(La’B) is the only monic polynomial p,, of degree n that
satisfies
(3.5) /tkpn(t)w(t; @, B)dt =0,  fork=01,...,n—1.

r

Proof. The orthogonality conditions (3.5) are what is necessary to fill the first row of Y.
That is, if p,, is a monic polynomial of degree n, satisfying (3.5), then
pn(2) ﬁ . Pn (ﬂzﬂjﬁ;%ﬂ)dt

PR (Ww(tia
t—=z

’B)dt

dnflpr(b(i’lﬁ) (2) dzn;il fr

satisfies all conditions in the Riemann-Hilbert problem for Y. Since the solution is unique
and given by (3.4) it follows that p,(2) = Y11(2) = cnP,(La’ﬁ)(z). O

4. Non-hermitian quasiorthogonality. In the rest of this paper we assume for simplic-
ity that « and § are real, although extension to non-real parameters is possible. We also take
a, B,a+ B ¢ Z,so that (3.1) is automatically guaranteed.

Since in (2.1) we are integrating an analytic function, we may deform the universal path
I" freely within the region of analyticity. In particular, if the integrand is integrable in the
neighborhood of a branch point (£1 or co), we may allow I' to pass through this point, taking
care of using the correct branch of the integrand.

FI1G. 4.1. Paths of integration.

We define the following paths of integration (see Fig. 4.1): I'; will be an arbitrary curve
oriented clockwise, connecting 1 — 40 with 1 + 40 and lying entirely in C\ [—1, +00), except
for its endpoints. The circle {z € C : |z + 1| = 2}, oriented clockwise, is a good instance
of a curve I';. Analogously, I'_; will be an arbitrary curve oriented clockwise, connecting
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—1 + i0 with —1 — 40 and lying entirely in C\ (—o0, 1], except for its endpoints. Finally,
I isacurvein C\ ((—oo, —1]U[1,+00)), extending from +ioc to —ioo (for example, the
imaginary axis, oriented downward, might do as I' ).

In what follows, we denote by P, the set of all algebraic polynomials with complex
coefficients of degree < n (for n < 0 we assume P,, = ), and by P* =P, \ Pp_1, the
subset of polynomials of degree exactly n. Also, for ¢ € R, we use [¢] to denote the largest
integer < ¢, as usual.

The following theorem shows that for certain combinations of parameters a number of or-
thogonality relations are valid on I'_1, I'y, or I's,. These are called quasi-orthogonality rela-
tions, since in general there are less than n conditions on the polynomial P,(La’ﬁ ), so that these
relations do not characterize the polynomial. When integrating over 'y, s € {—1,1, 00}, we
mean by w(t; o, 3) a branch of the weight function (1 — #)*(¢ + 1)? which is continuous on
s\ {s}.

THEOREM 4.1. Assume that a, 3, + 3 € R\ Z.

D) Ifn+ B > —1, and k = max{0, [—f]}, then

= 07 vq € HDn—k—l ’

(a’ﬁ) .
@1 /r_1 a(t) P (tyw(t; o,k + ) dt {7& 0 veem

ii) Ifn+a > —1, and k = max{0, [-a]}, then

=0, VgePy_j_1,

(a75) -
42) /F A0 P Ot + 0, d {76 0 vocp

i) fn+a+8<—-1landm =min{n —1,[—(n + a+ S+ 1)]}, then

4.3) ./qm%WWmmmmﬁ=m Vg €ePy,.

oo

If additionally, n + a + f < —n — 1, then

/ a(t) P9 (tyw(t; a, ) dt

oo

=0, VgeP, 4,
£0, VgeP:.

Proof. Assume that for a polynomial ¢ € P, the function f(t) = q(t)P,(La’B )(t)
w(t; o, B) is integrable at ¢ = —1. Then we can deform the path T" in (2.1) into I'_; tra-
versed twice (in opposite directions), so that

/ ft)ydt = (27 —1) f(t)dt.
r

-1

Ifn+ 8 > —1, then k¥ = max{0,[—5]} € {0,1,...,n}, kK + 8 > —1, and the integrability
of f at —1 is guaranteed taking

qt) = (t+1)*r(t), reP, 4.
Then,

/ q(t) PSP (tyw(t; o, B) dt = (2P — 1) / q(t)P{*?) (tyw(t; o, B) dt
T

T

=@ =) [ PO Ousak+ ) dr
.}
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and (4.1) follows from Theorem 2.1.

The proof of (4.2) follows by reversing the roles of « and 3.

The proof of part iii) uses similar arguments. If for a polynomial ¢, n + a+ 8 +degq <
—1, then f = qPT(La’B)w(-; a, 3) is integrable at oo, and we can deform the path T in (2.1)
into I's, traversed four times (two in each direction), each time with a different branch of the
integrand. Then again

/ a(t) PP tyw(t;a, B)dt = ¢ / qa(t) PSP (t)w(t;a, B) dt, ¢ #0.
T

I

In particular, n + a + 8 + m < —1, and we may apply (2.1) with k =0,...,m <n—1to
establish (4.3). Furthermore, if n + a + 8 < —n — 1, then (2.1) can be used up to k = n.
This concludes the proof. [

REMARKS: If =1 < n+ 8 < 0, then max{0, [-3]} = n, and (4.1) is reduced to a single
condition,

(B) (HYw(t; a,n + B) dt # 0.
r—,

An analogous degenerate situation is observed when —1 < n + a < 0. On the other hand, if
—n—1<n+a+ < -1, the integral in (4.3) diverges for g € P}, ;.

5. Orthogonality on a single contour. Sometimes it is possible to obtain a full set of
orthogonality conditionson I'_4, T’y or I'.

THEOREM 5.1 (Non-hermitian orthogonality). If for o, 8, + § € R\ Z, at least one
of the following conditions is fulfilled:

(5.1) a > -1, 8> -1, 2n+ a+ § <0,
then Jacobi polynomials P,(La’ﬁ ) satisfy a full set of non-hermitian (complex) orthogonality
conditions:
=0, g€Pp,
(5.2) / a(t) PP (Hyw(t; o, B) dt :
Y # 05 q G ]Pn)
where

I‘17 ifa>_17
Y= F717 lfﬁ>_17
o, if2n+a+p5<0.

(If -1 < 2n + a + B < 0 the integral in (5.2) diverges for y = I and q € P},).
The conditions (5.2) characterize the Jacobi polynomial P,ga’ﬁ )
stant factor.
Proof. This is an immediate consequence of Theorem 4.1, since under our assumptions,
k = 0in (4.1)—(4.2). It is straightforward to show that orthogonality conditions in (5.2) are

equivalent to (3.5), and thus by Theorem 3.2 characterize the polynomial. 0

of degree n up to a con-

The following result, describing the real orthogonality of Jacobi polynomials, is classical,
but we put it within the general framework.
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COROLLARY 5.2 (Real orthogonality). If for a, 8,a + 8 € R\ Z, two of the three con-

ditions in (5.1) are fulfilled, then Jacobi polynomials PT(LQ’B) satisfy a full set of orthogonality
conditions on the real line:

=0 qgeP, 4
53 t) PLB) (w(t; a, B) dt ’ ’
53 [« P wuttsa {7&0’ g
where
[_171]7 l:fOé,,8>—].,
5.4) A=< (—00,-1], if 2n+a+B<0andp > -1,

[1,+0), i 2n+a+B<0anda>-1.

(If =1 < 2n 4+ a + B < 0 the integral in (5.3) diverges for q € Py, ).

The conditions (5.3) characterize the Jacobi polynomial Pr(ba’ﬁ ) of degree n up to a con-
stant factor.

Proof. This is a consequence of Theorem 5.1. For instance, if 2n 4+ a + 8 < 0, by (5.2)
we have non-hermitian orthogonality on I . ; if additionally o > —1, we can deform I, into
[1,+00) traversed twice, and the statement follows. [

6. Multiple orthogonality. Theorem 5.1 provides orthogonality conditions, character-
izing Jacobi polynomials when their parameters belong to the region in the («, 8)-plane given
by at least one of the conditions (5.1).

For other combinations of parameters we still have some orthogonality relations accord-
ing to Theorem 4.1, but each of the three orthogonality relations (4.1), (4.2), (4.3) does not
give enough conditions to determine Py(ba’ﬁ ) by itself. However, the three relations taken to-
gether give n or more relations for PT(LO"B ). They constitute what we call a set of multiple
orthogonality conditions. In many cases there will be more than n conditions, so that the
relations of Theorem 4.1 overdetermine Pn(a’ﬂ ).

We are going to discuss this in more detail now.

6.1. Multiple orthogonality as an alternative to orthogonality on a single contour.
We will consider the following subcases of the situation described in Theorem 5.1.

THEOREM 6.1. Let a, B, + € R\ Z such that exactly one of the conditions (5.1) is
satisfied, and such that either —n < a < —1 or —n < < —1. Then

(6.1) / q(t) PSP (yw(t;a, f)dt =0, q€Py y,
gl
and
= 07 q € H:ankfb
(6.2) /qtRWmtwmaﬁ dt
A() () ( ' 1) 7507 qu:L—kJ
where the corresponding parameters are gathered in the following table:

Cases 5 A oy b1 k
a>-1,-n<pf<-1 | [-L1] o p+[-01| -5
B>—-1,-n<a<-1 | [=L1] | at[-q] B [—a]

2n+a+/3’<0, —n<,3< -1 Foo (_OO:_]-] a 5"_[_18] [_B]
n+a+pB<0,-n<a<-1|Ty | [I,+00) | a+[-q] B [—a]
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(If =1 < 2n + a + B < 0 the integral in (6.2) diverges for q € P} _, ).
In each case, these multiple orthogonality conditions characterize the Jacobi polynomial
(a,8)
n of degree n up to a constant factor.
Proof. Assume for instance that § > —1 and —n < a < —1. Then we have on the one

hand by Theorem 5.1 that

:07 qEPn—la

(a,8) .
63) /F O P (t)“’(t’o"ﬂ)dt{#o, gePs,

and on the other hand by Theorem 4.1 ii), that

=0, gePy 41,

(a,8) .
6.4) /F o(t) PP (Hw(t; o + b, B) dt {76 o aep

where k = [—a]. By Euclid’s algorithm, any ¢ € P,,, m > k, may be represented in the
form g(t) = (t — 1)kr(t) + s(t) withr € P,,,_4 and s € P;_;. Thus, (6.3) is equivalent to
(6.1) and

:07 qe Pn—k—l:

(a7ﬁ) .
©.5) / ) P Wt o+, 5) { o wem "

Since in (6.4)—(6.5) we can deform the path of integration and the functions are integrable
at the singularities 1, these two identities are equivalent to (6.2) with A = [-1,1], a; =

a+[—al,and B; = B. Thus, (6.1)—(6.2) are equivalent to (6.3), and they characterize pLeR)
up to a constant factor by Theorem 5.1.
The other cases are handled in a similar fashion. O

THEOREM 6.2. Let a, B, o+ § € R\ Z be such that —m < a+ 8 +n < —1 and either
a>—1lorfB>-1 Thenwithm=[-(n+a+8+1)],

/ q(t) PSP (Hw(t;a, B)dt =0, q€ Py,
A

and

=0, ifkeN, m+1<k<n-—1,

k p(a,8) .
[yt PLB) by (t; o, §) dt {750, e

where

A=[17+OO)77:F17 lfa>_17
A= (—OO,—].], Y= F—l; lf/B > -1

In each case, these multiple orthogonality conditions characterize the Jacobi polynomial
PT(ba’ﬁ ) of degree n up to a constant factor.
Proof. This is a corollary of Theorem 5.1 and (4.3). O
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6.2. Multiple orthogonality when there is no orthogonality on a single contour. As
we have seen, in the cases analyzed so far the multiple orthogonality was in a certain sense
“optional”: whenever at least one of the conditions in (5.1) is satisfied, we can restrict our-
selves to orthogonality on a single contour I' _;, I'; or ', as in Theorem 5.1. In the remain-
ing cases there are quasi-orthogonality conditionsonI'_;, I'; and ', as specified in Theorem
4.1, but we need at least two of these sets of quasi-orthogonality relations to characterize the
Jacobi polynomial.

So in this part we assume that @ < —1, 8 < —1 and 2n + a + 8 > 0. In our next result
we consider cases where the parameters are such that a combination of two of the cases in
Theorem 4.1 give at least n orthogonality conditions. The theorem says how to obtain from
that n conditions that characterize P,(La’ﬂ ).

THEOREM 6.3. Let o, B,a+ 3 € R\ Z suchthata < =1, § < —=land 2n+a+ 8 > 0.
i) Ifa+ B +n>—1, then

6.6) / a(t) PO (Hw(t; 0, f + [~B)) dt =0, g€ Ppgj_s,
.Y

(6.7) / a(t) PP (yw(t;a + [—a],B)dt =0, q€P[ 5 1,
I'y

and

(6.8)

1
o =0, g€P,_[—o-[-B]-1>
q(t) PP (tw(t; o + [-a], B + [~ B]) dt
/_1 70, g€Pr_[—a)-[-5-

ii) Ifa < —n, then

-1
6.9) / a(t) PO Bw(t; o, B+ [—B) dt =0, g€ Plajonir,

6.10) / a(t) PCO) (w(t; 0, 8)dt =0, g€ Ppg 1,
and
6.11)

] =0, q€Po_[_a]-[-g-1>
q(t) PLP ()t lw(t; o, B+ [—B]) dt
/1“_1 #0, q€Pop__q-[-g-

iii) If B < —n, then
+oo
612 [ a0 PEOOuat[-alfdt =0, g€P g,
1

(6.13) / q(t) PSP (w(t;a, B)dt =0, q€PLy 1,

oo

and

(6.14)

ol =0, q€Poy_[—a—[-p-1>
q(t) PP ()t Plw(t; o + [—a], B) dt
/1“1 #£0, q€Pop_[_aj-[-g]-
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In all three cases, these orthogonality conditions characterize the Jacobi polynomial
Py(;,a’ﬂ)

of degree n up to a constant factor.
Proof. Indeed, by parts i) and ii) of Theorem 4.1 we have

=0, g€ ]Pn—[—ﬁ]—l ’

(a,8) . _
6.15) /F_l q(t) PP (Ww(t; a, B + [-B]) dt {¢ 0, qePi_ 4,

and

=0, g€ ]Pn—[—a]—l >
#0, qeP;

(6.16) / q(t) PLP) (t)w(t; e + [-a], B) dt {
ry n—[—a] "
Since [—a] + [-f#] < n, we obtain (6.6) and (6.7). For ¢ € P,__4—_p], We take the
polynomial (t — 1)[=®¢(#) in (6.6) and deform the contour T'_; to [—1, 1], to obtain (6.8) as
well.
To prove that the conditions characterize the Jacobi polynomial, let p,, be a polynomial
of degree < n that satisfies (6.6), (6.7), (6.8). These conditions imply (6.15) and (6.16), and

passing to the contour I', we obtain

/ (&)t + DA (tywlt, 0, f)dE = 0, g € Pu_i_pr,
N

and

[t ="l uit.0. Bt =0, g€ P o
Thus
(6.17) /Fq(t)pn(t)w(t,a,ﬂ)dt =0

for every ¢ € P,y of the form g(t) = (t + 1)[=Plr(t) + (¢ — 1)[=ls(¢) withr € P,,_[_g1_1
and s € P,,_|_,)_1. The linear mapping

(6.18) P [ 5 1 XPpy [ a1 = Pacy: (r,8) = qt) = t+D)Plr(t) + (¢ - 1) s(2)

has a kernel consisting of pairs (r, s) such that (t+1)[=ly(t) + (t —1)[=ls(t) = 0. Theniit s
easy to see that 7(t) = (t—1)[=%Ip(t) and s(t) = —(t+1)[=Plp(t) withp € P,, |0} [ p1-1-
So the kernel of the mapping (6.18) has dimension n — [—a] — [—/]. Then by the dimension
theorem from linear algebra the range of the mapping (6.18) has dimension (n—[—f3]) + (n —
[—a]) — (n—[—a] —[—B]) = n, and so the mapping is surjective. It follows that (6.17) holds
for every g € P,,_1, and then it follows from Theorem 3.2 that p,, is a multiple of the Jacobi
polynomial of degree n, so that the orthogonality conditions (6.6), (6.7), (6.8) characterize
Pff“’ﬁ ) up to a constant factor. This proves part i) of the theorem.
The other parts are proved in a similar way. 0

What remains is the case where the parameters are such that we need all three cases of

Theorem 4.1 in order to obtain at least n conditions on P,(la’ﬁ ).
THEOREM 6.4. Let o, 8,a+ 3 € R\ Z be suchthata > —n, 3 > —nanda++n <
—1. Then the following hold:

(6.19) / q(t) PP tyw(t;a, B+ [-B) dt =0, q€Pp (g1,
|

(6.20) / q(t) PP (w(t;a + [~al, f)dt =0, q€ Py _a-1,
ry
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and

(6.21) / q(t) PSP (Hyw(t;a, f)dt =0, g € Pl_aji[plon—i;

oo

and these orthogonality conditions characterize the Jacobi polynomial P,S“"”

to a constant factor.
Proof. The relations (6.19)—(6.21) were already established in (4.1)—(4.3) from Theorem

of degree n up

4.1.

To show that these conditions characterize the Jacobi polynomial, we assume that p,, is a
polynomial of degree < n, that satisfies (6.19)—(6.21). Passing to the contour I', we then get
that

6.22) / 4(O)pn (D (t; o, B)dt = 0

for every polynomial g satisfying either q(t) = (¢t + 1)I=Plr(t) with r € P,_[_gj_1, or
q(t) = (t — 1)[7a]8(t) withs € Pp,_[_q1—1, OF q(t) € P a4 [-8]—n—1-

In the rest of the proof we will show that every polynomial of degree < n — 1 can be
written in the form

t+ 1)Br) + (¢ — D)s(t) + q(b)

withr € Pp,_[_g1-1,8 € P,_[_o)—1 and ¢ € P|_4)4[—p)—n—1)- Having that, we get that
(6.22) holds for every g € P,,_1, and this characterizes the Jacobi polynomial up to a constant
factor by Theorem 3.2.

So we want to prove that the linear mapping

Pr(-p1-1 X Pr_[-a)—1 X Pl_a+[-p1-n—1 = Pn1:
(6.23)
(r,5,9) = (¢ + DEr(t) + (6= D70ls(t) + (1)

is surjective. Since it is a mapping between n-dimensional vector spaces, it suffices to show
that (6.23) is injective.

Assume that (r, s, q) belongs to the kernel of (6.23). We are going to count the possible
sign changes among the coefficients of (t+1)[=5lr(t) +q(t) = —(t—1)[=s(t) with respect
to the standard monomial basis. Here we use the following lemma which can be found, for
instance, in [28, Section V, Ch. 1, problems 4 and 32].

LEMMA 6.5. If
n ) n+1 )
p(z) = Zajzj and (z+1)p(z) = Z bz’ ,
=0 =0

then the number of sign changes among the b;’s is not more than the number of sign changes
among the a;’s.

Applying the lemma [—/] times, we get that the number of sign changes among the
coefficients of (¢ + 1)I=Plr(t) is at most the number of sign changes among the coefficients
of 7(t), which is at most n — [—-f8] — 1, since r € P,,_[_g_1. When we add a polynomial
of degree < k — 1, the number of sign changes among the coefficients can increase with at
most k. Hence, —(t — 1)[=ls(¢) has at most n — [-f] — 1+ [~a] + [-8] —n = [-a] — 1
sign changes among its coefficients. Then by the Descartes rule of signs, see e.g. [28, Section
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FIG. 6.1. Contours with orthogonality conditions (black dots denote —1 and 1).

V, Ch. 1, problem 36], —(t — 1)[=ls(¢) has at most [-a] — 1 positive real zeros, counted
according to their multiplicities, unless it is identically zero. So we conclude that s = 0.
Then also 7 = 0 and ¢ = 0. This shows that (6.23) is indeed injective, which completes the
proof of Theorem 6.4. 00

To summarize, the paths of orthogonality, corresponding to different cases studied, are
represented schematically in Fig. 6.1.

7. Zeros. Finally, it is interesting to discuss the implication of the orthogonality rela-
tions derived to the location of the zeros of the Jacobi polynomials.

Standard (hermitian) orthogonality conditions with respect to a positive measure on the
real line yield a lower bound (and in some situation, the exact number) of different zeros of
the orthogonal polynomial on the convex hull of the support of the measure of orthogonality.
For instance, by a classical argument, if two of the three conditions in (5.1) are fulfilled,
orthogonality (5.3) ensures that PT(la"B ) has exactly n real and simple zeros, all located in the
interval A given by (5.4).

In the situation of Theorem 6.1, that is when (a, 8) or (8, @) € (—1,+00) X (—n, —1),
quasi-orthogonality (6.2) implies that Pr(ba’ﬁ ) has at least n — k different zeros on (-1,1),
where k = [—a]if -n < a < —l,and k =[] if —n < B < —1; see [8].

Finally, in the situation of Theorem 6.3, @, 8 € (—n, —1) and a + f +n > —1, we have
that P{**?) has at least n, — [-a] — [—f] different zeros on (—1, 1).

In the other situations we have no quasi-orthogonality on the real line, and the informa-
tion on the real zeros is void.

It is interesting to compare these values with the well-known Hilbert-Klein formulas [29,

Theorem 6.72] that give us the exact number of zeros of PT(LO"B ) on the real line. It is sufficient
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to restrict our attention to [—1, 1], since the other two intervals of R can be analyzed similarly.
Following [29], let

0, ifu <0,
Eu)=<u—1, ifueN,
[u], otherwise,

and let even(u) (resp., odd(u)) be the even (resp., odd) value from the set {u,u + 1}, when
u € N. Then the number of zeros of P\*? in (—1,1) is given by

even(E [2ntatbilfal-IBI+1)) © if g, (a, B) > O,

(7.1) N=9 4 (E(‘2n+a+a+12|—\a|—|ﬁ\+1)), if kn(a, B) <0,

where kp(a, 8) = (=1)"(a+1)---(a+n)(B+1)--- (8 +n).
It is straightforward to check that N is positive only in one of the following cases:
e o, > —1. Then N = n, as ensured by (5.3).
e (a,f)or (B,a) € (—1,400) x (—n, —1). For instance, if 8 > —1and —n < a <
—1, then

E(I2n+a+ﬂ+1l—lal—lﬁl+1
2

):[n+a+1]=n—[—a],

since for @ < 0, [@] + [-a] = —1. In other words, this value matches the lower
bound on the number of zeros N, predicted by the quasi-orthogonality relation on
[—1,1] given in Theorem 6.1.

o Ifa,f €(—n,—1)anda+ B +n > —1,

E<I2n+a+ﬂ+1l—lal—lﬂl+1)

2
_Jn+a+B+1l]l=n—[-a-p], fa+B¢Z,
n+a+pf, otherwise.

Observe that for & = a + [—q], B =B +[-8).

(~1)" 1 0, 6) =(—a = 1)+ (@) (@ + 1)+ (@ + ) x
(5= 1) (A +1)-+ (B+m) >0,

Sincen — [—a —f] <n—[—a]—[-8] < n—[-a— ]+ 1, we get from (7.1) that
N = n — [—a] — [-f], which coincides again with the lower bound on the number
of zeros, predicted by Theorem 6.3.

Thus, quasi-orthogonality sheds a new light on the Hilbert-Klein formulas, explaining
the lower bound on the number of zeros on R.

This connection seems to go beyond the real zeros. In the example in Fig. 7.1 the number
of zeros on [—1,1], T'_y, and T'; matches the number of orthogonality conditions on the
corresponding curves, given by Theorem 6.3. We cannot prove this experimental fact, but we
expect to be able to establish this in an asymptotic sense by means of the techniques from
[23]-[26].

Note added in proof: After submission of this manuscript we were indeed able to use
the Riemann-Hilbert problem to derive strong asymptotics of the Jacobi polynomials which
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FIG. 7.1. Zeros 0fP7(5_37'4’_25'1). We have 13 = n — [—a] — [—] zeros on (—1,1), 25 = [—f] zeros
aligned on a curve on the left (I'1), and 37 = [—a] zeros aligned on a curve on the right (I'_1).

explains the observed behavior of the zeros in an asymptotic sense. More precisely, we stud-

ied Jacobi polynomials P}la"’ﬂ ") with varying parameters «,, and (3, such that a,,/n — A
and 8, /n — Basn — co. In [31] the case A, B > —1 with A + B < —1 was considered,
which corresponds to the multiple orthogonality on three contours, as given in Theorem 6.4.
In [32] the case A < 0 < B with A + B > —1 was treated in detail.
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